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Asymptotic Analysis of the Eigenvalues of a Laplacian
Problem in a Thin Multidomain

Antonio Gaudiello* and Ali Silif

Abstract

We consider a thin multidomain of R, N > 2. consisting of two vertical cylinders,
one placed upon the other: the first one with given height and small cross section,
the second one with small thickness and given cross section. In this multidomain we
study the asymptotic behavior, when the volumes of the two cylinders vanish, of a
Laplacian eigenvalue problem and of a L?-Hilbert orthonormal basis of eigenvectors.
We derive the limit eigenvalue problem (which is well posed in the union of the limit
domains, with respective dimension 1 and N — 1) and the limit basis. We discuss the
limit models and we precise how these limits depend on the dimension N and on limit
q of the ratio between the volumes of the two cylinders.

Keywords: Laplacian eigenvalue problem; thin multidomains; dimension reduction.
2000 AMS subject classifications: 49R50, 35P20, 74K05, 74K30, 74K35.

1 Introduction and main results

For every n € N, let 2, C RY, N > 2. be a thin multidomain consisting of two vertical
cylinders, one placed upon the other: the first one with constant height 1 and small cross
section 7,w, the second one with small thickness h, and constant cross section w, where w
is a bounded open connected set of RV ~! containing the origin 0/ of R¥~! and with smooth
boundary, r,, and h,, are two small parameters converging to zero. Precisely,

Q= (raw x [0, 1)) | (wx] = hn, 0])
(for instance, see Fig. 1 for N =2 and Fig. 2 for N = 3).
In €2, consider the following eigenvalue problem:
( —AU,, = \U, in Q,,,

U,=00onT, = (rwx {1}) U (Owx] — hy,,0[), (1.1)

ou,
l 2, =0on 00, \ T,
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Figure 1: the thin multidomain for N = 2.

Figure 2: the thin multidomain for N = 3.

where v denotes the exterior unit normal to §2,. Remark that r,w x {1} is the top of the
upper cylinder, while dwx] — h,,, 0] is the lateral surface of the second one.

It is well known (for instance, see Th. 6.2-1 in [[J]) that, for every n € N, there exists an
increasing diverging sequence of positive numbers {\, s }ren and a L?(£2,,)-Hilbert orthonor-
mal basis {U,j}ren, such that {\, x}ren forms the set of all the eigenvalues of Problem
(L) and, for every k € N, U, € V, ={V € H'(Q,) : V=0o0nT,} is an eigenvector of

1

(L1)) with eigenvalue A, ;. Moreover, {)\; iUnk} is a V,-Hilbert orthonormal basis, by
’ keN
equipping V,, with the inner product: (U,V) €V, xV, — / DUDVdzx.

Qn
The aim of this paper is to study the asymptotic behavior of the sequences { (A, , Un k) }nens
for every k € N, as n diverges.
We derive the limit eigenvalue problem (which is well posed in the union of the limit



domains: ]0, 1] and w, with respective dimension: 1 and N — 1) and the limit basis, and we

n

) of the ratio
n

precise how these limits depend on the dimension N and on limit ¢ = lim
n

between the volumes of the two cylinders.

In the sequel, D stands for the gradient. Moreover, z = (21, -+ ,zy_1,2n) = (2, 2y)
denotes the generic point of RV, and D, and D,, stand for the gradient with respect to
the first N — 1 variables and for the derivative with respect to the last variable, respectively.
Furthermore, if u depends only on one variable, ' and u” stand for the first and second
derivative, respectively.

If h,, ~ r¥~=1 we obtain the following main result:

Theorem 1.1. Assume that "

= q €0, +o0.
Then, there exists an increasing diverging sequence of positive numbers { A }ren such that
1i£n Mg =g, VEEN, (1.2)
and { A, }ren is the set of all the eigenvalues of the following problem:
([ —u = M in |0, 1],

—Aub = M in w,

(1.3)
u*(1) =0, u*(0)=0,
| u’ =0 on dw,
if N > 3; of the following one:

(—u™ = Xu® in |0,1],

—u?" = M in e, 0],

—u?" = \ub in 10, d],
u(1) =0, (1.4)

wlu'(0) = g (u”(07) = u'(01))

if N =2 and w =|c,d|.



