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THE OVERCONVERGENT SITE I. COEFFICIENTS

BERNARD LE STUM

ABSTRACT. We define and study the overconvergent site of an alge-
braic variety, the sheaf of overconvergent functions on this site and
show that the modules of finite presentations correspond to Berth-
elot’s overconvergent isocrystals. We work with Berkovich theory in-
stead of rigid analytic geometry and do not use any of Berthelot’s
results. This gives a complete alternative approach to rigid cohomol-

ogy.
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2 BERNARD LE STUM

INTRODUCTION

In order to give an algebraic description of Betti cohomology, one can use
de Rham cohomology which can then be interpreted as the cohomology of
the infinitesimal site. The category of coefficients, locally trivial families of
finite dimensional vector spaces, is replaced successively by coherent modules
with integrable connexions, and then, modules of finite presentation. In the
positive characteristic situation, de Rham cohomology has to be replaced with
rigid cohomology and modules with integrable connexions with overconvergent
isocrystals. We will define here the overconvergent site which plays the role
of the infinitesimal site. A first hint at this approach is already in Berthelot’s
fundamental article ([, 2.3.2. ii)) and this is actually the way I liked to define
isocrystal in my PhD Thesis (see also [[L], 1.1).

Beside its intrinsic interest, there are many reasons to look for such an inter-
pretation of rigid cohomology. For example, we should get for free a Leray
spectral sequence giving the overconvergence of the Gauss-Manin connexion.
Also, our setting should be well-suited to describe Besser’s integration ([f)
or Chiarellotto-Tsuzuki’s descent theory ([E]) Actually, using étale topology
should give an interpretation of the slopes by means of p-adic cohomology.
Finally, replacing schemes by log-schemes should give a comparison theorem
with log-crystalline cohomology. In order to avoid technical complications in
this first attempt, we should not consider étale cohomology nor log-schemes.
In our presentation, we will systematically replace rigid geometry with analytic
geometry in the sense of Berkovich. The main reason is that, in the construction
of rigid geometry, strict neighborhoods play an essential role. In Berkovich
theory those are just usual neighborhoods. Note also that the notion of generic
point that is central in Dwork’s theory has a very natural interpretation using
Berkovich theory ([ﬂ]) Anyway, the reader can always read “rigid variety”
when we write “analytic space”, “wide open subset” when we write “open
subset” and “open subset” when we write “analytic domain”.

Of course, this article owes much to Berthelot’s previous work on rigid cohomol-
ogy. We only want to rewrite his theory with a slightly different approach. The
reader should note however that we do not make any use of Berthelot’s results
and that, for this purpose, the article is totally self-contained. In particular,
the reader need not know anything about rigid cohomology.

Let us now present our main result in a more precise form. Let K be a complete
ultrametric field of characteristic zero with valuation ring V and residue field
k. To each pair composed of a formal V-scheme S and an Si-scheme X, we

associate in a natural way a site ANT(X/S). On this site lives the sheaf of ring
ks
modules of finite presentation is equivalent to the category of overconvergent
isocrystals on X/S.

At this point, I should recall the definition of the category of overconvergent
isocrystals. One embeds X into a (good) admissible formal scheme P which
is smooth in the neighborhood of X. If we call X the Zariski closure of X

O; /s of dagger functions. Our main theorem says that the category of O
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in P, an overconvergent isocrystal on X C X is a module with an integrable
connection on a strict neighborhood of X in P whose Taylor series converges
on a strict neighborhood of the diagonal. The point is that this definition is
essentially independent of the choice of P when X is fixed. Moreover, it is also
independent of X if X is proper. This is the hard part of the theory. In our
approach, the embedding of X into P defines a sieve Xp/S of the topos of
sheaves on ANT(X/S). We will show that when X is proper, this is a covering
sieve. We are thus reduced to consider the localized category ANT(Xp/S) with
the induced sheaf (’);P /s We will show that the category of (’);P / g-modules
of finite presentation is equivalent to the category of overconvergent isocrystals
on X C X/S. This is easier because we can use the bridge provided by modules
with stratifications.

I want to finish this introduction with a description of our site ANT(X/S).
We start with the following remark : any embedding X < P should define
an object and our sheaves are defined on the the generic fibre Px of P. It is
therefore natural to consider the pairs (X — P, Pg < V) composed of a for-
mal embedding and an open immersion. Moreover, our sheaves should mainly
depend on the tube of X. It is therefore necessary to identify tow objects with
the same trace on the tube. Morphisms are just pairs of compatible morphisms
and the topology is the analytic topology. This is the small overconvergent site
of X/S. In this article, we will consider the big overconvergent site where we
consider more general pairs (U — P, Px <« V') where U is a variety over X and
V' — Py any morphism. This is better setting to study functoriality questions.

ACKNOWLEDGMENTS
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WARNING

In this article, valuations are non-trivial and affinoid algebras, affinoid spaces
and analytic varieties are always strict. It is very likely that most results extend
straightforwardly to the general situation but I have been to lazy to check the
references.

NOTATIONS

A presheaf on a category C' is simply a contravariant functor to the category
of sets. We will denote by C the category of presheaves on C' and implicitly
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consider C' as a subcategory (representable presheaves). Recall that a sieve
of an object X of C is simply a subobject of the corresponding presheaf. A
topology on C' is a family of sieves of objects of C, called covering sieves,
satisfying some properties. When C' is endowed with a topology, we call it a
site. A presheaf F is a sheaf if F(X) = Hom(R, F) whenever R is a covering
sieve. We will denote by C the category of sheaves of sets on C. This is a
topos.

CONVENTIONS

Throughout this article, K is a (non trivial) complete ultrametric field with
valuation ring V and residue field k.

1 FORMAL EMBEDDINGS
We denote by

YTy, .., T} ={>_aiT%a; €V, |a;| — 0},

120

the ring of convergent power series over V. A formal V-scheme will always be
assumed to have a locally finite covering by formal affine schemes Spf(A) where
A is a quotient V{T1,...,T,} by an ideal of finite type. They form a category
FSch(V). A formal scheme is said admissible if it is V-flat or, in other words,
if it has no torsion. If S is a formal V-scheme, we will also denote by FSch(S)
the category of formal schemes over .S, which is just the localized category

FSch(S) := FSch(V)s.

We will make a regular use of this notion of localized category: if C'is a category
and T' € C, the localized category C,r is the category of all morphisms s :
X — T with X € C. Actually, this can be generalized to the case where T
is only a presheaf on C' and we consider sections s € T(X) and morphisms
compatible with theses sections. Of course, these two notions coincide when T’
is representable.

If K — K’ is an isometric embedding of complete ultrametric fields, and V’
denotes the valuation ring of K’, there exists an extension functor

FSch(V) — FSch(V'), P+ Py

with Py, = Spf()’®y A) when P = Spf(A). It might be necessary to consider
the category of generalized formal schemes over V. An object is a pair (P, K”)
where K’ is an isometric extension of K and P’ a formal scheme on its valuation
ring V’. Usual formal schemes correspond to the case K/ = K. A morphism
(P",K") — (P',K') is made of an isometric K-embedding K’ «— K" and a
morphism of V"-formal schemes morphism Fy,, — P”.
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If X is any scheme, we denote by Sch(X) the category of schemes locally of
finite presentation over X. If k£ denotes the residue field of K, the category
Sch(k) may (and will) be seen as a full subcategory of FSch(V) and its object
will be called algebraic varieties. Moreover, the embedding Sch(k) — FSch(V)
has a right adjoint

FSch(V) — Sch(k), P+ Py,

sending a formal scheme to its special fibre.
A formal embedding X — P (or X C P for short) is a (locally closed) im-
mersion over V of a k-scheme into a formal V-scheme. A morphism of formal
embeddings

(fCcv): (X' CcP)— (XCP)

is a pair of morphisms (over k and V respectively)
(f: X' = X,v: P — P),

such that the diagram

X - P
Lf lv
X — P

is commutative. When f is the identity, we will just say that v is a morphism
of formal embeddings of X.

EXAMPLE : In order to connect our construction to Monsky-Washnitzer’s, we
may consider the following situation: We let A be a V-algebra of finite type;
The choice of a presentation of A gives an embedding

SpecA — A C Piy

which can be used to embed X := SpecA, into the formal completion P := PY
of P{,V . This is a formal embedding.

ProprosiTION 1.1 We have the following results :

1. With obvious composition, formal embeddings (X C P) form a category
Fmb(V) with finite inverse limits.

2. The forgetful functor
Fmb(V) — FSch(V), (X CP)— P
1s exact and has an adjoint on the right

FSch(V) — Fmb(V), Q+— (Qr C Q).
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3. The forgetful functor
Fmb(V) — Sch(k), (X CP)—X
(is left exact and) has an adjoint on the left
FSch(k) — Fmb(V), Y — (Y CY).

PROOF : It should be clear that Fmb(V) is indeed a category. The first
adjointness assertion simply says that, if X C P is a formal embedding, any
morphism of formal V-schemes P — @ sends X into QJx. The other adjointness
assertion is trivial. Finally, we have to check that, if we are given a finite
diagram (X; C F;), it has an inverse limit which is just (lin X, C linPl) But
this again should be clear. [J

If T is a presheaf on Fmb(V), we will call
Fmb(T) := Fmb(V) 7

the category of formal embeddings over T. This applies in particular to the case
of a formal embedding T := (X C P) over V (identified with the presheaf that
it represents) in which case we obtain the category of formal embeddings over
X C P. As aspecial case, if we still write S for the image (S C S) in Fmb(V)
of a formal V-scheme S, we get the category Fmb(S) of formal embeddings over
S. An object of Fmb(S) is simply a formal embedding X < P into a formal
S-scheme and a morphism in Fmb(S) is a morphism of formal embeddings
(f,u) where w is an S-morphism.

We will finish with the description of a less trivial but fundamental case but we
should recall first that any functor g : C’ — C induces a functor on presheaves

gt .C— (', Tr—goT
which has a right adjoint g, (and also a left adjoint ).

If S is a formal V-scheme, then the forgetful functor Fmb(S) — Sch(Sk) in-
duces a morphism [g, on presheaves. On the other hand, the forgetful functor
Fmb(S) — Fmb(V) induces a morphism Jg, on presheaves which has a left ad-
joint Jg ! which in turn has a left adjoint Jg,. This is a standard result on local-
ization. If X is an Sk-scheme, we may consider the presheaf X/S := Ja1Tg. X,
which comes naturally with a morphism to S. This presheaf is not representable

in general but we can easily give a down to earth description of the category
Fmb(X/S) of formal embeddings over X/S :

PROPOSITION 1.2 Let S be a formal V-scheme and X an Sy, scheme. A formal
embedding over X/S is an immersion U — P over S of an X-scheme U into
a formal S-scheme. A morphism of formal embeddings

(fcwv): (U cP)—(UcCP)
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is a pair of morphisms (over X and S respectively)
(f:U = Uwv:P — P),

such that the diagram

UI [N Pl
Lf lv
U — P

15 commutative.

PROOF : An object of Fmb(X/S) is an object (U C P) of Fmb(V) together
with a section of jg1Is«X over (U C P). By definition, such a section corre-
sponds to a morphism (U C P) — (Si C S) together with a section of I5,X on
this object. Finally, by adjunction, such a section corresponds to a morphism
U — X over Si. The assertion on morphisms is proved in the same way. [

As already mentioned, we will consider analytic spaces in the sense of Berkovich.
We will denote by AN(K) the category of analytic spaces over K, and more gen-
erally, if V' is an analytic space over K, we will denote by AN(V') := AN(K) )y
the category of analytic spaces over V. We will also have to consider the cate-
gory of generalized analytic spaces over K. An object is a pair (V', K') where
K’ is an isometric extension of K and V' an analytic space over K’. Usual ana-
lytic spaces correspond to the case K’ = K. A morphism (V" K") — (V' K')
is made of an isometric K-embedding K’ < K" and a morphism V}, — V".
As shown in [E], section 1, there is a generic fiber functor

FSch(V) — AN(K), P+ Px

which is easily seen to be left exact. When P = SpfA, we simply have Py =
M(Ag). If P is a formal V-scheme, there is a natural specialization map

sp: Pk — P,x — Z.

