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ABSTRACT. We prove a Gauss-Bonnet formula for closed semi-algebraic
sets.

1. INTRODUCTION

Let S be a smooth compact surface embedded in R3. We know from
Jordan-Brouwer Separation Theorem that S is orientable as the boundary
of a smooth compact oriented manifold of dimension 3. This means that on
S there exists a smooth unitary normal vector field 7. The map g : S — S?
defined by g(x) = 7i(z) is called the Gauss map of S and its Jacobian
Jg(x) = k(z) is called the (Gaussian) curvature of S at x. The curvature
k(x) describes the local aspect of S at the point x : its absolute value
measures how S is curved at z and its sign serves to distinguish between
local convex appearance and local saddlelike appearance. Although it is
defined using an embedding and the choice of an unitary normal vector
field, the curvature is an intrinsic concept of the surface and is invariant by
local isometries (this is the Gauss Theorema Egregium). It is not preserved
by homeomorphisms because of its obvious geometric nature.

However the famous Gauss-Bonnet theorem asserts that the global inte-
gral of the curvature on the surface is a topological invariant, namely 2
times the Euler-Poincaré characteristic of S. This result is one of the most
important theorem in differential geometry. Its first generalization was ob-
tained by Hopf [Hol] for an even-dimensional hypersurface M C R™. As
in the case of a surface embedded in R3, the curvature k is defined as the
Jacobian of the Gauss map g : M — S™. If we denote by dz the volume
element of M, then one has :

/ k() da — %Vol(S”’l) (M.
M

Hopf’s proof is essentially topological and makes use of very few differential
geometric arguments. Indeed, if dv denotes the volume element of the sphere
S™~1 then, by a classical change of variables, one has :

/ k(x)dx = / g*(dv) = Vol(S™™1) - deg(g).
M M

Mathematics Subject Classification (2000) : 14P10, 14P25.
1



2 NICOLAS DUTERTRE

Using the Poincaré-Hopf Theorem, one can prove that deg(g) = x(M).
In [Ho2], Hopf asked for generalizations of his result and also for intrinsic
proofs, since the curvature of a surface is intrinsic. The first question was
answered by Allendoerfer [Al] and Fenchel [Fe| for a compact n-dimensional
manifold M embedded in RY. Let us present briefly Fenchel’s results. First
he defined the Lipschitz-Killing curvature at a point = in M in the following
way. If v is a unit normal vector to M at x and if 7w, denotes the orthogonal
projection from M to the (n+ 1)-dimensional vector space spanned by T, M
and v, then the image of this projection is a hypersurface non-singular at x
and oriented by v. Let us denote by k(x,m,(M)) its Gaussian curvature at
x. The Lipschitz-Killing curvature at x is :

LK(z) = C(N,n) / (, mo (M) do,
NU.M
where NU,M is the unitary normal space of M at x and where C'(N,n)
depends only on N and n. Fenchel proved that :

/ LK (2)dx = %VOI(SN_l) (M),
M

The second question was answered partially by Allendoerfer and Weil [AW]
and then completely by Chern [Ch].

Let us focus now on the extrinsic version of the Gauss-Bonnet formula.
We have seen above that if M is a hypersurface embedded in R™ then :

/ E(x)dx = Vol(S"1) - deg(g).
M

This formula is actually a special case of the following result. Let U be an
open subset of M. For almost all L € G(n,1), the Grassmann manifold of
lines in R™, the orthogonal projection py, : U — L is a Morse function, which
admits a finite number of critical points p¥, ... ,pr. Let u(U, L) be defined

by w(U, L) = Z;il deg(g,pf), where deg(g,p]L) is the local topological de-
gree of the Gauss map at ij . The exchange principle (see [La], [LS]) states

that :
/k:(x)dx:/ w(U, L)dL.
U G(n,1)

When U = M, using the fact that u(M, L) = 2deg(g) generically, we recover
Hopf’s formula. Similar formulas for [ |k| were proved and used by Milnor
[Miln1], Chern and Lashof [CL] and Kuiper [Kul]. Langevin [La] also estab-
lished such formulas for fU LK and fU |LK| where U is an open subset of
a n-dimensional manifold M embedded in R, which enabled him to give a
new proof of Fenchel’s theorem. Exchange principles are interesting because
they provide us with a link between the differential geometry and the differ-
ential topology. They also offer a new approach in the study of differential
geometric properties of smooth manifolds, which can be adopted in order to
obtain Gauss-Bonnet formulas for non-smooth objects.
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This is exactly the point of view of Banchoff ([Bal], [Ba2]) in his study
of embedded polyhedra. Let us describe briefly this work. Let M be an
embedded polyhedron of dimension k in R™. A linear map £ : R® — R is
general for M if {(a) # &(b) whenever a and b are the vertices of a one-
dimensional cell in M. If £ is general for M and D" is a r-dimensional cell
of M, we may define an indicator function :

A(D",a,§) = { lifa € D" and £(a) > &(x) for all x € D",

0 otherwise,
and then, the index of a with respect to € :
k
a(a, &) = (=1)" Y A(D",a,8).
r=1 DrCM
If © is an open set of M, the index of Q with respect to £ is a(Q,§) =
Y acq @(a,§). It is defined and finite for almost all {. The curvature of € is

K(Q) = W /S"—l a(Q,v")dv,

where for v € S"~1, v* is the linear form v*(x) = —(v, ). Banchoff proved

that K(Q) is an intrinsic metric invariant and that K(M) = x(M). This
last equality is the Gauss-Bonnet theorem for embedded polyhedra. This
method was generalized by Kuiper to topological manifolds in [Ku2].

In [BK], Brocker and Kiippe developped integral geometry for tame sets.
These sets are closed Whitney-stratified sets that satisfy two extra conditions
(see Definition 2.9). They include piecewise linear sets, semi-algebraic sets,
subanalytic sets, sets in an o-minimal structure, X’ sets [Sh], manifolds with
boundary, Riemannian polyhedra. Their main tool is Morse stratified theory
introduced by Goresky and Mac-Pherson [G.M-P]. Their results contain of
course a Gauss-Bonnet theorem. If v is a vector in S"~!, let us denote by
v* the linear form v*(z) = —(v,z). Let X be a tame set. For almost all
v in "1, the function v|*X : X — R is a Morse function (in the sense
of Goresky and Mac-Pherson). To each point z in X, one can assign an
index a(X,v*,z) in the following way : if x is a critical point of v|*X then

a(X,v*, z) is the Morse index of vfy at z (see Definition 2.1), if x is not a
X
measure on Borel sets U of X by :

1
_ X * .
Mo(U) Vol(5mT) /Snl erUa( , 0, x)dv

If X is a compact tame set, then one has [BK, Proposition 4.1] :
Ao(X) = x(X).

Brocker and Kiippe also showed that, if we restrict ourselves to an o-minimal
structure (resp. an X-system), A(U) is invariant by definable isometries

critical point of v then a(X,v*,z) = 0. Then one can define a curvature
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(resp. X-isometries). One should mention that Fu [Ful] also developped in-
tegral geometry for subanalytic sets using the construction of normal cycles.