There exists an increasing sequence of positive integer numbers {n;};en and a sequence
{(ug, ub)}ren CV (depending possibly on the selected subsequence {n;}ien), where

V= {(v"0") € H'(]0,1]) x H'(w) : v*(1) =0, v* = 0 on dw, (and v*(0) = v*(0) if N =2)},

such that
2 L2
. (I 2 uy,
lim / Unik — 51| T |1DeUnik|” + [0 Unik — —5=| do | =0, (1.5)
v Ty wx]0,1] T 2
1 2 1 2
. qz qz b 2 _
lim / Unik — —1Up| + |DoUn — —Dup| +|0:3Un, k| dx | =0. (1.6)
i wX]—hn;,0[ h2, h2,

as i — +00, for every k € N, and ux = (ug,ul) is an eigenvector of Problem ([[.3) if N > 3
(Problem ([.4) if N = 2) with eigenvalue X\
Moreover, {ug}ren is a L*(]0,1]) x L*(w)-orthonormal basis with respect to the inner

! 1
product: |w\/ uvdry +q/ubvbd:c', and {\, *u}ren is a V-Hilbert orthonormal basis
0 w
1
with respect to the inner product: \w|/ uvdx N + q/ DubDvdx’.
0 w

If N > 3, consider the following problems:
—u™ = X% in 10, 1],
u*(1) =0, u*(0)=0,
and
—Au? = Nu® in w,

(1.8)

u® =0 on dw.
By denoting with {A{}ren the increasing sequence of all the eigenvalues of Problem ([77)

2

(i.e. {(g + kw) } , where Ny = NU {0}), and with {\¢},cy the increasing sequence of
kEN

all the eigenvalues of Problem (L.), it is easily seen that:

e keNyY={\: ke NyU{)\ : ke N}.

As regards as the multiplicity, if A is an eigenvalue only of Problem ([[.7), then it is a simple
eigenvalue of Problem ([.3) with eigenvector (cos (g + kﬂ') a:N,O), for some k € Ny. If A
is an eigenvalue only of Problem ([-§) with multiplicity s (and with linearly independent

eigenvectors: w?, - -+, w?), then it is an eigenvalue of Problem ([.3) with multiplicity s and
with linearly independent eigenvectors: (0,w?),---,(0,w%). If A is an eigenvalue of both
Problem ([.§) with multiplicity s (and with linearly independent eigenvectors: w?, - -  w?)
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and Problem ([[.7), then it is an eigenvalue of Problem ([.3) with multiplicity s + 1 and
with linearly independent eigenvectors: (0,w?),- -, (0,w?), (Cos (g + k‘ﬂ') TN, 0), for some
k € Ng. Roughly speaking, the eigenvalues of Problem ([.J) are obtained by gathering the
eigenvalues of Problem ([.7) and the eigenvalues of Problem ([L.§). Moreover, each eigenvalue
preserves its multiplicity if it is eigenvalue only of Problem ([[7) or only of Problem ([.§);
otherwise its multiplicity is obtained by adding the multiplicity as eigenvalue of Problem
(L7) and the multiplicity as eigenvalue of Problem ([.§).

The limit ¢ of the ratio between the volumes of the two cylinders does not intervene in the
limit eigenvalue Problem ([[.J). It appears in the othonormal conditions:

|w|/ upugdey +q/uhu2dx' =0pk, Vh,keEN, (1.9)

)\h%)\k2 <|w|/ uf uf de+q/DuhDukdx) =0nk, VhkeN, (1.10)

where 0y, is the Kronecker’s delta. Moreover, it explicitly intervenes in the corrector result
([-6), and, by the previous othonormal conditions, also in the corrector result ([[.5).

If N =2, q appears also in the limit eigenvalue Problem ([[.4). More precisely, if N = 2,
the limit problem in ]0, 1] is coupled with the limit problem in w by the junction conditions:

w?(0) = ub(0) and  |w|u®(0) = ¢ (ub’((r) - ub/(m)) .

An easy computation shows that the eigenvalues of Problem ([[.4) are given by the positive
solutions of the following equation:

|w| sin(eV/ ) sin(dv/A) cos(VA)—gsin(VA) sin(dv/A) cos(ev/A)+¢sin(vV/A) sin(ev/A) cos(dv/A) = 0.