When P = SpfA, any « € Pk induces a continuous morphism Ax — K(z)
which reduces to a morphism Ay — k(z) whose kernel is & € Si. Note that spe-
cialization is anticontinuous when FSch(V) is endowed with its Zariski topology
and AN(K) is endowed with its analytic topology. More precisely, the inverse
image of an open subset is a closed analytic domain and the inverse image of
a closed subscheme is an open subset, as the following local description shows.
In fact, this will not be a problem for us for we will implicitly endow FSch())
with the coarse topology (all presheaves are sheaves). If X C P is a formal em-
bedding, we will consider the tube | X[p:= sp~(X) of X in P. This definition
will be generalized later. When P = Spf(A) and

X:={zePVi=1,...,r,fi(x)=0and 3j =1,...s,¢;(x) # 0},
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we have
|X[p={x e Pg,Vi=1,....r|fi(x)| <land 3j =1,...s,]|g;(z) = 1}.

Unlike in rigid geometry, it is not always true that an analytic space is locally
affinoid. We will call a formal embedding X C P good if any point of | X[p
has an affinoid neighborhood in Px. We will also say that P is good at X.
Of course, saying that Pk is good in Berkovich sense means that the trivial
embedding of P in P is good. And in this case, any formal embedding into
P is good. This is the case, for example if P is affine or P proper over S and
Sk itself is good. Recall however that if P is the formal affine plane minus one
point, then Pk is not good ([[J]). Nevertheless, if X is the affine plane minus
one point, then the embedding of X into the formal affine plane P is a good
embedding.

2 GEOMETRIC RESULTS

The content of this section is not needed before the end of (the last) section
E. Therefore, the reader who wishes so can jump to the next section and come
back later to this one. Note also that only very little material from section 1
is needed here

I thank V. Berkovich and M. Temkin for their help in understanding the ge-
ometric results of this section. Of course, they are not responsible for any
mistake that may appear.

If P is a formal V-scheme and X is a subset of Py, we will denote by X* or
simply X, the Zariski closure of X in P,. A morphism of admissible formal
schemes u : P’ — P is said proper at 2’ € P}, if the induced map {2’} — Py is
proper. It is said étale, (resp. smooth, resp. flat, resp. proper) at X' C P’ if it
is étale (resp. smooth, resp. flat, resp. proper) at all 2’ € X’. Note that if X’
is a subscheme of P’, then u is proper at X’ if and only if the restriction of u to
any irreducible component of X' is proper over P,. When X' is quasi-compact,
this just means that X’ is proper over Pj.

PROPOSITION 2.1 A morphism of admissible formal V-schemes v : P’ — P
is proper at X' C P if and only if |1 X'[p: is contained in the interior of Py
relative to Pk .

PrROOF : This easily follows from Theorem 4.1 of [E] as explained in remark

5.8 of [[4)). O

COROLLARY 2.2 Let X C P be a good admissible formal embedding and
(fiu): (X' CP)y—=(XCP)

a morphism of admissible embeddings. If u is proper at X', then P’ is good at
X'
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PrOOF : It follows from Proposition @ that v induces a morphism without
boundary (i.e. closed in Berkovich sense) from a neighborhood V' of X’ in P
to a neighborhood V of X in P. We may assume that V' is good and it follows
that V’ is also good. OJ

PROPOSITION 2.3 Let
(fyu): (X/ C P’) — (X CP)

be a morphism of good formal embeddings with u flat at X'. Then, u induces
a unwersally flat morphism V' — V between good neighborhoods of X' and X
in Pj; and Py, respectively.

PRrOOF : Clearly, u induces a morphism V' — V between good neighborhoods
of X’ and X in Pj, and Pk, respectively. Now, if 2/ €] X'[ps, there exists affine
neighborhoods @ of ' in P’ and @ of w(#') in P’ such that the induced
morphism @’ — Q is flat. Since flatness of formal schemes is stable under base
change, it follows that the corresponding morphism Q% — Q is universally
flat. Restriction to open subsets still gives a universally flat morphism

V' NnQy - VNQk

of good analytic spaces. In particular, it is universally flat at 2’. Now, since
VNQkg — V and V' N Q% — V' are inclusions of good analytic domains into
good analytic varieties, they are universally flat. It follows that wg : V/ — V
is universally flat at z’. Since this is true for all points of |X'[ps and that
universal flatness is a local notion, we can shrink V' and V’ in order to get a
universally flat morphism V' — V. O

LEMMA 2.4 Let X C P be a good formal embedding. If P is smooth (resp.
étale) at X, there exists a quasi-smooth (resp. quasi-étale) good neighborhood
Vv Of]X[p m PK.

PROOF :  We know that there exists a good neighborhood V' of | X[p in Pg.
Let = be a point of | X[p and @ a smooth affine neighborhood of Z in P. Since
Qf, is locally free (rep. 0), so is Qf, . and it follows from Proposition 6.23 of
[l that Qx is quasi-smooth (resp. quasi-étale). Since V N Q is also good,
Corollary 6.21 of [E] tells us that V' is quasi-smooth (resp. quasi-étale) at x.
This is true for any point = in | X [p and it follows that V' is quasi-smooth (resp.
quasi-étale) at each = €]X[p. Since quasi-smoothness (resp. quasi-étaleness)
is a local notion, we may shrink V' a little bit in order to get a quasi-smooth
(resp. quasi-étale) good neighborhood of | X[p in Px. O
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PROPOSITION 2.5 Let
(f,u): (X/ C P’) — (X CP)

be a morphism of formal embeddings with X C P good and u smooth (resp.
étale) at X'. Then, u induces a quasi-smooth (resp. quasi-étale) morphism
V' =V between good neighborhoods of X' and X in P}, and Pk, respectively.

ProOF : It follows from@ that w induces a universally flat morphism V' — V
between good neighborhoods of X’ and X in Pj; and Pk, respectively. Using
Proposition 6.27 of [E], we may assume that P is reduced to a point, in which
case, this is just the assertion of Lemma @ (|

COROLLARY 2.6 Let
(f,u): (X/ C P’) — (X CP)

be a morphism of formal embeddings with X C P good admissible and u proper
and smooth (resp. étale) at X'. Then, u induces a smooth (resp. étale) mor-
phism V' — V between good neighborhoods of X' and X in Pj; and Pk, re-
spectively.

PROOF : Since a smooth (resp. étale) morphism is simply a quasi-smooth
(resp. quasi-étale) morphism without boundary, this assertion follows from

Propositions and @ (]

PROPOSITION 2.7 Let w : P’ — P be a morphism of formal embeddings of
X. If u is smooth (resp. étale) at X, the fibers of the induced morphism
|X[p—]X|[p are strict open polydiscs (resp. | X[p~]X|[p).

PROOF : Let x €] X[p and V(z) be the ring of integers of IC(x), the completed
residue field at . We may extend scalars by SpfV(x) — P and therefore
assume that P = SpfV, Pk = M(K) and X = Speck. We have to show that
|Z[p+ is a closed polydisc. We may replace P’ by any open neighborhood of &
and therefore assume that there is an étale morphism P’ — A‘f} sending x to 0.
It follows from Lemma 4.4 of [B] that this morphism induces an isomorphism

J2[p~0[34=B(0,17).
]

LEMMA 2.8 Let u: P' — P be a morphism of formal embeddings of X. As-
sume that the induced map X¥ — X7T is separated. Then, there exists a
neighborhood V' of | X[p: in Py such that for all x €)X [p, we have

ug (&[p) NV’ =2

In particular,
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PROOF : We may take V' :=]XF'[p/. Tt is therefore sufficient to show that
w (@) N X = {7}
We are led to check that the dense open immersion
X —u {(X)nX"
is bijective. But the projection
X)) N XY - X

is separated as a pull-back of a separated map. A dense open immersion that
admits a separated section is necessarily an isomorphism. [

We will need the following lemma which is inspired by proposition 3.7.5 of [m]

LEMMA 2.9 Let
v (V9a') — (V,x)

be a smooth morphism of germs of good analytic varieties. Any isomorphism
of germs

Pz - (’U_l(.r),l‘/) = (A?((I),O)

over K(z) extends to an isomorphism of germs
(V',a) = (AT, (0,2))
over (V,x).

PROOF : We may assume that v comes from a morphism of affinoid algebras
A — A’ and that our isomorphism comes from a morphism

ot K(@){T1/R, ..., Ta/R} — K(z)&4A'.

for R big enough. Since the image of Oy, ®4 A’ is dense in K(x)®4A’, there
exists
©1,.-.,Pd € Ov_’z XA A

such that ||p%(T;) — @] < R.

After an automorphism of K(z){Ti/R,...,T;/R}, we may assume that
©*(T;) = @;. Moreover, shrinking V' (and consequently V') if necessary, we
may also assume that ¢1,...,pq € A" and we can consider the induced mor-
phism ¢ : V' — Aﬁl,. By construction, it induces the inclusion ¢, between the
fibers at z. It follows from Lemma 3.7.7 of [EI] that it is an isomorphism in a
neighborhood of z/. [
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THEOREM 2.10 Let u : P’ — P be a morphism of good admissible formal
embeddings of X which is proper and smooth at X. Then, for all z €]X|[p,
there exists a neighborhood V of x in Pk and a section s : V — P} of ux on

V' such that s(y) = g for ally € VN X|[p.

ProOOF :  We know from corollary @ that v induces a smooth morphism
v : V' — V between good neighborhoods of X in Py and Px. Moreover,
we may assume thanks to lemma R.§ that v=1(]j[p) =]g[p: for y €]X[p. In
particular, any local section of v will satisfy the last condition.

Since v~ (] X[p) =]X[p/, it follows from proposition .7 that there exists an
isomorphism

P - ’U_l('r) = B%(m)(ov 1_)

We set 2 := ¢ 1(0). Tt follows from lemma .9 that there exists a neighborhood
W’ of ' in V' such that ¢, extends to some open immersion ¢ : W’ — A{.
Since v is a flat morphism without boundary, the image of W’ in V' is an open
neighborhood W of 0 (unpublished result of Berkovich, see lemma 6.2.8 of [ff})
and we can take the zero section of Af,. O

3 ANALYTIC VARIETIES

An analytic variety over V is a couple made of a good formal embedding X C P
and a morphism of analytic varieties A : V' — Pg. It can be represented by the
diagram

X-P&p. vy

The tube of X in V is | X[y:= A"1(]X[p) and we will denote by
iX,V :]X[V‘—> Vv

the inclusion map. We will generally write (X C P « V) or (X,V) to make
notations shorter. We might also forget X or sp in the notations and just write
sp:V — PorA:V — P, in which case we will write |X[y= sp~(X) or
1 X[y=A"YX). Also, if x €] X[y, we will write Z = sp(\(x)). Finally, when no
confusion should arise, we will simply call ix, iy or even ¢ the inclusion map

EXAMPLE : We can consider again the Monsky-Washnitzer situation. We saw
that if A is a finitely presented V-algebra, we can build a formal embedding

X :=SpecA; C P := @

We may also consider the inclusion morphism

—

V := (SpecAg )™ — (P¥)™ = (PY)k = Pk.
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in order to get an analytic variety
XCcP&Pg—V
over V. We have
1X[p=BY(0,1")nV.

Actually, for each X\ > 1, we may set
Va:=BY0,\)NV
and we get another analytic variety
Xc P& Py eV,

over V. Note that V) is affinoid so that we can write V) = M(Ay). Note also
that | X [p= M(Ak), that Ay C Ak for A close to 1 and that UA) C Ak is the

generic fiber AJ}( of the weak completion AT of A.