In [Dut3], we established a Gauss-Bonnet formula for a smooth fiber of a
nonproper real polynomial of R™. Our aim here is to give such a formula for a
closed semi-algebraic set. Let X C R"™ be a closed (not necessarly compact)
semi-algebraic set. Let (Kgr)gr>o be an exhaustive sequence of compact
borelian sets of X ; this means that UgsoKr = X and that Kr C Kp if
R < R’. The limit limg_ o Ao(X N Kp) is finite and independent on the
choice of the exhaustive sequence. We define \o(X) to be this limit and we
prove (Theorem 4.5) :

Mo(X) = X(I7) = 5 X(LE% (X))

_W /Sn_l X(LE=(X N {v* = 0})dv,

where Lk®(X) = X NS, R > 1, is the link at infinity of X. Let us
explain shortly the different steps of our proof. First observe that A\o(X) =
limp_ 100 Ao(X N B}%) where B}% is the interior of the the euclidian ball of
radius R. For each R, let fr : R® — R be an approximating function
from outside for the semi-algebraic set X N B}y (see Definition 2.12). In

particular, fr is non-negative and X N B3, = f5 1(O). Furthermore, we have
([BR], Theorem 6.2) :

Xo(X N BR) = lim Ao({fr < t} N BR).
Hence we are lead to compute :

. . < On —
R lim Ao({fr <t} N BR)

1
; im-— E <t} v*, z)dv.
lim lim /Sn—l a({fr <t} 0", x)dv

R—+o0t—0 Vol(Sn—1) el
z = R

But, for R sufficiently big and t sufficiently small, {fr < t} N B} is a
manifold with corners. Applying Morse theory for manifolds with corners,
we find that for v € S*~ 1 :

x{fr<tinBp) = > a({fr<thot,z)+ AW
c€{fr<tINBY

ES

[{fr<tinsy

careful analysis of the behaviour of these last critical points as R tends to

infinity and ¢ tends to 0, based on a study of some polar varieties, enables

us to show that :

where A®fv is the contribution of the critical points of v

R ABEY L ABRTY — 3 (LE®(X)) + x(LE®(X N {v* = 0})).
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We conclude using the two following facts :
lim i <t}NBg) =x(X
Gim limx({fr <t} N Bj) = x(X),

and

1
/ lim lim A“®Ydy = —/ lim Hm[AH 4 AR =Ygy,
Sn—l R*"FOO t—0 2 S"_l R*FFOO t—0

If M is a compact boundaryless manifold of dimension n in RY, let M,
denote the closed e-neighborhood of M (i.e the set of all x in RV such
that ||z — y|| < e for some y € M). For ¢ small enough, M. is a smooth
N-dimensional manifold with boundary, diffeomorphic to a tubular neigh-
borhood of M. Its boundary OM, is a smooth hypersurface, let k. be its
curvature and let g. be the Gauss mapping OM, — SN~ One has :

/ ke (x)dz = Vol(SV71) - deg(g.).

Since deg(g:) = x(X) if € is sufficiently small (see [Miln2], p38), we obtain
the following equality (first observed by Fenchel [Fe] and Allendoerfer [Al]
for even dimensional manifolds) :

lim [ k.(x)dz = Vol(SV 1) - x(X).

e—0 M.
Our second main result is a semi-algebraic version of this equality. If X is
a closed semi-algebraic set in R", we showed in [Dut4] that there exists a
non-negative semi-algebraic function f of class C? such that X = f~1(0)
and such that for § > 0 sufficiently small, the inclusion X C f~([0,4]) is
a retraction. We called f an approaching function for X and f~!([0,4]] a
semi-algebraic approaching neighborhood of X. This last set can be consid-
ered as a semi-algebraic analogue of the tubular neighborhood of differential
geometry. Its boundary f~!() is a C? semi-algebraic hypersurface. If ks
denotes its curvature and if (K%) R>0 Is an exhaustive sequence of compact
sets in f71(9), then the limit limg_ 1 ff*l(é)ﬂK% ksdx is finite and does not

depend on the sequence chosen. Using the results of [Dut3] and [Dut4], we
prove that there exists an approaching function f for X such that (Theorem

5.5) :

1
lim ksdx = Vol(S"™1) - x(W) — =Vol(S"™1) - x(Lk™®(X))
=0t J-10) 2

1

-5 /Sn_l Y(LE® (X N {v* = 0}))dv.

As a direct corollary, we get (Corollary 5.6) :
Vol (5" 1) - \o(X) = lim ksdz.
§—0t I0)

The paper is organized as follows. Section 2 is a summary of the results
about Morse stratified theory and tame stratified sets that we will use in
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*

[{fr<t}nsg !
generic. In Section 4, we prove the first version of the Gauss-Bonnet theorem

for closed semi-algebraic sets. Section 5 is independent on the two previous
ones and deals with the proof of the second version of the Gauss-Bonnet
theorem, i.e the Gauss-Bonnet theorem “by approximation”.

The author is grateful to A. Bernig for valuable discussions on this topic.

the sequel. In Section 3, we study the critical points of v for v

2. MORSE STRATIFIED THEORY AND TAME STRATIFIED SETS

This section is essentially a presentation of results contained in [BK]. Let
M be a C? riemannian manifold of dimension n. Let X be a Whitney-
stratified set of M. Let x be a point in X and let S(z) be the stratum
that contains x. A generalized tangent space at x is a limit of a sequence of
tangent spaces (T, S1)ken, where Sy is a stratum distinct from S(x) such
that € S and (yx)ren is a sequence of points in S tending to z. The
point x is a critical point of a function f : X — R if it is a critical point of
f15()-

A Morse function f : X — R is the restriction of a smooth function
f M — R such that the following conditions hold :

(1) f is proper and the critical values of f are distinct, i.e if  and y are
two distinct critical points of f then f(x) # f(y),
(2) for each stratum S of X, the critical points of f|g are nondegenerate,

(3) at each critical point z, the differential df(z) does not annihilate
any generalized tangent space at .

Let f : X — R be a Morse function, S a stratum of X and x a critical
point of fig. Let us write v = f(z). For sufficiently small § > 0, let B(z,9)
be the n-dimensional ball centered at x and of radius §. The local Morse
data for f at z is the pair :

(B(x,é)ﬂfﬁl([u—e,u—i—e]),B(x,(S) mfil(y_e))7

where 0 < € < § < 1. This definition is justified by the following property
(see [G.M-P] or [Ham]). There exists an open subset A in R* x R* such
that

(1) the closure A of A in R? contains an interval ]0, 5[, § > 0, such that
for all a €]0,0[, the set {b € RT | (a,b) € A} contains an open
interval ]0, e(a)[ with e(a) > 0,

(2) for all (0,¢) € A, the above pairs of spaces are homeomorphic.

The local Morse data are Morse data in the sense that f~1(] — oo, v + €[ is
homeomorphic to the space one gets by attaching B(z,8)N f~1([v—e,v+¢€))
at f~(]—oo,v—e[ along B(z,d)Nf L (v—e) (see [G.M-P, 13.5]). If z belongs
to a stratum S(z) such that dim(S(z)) = dim(X) = d, the local Morse data
at o are homeomorphic to the classical Morse data (B* x B¢~ dB* x B4—)
where BP denotes the p-dimensional unit ball and A is the Morse index of f
at x.
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If 2 belongs to a zero-dimensional stratum then B(z,d)N f 1 ([v—¢, v+€))
has the structure of a cone (see [G.M-P], 3.11). If z lies in a stratum S(x)
with 0 < dim(S(z)) < dim(X), then one can consider the classical Morse
data of fig(;) at x. We will call them tangential Morse data and denote
them by (Pig,Qtg). One may choose a normal slice of V' at z, that is a
closed submanifold of M of dimension n —dim(S(z)), which intersects S(x)
in = orthogonally. One defines the normal Morse data (Por, Qnor) at x to
be the local Morse data of fixny at z. Goresky and Mac-Pherson proved
that :

e the normal Morse data are well defined, that is to say they are
independent of the Riemannian metric and the choice of the normal
slice ([G.M-P, I 3.6]),

e the local Morse data (P, Q) of f at x are the product of the tangential
and the normal Morse data ([G.M-P, I 3.7) :

(P,Q) = (Ptg X PnoraPtg X Qnor UPnor X th)-

This implies that P = B(x,8) N f~Y([v — €,v + €]) has the structure of a
cone.