We now come to the definition of morphisms. It should be remarked before that
if K — K’ is an isometric embedding and if V' and k' denote the valuation ring
and residue field of K’ as usual, then any analytic variety (X C P « V) over V
gives rise to an analytic variety (X C Py < Vi/) over V'. A hard morphism
of analytic varieties from (X', V') to (X, V) is a couple of morphisms

(f: X' > Xu:V' =V)

such that

Va €]X v, u(z) = f(Z)

and the same condition holds after any isometric extension of K. Note that it
is sufficient to check the condition only for rational points (after any isometric
extension of K).

In practice, we will write

(fou) : (X, V') = (X, V).
Most of the time, our hard morphism will fit into a commutative diagram
X o p 2 p Xy
Lf Lo L vk Lu .
X — P & p. & v

We will then say that it extends to formal schemes.

EXAMPLE : Back again to our Monsky-Washnitzer situation. We assume now
that we are given two algebras of finite type A and A’ over V and we use
the same notations as above. A morphism f : X’ — X corresponds to an
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algebra homomorphism Ay — Aj. If A is smooth, this homomorphism lifts to
a homomorphism A" — A’f which induces Ay — A, for A and p close enough
to 1 and therefore gives a morphism u : Vé — V). It is clear that we get a hard
morphism

(fyu) : (X, V) = (X, V)

which in general will not extend to formal schemes.

PropPoOSITION 3.1 We have the following results :

1. With obvious composition of morphisms, analytic varieties over V and
hard morphisms form a category AN(V) with finite inverse limits.

2. The forgetful functor
AN(V) - ANK), (X CP<V)—V
is exact with right adjoint

AN(K) — AN(V), W s (Speck C Spfy «— W).

3. The forgetful functor
AN(V) — Sch(k), (X CP<—V)—X
(is left exact and) has a left adjoint

Sch(k) = AN(V), Y= (Y =Y « 0).

4. The functor
Fmb(V) — AN(V), (X CP)— (X C P+« Pg)
1s left exact.
PRrROOF : It is not difficult to see that the inverse limit of a diagram
indexed by some finite set I is simply
lim X; — [[ P £ ] Px S lim V;.
Moreover, if all the morphisms extend in a compatible way to formal schemes,
the limit is
lim X; < lim P & lim P < lim V;.
— — — —

All our assertions easily follow from these remarks. [
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It is also important to remark that the assignment
(XCP—V)~(XCP)

is not functorial because of our very loose definition of morphisms in AN(V):
they do not always extend to formal schemes.

A hard morphism
(fiuw) - U, V') = (U, V).

will induce a morphism
[ L] X v =] X [v

between the tubes giving rise to a functor
AN(V) — AN(K), (X,V)—=]X][y.

Since |f[. is just the morphism induced by u, we will sometimes write u :
| X'[v—])X][v. Also, when v = Idy, we will write | f[v:] X[y —]X][v.

ProproSITION 3.2 We have the following results :

1. Any hard morphism of analytic varieties over V is the composition of a
morphism of the form

(f,Idy): (X' CP « V)= (XCP«V)
and a morphism of the form
(Idx,u): (X CP—V) > (XCcP&V).

2. A hard morphism (f,u) : (X', V') — (X, V) is a hard isomorphism if and
only if [ is an isomorphism, u is an isomorphism and the induced map
1flw:) X [V =] X[y is surjective (and therefore also an isomorphism).

3. Up to hard isomorphism, any hard morphism of analytic varieties over V
extends to formal schemes. More precisely, given any (X', V') — (X,V),
there exists a hard isomorphism (X", V") ~ (X', V') such that the com-
posite (X", V") — (X, V) extends to formal schemes.

PRrROOF : The first assertion is clear : the morphism
(fou): (X' c P XV S (XcPdV)

splits as the composition of

(f,1dy): (X' ¢ PP 2V — (X c P2 V)
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followed by

(Idy,u): (X C P2V = (X c P&V).
Now, if (f,u) is an isomorphism, then f and u must be isomorphisms them-
selves. Conversely, if f and u are both isomorphism, they induce an embedding
of analytic domains

[t X v =] X[y

It is clear that f~! and u ! define a hard morphism if and only if this embed-
ding is an isomorphism.
Finally, any hard morphism

(fiu):( X' CP «V)=(XCPV)

gives rise to a commutative diagram

X - P2 p X
| T p2 | P2k |
X' PxP P pexp, Ny
L I p I Pk lu
X - pr £ pg Y

and it follows from the previous assertion that the upper morphism is a hard
isomorphism. 0J

COROLLARY 3.3 If
X—P&p. 2y

is any analytic variety over V such that \ factors through Py where P’ is a
formal subscheme of P containing X, we get a hard isomorphism

(XCP «V)~(XCPV).

O

EXAMPLE : In the Monsky-Washnitzer situation, we can replace P := Pg
by the completion P’ of the algebraic closure of SpecA in PJj and get an
isomorphic analytic variety over X/V. We see that X is open in P] and V is
open in Pj.. This is a more pleasant situation to work with.

COROLLARY 3.4 If (X C P« V) is an analytic variety over V and P’ — P is
a formal blowing up centered outside X, then Pj. = Pg and the induced hard
morphism

(XCP V)= (XCP«V)

18 an tsomorphism.
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O

COROLLARY 3.5 Any analytic variety over V is isomorphic to some analytic
variety (X_ C P V) where, if we denote as usual by X the Zariski closure of
X in P, X\X is a divisor in X.

O

ProrosITION 3.6 The functor
ANYV) — ANK), (X CP<V)—=]X[v
is left exact

PROOF : Since pull back is left exact, it is sufficient to prove the following :
if we are given a finite diagram {X;};c; and formal embeddings X; C P;, then

We only need to consider two cases. We assume first that we are given a finite
set of embeddings {X; C P;};cs, and we check that

T Xl p= [ Xle-

The second step is to show that if we are given a finite family of formal em-
beddings {X; C P}, then
] n Xi[p: ﬂ]Xi[p.

Both results are standard and can be proved using the local description of the
tubes. O

A functor g : C' — C between tow sites is said cocontinuous if §. preserves
sheaves.

The analytic topology on AN()V) is the coarsest topology making cocontinuous
the forgetful functor

AN(V) — AN(K), (X,V)— V.

PROPOSITION 3.7 The analytic topology on AN(V) is generated by the follow-
ing pretopology : families

{(XCcP V)= (XCP—V)ler

that extend to the identity on P and where V. = U;V; is an open covering.
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ProoOF : Note first that such families do define a pretopology. Now, the
forgetful functor is cocontinuous if whenever {V; — V},cr is a covering, the
family of all

(X'CcP V)= (XCP<V)

such that V/ — V factors through some V;, is a covering. This condition is
equivalent to
(X'cP V)= (XCPV)

factoring through some (X C P « V;). Thus, we see that the forgetful functor
is cocontinuous if whenever {V; — V},c1 is a covering, so is

{(XCP V)= (XCP—V)her. U

Recall that the canonical topology on a category is the finest topology for which
representable presheaves are sheaves. A standard site is a site with finite inverse
limits where the topology is coarser than the canonical topology.

COROLLARY 3.8 The site AN(V) is a standard site.

PrROOF :  We have to show that the analytic topology is coarser than the
canonical topology on AN(V). We take any (X C P «— V) € AN(V) and we
have to prove that the presheaf

(X'cP «V)—Hom((X'CcP « V), (XCP<V))
is a sheaf. Thus, we are given a covering
Vi =uV/
and a compatible family of morphisms
{(fyw) : (X' C P = V]) = (X C P —V)}lier.

As Berkovich showed, the analytic topology is coarser than the canonical topol-
ogy on AN(K), and it follows that the u;s glue to a morphism u : V' — V. It
is clear that (f,u) is a morphism. O

Note that if P is the disjoint union of two copies of SpfV and if we embed Speck
into P on the left and send M(K) to Px on the right, the unique morphism

(Speck C P «— M(K) — (Speck C SpfV «— M(K))
is not a covering although it is the identity both on the left and on the right.

Recall that a functor g : ¢/ — C between two sites is said continuous if §—*

preserves sheaves. If the extension of g to sheaves is exact, it defines a morphism
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of sites in the other direction C — C’. When the topology of C is coarser than
the canonical topology and C’ has finite inverse limits, it is actually sufficient
to check that g itself is left exact. When g is cocontinuous, the situation is
nicer : it automatically gives rise to a morphism of toposes C—C.

Unless otherwise specified, categories of schemes and formal schemes are always
endowed with the coarse topology - and not the Zariski topology.

ProrosiTiON 3.9 1. The functor
Fmb(V) — AN(V), (X CP)— (X CP+« Pg).
is left exact and continuous, giving rise to a morphism of sites
AN(V) — Fmb(V).
2. The forgetful functor
AN(V) - ANK), (X, V)V

is left exact, continuous and cocontinuous, giving rise to a morphism of
sites
AN(K) — AN(V).

and a morphism of toposes

—_~

AN(V) — AN(K).
3. The forgetful functor
AN(V) — Sen(k), (X, V)— X

is left exact and continuous, giving rise to a morphism of sites Sch(k) —
AN(V). Moreover, the corresponding functor

—_~—

Iy, : Sch(k) — V)
18 fully faithful.
4. The tube functor
AN(V) — AN(K), (X,V)—]X[v
18 le(ft )ea:act and continuous, giving rise to a morphism of sites AN(K) —
AN(V).

PROOF : The first assertion follows from the definition. And the second one
is an immediate consequence of our hypothesis.
Concerning the third assertion, exactness is already known and continuity is
easily checked. It is therefore sufficient to notice the full faithfulness of the
stupid functor

Y— (Y =Y «0).

For the last assertion, there is nothing to do. O
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4 THE OVERCONVERGENT SITE

Let (X C P« V) be an analytic variety over V and W an analytic domain in
V. If W is a neighborhood of | X[y, the morphism

(XCP—W)=(XCP<YV)

is called a strict neighborhood. 1t is said open if W is open in V. Sometimes, we
might just say that W is a strict neighborhood of X in V. It simply means that
W is a neighborhood of | X[y in V. The relation with Berthelot’s definition of
strict neighborhood is highlighted by the following result.

PROPOSITION 4.1 Let (X C P« V) be an analytic variety over V and W an
analytic domain in V. Denote by X the Zariski closure of X in P. Then, W
is a strict neighborhood of X in V if and only if the covering

[ X[v=1X[wU X\ X[y
is admissible.

PROOF : Assume first that W is a strict neighborhood of X in V. Replacing
W by some open neighborhood, we may assume that W is open in V.. Moreover,

since | X[y is open in V, we may also assume that V' =]X[y. In this case, the
above covering is simply an open covering and we are done. Conversely, if the
covering is admissible and x €] X[y, then z €] X[y but z ¢]X\X[y. It follows
that ] X[ is a neighborhood of z in | X[y, and a fortiori W is a neighborhood
ofxinV. O

LEMMA 4.2 We have the following results :
1. A strict neighborhood is a monomorphism in AN(V).
2. Any composition of strict neighborhoods is a strict neighborhood.
8. Any pull back of a strict neighborhood is a strict neighborhood.
PROOF : Since the forgetful functor
AN(V) — Sch(k) x AN(K)

is obviously faithful, the first assertion follows from the fact that the identity
Idx as well as the inclusion W «— V are both monomorphisms. The second
assertion is trivial. Finally, one easily checks that the pull-back of

(X, W) = (X,V)

by
(fyu): (X, V') = (X,V)
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is simply
(X ™ (W) = (X, V). O

PROPOSITION 4.3 The category AN(V) admits calculus of right fractions with
respect to strict neighborhoods.