Definition 2.1. Let x € X be a critical point of the Morse function f :
X — R. Let (P,Q) be the local Morse data of f at x. The Euler-Poincaré
characteristic x(P,Q) = 1—x(Q) is called the indez of f at x and is denoted
by a(X, f,z). If x € X is not a critical point of f, we set a(X, f,xz) = 0.

If (P, Qtg) and (Ppor, Qnor) are the tangential and normal Morse data,
then one has :
X(Pa Q) = X(Ptg7 th) : X(Pnor7 Qnor)-
We will write a(X, f,z) = awg(X, f, ) - anor (X, f,x), where ayy(X, f, ) is
the tangential Morse index and (X, f, z) is the normal Morse index. We
will use the following theorem.

Theorem 2.2. Let X C M be a compact Whitney-stratified set and let
f: X — R be a Morse function. One has

X(X)= 3 alX, f.2).
reX

Let us explain how this theory is applied to the case of manifolds with
corners. Before we recall some basic facts about manifolds with corners.
Our reference is [Ce]. A manifold with corners N is defined by an atlas
of charts modelled on open subsets of R’t. We write N for its boundary.
We will make the additional assumption that the boundary is partitioned
into pieces 0; N, themselves manifolds with corners, such that in each chart,
the intersections with the coordinate hyperplanes x; = 0 correspond to
distinct pieces 9; N of the boundary. For any set I of suffices, we write
OrN = Njer0;N and we make the convention that dyN = N \ ON.

Any n-manifold N with corners can be embedded in a n-manifold Nt
without boundary so that the pieces 9; N extend to submanifolds 9; N* of
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codimension 1in NT. We will assume that N is provided with a Riemann-
ian metric.

Let N be a manifold with corners and w : NT — R a smooth map. We
consider the points P which are critical points of w)g, y+-

Definition 2.3. A critical point P is correct (respectively Morse correct)
if, taking I(P) :=={i |P € O; N}, P is a critical (respectively Morse critical)
point of W|aypy N+ and is not a critical point of wg, N+ for any proper subset

J of I(P).

Note that a 0-dimensional corner point P is always a critical point because
in that case 9;(pyN* = {P}, which is a 0-dimensional manifold.

Definition 2.4. The maps w with all critical points Morse correct are called
Morse correct.

Proposition 2.5. The set of Morse correct functions is dense and open in
the space of all maps Nt — R.

Proof. 1t is clear from classical Morse theory, because there is a finite
number of pieces O NT. O

The index A\(P) of w at a Morse correct point P is defined to be that of
W)y (py N+ - If P is a correct critical point of w, i € I(P), and J is formed
from I(P) by deleting ¢, then in a chart at P with d;N mapping to RY and
Or(p)N to the subset z1 = 0, the function w is non-critical, but its restriction
to x1 = 0 is. Hence Ow/0x1 # 0.

Definition 2.6. We say that w is inward at P if, for each i € I(P), we
have Ow/0x1 > 0.

Remark 2.7. By our convention, if [(P) =), then w is inward at P.
Theorem 2.8. If N is compact and w is Morse correct,

X(N) = Z {(—1))‘(1)) | P inward Morse critical point} .

Proof. This is a consequence of Theorem 2.2. See [Dut3], Theorem 2.6.
O

In [BK], Brocker and Kuppe considered a class of stratified sets that they
called tame stratified sets. Before giving the precise definition of these sets,
we need some notations. For every v in S"~!, v* is the function defined by
v*(xz) = —(v,z). For every y in R", g, is the function defined by g,(z) =
Iy — =2

Definition 2.9. A closed Whitney-stratified set X C R"™ is called tame, if
the following conditions hold :
(i) if S is a stratum of X, then the set {imT,, S | (gx) — p € S} of all
generalized tangent spaces coming from S has Hausdorff dimension
less than the dimension of S in the affine grassmannian,
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(i) there exists p > 0 such that for almost all y € R™, one has :

/]R Z la(X, gy, x)|dy < 4o00.

zeXly—z|<p

Lemma 2.10. If X satisfies condition (i), the following statements hold :

(1) the set of couples (v, x) such that x € X, ||v|| = 1 and such that there
erists a generalized tangent space T at x with v L T, has Haussdorff
dimension less than n — 1 in the tangent bundle TR™,

(2) for almost all v, the function Uy X =R, z— —(v,x) is a Morse
function,

(3) for almost ally, the function gyx X Rz lly—z||? is a Morse
function.

The following classes of sets admit tame stratifications (see [BK], p298) :
piecewise linear sets, semi-algebraic sets, subanalytic sets, sets which belong
to an o-minimal structure, X-sets (see [Sh]), manifolds with boundary, and
Riemannian polyhedra.

Brocker and Kuppe gave a Gauss-Bonnet formula for any compact tame
Whitney stratified set X C R"™. They defined a curvature measure Ag(U)
on Borel sets U of X by :

1 *
)\O(U) = m/‘sn_lga(_}(,v ,CE)d’U,

and proved the following proposition.

Proposition 2.11. Let X be a compact tame Whitney-stratified set in R™.
Then

Ao(X) = x(X).

Then they explained how the measure A\o(X) can be obtained by approx-
imation. For this, they introduced the notion of approximating functions
from outside.

Definition 2.12. Let X C R"™ be a compact tame Whitney stratified set. A
continuous function f : R™ — R is an approrimating function for X from
outside if the following conditions hold :

(i) The function f is nonnegative and f~1{0} = X.

(ii) For every open subset U such that X C U, there exists € > 0 such
that f~1([0,¢€]) C U,
) The function f is of class C3 on R™\ X.
iv) There exists 6 > 0 such that all t €]0, 9] are regular values of f.

) If (yx)ken is a sequence of points in R™ tending to a point x in X

such that f(yx) €]0,0] and %(yk) tends to v, then v is normal to

T.5(x).
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(vi) For t € [0,6], let X; denote f=1([0,t]). There exist p > 0 and a
function M : R™ — [0,+o00[ with [z, M(x)dx < 400 such that for
all t with 0 <t < § and for almost all y € R™, one has :

S la(Xe gy 2)| < M(2).

Xy, lly—zl<p
They proved the two following results that will be very useful for us.

Proposition 2.13. Let X C R" be a compact tame Whitney-stratified set
which belongs to an o-minimal system (resp. an X -system). Then X admits
an approximating function from outside which belongs to the same o-minimal
system (resp. X -system).

Proof. See [BK], Proposition 7.1. O

Theorem 2.14. Let f be an approximating function for X from outside.
Let U C R™ be an open set such that the bad set

B(U)={veR" |32z € Bd(U)NX withv L T,S(x)}
has measure 0 in R™. Then for t — 0, one has
M(XNU) = MN(XND).

Proof. See [BK], Theorem 6.2. O
This theorem can be applied for example if U is an euclidian ball whose
boundary intersects the strata of X tranversally.

3. STUDY OF CRITICAL POINTS

Let X be a closed semi-algebraic set in R™. It admits a finite Whitney
stratification, each stratum being semi-algebraic.

For every R > 0, let fr : R® — R be a semi-algebraic approximating
function from outside for X N BY.

Lemma 3.1. For every R > 0, there exists g with 0 < dgp < 1 such that
S?{l intersects f}gl(t) transversally for every t €]0,0g].

Proof. The function fg : Slg_l \ X = R, z — fr(z) is semi-algebraic of
class C3, hence it admits a finite number of critical values. We choose dg
smaller than any critical value of f. O

Let R > 0 be sufficiently big so that Sﬁfl intersects each stratum transver-
sally. We are going to study the critical points of the functions v* on X ﬂS}”{l
and on f5'(t) N Sy~ for t €]0,5g).

For every v € S !, let ', be the following polar set :

Ppy={z € Slg_l \ X | rank(v, V fr(z),z) < 3} .

Lemma 3.2. For almost allv € S"~1, Tg,Nf5'(]0,8r]) is a semi-algebraic
curve of class C3.
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Proof. Let
Y = {('Iay) € R" x R™ | V(Z,],k) € {15 ’n}?) mwk(xay) = 0},

where
s xj T
mig(e,y) = | Fo@) Ho@) o)
Yi Yj Yk

The set

Y' =Y 0 (£700.67]) x (R"\ {(0,....0)}))

is a semi-algebraic manifold of dimension C® of dimension n+1. To see this,
take a point (z,y) in Y’. We can assume that

I i)
o) ) 0.
O (z) Yfn(z) \ :

This implies that in a neighborhood of (x,y), Y’ is defined by the vanishing
of the functions mio3,...,m12, and x% + -0+ x% — R because for every
(i,7,k) € {1,...,n}3, we have :

I T2 € g Tk
xX; Tk ZT; €
T R S R P

A simple computation of determinants shows that the gradient vectors of
these functions are linearly independent. Let us consider the projection m,
defined as follows :

w Y - R
(z,y) — y.
Let Xy, be the set of critical values of m,. We take v in S"71\ X . O

Lemma 3.3. For almost all v € S" ', there exists 5, > 0 such that for
every t with 0 <t < &,, v°,_, n_1 18 a Morse function.
lfr~)NSE

Proof. Let v be in S™~! \ X, where ¥ is defined in the previous lemma.
Let L be a connected component of I'g ,, which contains a point x of X in its
closure. In a neighborhood of z, L can be parametrized by an analytic arc
v : [0,v] — R™ such that v(0) = z and (]0,v]) C L. We have fr(y(0)) =0
and fr(y(s)) > 0 for all s €]0,v[. There exists v/ such that (frov)" does not
vanish on ]0,2/[. In fact (fro~) is a C? semi-algebraic function on |0, v[. If
(foy) =00n]0,v| then fo~ is constant on ]0, v and, since it is continuous
on [0, [, it must be equal to 0, which is impossible. Hence (fr o ~y)" admits
a finite number of zeroes in |0,v[. We take v/ to be the smallest of these
zeroes.
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Tl T2
Ofr  9fr
o1 0o
changing ' by a smaller positive number if necessary. In that case, v(]0, /[)

is deﬁned by the vanishing of the functions mYyg, ..., mY,, and wg = 23 +

-+ 22 — R, where mYy,(x) = ma2i(z,v). One has that for all s €]0,7/]
<VfR( ( )),7'(8)) = (frov)'(s) # 0. Hence the gradient vectors V fr(y(s)),
Vwg(y(s)), meg(w( )5, Vmi,, (7(s)) are linearly independent. By
Lemma 3.2 in [Sz|, this implies that the function

RN (RO NSETT - R

has a Morse critical point at y(s). One takes for §, the minimum, taken
over all the arcs of I'p,, containing a point of X in their closure, of the v/"’s

O

Furthermore one can assume that does not vanish on 10, 2/'[,

Let v be a vector in S"~! which satisfies the properties of the two pre-
vious lemmas. Let us write the decomposition of I'g,, into the union of its
connected components :

FR,v:Lll—'---l—leR,vl—lMl .UM,

PR,v?

where for i € {1,...,mpy}, LiNX # Qand fori € {1,...,pry}, MiNX = 0.

For t €]0,0,[ and for i € {1,...,mp,}, let qf’R’U be the intersection point

of L; and f1(t). This point is a Morse critical point of vk ¢n-1,-1,,. For
R |SE ™ Nfr (1)

ie{l,...,mpy}, let qZR’v be the intersection point of L; and X.

Lemma 3.4. The points qZR Y are critical points of U| Xnspt

Proof. Let us fix ¢ € {1,...,mp,}. For t €]0,6,], there exist two real
numbers A\; and u; such that

va t,R,v qt fv
v= At (¢;7"") + e —r—
IV 7zl llg; ™|
1
. . . . . R,
Applying this equality to t = %, we obtain a sequence of points py := ¢} !
in Sﬁfl and two sequences of real numbers o := A1 and (B := p1 such
k k
that : vy
R
(k) + B - (1)

RN ] Tl
Taking a subsequence if necessary, one can assume that ”g—}c:”(pk) tends to a
vector w in S"~!. By condition (v) in Definition 2.12, w is perpendicular to
T R,US (qZR ). Moreover, since Sﬁfl intersects the strata of X transversally,

w and B 4 ] >] < 1. Hence there exist C with

0<C< 1 and ko such that for every k 2 ko, one has

Vir Dk
C.
% Fall ) ol | <

are not colinear and |(w, Tl g v”
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Since (v,v) = 1, this implies that for k > ko, a2 + 87 + 2Cay8, < 1 or
ai + 5;3 — 2Capfr < 1. Then it is not difficult to see that (ay)r>r, and
(Bk)k>k, are bounded. Taking subsequences if necessary, one can assume
that ay tends to a real number « and that §; tends to a real . Taking the
limit in equality (1), we obtain :

g
v=arw+ o ——.
g™l
This means exactly that qlB " is a critical point of v’ O

71-
| XNSY

* gn-1 for v generic and R
R

XN
sufficiently big. Let 3(X) be the subset of S"~! defined as follows. A vector
v belongs to X(X) if there exists a sequence (zy)gen such that ||zx| — 400
and a sequence (vg)geny of vectors in S"~! such that vy L Ty, S(zy) and
v — v. We want to prove that ¥(X) is a semi-algebraic set of dimension
less than n — 1.

We are going to study the critical points of v

Lemma 3.5. Let X be a closed semi-algebraic set in R™. The set X(X) is
a semi-algebraic set of S"~1 of dimension less than n — 1.

Proof. If we write X = U]_,S;, where (S;)1<i<, is a finite semi-algebraic
Whitney stratification of X, then we see that 3(X) = U]_,3(S;). Hence it
is enough to prove the lemma when X is a smooth semi-algebraic manifold
of dimension n — k, 0 < k < n.

Let us take x = (z1,...,2,) as a coordinate system for R"™ and (z, x)
for R"*1. Let ¢ be the semi-algebraic diffeomorphism between R" and
S™ N {xzp > 0} given by

(2) ( 1 T Ty >
p(x) = , ey ————— | .
VI+z[?2 1+ ]2 V1 ]

Observe that (zo,z) = ¢(z) if and only if z = =. The set p(X) is a smooth

x
semi-algebraic set of dimension n— k. Let M be the following semi-algebraic

set :
M= {(:co,x,y) € R"™ x R™ | (20,2) € ¢(X) and y L TLX} .
z

We will show that M is a smooth manifold of dimension n. Let p = (g, z,y)
X

be a point in M and let z = o~ !(zg,2) = <. In a neighborhood of z, X is

xo”
defined by the vanishing of smooth functions ¢1,...,gx. For i € {1,...,k},
let G; be the smooth function defined by

T

Gilo, ) = g1 (—0) = gi(9 (20, 2)).