PROOF : Since strict neighborhoods form a subcategory made of monomor-
phisms which is stable by pull-backs, all the conditions of (, I, 2.2.2) are
satisfied. OJ

The quotient category ANT (V) is the category of analytic varieties over V. The
description of ANT(V) is quite simple. First, it has the same objects as AN(V).
Second, if (X, V) and (X’,V’) are two analytic varieties, then

HomANT(V)((XI’ V/)a (Xa V)) = 1iLQHOIHAN(V)((*X/a W/)a (Xa V))

where W’ runs through all neighborhoods of | X[y in V. In other words, we
may always replace V' by any neighborhood of | X[y in V and get an isomorphic
object. From this down to earth description, it is not difficult to see that, like
AN(V), the category ANT(V) has finite inverse limits.

ExXAaMPLE : Back again to the Monsky-Washnitzer situation, we see that any
homomorphism AT — A’ gives rise to a morphism (X’, V') — (X, V). It is
not clear to me wether the converse is true or not.

If C’ is a site and g : C' — C any functor, the image topology on C si the
coarsest topology that makes g continuous.

LEMMA 4.4 Let C be a site with fibered products, Q a set of morphisms in C
and Cq the quotient category.

i) If Cq is endowed with the image topology, the canonical map C — Cgq
extends to an inverse image for an embedding of sites u : Cg — C.

ii) The topology of Cq is generated by covering sieves of the form 4~'R C
X' — X where R C X' is a covering sieve and X' — X is in Q.

i11) The functor u, induces an equivalence between éQ and the full subcategory
of T € C such that T(p) is an isomorphism whenever ¢ € Q.

PROOF : It is clear that u~! is left exact and, by definition, it is continuous.
Moreover, by definition again, the composition functor . : C‘Q — C' identifies
Cq with the full subcategory of T' € C such that T(i) is an isomorphism if
@ € Q. The first assertion follows. Since 4! is left exact, it is a general fact
that w~! is continuous if and only if whenever R is a sieve of X € C, then
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@ 'R is a sieve of X € Cg. This proves the second assertion. Now, we have
to show that under our new assumptions, a presheaf T" on Cg is a sheaf if and
only if 4,7 is a sheaf. The condition is always necessary. By adjonction, it is
also sufficient. Namely, we always have

Hom(a 'R, T) = Hom(R, 4.T) = Hom(X, @.T) = Hom(X,T). O

The image of the analytic topology on AN(V) is the analytic topology on
AN (V). The associated topos will be writen V4.

PROPOSITION 4.5 The canonical functor

AN(V) — AN'(V)
is the inverse image for an embedding of sites

ANF(V) — AN(V).
This embedding induces an equivalence between Vit and the full subcategory
of sheaves F on AN(V) such that F(X,V) = F(X,W) whenever W is a strict
neighborhood of X in V.

ProOOF : Follows from lemma @ O

Note that the analytic topology is compatible with strict neighborhoods in the
following sense : If (X, V') is an analytic variety, V = U, V; is an open covering
and for each i € I, W, is a strict neighborhood of X in V;, there exists strict
neighborhoods W/ of X in W; such that W’ = U,;c; W/ is an open covering and
W' is a strict neighborhood of X in V.

REMARK : The Grothendieck topology is not compatible with strict neighbor-
hoods as the following example shows :

V=P, X=4,

Wy =D(0,17) c Vi =D(0,17), Wy ="V, :=D(oc0,17).

PROPOSITION 4.6 The analytic topology on AN'(V) is defined by the following
pretopology : families of hard morphisms

{(XCP V)= (XCP—V)lier

where {V; }icr is a an open covering of a strict neighborhood of X in V.
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Proor : It follows from part 2 of lemma Q above that our topology is
generated by these families and it is therefore sufficient to show that this is a
pretopology. Our families clearly contain the identities and stability by pull
back is easily verified. It only remains to prove transitivity. This follows from
the fact that the analytic topology is compatible with strict neighborhoods. [J

PROPOSITION 4.7 The site AN'(V) is a standard site.

PRrROOF : As already mentioned, our site has fibered products and it remains
to show that the topology is coarser than the canonical topology. We let (X C
P — V) e AN(V) and we show that the presheaf

(X'CcP «V)—Hom(X'CcP « V), (XCP<V))
is a sheaf on ANT(V). So assume that we are given an analytic covering
(X' CP = V) = (X' CP' = V)}ies
and a compatible family of morphisms
{(X'cP « V)= (XCP—V)}er.

There exists strict neighborhoods W/ of X’ in V} such that this last family is
actually given by hard morphisms

{(XI Cc P — WZI) — (X C P+ V)}ie].

Since the analytic topology is compatible to strict neighborhoods, we may

assume that we have an open covering W’ = U;W/ and W’ is a strict neigh-

borhood of X’ in V. Now, everything is defined in AN(V) and we are done.
O

We recall again that categories of schemes and formal schemes are endowed
with the coarse topology (which makes specialization continuous).

ProprosITION 4.8 1. The functor
Fmb(V) — AN'(V), (X CP)— (X C P« Pg)
is left exact and continuous, giving rise to a morphism of sites
AN'(V) — Fmb(V).
2. The forgetful functor
ANT (V) — Sen(k), (X,V)— X
18 left exact and continuous, giving rise to a morphism of sites

I : Sch(k) — ANT(V).
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3. The tube functor
ANT(V) = AN(K), (X,V)—]X[y

is left exact and continuous, giving rise to a morphism of sites AN(K) —

ANT(V).

Proor : The first assertion directly follows from the analogous results for
AN(V). And the second one is almost trivial. Finally, the last assertion also
follows from the analogous result for AN(V). O

We should also remark that the assignment
(XCP—V)~V
is no longer functorial.

PROPOSITION 4.9 Let K — K’ be an isometric embedding and V', k' denote
the valuation ting and residue field of K' respectively. Then the extension
functor

ANT(V) = ANT(V), (X C P« V) (Xp C Py Vigr)
is left exact and continuous, giving rise to a morphism of sites
AN' (V') — ANT(V)
PROOF : Both assertions directly follow from our definition. O

Note that the analogous statement for AN is also true but the analytic site was
only a tool for us and we should not have to mention it in the future.

Recall that if C is a site and g : C’ — C any functor, then the induced topology
on C’ is the finest topology that makes g continuous. Note that when g is left
exact and C’ has fibered products, a family in C’ is a covering family for the
induced topology if and only if its image in C' is a covering family. This applies
in particular to the case of a localization functor C;r — C where C' is a site
and T a presheaf on C.

An overconvergent presheaf on V is a presheaf T on ANT(V). We will call
ANT(T) = ANT(V)/T the category of analytic varieties over T. The cate-
gory AN (T') is endowed, as explained above, with the analytic topology in-
duced by the analytic topology on ANT(V). We get the overconvergent site
AN'(T) of T and the corresponding overconvergent topos Tyt whose objects
are overconvergent sheaveson T'. Thus, we see that in general, an analytic va-
riety over T is a triple (U, V,t) where (U, V) is an analytic variety over V and
t € T(U,V). A morphism (U, V' t') — (U, V,t) being a morphism of analytic
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varieties (f,u) : (U, V') — (U,V) such that T(f,u)(t') = t. Of course any
morphism of presheaves f : T — T induces a morphism of toposes

e~

f: ANT(T") — ANT(T).

As a first example of overconvergent presheaf, we can consider the case of an
analytic variety (X, V') identified with the corresponding presheaf. We obtain
the category of analytic varieties over (X, V). An object is simply a morphism
(X’,V') — (X,V) and a morphism in ANT(X, V) is simply a usual morphism
that commutes with the given ones. Of course, any morphism of analytic
varieties (f,u) : (X', V') — (X, V) will induce a morphism of toposes

e~

fANT(X", V') — ANT(X, V).

As a particular case, if S is a formal V-scheme, we will call
ANT(S) := ANT(S}, Sk)

the category of analytic varieties over S. By functoriality, any morphism of
formal V-schemes v : S’ — S provides us with a morphism of toposes

f:ANT(S") — ANT(S).

PROPOSITION 4.10 Let S be a formal V-scheme. Then, up to isomorphism, an
analytic variety over S is is a couple made of a good formal embedding X C P
over S and a morphism of analytic varieties A : V — Py over Skx. And a
morphism is just a morphism (f,u) : (X', V') — (X, V) of analytic varieties
over V where f is an Si-morphism and u an Sk -morphism.

PROOF : We know that, up to isomorphism, any morphism of analytic varieties
extends to formal schemes. More precisely, if (X — P « V) is an analytic
variety over S, we can embed X in Ps and V in (Pg)x in order to get another
analytic variety (X < Pgs < V) over S which is clearly isomorphic to the
original one. Everything else follows. [J

If S is a formal V-scheme, we have I;fl(S) = Sk and, the morphism of sites
If : AN(k) — ANT(V)

induces by localization, a morphism of sites
IL - AN(Sy) — ANT(9).

Recall also that if
Js : ANT(S) — ANT(V)
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denotes the localization map, then Jg factors through an isomorphism

e~

ANT(S) ~ ANT(V) 5.

Any Si scheme X defines a sheaf on Sy and we let X/S := JSgIg*X. Thus, if S
is a formal V-scheme and X is an Sg-scheme, we obtain the important category
ANT(X/S) of analytic varieties over X/S. Note that X/S comes naturally with

a morphism to S in ANT(S).

PROPOSITION 4.11 Let S be a formal V-scheme and X an Si-scheme. Then,
up to isomorphism, an analytic variety over X/S is is a couple made of a
good formal embedding U C P over S with U an X-scheme and a morphism
of analytic varieties A : V. — Pk over Sk. And a morphism is just a mor-
phism (f,u) : (X', V') — (X, V) of analytic varieties over S where f is an
X -morphism.

PROOF : By definition, an analytic variety over X/S is given by an object
(U ¢ P — V) of ANT(V) and a section of the sheaf JgiIg.X on this object.
Such a section si given by some structural morphism

(UCP—V)—(S,CS«Sk)

and a section of Ig,X on (U C P « V) over S. By adjunction, this section
corresponds to a morphism from U := fgl(U C P« V) toX over S;. Sum-
marizing, we get a good formal embedding U C P over S with U an X-scheme
and a morphism of analytic varieties A : V — Pg over Sk as expected. The
last assertion is easily checked. [

Any Sg-morphism f : X’ — X induces, by functoriality, a morphism of toposes

e~

f:ANT(X7/S) — ANT(X/S).

Also, given any analytic variety (X, V) over S, we have a canonical morphism
of toposes

e~~~

ANT(X,V) — ANT(X/S).

PROPOSITION 4.12 Let o : K — K’ be an isometry of complete ultrametric
fields and denote as usual by V' and k' the valuation ring and residue fields
of K'. Let S’ be a formal V'-scheme and X' be an S},-scheme. Assume that
we are given a morphism of formal schemes v : 8" — S over V — V' and a
morphism f : X' — X above v. Then, there is a natural morphism of toposes

e~

ANF(X7/8") — ANT(X/8S).
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PROOF : We first consider the composite morphism of toposes

—_—~ e~/

ANT(87) — ANT(S&V') — ANT(S).

The pull back of X is simply X ®g k' and our morphism is induced by the
canonical map X' — X @, k. O

We can say a little more about our functor I :

PRrROPOSITION 4.13 The functor

—_~—

I, : Sch(k) — ANT(V)

1s continuous and left exact, giving rise to a morphism of topos

—

Ul - ANT(V) — Sch(k).
And we have a sequence of adjoint functors
-1 o -1 1
IlTJ ’ IV* - U]E ’ UV*‘
with U, o I, = Id.

Proor : The functor I\T,* being a direct image of morphism of sites is au-
tomatically left exact. Moreover, it is also automatically continuous since we
have the coarse topology on the left hand side. [J

Actually, localization gives us for each formal scheme S and each Sj-scheme
X, two morphisms of topos

e~

IL g+ Sch(X) — ANT(X/S).

and
— o

Ul s« ANT(X/S) — Sch(X)

such that, at the topos level, we have a sequence of adjoint functors

Ut

T _1
U X/S*?