Then in a neighborhood of (zg,x), ¢(X) is defined by the vanishing of

Gi,...,Gy and 23 + 22 + --- + 22 — 1. Note that for i,k € {1,...,n}?,
gf,: (z0,2) = L - 9% (). Hence in a neighborhood of p, M is defined by the

ro Oz
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vanishing of Gy,...,Gg, 23 + 23 + -+ + 2 — 1 and the following minors
. - k41 o )
Miyiy.ipsrs (01, ik1) € {1,...,n} 1, given by :
0G1 0G1
8J»’i1 (I’O,I’) 8$ik+1 (1’0,1’)

milig...ik+1(x0’x’y) = oG : oG, :
ﬁ(m, x) fmkil (w0, )

Yiy T Yirt1

Since rank(Vgy,...,Vgr) =k at z = ¢~ (z0, ), one can assume that

?9—;;11@0,33) gTle(l"O,l")

S
oG oG
% (g, ) - 9% (g, )

This implies that around p, M is defined by the vanishing of G,...,Gg,
M1, kk+1y-- -, M1, kn and x%—l—x%—l—- . -—i—x%—l (a similar argument is given and
proved in [Dut2], p316-318). It is straightforward to see that the gradient
vectors of these functions are linearly independent. Then M \ M is a semi-
algebraic set of dimension less than n. If 7, : R"*1 x R” — R" denotes the
projection on the last n coordinates, then we have $(X) = S"~'nm, (M\M).
O

Corollary 3.6. If v does not belong to 3(X), then the set of critical points
of v|*X 18 compact.

Proof. If this set of critical points is not compact, then there exists a
sequence of points (zx)ken in X such that |zx|| — 400 and v L Ty, S(xy).
O

Lemma 3.7. There exists a semi-algebraic set ¥'(X) C S~ ! of dimension
less than n — 1 such that if v does not belong to ¥'(X), then X N{x €
R™ | rank(z,v) < 2} is finite.

Proof. Since the stratification of X is finite and semi-algebraic, it is
enough to prove the lemma for a smooth semi-algebraic stratum S of di-
mension s. Let Ng be the following semi-algebraic set :

T; Xy _ O}
Yi Yy

Using the same kind of arguments as in the previous lemmas, we see that
the Ng \ {{0} x R™} is a smooth manifold of dimension s + 1. Let
my, : Ng — R”
(Ty) — 'y
be the projection onto the n last coordinates. The Bertini-Sard theorem (see
[BCRJ, Proposition 2.8.12) implies that the set ¥, of critical values of m,
is semi-algebraic of dimension less than n. One takes ¥'(X) = S" ' N ¥, .

Ng = {(x,y) ER"xR" |z €S and ¥(i,5) € {1,...,n}?
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Observe that X N {z € R" | rank(z,v) < 2} = 7, '{v} if 0 ¢ X and
X N{z € R" | rank(z,v) < 2} = =, {v} U{0} if 0 € X. O

Corollary 3.8. Let v be vector in S*~L. If there exists a sequence (x1)ren
of points in X such that

o [zl = +o0,

e veE N, S(x) BR -y,

o limg o |v*(zk)] < +00,

then v belongs to ¥(X) (Here Ny, S(xy) is the normal space to the stratum

Proof. We can assume that v = —e; = (—1,0,...,0). In this case,
v* = x1. Furthermore, since the stratification is finite, one can assume that
(k) ken is a sequence of points lying in a stratum S. By the version at infinity
of the Curve Selection Lemma (See [NZ], Lemma 2), there exists an analytic
curve p(t) :]0,e[— S such that lim;_¢ ||p(¢)|| = +o0, limy— p1(t) < +00 and
such that for ¢ €]0,¢[, —e; belongs to the space Np»S @ R - p(t). Let us
consider the expansions as Laurent series of the p;’s :

pi(t)=ait* +---,i=1,...,n.

Let a be the minimum of the «;’s. Necessarily, o < 0 and a7 > 0. It is
straightforward to see that ||p(¢)|| has an expansion of the form :

lp@)|| =0bt*+---, b>0.

Let us denote by 7; the orthogonal projection onto T}, S. For every ¢ €10, ],
there exists a real number A(t) such that :

_m(p(t))
eI

Observe that taking e sufficiently small, we can assume that m(p(t)) does

not vanish, for Sﬁ‘p(tl)” intersects S transversally. Using the fact that p/(t) is

tangent to S at p(t), we find that :

pi(t) = (P'(t), e1) = (P(t), meler)) = A(E) - (P'(8), p(1))-

This implies that ord(A) > a3 — 2a. Let § be the order of ||m(p)||. Since
lp@)|| > |Ime(p(t))|], B is greater or equal to «. Finally we obtain that
ord(Al|m(p(t))]]) is greater or equal to a3 — 2av + 3, which is positive. This
proves the corollary. (]

We recall that we have chosen R > 0 sufficiently big so that S}‘%_l inter-
sects every stratum of X transversally. Let us consider a function f : X — R.
Let ge X N Slg_l be a critical point of f|S(q)mngl We will say that f\Xnt

mi(er) = A(8)-mi(p(t)) = AE) - [[m:(p(2))l

is inward (resp. outward) at g of if fig(g)n By, is inward (resp. outward) at gq.

Corollary 3.9. Let v be a vector in S"! not belonging to %(X) U ¥'(X).
There exits R, > 0 such that for every R > R,, U\*XHB" s not tnward
R
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(resp. outward) at the critical points of vl*)m gn-1 lying in {v* > 0} (resp in
R
{v* < 0}).

Proof. By Corollary 3.6, we know that if v does not belong to ¥(X) then
{v* = 0} intersects each stratum transversally outside a compact set. Let us
remark also that for R sufficiently big and for every stratum S of X, S"_l

intersects {v* = 0} N S transversally. Hence the critical points of v‘ Xnsn!

do not lie on the level {v* = 0} if R is big enough.
Let us fix a stratum S of dimension s and a vector v in S”~! not belonging
to X(X) U X/ (X). By Corollary 3.6 and Lemma 3.7, the critical points of
|*SOS” , are correct if R is sufficiently big. We can assume that v = —e;y.

Let us suppose that there exists a sequence of points (zx)gen in SN{v* > 0}

such that ||zg|| — 400, x is a critical point of U\Smsﬁ; N and U‘Sman ” is

inward at xx. By the Curve Selection Lemma at mﬁnlty, there exists an
analytic curve p(t) :]0,e[— S such that lim; .o ||p(t)|| = +oo and p(t) is

a critical point of v*, .., and v|SﬂB is inward at p(t). Keeping the
1SN S||p(t)|| llp(e) I

notations of Corollary 3.8, we have that for every ¢ €]0,¢], there exists a
real number A(¢) > 0 such that :
Wt(P(t))

m(er) = A®-m(p(t) = MO - IIm@E)] - T

But we know that p}(t) = A(&)(p'(t),p(t)), which can be written p)(t) =
IA®)(Ilp(®)]|?)’. Hence the function p; is increasing and thus the function
v* o p is decreasing. Since it is bounded from above as ¢ tends to 0, we find
that lim;_q [v*(p(t))| < +00, a contradiction. O