;
I X/ )

71 _
I X/S*x —

X/S )
and U ; o I; = Id again. Finally, one can check that
UL (F)(X) =T(X/S, F).

We finish this section with a description of inverse image with respect to an
immersion of algebraic varieties.
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ProOPOSITION 4.14 Let S be a formal V-scheme and o : Y — X be an im-
mersion of algebraic varieties over Sy,. Then, if (U, V) € ANt (X/S), we have
a YU, V) = (p~1(Y),V) where p: U — X is the structural map.

PROOF : By definition, if (U’,V’) € ANT(Y/S), a section of &~ (U, V) on
(U’, V') is a morphism

(fsu) - (U, V') = (UV)

in ANT(X/S).
Then f factors over X through some morphism f' : U’ — p~1(Y) and we
clearly get a morphism

(fsu): (U V) = (7' (Y),V)

in ANT(Y/S) since p~(Y') € U. Conversely, any morphism in ANT(Y/S) gives
by composition such a morphism in ANT(X/S). O

5 REALIZATION OF SHEAVES

Let V be a topological space and T a subset of V. An inclusion V" C V' of
open subsets of V is called a T-isomorphism if V' NT =V" NT. A family V/
of open subsets of V is called an open T-covering of an open subset V' if for
each i, we have V/ NT C V' and also V' NT C U;V/.

LEMMA 5.1 Let V be a topological space and T a subset of V. Then

1. The category Open(V') of open subsets of V admits calculus of right frac-
tions with respect to T-isomorphisms.

2. The image topology on the quotient category Open(V)r is generated by
the pretopology of open T -coverings.

8. The inclusion T C 'V induces an equivalence of sites
Open(V)r ~ Open(T)
when T is equipped with the induced topology.

PROOF : It is clear that T-isomorphisms form a subcategory which is stable
by intersection with an open subset. The first assertion formally follows. Now,
the inclusion T" C V clearly induces an equivalence of categories

Open(V)r ~ Open(T).
And open T-coverings in Open(V') correspond to open coverings in T'. O

As usual, any analytic variety V over K will be endowed with its analytic
topology and we will denote by V,, the small topos of sheaves on V.
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PROPOSITION 5.2 Let (X, V) be an analytic variety over V. The obvious func-
tor V! — (X, V") on Open(V) induces a functor

Open(V )1x1, — AN'(X, V).
which is continuous, cocontinuous and left exact.

PROOF : It is clear that if V' C V" is an | X [y-isomorphism, then (X, V') —
(X,V) is an open strict neighborhood. Moreover, it follows directly from our
definitions that the induced functor is continuous and cocontinuous : any open
| X [v-covering of some open subset V' C V gives rise to an analytic open
covering of (X, V') and conversely. It is also clearly left exact. O

COROLLARY 5.3 If (X,V) is an analytic variety over V, the functor V' —
(X, V') defines a morphism of sites

oxv: ANI(X,V) — Open(V )1x1,, =~ Open(]X|[v).
and a morphism of toposes
xv (1 X[V)an = (X, V) gt
giving rise to a sequence of adjoint functors at the topos level :

—1 —1
SDXJ/ ) PX Vs = ’l/)X_’V 5 ’l/)X,V*

O

PROPOSITION 5.4 If (f,u) : (X', V') — (X, V) is a morphism of analytic va-
rieties over V and F a sheaf on | X[y, the diagram
X' V) an 20X v )an
Lj 1f [
(Xa V)ANT = (]X[V)an

18 commutative.

PRrROOF : This follows from the fact that, if W is an open subset of V', then
(f,w) ' (X, W) = (X', u™H(W)). O

COROLLARY 5.5 If (f,u) : (X', V') — (X, V) is a morphism of analytic vari-
eties over V and F an overconvergent sheaf on (X,V), one has

L(X" V'), oxvF) =T(X v, ] [l F).



30 BERNARD LE STUM

PROPOSITION 5.6 If (X,V) is an analytic variety over V, we have

ex,vovxyv = Id.

PRrROOF : We have

(exvotx,v) H(F) =vxv(exvF) = exvaloxvF)-

Thus, if V' is an open subset of V, we see that

(X [vr, (px,v ovxy) (F)) =T(X[v, ox.v«(exyF))
=T((X, V"), oxvF) =T(X [y, F).
O

If S is a formal V-scheme, we can apply the above considerations to S, identified
with the analytic variety (Sk, Sk ) as usual. We obtain two morphism of toposes

¥s ¢ Skan — Sant

and
ps SANT — SKan-

By composition, we get that for any overconvergent presheaf T' over S, there
is a canonical morphism of toposes

o1t Tant — Sant — Skan-

We now turn to the definition of the realizations. If (X, V') is an analytic variety
over V and F is an overconvergent sheaf on (X, V), then the sheaf

Fxyv = pxvsF

on | X[y will be called the realization of F on | X[y. We will often write Fy/
instead of Fx,v. In the case V = Pk, we will write Fxcp or Fp and call it
the realization of F on X C P or P. By extension, if T' is an overconvergent
presheaf over V, (X, V) an analytic variety over T' and F an analytic sheaf on
T, one defines the realization Fx v of F on (X,V) as follows : We first take
the inverse image of F by the localization morphism

(X, V)ant = Tant

and then, its realization on (X, V). There is a simpler way to define the re-
alizations of F: Note first that, since the topology of | X[y is induced by the
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topology of V', any open subset of | X[y is of the form | X[y, with V' open in
V. Moreover, F(X,V’) is independent of V. Then, we simply have

Fxv(X[v)=F(X, V).

Using realizations, it is not difficult to describe the morphism ¢x . Of course,
by definition, for any overconvergent sheaf F on (X, V), we have px v.F =
Fx v. But also, if F is a sheaf on | X[y and (f,u) : (X', V') — (X,V), then

(<P)_(,1v~7:)xgv' =1/l F.

Finally, if T is an overconvergent presheaf on V, (f,u) : (X', V') — (X,V) a
morphism of analytic varieties over T' and F € Tan, functoriality gives us a
morphism

b I f[0 Fxv — Fx v

on | X'[y+. Of course the morphisms ¢y, satisfy the usual compatibility condi-
tion. These data uniquely determine F as the following proposition states.

PROPOSITION 5.7 If T is an overconvergent presheaf on V, the category Tan
1s equivalent to the following category :

1. An object is a collection of sheaves Fxy on | X[y for each (X,V) €
ANY(T) and morphisms érur :|fl7 ' Fxv — Fxv: for each (f,u) :
(X', V') — (X, V), satisfying the usual compatibility condition.

2. A morphism is a collection of morphisms Fx v — Gx,v compatible with
the morphisms ¢ y.

Proor : This is completely standard. [

ProprosITION 5.8 IfT is an overconvergent presheaf on V, the topos T 4t has
enough points. More precisely, if (X,V) € AN'(T) and = €]X[y, then the
functor F— Fy g, is a fiber functor and they form a conservative family.

PROOF : The point €] X[y defines a point of the topos | X [yan and composi-
tion with ¥ x v followed by the structural morphism (X, V)an — Tant gives a
point of our topos. We have to show that this family of points is conservative.
Since the points of a topological space form a conservative family, it is sufficient
to note that the “family” of realization functors {F — Fx v} x v)eant(r) i
faithful. [J

Again, we consider the case of an immersion of algebraic varieties.

PROPOSITION 5.9 Let S be a formal V-scheme, a : Y — X an immersion
of Sk-schemes, and (U,V) € AN'(X/S). Letp: U — X be the structural
map, U' = p~ YY) and Ja[:)JU'[y—=]U[v the inclusion map. If F is a sheaf on
AN'(X/S), then

(antF)v =lafFy.
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PRrROOF : We have seen in proposition that axll\I(U, V)= (U',V), and it
follows that (aan«F)(U,V) = F(U',V). And the same is true for any open
subset of V. Thus we see that

iu«(aant«F)v = ivFv = iv]al Fv.

Pulling back by ¢y gives the result. O

COROLLARY 5.10 Ifa:Y — X is an open immersion, then a4 yi, is exact.

PROOF : In this case ]a[. is the inclusion of a closed subset. [J

6 COHERENT SHEAVES

We prove here some general results about coherent sheaves on locally compact
spaces and we apply them to Berkovich analytic spaces.

PROPOSITION 6.1 Let (V, Oy ) be a ringed space and i : T — V the inclusion of
a closed subspace. AssumeV paracompact orT compact. If F is an Oy -module
of finite presentation and G any Oy -module, the canonical map

lim Homo.,, (Fiv,Gv+) — Hom;-10, (i7' F,i"'G),
where V' runs through all open neighborhoods of T, is an isomorphism.
PROOF : Since F is finitely presented, we have
i~ Home,, (F,G) = Hom;-10, (i ' F,i 'G)
and therefore,
Hom, 10, (i7'F,i7'G) = I(T,i *Homo,, (F,G)).

Since T is compact, or closed in V paracompact, it follows from [@], Proposition
2.5, that

F(T,i_lHOmOV (f,g)) = h_H)lF(V/,HOmOV(]:,g)‘V’)

and we know that local hom commute to localization. (J

COROLLARY 6.2 With the same hypothesis, if F and G are two Oy -modules of
finite presentation such that i~'F = i~1G, there exists an open neighborhood

V' of T in'V such that Fy: = Gyr.

O
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PROPOSITION 6.3 Let (V, Oy ) be a locally compact ringed space and i : T — V
the inclusion of a locally closed subspace. If Oy is a coherent ring, then i~ 1Oy
s also a coherent ring.

PROOF : We may clearly assume that 7" is closed in V. We have to show that
if W is an open subset of V and m : i 71O}, — i~!Ow a morphism, then ker m
is of finite type. Given any x € T, there exists an open subset & of V and a
compact subset K of V such that xt e Y C K C W. Since K NT is compact, it
follows from Proposition @ that there exists an open neighborhood U’ of KNT
in W and a morphism n : Of), — Oy whose restriction to K NT coincides
with the restriction of m. The same thing is obviously true over &Y NT'. Since
Oy is coherent, the kernel of n is of finite type. Since pull back is exact, the
restriction of m to U NT is also of finite type. And we are done. [J

PROPOSITION 6.4 Let (V, Oy ) be a locally compact ringed space and i : T — V
the inclusion of a closed subspace. Assume that T is compact or V' is countable
at infinity. If F is a coherent i~ 1Oy -module of finite presentation, there exists
an 0p671z neighborhood V' of T in V and a coherent Oy.-module G such that
F=1i,.G.

PROOF : Let F be a coherent i ~'Oy-module. For each 2 € T, there exists
a sequence © € U C K C W with U, W open in V and K compact and a
morphism m : i~10f, — 710§, with Fiwnr = cokerm. Since K NT is
compact, it follows from Proposition @ that there exists an open neighborhood
U of KNT in V and a morphism n : O}, — Oy, whose restriction to K NT'
coincides with the restriction of m. Let G’ := cokern. We may replace U with
UNU" in order to have U C U'. If we set G := gl’u, we have i~1G = Flunr-
Thus, if we assume that T' is compact, we see that we can find a finite open
covering {Uy}}_, of T in V, and for each k a coherent Oy, module G such
that i~1G, = Flu,nr- More precisely, there exists for each k an open subset
U, of V with U, C U, a compact subset Kj of V with K NT C U and
a coherent module G on U, whose restriction to K NT coincides with the
restriction of F. In particular, the restrictions of G;, and G to K, N K; N T
coincide. It follows from Corollary @ that there exists an open neighborhood
Uy of Ky NK;NT in V such that (Gy)uy, = (G))ju;,- Now, since there are
only a finite number of them, we may shrink each U}, in order to have for each
pair (k,1), U, NU, C U},,. We can then, for each k, replace Uy, by Up, N U, and
still get a covering of T'. We have for each pair (k,1), (Gk) e, = (G1)|uened, -
It follows that the Gj glue together in order to give a coherent Oy -module G
such that F = i},/G.

We now consider the second case, namely we assume that V' is countable at
infinity. In other words, we assume that V' is an increasing union of compact
subsets K,,,n € N. Since, for each n € N, T'N K, is compact in K,,, it follows
from the first case that the restriction of our coherent i~'Oy-module F to
K, NT extends to some coherent module G,, on some open neighborhood V,,
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of K,, C T in V. By induction, we may assume that V,, C V,, 41 and, using
Corollary @ again, that G, 1)y, = Gn so that they glue in order to give a
coherent module G on V' = UV,,. O

If Oy is a sheaf of rings on some topological space V, we write Coh(Oy) for
the category of coherent Oy -modules on V.

COROLLARY 6.5 Let (V,Oy) be a locally compact ringed space that is countable
at infinity with Oy coherent. Let i : T — V the inclusion of a closed subspace.
Then, the restriction functors Coh(Oy+) — Coh(i~Oy) where V' runs trough
all inclusions of open neighborhoods of T in V induce an equivalence of cate-
gories

lim Coh(Oy) =~ Coh(i~*Oy).

PROOF : Using the previous proposition, this is an immediate consequence of
Proposition . O

We will now apply these results to our analytic varieties. We have the first
fundamental result:

PROPOSITION 6.6 If (X, V) is an analytic variety over V, then i;(lOV s a
coherent ring.

PROOF : This is a direct application of Proposition [6.d. [

The next step consists in applying the results of corollary @ We will say

that an analytic variety (X, V) is countable at infinity if there exists a strict

neighborhood V' of X in V which is countable at infinity with | X[y closed in

V.

PROPOSITION 6.7 i) If X C P is a formal embedding with P quasi-compact,
then (X, Pk) is countable at infinity.

ii) Locally, any good analytic variety (X,V) is countable at infinity.

PROOF :  We prove the first assertion : we have | X[p closed in |X[p and

|X[p open in Pk. It is therefore sufficient to recall that the tube |X|[p is the
increasing union of the closed tubes [X]p,, that these closed tubes are closed
subsets of Pk, which is compact, and are therefore compact themselves.

Now, we prove the second assertion : we may first shrink V' in order to have
|X[v closed in V', and then use the fact that any good variety has a basis of

open subsets countable at infinity. [J

PROPOSITION 6.8 If (X,V) is an analytic variety over S which is countable at
nfinity, we have an equivalence of categories

lim Coh(Oy) ~ Coh(i'Ov)
when V' runs trough all inclusions of open neighborhoods of | X[y in V.

PROOF : This is a particular case of corollary @ O
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7 CRYSTALS

With the use of Berkovich theory, we do not need Berthelot’s j construction
as the next result shows.

PROPOSITION 7.1 Let (X,V) be an analytic variety over V and F any sheaf
on V. If 1X v is closed in V, we have

SF =l T F =i
where 7' runs through all strict neighborhoods of X in V.

PRrROOF : It is true in general that if V' is a topological space whose points
are closed, then any subset T" of V' is an intersection of open subsets. It follows
that if 7" is closed in V' and F any sheaf, then

JUF =limj'j T F =i F,

where j' : V' < V runs through all inclusions of open neighborhoods of T in
V and i : T'— V denotes the inclusion map. This is easily checked by looking
at the stalks. [J

PROPOSITION 7.2 1) Any morphism (f,u) : (X', V') — (X, V) of analytic
varieties over V induces a morphism of ringed spaces

(fT 1 Tws) = (X T 10 v Ovr) = (X v, ixly Ov).
and we have for all i;(,lvov—module F,
JfILF =ixrpoutix v F.
ii) Let (X,V) be an analytic variety, F a i}}vov—module and a: Y — X
the inclusion of a subscheme, then ]a[I,f =o' F.
ProoF : Pulling back by ix v the canonical map u" 0y — Oy gives
iy Ov = ixr yu™ Oy — ixr Oy

and we get a morphism of ringed spaces as asserted. If F is a sheaf on | X[y,
we have
LF =1L i vixveF = ixs o tix viF.

Thus, if F is a i;(lva—module, we see that

T _ 1 -—1 -1,
]f[uf = ZX’,V/OV/ ®’L‘;}7V,’U‘710V ZX/,V/u ZXﬁV*f
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—1 —1- —1 .
= ZX/,V/ [OV’ ®’U«710V u ZX,V*‘F] = ZX/,V’u*vav*‘F'
The formula in the second assertion comes from

Jafl, F = ix) yixv.F =laly ixlyixy.F =lal;'F

O

Actually, in practice, we will often write u! and u, instead of |f[l, and ]f[u«.
On the other hand, when u = Idy, we will write | f[v as we actually did in the
second part of the proposition. We will also write i;(l(’)v = i;(}VOV.

COROLLARY 7.3 The presheaf of rings
O} (X, V) = T(X[v.ix' Ov)
is a sheaf on AN'(V).
PRrROOF : Follows from the first part of the proposition. O

This is the sheaf of overconvergent functions on V. If T is an overconvergent
presheaf on V, the localization OTT of OL to ANT(T) is the sheaf of overconver-
gent functions on T. A module over this ring will be called an overconvergent
module on T. By definition, the realization of (’)L on some analytic variety
(X,V) is just i;(,lv(’)v. Note also that if f :T' — T is a morphism of analytic
presheaves on V., we have

ot OF = O

If E is an overconvergent module on (X, V), then Ey is a iy' Oy-module and
for all morphisms
(fyu): (X', V') — (X,V),

the morphism ¢, g ;] f[;'Ev — Ey: on | X'y extends to a i;(lOVz—linear map

Shup 1BV — By

PROPOSITION 7.4 Let (X,V) be an analytic variety over V. Then,

1. There is a canonical morphism of ringed spaces

(P v pxva)  (ANT(X, V), 00 ) = (X [y, i Ov).

2. If F is any i}lOV—module and (f,u) : (X', V') - (X,V) is any mor-
phism, then the realization of @}_’V}" on (X', V') is just | f[I F.
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3. If E is an overconvergent module on (X,V'), then the realization of the
adjunction map
Pk voxveE — E

along some (f,u) : (X', V') — (X,V) is the transition map d)LE :
]f[TuEV — Eyr.

PrROOF : We know that
1 _ +
’LX OV = vav*O(X,V)‘
The first assertion follows formally from this fact. Now, by definition, we have
T _ -1
exvF =Oix v ®¢;}V¢;lov oxvF-

Since realization on (X', V’) is the the pull-back by ¥x/ v+, it commutes to
tensor products and we see that

(P v Fxvr = ixsOvi® 10, 1 1 F =1 (L7

The case F = Ey gives the last result. O

ProrosiTION 7.5 If T is an overconvergent presheaf on V, the category of
overconvergent modules on T is equivalent to the following category :

1. An object is a collection of i}lOv—modules Exv on |X[v for each
(X,V) € AN'(T) and ix:Oy.-linear maps qﬁ}uE JfLExyv — Ex/ vy
for each morphism

(fyu): (X, V') = (X,V)

of analytic varieties over T, satisfying the usual compatibility conditions.

2. A morphism is a collection of i}lOv—linear maps Ex v — E;(,V compat-

ible with the morphisms qﬁ}u.

Proor : Asusual. O

Let T be an overconvergent presheaf on V. An overconvergent module £ on T
is an overconvergent crystal if all the transition maps (b}u g in proposition E
are isomorphisms. We denote this full subcategory by Cris'(7/S). Note that
an overconvergent module F on T is a crystal if and only if for all (X,V) €
ANT (T'), E/(x,v) is an overconvergent crystal on (X, V). It is actually sufficient
to check it for an analytic covering {(X;, Vi) }ier of T. We should also remark
that any morphism of analytic presheaves f : T’ — T provides a functor

fan @ Cris™(T") — Cris'(T).
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PROPOSITION 7.6 If (X,V) is an analytic variety over V, the functors gag(yv
and @x v« induce an equivalence of categories between CrisT(X, V) and the
category of iy Oy -modules on | X[v. In particular, Cris'(X,V) is an abelian
category with tensor product, internal hom and enough injectives.

PROOF : It follows from the second assertion of [[.4] that if F is any iy' Oy-
module, then @ky}‘ is a crystal and the adjunction map ‘PX,V*SQE(,V]: — Fis
bijective. Now, if E is an overconvergent crystal on (X, V), we know from the
last assertion of @ that the realization of the adjunction map gp},vgp x v« —
E along any (f,u) : (X',V') — (X, V) is the transition map (bLE Jf[LEy —
FEvy, which is by hypothesis, an isomorphism. It follows that this adjunction
map is also an isomorphism. [

COROLLARY 7.7 IfT is an overconvergent presheaf onV, the category C’m’sT(T)
is an additive subcategory of the category of overconvergent modules which is
stable under cokernel, extensions and tensor product.

PROOF :  We may clearly assume that 7' = (X, V) in which case everything
follows from the right exactness of ‘P;(,v g

PROPOSITION 7.8 Let T be an overconvergent presheaf on V. If E is an over-
convergent crystal on T and E' is any overconvergent module, then for each
analytic variety (X,V) over T, we have

HO’ITLO; (E, E/)X,V = Homi;lov (EX,Va ES(,V)'

PROOF : It is again sufficient to consider the case T = (X,V). Then, our
assertion formally follows from Proposition @ Namely, we have

! o T /
HomO;/X,V(E7 E )X,V = CPX-,V*HomOTS/X’V(CPX,VSDXJ/*E’ E )

= Hom OT (SDX,V*E’ (PX,V*E/) = HOmi;(loV (EXJ/, E;(,V)' O

PX Vg x v

At this point, we need to introduce finiteness conditions.

PROPOSITION 7.9 Let T be an overconvergent presheaf over V. An overconver-
gent module E on T is finitely presented if and only if it is a crystal and for all
analytic varieties (X, V) over T, Evy is a coherent i}lOv—module. Moreover,
E is locally free of rank r if and only if for all (X,V) over T, Ey is a locally
free i}lov -module of rank r.
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PROOF : The question being local on AN(T"), we may assume that 7' = (X, V).
Then, since both ¢x v, and @}y are additive and right exact, our assertions

follow directly from the fact that (9;( v is a crystal. O
If T is an overconvergent presheaf on V, we will denote by Mod}p(T) the cate-
gory of overconvergent modules of finite presentation on 7.

PROPOSITION 7.10 Let T be an overconvergent presheaf on V. If E,E' €
Mod}p(T), then

Homey (B, E') € Modl, (T).
In particular, it is a crystal.
ProOF : If (f,u) : (X', V') — (X,V) is a morphism over T, we have
|flHomy,: (B, B')xv =]f[Hom; 10, (Exv, Ex v)

and since Ex,y is finitely presented, we have

]f[LHomi;loV (Ex,v, ES{,V) = 'Homi;}ov (]f[LEX,Va]f[LES(,V)
and since we are dealing with crystals, we have

Homi;}ov (]fHLEX,Va ]fHLEs(V) = Homi;}ov (Ex v, ES(’,V’)
and we get

[fliHomey (B, B')x,v = Homgy (B, B')x/,vr. O

We will finish this section with the study of immersions of algebraic varieties.
We need some preliminary results.

LEMMA 7.11 Let ¢ : T — V be the inclusion of a subspace in a topological
space, A a sheaf of rings on V, and F and G two A-modules. Then

i (FRAG) =isi ' F@4G.