Corollary 3.10. Let v be a vector in S~ ! not belonging to ¥(X) U X/ (X).
There exits R, > 0 such that for every R > R,, there exists Tr, such that

for every t with 0 <t < 7R, v\*ffl(t)mB” is not inward (resp. outward) at
R R

the critical points ofv Agn-1 Wing in {v* >0} (resp. in {v* < 0}).
R

7 (ON
Proof. Let us choose v not in ¥(X)UY(X) and R, defined in the previous
corollary. Let R be greater or equal to R,. Since fR\{v*zo}ms;;*l is a semi-

algebraic function of class C3 outside X, it has a finite number of critical
values. Hence for ¢ positive and sufficiently small, the critical points of

v* »—1 do not lie on the level {v* = 0}.
Ifz (NSE
Let us assume that for every R’ > R,, there exists R > R’ such that

for every 7 > 0 there exists ¢ < 7 such that v* , is inward at a
|f5 " ()NBY

critical point of v lying in {v* > 0}. One can construct a se-

[frtONSE
quence (R;)jen of positive numbers such that lim;_, . R = +oo and, for
each | € N, a sequence of points (yfg)keN in Sﬁ:l such that yi, is a critical

point of vlf sy at which v* is inward, where t;, = fg, (92)
R

| ()N B,
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and limy_, 1 o tx = 0, and such that v*(yfc) > 0. Taking a subsequence if nec-
essary, one can assume that (yé) tends to a point y' which lies in X N Sﬁ:l.

By condition (v) in Definition 2.12, we know that there exists a vector u! in

S"~! normal to S(y') such that
val (ygc) _ ul.
koo [V £, (y,) |

At each point yé, we have the following decomposition of v :

V fr,(y}) Yl

IV £r, (W) (7l

where A\ > 0. As in Lemma 3.4, it is not difficult to prove that Ar and uy
are bounded. Taking subsequences if necessary and taking the limit in the
above equality, we find that there exist A > 0 and p such that

v=pul + Ay
If A = 0 then v and u! are colinear and y' is a critical point of v| "« Which

is excluded if R; is big enough. Hence A > 0. Furthermore v*(y!) > 0 for
Sﬁzl—l intersects X N {v* = 0} transversally if R; is big enough. So we have

constructed a sequence of points (y');en such that ¢! is a critical point of

U|*XOS§_3[1 at which U‘XQBE is inward, and such that v*(y*) > 0. This is
impossible by Corollary 3.9. 0

4. THE GAUSS-BONNET FORMULA

In this section, we state and prove a Gauss-Bonnet formula for closed
semi-algebraic sets. So let X C R"™ be a closed semi-algebraic set. Let
(KRr)Rr>0 be an exhaustive sequence of compact borelian sets of X, that is
a sequence (Kg)gso of compact borelian sets of X such that UgsoKr = X
and Kgr € K if R < R'. For every R > 0, one has :

M(XNKR) = VlS"l/n— Z a(X,v*, z)dv.

reXNKpR

Moreover the following limit
lim Z a(X,v*, x)

R—+o00
$€XOKR

is equal to )y (X, v*, ) which is uniformly bounded by Hardt’s theorem
([Har]). Applying Lebesgue’s theorem, we obtain :

1
li MXNKR) = ——— li E X, v*, x)dv =
R boo of 7) Vol(S"—l)/Snl Rooo (X, 0", z)dv
Z‘EXOKR

1 *
TS fy s 2 )
zeX
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Definition 4.1. One sets

)\Q(X) = REI-IFIOO )\0(X N KR),

where (KRr)r>o0 s an exhaustive sequence of compact borelian sets of X .

Since this definition does not depend on the choice of the exhaustive
sequence, we will study imp_. 4o Ao(X NBE). Let R > 1 be such that S}”{l
intersects all the strata of X transversally. Using the technics of Section 3,
it is not difficult to see that the set

{fves" | Ire XNSp ! withv L T,5(x)}
is a semi-algebraic set of dimension less than n — 1. This implies that :
Xo(X N BR) = \(X N BY),

where BE is the interior of B}. From now on, we will study Ag(X N BE)
with R > 0 sufficiently big.

Let fr be a semi-algebraic approximating function from outside for X N
Bjp. By Theorem 2.14, one has :

Ao(X N B) = lim Ao({fr < 1} N BY).

and

M({fr <t}NBY) =
1
Vol(57—1) /Sn_l > a({fr <t} ot @)dv.

ze{fr<t}NBg

Let us evaluate first 30 o o5, @({fr < t},v", x). Theset {fr <t}isa

C? manifold with boundary. Applying stratified Morse Theory to the case of
manifolds with boundary, we find that the points x of { fr < ¢} for which the
index a({fr < t},v*,z) does not vanish are exactly the critical points x of
U ety Such that Vu*(z) is a negative multiple of V fr(z), or equivalently

v is a positive multiple of V fr(z). By the results of Section 3, we known
that for R sufficiently big and ¢ sufficiently small, the set {fr <t} N B} is
a manifold with corners. Furthermore, for almost all v € S®!, the function

vl*{fR=t}ﬂSf{l is a Morse function (see Lemma 3.3). The function v\*{ngt}mBg

is inward at a critical point p of v*

[f (O
admits the following decomposition :

v=A-p+p-Vfr(p),

where A > 0 and 4 > 0. Let {pz’R’v, j= 1,...,lf,’R} be the set of these

critical points and let {UE’R’U, 1=1,... ,lij} be the set of their respective

n_1 if v, which is also —Vv*(p),
SR
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Morse indices. We have :
e
t,R,v
X{fr<t}nBR) = > a({fa<thva)+ > ()% + IR
j=1

r€{fr<tINBY

where Ii’R belongs to {—1,0,1} and represents the contribution of the pos-
sible critical point of Uit fr<tin s-1 at which U fr<tynpy, 18 inward, or equiv-

alently, at which v* is negative. This gives :

Vol(S™™ 1) - N({fr <t} N BR) = / x{fr <t} N BE)dv—

Snfl

lt,R

Y t,R,v
/ T e .
gn-1 (%

Jj=1

Taking the limits as ¢ tends to 0 and R tends to co, we obtain :

Vol(5"1) - Xo(X) = lim_im Vol(S™~") - x({fr < t} 1 Bj)-

HR

v t,R,v tR
lim lim S (=15 + IER| do.
R—+oc0t—0 Jgn-1 =

We need to compute the two double limits in the above equality.

Lemma 4.2. Let R > 0 be such that Slg_l intersects the strata of X
transversally. Let fr be a semi-algebraic approximating from outside for
XNByp. There exists a neighborhood U ofXﬁS;f?_l such that for x € U\ X,
Vfr(x) and x are not colinear.

Proof. 1If it is not the case, one can find a sequence of points (zx)ken
such that fr(xy) tends to 0, ||xg| tends to R and V fr(xy) is colinear to xy.
Taking a subsequence if necessary, one can assume that (xy) tends to a point

x € Xmsg—l. This implies that the sequence (Mxk)”) tends to :I:ﬁ. By

IV Fr(zr)
condition (v) in Definition 2.12, one can conclude that x 1 T,S(z), which
contradicts the fact that Slg_l intersects S(z) transversally at x. O

Proposition 4.3. We have :

lim i <t}nNBR) = x(X).
R limx({fr <t} N BR) = x(X)

Proof. Let R be sufficiently big so that S}”{l intersects the strata of X
transversally. There exits a neighborhood U of X N S}”{I such that for
x €U\ X, Vfgr(z) and x are not colinear. In this situation, one can apply
the remark after Theorem 3.2 in [Dut4,p10] to prove that for ¢ sufficiently

small X N B} is a strong deformation retract of {fr < ¢t} N BE. Hence we
find that

lim x({fr < 1} N BR) = x(X N Bp)
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and thus

. . < n — X
G limx({fr < 6 N BR) = x(X)

Let us now focus on the second double limit.

Lemma 4.4. We have :

wh
t,R,v
li li -1 Uj’ ’ It,R dv =
lm lim D (1T A IR dv
7j=1
[
lim lim | S (=1)7" + 157 du
gn—1 R—+4o00t—0 = v ’
Proof. Using the study of the critical points of U\*fgl (NSt that we have
done in Section 3, we see that for almost all v € S7~!
lt,R
. N o't,’R’v
215111(1) (—1)% < J(v,R),
j=1

where J(v, R) is the number of points ¢ in X N Sﬁfl such that ¢ is a crit-

ical point of U\*S(q)mS"”' By Hardt’s theorem [Har], this number J(v, R) is
R
uniformly bounded. Since |I7%| < 1, it is easy to get the result. O

*
H{fr=t}NSk~
Let {q'?’R’v7 1=1,... ,mf,’R} be the set of its critical points. With each point

)

For almost all v € S”~!, the function v 1 is a Morse function.

q?’R’v, one can associate two integers : the Morse index of v n_1 that
i H{fr=t}NSE
we will denote by uf T2 and the Morse index of —v‘*{ Frmtinsn! that we will
R= R

denote by v Observe that the sets {pz-’R’v} and {pz-’R’_U} are subsets

of {g"™"}, that the set {a;-’R’U} is a subset of {v"™"} and that {J?R’_U} is a

subset of {1/;t ’R’_U}. At each point qf’R’v, we have the following decomposition
of v:

7R7 7R7 ,R, ,R,
v= (g™ Vg™ Mg ) gy

Applying Morse Theory to {fr <t} N Slg_l and to v*, we find :
X{fr <t} SE n{v" > 0) —x({fr <t} NSk n{v* =0}) =
> )+ KGR,

ilv* >0
pu>0

where K5 belongs to {—1,0,1} and represents the contribution of the pos-

sible critical point of U\*{fR<t}nS”*1 lying in {v* > 0}. Similarly, we have
R

X{fr<thnSE N <0h) —x({fr < t}nSE I N{v" =0}) =
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t,R,—v
(- + KN

i|v* <0
p<0

Summing these two equalities, we get
x{fr <tynSE Y —x({fr <t}nSE n{v* =0}) =

t,R,v t,R,—v
ST+ D (e KR K5 (1)
ilv* >0 ilv* <0
pn>0 n<0

Furthermore, we have

X{fr<tynSp) = 3 ()" L LB, (2)

i|pu>0

where L5 R belongs to {—1,0,1} and represents the contribution of the pos-

sible critical points of v‘ (fretpnisit” Similarly, we have :

X{fr<tynSp) = 3 (-4 4 AR, (3)

i|pu<0
Now the combination —(1) + (2) + (3) leads to :

X{fr<t}NSr) +x{fr<t}NSrN{v" =0}) =
DG KERNET N ) AT (L i

ilv* <0 ilv* >0
n>0 ©n<0

By Corollary 3.10, we know that if v does not belong to X(X) U X/(X),
the points pth are exactly the points qtRU at which v* < 0 and p > 0,
if R is big enough and ¢ is small enough. In the same way, the points
pz’R’fv are exactly the points qE’R’U at which v* > 0 and p < 0, if R is
big enough and ¢ is small enough. Furthermore, if ¢ is sufficiently small
X NS 1is a strong deformation retract of {fr < t} NSk (see [Dur]),
hence limy—o x({fr < t} N SE™") = x(X N SE™1). For R > sufficiently big,
XN Sﬁfl is the link at infinity of X, that we denote by Lk*°(X). Finally
we get that

Gl Jimx({f < 1) 0537 = X(LE2(X)).

Similarly we have :

REIE hm x({fr <t} N SE 1N {v* =0}) = x(LE™(X N {v* = 0})).

Collecting all these informations, we find :

R R
. . N oL v t,R . . — g t,.R
lim lim —1)% + I + lim lim —1)% + I
v v
R—400t—0 | 4 1 R—~o00t—0 |4 7
Jj= Jj=

= (LK™ (X)) + x(LK®(X 1 {o" = 0}).
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,R ,R,v
Let us denote limp_, 40 limy_g Z?’:l(—l)(’; + It® by a(v). We have
a(v) + a(—v) = x(Lk>®(X)) + x(LE*®(X Nn{v* = 0})). But it is easy to see
that [g,—1 @(v)dv = [4.-1 a(—v)dv, which gives that :

/Snl o(v)dv = % /S fa(v) +a(—v)]dv =

1 1
5\/01(5"_1) xX(LE®(X)) + 5/ X(LE (X N {v* =0}))dv.
Sn—1
Combining all these results, we can state the Gauss-Bonnet formula for
closed semi-algebraic sets.

Theorem 4.5. Let X C R” be a closed semi-algebraic set. We have :
1
Ao(X) = x(W) — §X(LkOO(X))
1
_— LE® (X n{v* =0}))dv.
2Vol(Sn—1) /Snl X( ( {v H)dv
O

5. GAUSS-BONNET FORMULA BY APPROXIMATION

In this section, we prove a Gauss-Bonnet theorem for a closed semi-
algebraic set by approximation. Our strategy is to approach the semi-
algebraic set by a family of closed semi-algebraic sets which are also mani-
folds with boundary of class C? and to integrate the Gauss curvature on the
boundaries of these manifolds.

Let us recall the results about semi-algebraic neighborhoods that we
obtained in [Dut4]. Let X C R"™ be a closed semi-algebraic set and let
p: R" — Rx( be a proper C? semi-algebraic function. For every C? semi-
algebraic function g : R" — R, let I'y , be the semi-algebraic set defined
by:

Iyp={z €R"| Vg(x) and Vp(z) are colinear and g(x) # 0}.

Definition 5.1. Let g : R” — R be a C? semi-algebraic function. We say
that g is p-quasireqular if there does not exist any sequence (xy)ren n L's ),
such that ||xg|| tends to infinity and |g(xzx)| tends to 0.

In [Dut4], we proved the following proposition.

Proposition 5.2. Let X be closed semi-algebraic set in R™. There exists a
C? non-negative semi-algebraic function f : R" — R such that X = f~1(0)
and f is p-quasireqular.

Proof. By [DM] Corollary C.12, it is possible to find a C? semi-algebraic
non-negative function g : R® — R such that X = g=(0). Let ro be the
greatest critical value of p. For r > rg, let us denote by >, be the non-
empty compact C? semi-algebraic hypersurface p~1(r). Let 3 :]rg, +oo[— R
be defined by

B(r) =inf{g(z) |z € X, NTy,}.
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The function 3 is semi-algebraic. It is positive since for r > rg, the function
gz, admits a finite number of critical values. Hence the function 1/8 is
semi-algebraic as well. Proposition 2.11 in [Co] (or Proposition 2.6.1 in
[BCR]) implies that there exists 71 > rg and an integer gg such that for all
r € [ry, 400l ,

- q0 q0

30 <r? < (14r)P.
Therefore, for all z € Ty , such that p(x) > r; and for all ¢ > g, one has
(14 p(x))?.g(z) > 1. Since I'y , is equal to I'(11p)e.g,, One can take for f a
function (1 + p)?.g where ¢ is an integer greater or equal to qo. O

In order to prove the Gauss-Bonnet formula by approximation, we need

an improved version of the previous proposition. Before stating it, let us
give a notation. For every v € S"~! and for every function f : R® — R, f,
will denote the restriction on f to the hyperplane {v* = 0}.