PROOF : Since tensor product commutes to pull-back, this immediately fol-
lows from the fact that i, is fully faithful. O

The following lemma is analogous to Proposition 2.1.4 of [E}

LEMMA 7.12 Let (f,u) : (X', V') — (X, V) be a morphism of analytic varieties
over V. Assume that | X[y is closed in V and that ui* (| X[v) =] X'[y+. Let us
write i | X[y— V and i’ | X'[v.— V' for the inclusion maps. Then, if F is
any Oy -module, we have

iy F il Tt F
In particular, if F is a i}l(’)v-module, we have

w*i F =~ i f[LF.
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PRrROOF : Using the previous lemma, our statement is a formal consequence of
the fact that, with our hypothesis (a cartesian square with a closed embedding),
we have for any sheaf, u='i, F = i’u~F. O

PROPOSITION 7.13 Let S be a formal V-scheme and o :' Y — X an open im-
mersion of Sk-schemes. If E is an overconvergent crystal on Y/S then can.FE
is an overconvergent crystal on X/S. In other words, aans induces a functor

Ay : Cris' (Y/S) — Cris'(X/8S).

PROOF : We are given an overconvergent crystal E on Y/S, and a morphism
(fyu) = (X', V') = (U,V) in AN(X/S). We want to show that

]f[L(aAN*E)V = (QAN*E)V/-

We may clearly assume that U = X. We call Y’ the pull-back of Y in X',
and denote by o/ : Y/ < X’ the inclusion map. Using Proposition .9, our
condition can be rewritten

]f[jl.]a[V*EY,V :]O/[V/*Ey/7vl .

But if g : Y/ — Y denotes the map induced by f, we have Ey . =|g[l Ey.v.
We are thus reduced to show that

JflLelafv.=la'[vr.olgll.

We may split the verification in two parts. So we assume first that v = Idy.
We simply have here | f[T=]f[! and ]g[f=]g[~!. Thus, we are reduced to check
that ] f[~!o]a/[.=]al«o]g[~! which follows from the fact that ]Y]y is closed in
]X[v (and the diagram is cartesian).

We assume now that P/ = P and f = Idy, in which case, also g = Idy.
Shrinking V' and V" if necessary, we may also assume that | X[y and | X[y are
closed in V. Moreover, since % x,y is fully faithful, it is sufficient to prove that

ix vrsolldx [l o]i[v.e= ix yro]e[vreo]Idy M.

We are in the situation of applying lemma both to X and Y. On the left
hand side, we get

ix,vrolldx[Lolafve= u* oix,vuolafv.=u oiyv.
and on the On the right hand side, we get

ix.vreo]d [yrolldy [l = iy yrolldy [l = u* o iy y.. O
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8 STRATIFICATIONS

In this section (and the next one), we fix a formal V-scheme S. We will use the
notion of stratification as a bridge between crystals and modules with integrable
connection.

Let (X, V) an analytic variety over S. We embed X diagonally in P? := PxgP
and denote by
pLp2: V2=V xg. V-V

the projections. An overconvergent stratification on a i}lOv—module F is an
isomorphism

e:phF ~plF
on |X[yz, called the Taylor isomorphism of E, satisfying the usual cocycle
condition on triple products. A morphism of overconvergent stratified modules
is a morphism of i}lOV—modules compatible with the data. We denote this
category by Strat’(X,V/S). We will also set :

HI(F) := ker [6 opyt = pi ! iP5 F — P]X[W/S*PI}—} :

LEMMA 8.1 If (f,u) : (X, V') — (X,V) is a morphism of analytic varieties
over V with u flat in a neighborhood of | X'[v, then |f[ is evact.

PRrROOF : Our assumtions is that that u=!Oy — Oy~ is flat. Pulling back by
i}}, we see that

]f[;l’i;(lov = ’L';(}’u_l(/)v — ’L';(}OV/

is also flat. And this is what we want. O

PROPOSITION 8.2 Let (X, V) an analytic variety over S. Then, the category
StmtT(X, V/S) is an additive category with cokernels and the forgetful functor
to from Strat' (X,V/S) to the category of i Oy -modules is right ezact and
faithful. Moreover, if V is universally flat in a neighborhood of | X[y over Sk,
then StmtT(X, V/S) is even an abelian category and the forgetful functor is
exact.

PROOF : It is clear that we have an additive category and that the forgetful
functor is faithful. We will show, when V is universally flat, the existence
of a stratification on the kernel of a morphism of dagger stratified modules
m : F — G, and also that this new structure turns ker m into a kernel in the
category of dagger stratified modules. The analogous result for cokernels is
showed exactly in the same way (without the flatness assumption).

If V is universally flat over S, the projections p; and po are flat. It follows
from the lemma that p]{ and pg are exact. Thus, we see that er induces an iso-
morphism ph(kerm) ~ p!(kerm) which is obviously a stratification on kerm.
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Clearly, if the image of a morphism of dagger stratified modules H — F is
contained in ker m, the induced map H — kerm is compatible with the strati-
fications. O

We will need an infinitesimal version of this notion of dagger stratification. We
want first to recall some notions concerning analytic varieties. If W is a fixed
analytic space over K and V an analytic space over W, we will write V(" for
the n-th infinitesimal neighborhood of V in V' xy V and p&"),pg") V4D
for the projections. By definition, there is an exact sequence

0— Q%,/W — Oy — Oy — 0.

We can define stratifications, modules with (integrable) connexion and the
sheaf of differential operators Dy as usual. Everything behaves as expected.

Now, if (X € P« V) € ANT(S), we may take W = Sx and consider
(X € Pxg P« V™)ec AN(S).

A stratification on a i)_(l(’)v-module F is a compatible sequence of Taylor iso-
morphisms

{e) : pfTF = p" T Fhnen

that satisfy the cocycle condition on triple products (and €(®) = Idz). A mor-
phism of stratified modules is a morphism of z';(l(?v—modules that is compatible
with the data. We will write

H™ (F) = ker [(e(") o (pén))_l) - (pgn))_1 CP)X [y /sxF p]X[V/S*pgn)T]: .
A connezion on a i}lOv—module F is an Og, -linear map
ViF = F®iip, ix Qs

satisfying the Leibniz rule. A horizontal map is a i;(l(’)v-linear map compatible
with the connexions. Integrability is defined in the usual way.

Stratified modules 7' Oy-modules form a category Strat(X,V/S) and i Oy-
modules with integrable connexion make a category MIC(X,V/S). As usual,
there is an obvious forgetful functor Strat(X,V/S) — MIC(X,V/S) sending
{e™},en to the morphism

V= (o) — () F S F@iao, i0h g, C PO E,

When CharK = 0 and V is smooth in the neighborhood of ] X[y, it is not hard
to see that there is an equivalence

Strat(X,V/S) ~ MIC(X,V/S)
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and that H(™ (F) is independent of n, for n > 0, and canonically isomorphic
to FV=Y.

We can do better with some finiteness conditions. In general, if F and G
are two i Oy-modules with integrable connexions, then Hom, 1 o, (F,G) has

a natural integrable connexion given by V(m)(z) = V(m(z)) — (m ® Id)(z).
Moreover, we have

F(]X[V, Homi}lov (.7:, Q)V:O) = HomMIC(va/S) (.7:, g)

In the same way, if F and G be coherent stratified i}lOv—modules, then
Hom, 14, (F,G) has a natural stratification and we have

liﬁl F(]X[V, H(n) [HOmi;(IOV (.7:, g)]) = HomStrat(X,V/S) (]:a g)
Moreover, the canonical functor
Strat(X,V/S) — MIC(X,V/S)

is compatible with these constructions. We now come back to overconvergent
stratifications: By restriction, there is an obvious functor

Strat'(X,V/S) — Strat(X, V/S)

and a compatible family of canonical maps HT(F) — H"(F). Assume
that F and G are two coherent dagger stratified i}lov-modules. Then
Hom, 14, (F,G) has a natural dagger stratification and

P(X [y, H'[Hom 1 (F,G)]) = Homgpasi (x,v/5) (F, G)
Again, the canonical functor
Strat!(X,V/S) — Strat(X, V/S)
is compatible with these constructions.

In the next proposition, we will need to localize with respect to the
Grothendieck topology of an analytic variety V. It might be convenient to
denote by Vi the corresponding Grothendieck space and by 7y : Vg — V the
canonical morphism of ringed spaces. Note that, by functoriality, if i : T — V
is the inclusion of an analytic domain and F a sheaf on V', then

0(T,i ' F) =T(T,m,' F).

If 7 is an Oy-module, it is common to write Fg = 7y, F. When V is good, we
get an equivalence on coherent sheaves.
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ProprosITION 8.3 IfV is a good analytic variety and F is a coherent sheaf on
V', then the canonical map W‘;lf — Fg s injective.

PRrROOF : It is sufficient to show that if W is an affinoid domain inside V', the
canonical map

D(W, ' F) — T(W, F¢)

is injective. By definition, we have

LW, my ' F) = lim T'(U, F)
wcu

where U runs through analytic open subsets of V. It is therefore sufficient to
prove that if U is an open neighborhood of W in V and s € T'(U, F) is sent to
0 € (W, F), then there exists an open neighborhood U’ of W in V such that
sjyr = 0. Of course, this will follow if we show that for each z € W, the stalk
of s at x is zero. But if we denote by Fy the coherent sheaf on W induced by
F (i.e. Fw = mw«(Fg)w), the image of s in the stalk of Fy at x is zero. It
is therefore sufficient to check that the map

fz"fo

is injective. Since V is good, we may assume that V' and W are both affinoid
with A :=T(V,0y) and M :=T(V,F). And we want to show that the map

OV,z XA M — OW,I XA M

is injective. This is an immediate consequence of the flatness of the inclusion
map W — V. I

PROPOSITION 8.4 Let X — P be a good admissible formal embedding into
a quasi-compact formal S-scheme which is smooth at X. If F is a coherent
overconvergent stratified module on (X C P)/S, then

HI(F) =limH™ (F).

PROOF : In each case, we denote by p1 :] X [p2—]X[p and pgn) JX [ pem—]X[p
the first projection. By definition, it is sufficient to show that the natural map

p]x[pz/s*pi}" — @p]X[P/S*pgn)Tf
is injective. It is even sufficient to check that the canonical map
pLpiF — @pgnﬁ}-

is injective. Since F is coherent and (X, Pk ) countable at infinity, it is sufficient
to consider sheaves of the form i~!F where F is a coherent module on some
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good smooth strict neighborhood of X in V and i :]JX[p— V denotes the
inclusion map. In this situation, we want to show that

pred’ T pF — limi (M F

is injective with i’ :] X [pz— V2.

Now, we want to use the Grothendieck topology but we need to be very careful
because | X [p might not be good. Anyway, since V' is good, F extends uniquely
to a coherent sheaf ¢ = mj, F for the Grothendieck topology of V. If W is an
analytic open subset of | X[p, since V2 is good and pjFg coherent, it follows
from lemma that there is a natural injective map

T(W,prd™ piF) = T(pr ' (W).i' 9} F)
=T(py (W), 1201 F) = Dy (W), m2p1 F)
= LW, prupimy F) = T(W, prapi Fa).-
For the same reason, we also have an injection
L(W,lim i~ pi" F) — T (W, lim pi"" 7).
It is therefore sufficient to show that the morphism
prpiFe — limpi"* Fo

is injective. Now the question is local for the Grothendieck topology on | X|p.
It is therefore also local on P and we may assume that P is affine, that X is
closed in P, and that we have local coordinates t1,...,%,. They induce local
coordinates 71, ..., T, on P X g P with respect to the first projection p;. Using
Lemma 4.4 of [H] (or proposition @), we get an isomorphism

X [P~ X[ a0 =]X[p>xxB"(0,17).

and we may use lemma B.§ below. [

LEMMA 8.5 Let V be a good analytic variety and B any non trivial ball (open
or closed) with coordinates ti,...,t,. Denote by

p:VxgB—-V

and
PV xxe M(K[H]/()") =V,
the projections. If F is a coherent Oy -module, the canonical map
pup*F — limp* F

18 1njective.
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PRrROOF: Since we work with coherent sheaves and good analytic spaces, we
may freely use the Grothendieck topology. Taking inverse limits, it is sufficient
to consider the case of a closed ball. We may even assume that it has radius
1. Moreover, it is sufficient to check that, when V is affine, the map

L (V,p.p*F) — T(V, lim p!™* F)

is injective. If we let A := T'(V,0Oy) and M := T'(V,F), this map is the
canonical map

M @4 A{t} — M @4 A[[t]].