Proposition 5.3. Let X be closed semi-algebraic set in R™. There exists a
C? non-negative semi-algebraic function f : R™ — R such that X = f~1(0),
f is p-quasiregular and for every v € S, f, is p,-quasiregular.

Proof. Let g : R™ — R be a C? semi-algebraic non-negative function such

that X = ¢g~1(0). For every v € S~ 1 let r, be the greatest critical value
of p,. Let A be the set defined by :

A={(v,r) € S XR | r>r,}.
The following set B is semi-algebraic :
B ={(z,v,7) € R" x S ! xR | v*(x) = 0, Vp(z) and v are colinear
and r < p(z)}.
If7:R*xS" xR — 8" ! xR is the projection on the last two components,
then the set 7(B) is also semi-algebraic. Since A is the complement of 7 (B),
it is semi-algebraic. Let v: A — R be defined by :
Y(v,r) =inf{g(z) | z € X, Nn{v* =0} NTy, p, }-

A parametric version of Proposition 2.11 in [Co| (see [Mill]) tells us that
there exists an integer g; such that for every v € S"~!, there exists r/, > r,
such that for every r € [r], 400 :

1

Y(v,7)
Then it is easy to conclude the proof of the proposition. O
Using Theorem 3.2 in [Dut4], we obtain the following corollary.

Corollary 5.4. Let X be closed semi-algebraic set in R™. Let f : R" —
R be a C? non-negative semi-algebraic function such that X = f~1(0), f
is p-quasiregular and for every v € S"1, f, is p,-quasiregular. Then X
is a strong deformation retract of f=1([0,6]) for & > 0 sufficiently small
and for every v € S"1, X N {v* = 0} is a strong deformation retract of
F7([0,6]) N {v* = 0} for § > 0 sufficiently small.

<rft < (1+47r)%.
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O
We are in position to state the main result of this section.

Theorem 5.5. Let X be closed semi-algebraic set in R™. Let f : R® — R
be a C? non-negative semi-algebraic function such that X = f=(0), f is
p-quasireqular and for every v € S, f, is py-quasireqular. For every
positive reqular value & of f, let ks be the curvature of f~(5). We have :

lim ksdx = Vol(S™ 1) - x(X) — l\/01(5"*1) X (LE* (X))
=0t S 2

1

-3 /Sn_l (LR (X N {v* = 0}))do.

Proof. Let us study first the case n odd. Theorem 4.5 in [Dut3] says that

—10 =Dy (ft 1 -1 o — v
/]”1(5) ksdz = 5 Vol(S"77) - x(f7(9)) 2/5711 x(F710) N {v* = 0}))dw.

One should mention here that in [Dut3], we proved this result only for
polynomial functions. To be able to apply it in the semi-algebraic case, we
just have to prove that Proposition 3.1 in [Dut3] still holds for a C'! semi-
algebraic function. This is the case because Proposition 3.1 in [Dut3] is a
special case of our Lemma 3.5. Since we work in the semi-algebraic setting,
Hardt’s theorem tells us that x(f~!(6) N {v* = 0}) is uniformly bounded.
Applying Lebesgue’s theorem, we get :

1; _ 1 n—1y i -1
s Jj Mo = VST g XUTO)
1 . —1 *
_5/5711 T x(£71(6) N {o" = 0}))dv,

For every R > 0, we will denote by Dp the set {z € R" | p(z) < r}. For
R sufficiently big, it is a C? submanifold, with boundary X, diffeomorphic
to a disc. Let us choose Ry > 0 such that for every R > Ry, X N D% is a
deformation retract of X. Since f is p-quasiregular, there exits R; > 0 such
that for every x € I'y , with p(x) > Ry, one has f(z) > 1. This implies that
for § > 0 sufficiently small and for R > Ry, f~*(6)NDg (resp. {f < 6}NDg)
is a deformation retract of f=1(d) (resp. {f < 6}). One has

X(X) =x(XNDp) = lim x({f <0} N Dr),
and

X(LK™(X)) = X(X NSp) = lim x({f <3} 1 Zp).

For § small enough, {f < 6} N Dpg is a manifold with corners of odd dimen-
sion. Therefore, following the method explained in [Dutl], Theorem 5.2, we
have :

X({f <810 D) = 2x(Lf =8} 0 D) + 2x({f <8} 5p).
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Combining all these equalities, we obtain :

2 Jim x(F7(9)) = X(X) — X (LE¥(X)).

Now let us fix v € S~ ! and let us set H = {z € R" | v*(x) = 0}. Since f,
is py-quasiregular, we can find R > 0 sufficiently big such that X N H N Dpg
is a deformation retract of X N H and such that f~1(§) N H N Dy (resp.
{f < d}NHNDg) is a deformation retract of f~1(6)NH (resp. {f < }NH)
for 6 > 0 small enough. Since f~!(§) N H is an odd-dimensional manifold
for 6 small enough, we can write :

X(f7H8) N H) =x(f~ () N H N Dg) =

%X(f_l(é) NHNYg)=x{f <I}NHNXR).

Hence, we get
lim x(f~ Y6 NH)=x(XNHNIR) = x(Lk™(X N H)).

6—0t

This ends the proof of the case n odd.
If n is even, Theorem 4.5 in [Dut3] states that

[ s = = 5VoI(S™ ) - ({7 = )~ x({f < )
f719)

45 [ N 280 {0 =0h — x({f <3} e =0p]de.
Snfl
Applying Lebesgue’s theorem, we get :
. 1 e .
Jim, - ksda = =5 Vol(S"71) - lim [x({f = 6}) = x({f < o})]
s /S i (2 0h0 o = 0}) = x({f < 8} 0 o = 0p)] .

By the Mayer-Vietoris sequence, we have :

L=x({f =0} +x({f <8} —x(f9)),

hence,

X({f 26} —x({f <0} =1-2x({f < 6}) +x(F7'(9)).
Choosing R > 0 as in the case n odd, we find that

X(F71(8) = x(f71(9) N Br) = %x(f”(é) NZr) = x({f <6} NTp).

Finally, we obtain :

Jm [x({f 2 0}) = x({f < 0] =1 = 2x(X) + X (LE=(X).

Now let us fix v € S"! and H = {x € R" | v*(x) = 0}. We will also use
the same R as in the case n odd. As above, we have :

x({f >0y nH)—x({f <yNH)=1-2x({f <}NH)+ x(f'(5) N H).
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Moreover, since {f < ¢} N H is odd-dimensional, we can write

X({f <8} NV H 0 Dg) = 3x(f~(6) N H 1 D) + Sx({f < 6} N H N %),
and therefore,
~2x({f <8} N H) = —x(f~1(6) N H) — x({f <6} N HNER).
Finally we obtain :
Jim [\({f 2 8} 0 H) = x({f <6} 0 H)) =
L Tim x({f <8} 1 H 0 Sg) = 1 x(LK¥(X 0 H)).

This ends the proof of the case n even. O

Corollary 5.6. Let X be closed semi-algebraic set in R™. Let f : R™ — R
be a C? non-negative semi-algebraic function such that X = f=1(0), f is
p-quasireqular and for every v € S" 7, f, is p,-quasiregular. For every
positive reqular value & of f, let ks be the curvature of f~(5). We have :

Vol(S™ 1) - Mo(X) = lim ksda.
§—0t £-1(5)
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