By induction on the number of generators of M, we may assume that M is a
quotient of A. It is therefore an affinoid algebra and we are reduced to the case
M = A which is part of the definition of the ring of convergent power series. [

COROLLARY 8.6 If X — P is a good admissible formal embedding into a quasi-
compact formal S-scheme which is smooth at X, the canonical functor

Strat' (X, P/S) — Strat(X, P/S)
is fully faithful on coherent modules.

PRrROOF :  Follows from the above description of morphisms in both categories.
O

9 CRYSTALS AND CONNECTIONS
In this last section (as in the previous one), we fix a formal V-scheme S.

If (X,V) is an analytic variety over S we will denote by Xy /S the sieve gen-
erated by the (image of the) canonical morphism (X,V) — X/S of overcon-
vergent presheaves on V. When V = Pk, we will write Xp instead of Xy .
By definition, if (X, V) is an analytic variety over S, the category ANT(Xy/S)
is essentially the full subcategory of ANT(X/S) consisting of all (X', V') such
that the canonical map X’ — X lifts to some morphism (X', V') — (X,V).
Of course, any morphism (f,u) : (X', V') — (X, V) of analytic varieties over S
induces a morphism of analytic presheaves f, : X{,, /S — Xy /S which in turn
gives a morphism of toposes

fut (Xv/S)ant = (Xy:/S) ant-

Since we will need it later, note also the following. Let (X, V') be an analytic
variety over S and W an open subset of Six. If py : V — Sk denotes the
structural map and V' := p‘_,l(W), then

(W, px, /s«F) =L(Xv/ /S, F).
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LEMMA 9.1 Let f: X' — X be a morphism of Sk-schemes that extends in two
ways to morphisms

(fyur) s (X, V) = (X,V)

and
(faUQ) : (X/avl) - (Xa V)

of analytic varieties over S. If E is an overconvergent crystal on (Xy /S), there
18 a canonical isomorphism

€y - ugEV ~ uIEV.
PrROOF : Just take
€y 1= ¢L1 o ((bLZ)*l : u;Ev ~ By~ UIEv.

O

PROPOSITION 9.2 Let (X, V) an analytic variety over S. Then, the functor
Cris' (X /S) — Strat' (X, V/S), E s (F,e)
with F := By and
€:=¢€y :ngV o~ pIEV

is an equivalence of categories. Moreover, we have

Pxy /s« =~ HT(]:).

ProoF : If (f,u) : (X', V') — (X,V) is a morphism in AN(S), we have to
set EY, := ulF. Now, if we are given two such morphisms (f,u;) : (X', V') —
(X,V)and (f,us2): (X', V') — (X, V), we can consider the diagonal morphism
(f,u) : (X',V') — (X,V?). Pulling back the Taylor isomorphism gives a
canonical isomorphism u;]-" o~ ul{]-" . This shows that our definition is essentially
independent of the choices. One easily checks that this gives a quasi-inverse to
our functor.

We still have to prove the second assertion. We already mentioned that if W
is an open subset of Sk and V' := p‘_//lSK (W), then

F(W,px,v/s«F) = T'(Xvy/ /S, E).
Replacing V' by V' | we are thus lead to show that I'(Xy /S, F) is the kernel of
eopy' —py ' :T(X[v,Ev) = T(1X[v2,p| Ev)

But we have
I'Xy/S,E)= @F((X’, V'), E)

= lm ()X [y, Exrvr) = im T(X [y, I f[LEx.v)

i
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Since any morphism factors through its graph, we see that

— (| X[y, p| Ev)

D(Xv/5.E) = lim DX, Bv)  poyr pyEv)

which is what we want. (J

COROLLARY 9.3 Let (X,V) an analytic variety over S. The realization func-
tor to from CrisT(Xv/S) to the category of i)_(lOV -modules is right exact and
faithful. Moreover, if V is universally flat in a neighborhood of | X[y over Sk,
then CrisT(XV/S) is even an abelian category and the realization functor is
exact.

ProOOF : Follows from proposition @ ([

Note that there is a sequence of functors
Cris' (X /S) ~ Strat! (X, V/S)
— Strat(X,V/S) — MIC(X,V/S).
And there is also a sequence of morphisms
Pxy /s B~ HI(By) = limH™(By) — Ey=°.
In both cases, the last arrow is bijective when CharK = 0.

PROPOSITION 9.4 If (X, V) is an analytic variety over S, then an overconver-
gent module E on Xy /S is finitely presented (resp. locally free of rank r) if
and only if it is a crystal and Ev is coherent (resp. locally free of rank r).
Moreover, if V is universally flat in the neighborhood of | X|[v over Sk, then
Mod}p(Xv/S) is an abelian subcatgegory of Cris' (Xv/S).

ProoOF : This follows from corollary @ because here, if (f,u) : (X', V') —
(X,V) is any morphism of analytic varieties, then Ey. =|f[f By will also be
coherent. []

Note that if E, E’ are two overconvergent modules of finite presentation on
Xy /S, then the dagger stratified module associated to Hom,,+ (E,FE') is
Xy /S

HOmi;(l Ov (EX,V7 E;(,V)'
ProrosiTION 9.5 Assume CharK = 0. Let X — P be a good admissible

formal embedding into a quasi-compact formal S-scheme which is smooth at
X. Then,

1. The functor Mod}p(Xp/S) — MIC(X, P/S) is fully faithful and its im-
age consists of coherent modules with integrable connexion whose Taylor
series converges on a strict neighborhood of X in P.
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2. If E is an overconvergent module of finite presentation on Xp /S, we have

Pxp/si B =Ep—".

PROOF : It follows from proposition P.g that Mode(X p/S) is equivalent to
the category of coherent overconvergent stratified modules and we proved in
corollary @ that the forgetful functor to stratified modules is fully faithful.
Finally, stratified modules are equivalent to modules with integrable connexions
since we assumed CharK = 0. O

COROLLARY 9.6 Assume CharK = 0. Let X — P be a good admissible formal
embedding into a formal S-scheme which is smooth at X. Then, we have a
canonical equivalence of categories

Mod}p(Xp/S) ~ Isoc' (X € X/8).

Proor : Recall that if V' is a paracompact analytic variety, and V4 denotes
its set of rigid points with its rigid analytic topology, we have we have an
equivalence of ringed toposes f/”-g ~ Vg In particular, if V' is good, we get
an equivalence of categories Coh(Oy) ~ Coh(Oy,,,). Therefore, it follows
from propositions [L.] and [.1] that I'soct(X ¢ X/S) is equivalent to the full
subcategory of coherent i ~!Op, -modules with an integrable connexion whose
Taylor series converges on a strict neighborhood of the diagonal. [J

At last we will use the geometric results of section . Actually, we will only
need Theorem that we can reformulate in the following way :

THEOREM 9.7 Let u : P’ — P be a morphism of good admissible formal em-
beddings over S of an Si-scheme X which is proper and smooth at X. Then,
the morphism

(Idx,uK) . (X, PII() — (X, PK)

has locally a section in AN'(S).

O

If R is a sieve of an object X in a site C, then R is a covering sieve if and only
if the induced morphism on associated sheaves R — X is an isomorphism. And
in this case, we will obtain an equivalence C/x ~ C/g.

COROLLARY 9.8 With the assumptions and notations of the theorem, we have
a canonical isomorphism of toposes

(Xpr/S)ant = (Xp/S) ant-



50 BERNARD LE STUM

PrOOF : It follows from the theorem that the morphism of sieves of X/S,
Xp:/ /S — Xp/S, which is always a monomorphism, induces an isomorphism on
the associated sheaves. Therefore, we get an equivalence on localized toposes.
O

PROPOSITION 9.9 Let X — P be a good admissible formal embedding with P
proper and smooth over S at X, then (X, Px) is a covering of X/S in AN'(V).

PROOF : We have to show that, given any (U C Q « V) e ANT(X/S9),
there exists locally, a morphism to (X C P «— Pg). It directly follows from
the definition of the underlying category that it is sufficient to consider the
case where V = Qg. Moreover, the embedding Q/'** < @ of the maximal
admissible formal subscheme gives an isomorphism on the generic fibers. We
may therefore also assume that @ is admissible. We consider the graph U C
@ Xs P and the projections

P:RQxsP—P q:QxsP—Q.

It is sufficient to show that (Idy,qx) has locally a section in ANT(X/S) but
this follows from the Theorem @ since by construction ¢ is proper and smooth
at U. O

COROLLARY 9.10 If X — P is a good admissible formal embedding over S
with P proper and smooth at X, we get an equivalence of toposes

(Xp/S)ant = (X/S) ant-

Proor : This follows from Proposition @ which tells us that Xp is a covering
sieve of X and therefore, the sheaf associated to Xp/S is exactly X/S. O

PROPOSITION 9.11 Let X be an Si-scheme.

1. Ifu: P' — P is a morphism of good admissible formal embeddings of X
over S which is proper and smooth at X, we have a canonical equivalence

Cris'(Xp/S) ~ Cris' (Xp//8).

2. If X — P is a good admissible formal embedding over S with P proper
and smooth at X, then we have an equivalence of categories
Cris' (X /8) ~ Cris'(Xp/S)

PROOF : The first assertion follows from Corollary @ and the second one from

Corollary . ([l



THE OVERCONVERGENT SITE I. COEFFICIENTS 51

THEOREM 9.12 Assume CharK = 0. Let X — P be a good admissible embed-
ding into a formal S-scheme which is proper and smooth at X. Then,

1. The functor
Modj,(X/S) — MIC(X, P/S), Ew (Ep,V)

18 fully faithful and its image consists of modules with integrable connexion
whose Taylor series converges on a strict neighborhood of X in P2.

2. If E is an overconvergent module of finite presentation on X/S, we have

pX/S*E = EIY:O'

PRrOOF : This follows from theorem . More precisely, we have the following
sequence of functors
Cris’(X/8) ~ Cris' (Xp/9)

~ Strat' (X, P/S) < Strat(X, P/S) ~ MIC(X, P/S)

and a sequence of morphisms
px/s+E = pxp 5. B = W (Ep) — limH "™ (Ep) ~ EF=°.
(in both cases, the last arrow also is bijective because CharK = 0). O

For the last results, we consider only varieties which admit a good admissible
formal embedding into a quasi-compact formal S-scheme which is proper and
smooth at X. This applies in particular to quasi-projective varieties. In general,
it would be necessary to glue, but as it is the tradition in rigid cohomology, we
will not get through this matter here. We will consider the general case in a
future article.

PROPOSITION 9.13 If X an Sk-scheme, then Mod}p(X/S) is an abelian cate-
gory. Moreover, if f: X' — X is any Sk-morphism, then

fan  Mod}, (X/S) — Mod}, (X'/S)
is exact.

PROOF : The first assertion results from proposition @ For the second one,
we may choose a good admissible embedding, both for X and for Y, which
is proper and smooth at X, respectively Y. We may then use the diagonal
embedding and assume that f extends to a morphism of formal schemes which
is smooth in the neighborhood of X. In particular, it induces a flat morphism
on strict neighborhoods, and therefore an exact functor. O
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ProroOSITION 9.14 Assume CharK = 0. If X is an algebraic variety over Sk,
we have a canonical equivalence of categories

Mod}p(X/S) ~ Isoc' (X/8)

PrOOF : Follows from proposition and corollary @ U

REMARK : As a corollary, we recover the fact that the category Isoc’(X/S)
is essentially independant of the choices.
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