2
For instance, if w =] — 1,1[, the set of the eigenvalues of Problem ([.4) is {(kg) } ,
keN
2
and (k;g) is a simple eigenvalue if k is odd, it is an eigenvalue with multiplicity 2 if

k is even. If w =| — 1,2, the set of the eigenvalues of Problem ([.4) is {(lmr)2

2
{ (i arccos (i‘ /4q+2|w|) + 2k57r) } .
keNy

If h, < r)~1 we obtain the following result:

ren

Theorem 1.2. Assume that

hTILn anl =q=0.

Then, there exists an increasing diverging sequence of positive numbers {\x }ren satisfying

(1:3), and {\}ren is the set of all the eigenvalues of Problem (I.3) if N > 3, of the following



problem:
(—u = Xu® in]0,1],

—u?” = b in e, 0],

—u" = b in )0, d], (1.11)

if N =2 and w =|c, d].
There exists an increasing sequence of positive integer numbers {n;}ien and a sequence
{(ug, ub) }ren C Vi (depending possibly on the selected subsequence {n;}icn), where

Vo = {(v*v") € H'(10,1]) x H'(w) : v*(1) =0, v* = 0 on Ow, (and v*(0) = 0 if N =2)},

satisfying ([.3) and ([[.8) with ¢ = 1, and uj, = (ug,ul) is an eigenvector of Problem ([.3) if
N >3 (Problem ([[.I1) if N = 2) with eigenvalue \j.
Moreover, {uk}keN is a L*(]0,1]) x L*(w)-orthonormal basis with respect to the inner

1
product: |w|/ vidxy +/ bobda’, and {\, *uptren is a Vo-Hilbert orthonormal basis

1
with respect to the inner product: |w|/ uv"dry + / Du’Dvbdy’.
0 w

If N > 3, one obtains the same result as in the previous case when ¢ = 1 (see Theorem

L1).

If N =2, consider the following problems:
u = Ny in )0, 1, —u? = Mwb in |e, 0], 2" = X'a@* in 10, d],

u(1) =0, u*(0) =0, ub(c) =0, u®(0)=0, w(0) =0, u’(d) = 0.

Then, with analogous considerations written when N > 3 after Theorem [T, it results that
the eigenvalues of Problem ([LT]) are obtained by gathering the eigenvalues of these three
problems, that is

ocem={(Gem} o{(E)) W{(E))

and that the multiplicity of each eigenvalue is less or equal than 3. For instance, if ¢ = —1
2 2
and d = 1, the set of the eigenvalues of Problem ([.I1)) is {(k:g) } , and (k;g) is a
keN
simple eigenvalue if k£ is odd, it is an eigenvalue with multiplicity 2 if k is even. If ¢ = —2

2 2
and d = 2, the set of the eigenvalues of Problem ([[.I1]) is always {(k:g) } , but (k;g)

is a simple eigenvalue if k is even, it is an eigenvalue with multiplicity 3 if k£ is odd.

If rN=1 < h,, we obtain the following partial result (the result is complete for N = 2) :
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Theorem 1.3. Assume that

. hy
h};n o =q = +o0, (1.12)
and
h, < —r2logr,, if N =3; h, <712, if N > 4. (1.13)

Then, there exists an increasing diverging sequence of positive numbers {\x }ren satisfying
(T3), and { A }ren is the set of all the eigenvalues of Problem ([I-3) if N > 3, of the following
problem:

([ —u"" = \u® in ]0, 1],

—u?" = M in w =]e, d]

(1.14)

if N =2.
There exists an increasing sequence of positive integer numbers {n;};en and a sequence
{(ug, ub) }ren C Vao (depending possibly on the selected subsequence {n;}ien), where

Voo = {(v*,0") € H'(]0,1]) x H'(w) : v*(1) =0, v" = 0 on dw, (and v*(0) = 0 if N =2)},

satisfying ([.3) and ([[-8) with ¢ = 1, and uj, = (u,ul) is an eigenvector of Problem ([[.3) if
N >3 (Problem ([.14) if N = 2) with eigenvalue \y.
Moreover, {ug}ren is a L*(]0,1]) x L*(w)-orthonormal basis with respect to the inner

! 1
product: |w|/ uvdry +/ubvbdx', and {\, *ugtren s a Voo-Hilbert orthonormal basis
0 w
1
with respect to the inner product: |w|/ uv"dzy + / Du’Dvbdy’.
0 w

If N > 3, assumption ([.19) and ([CTJ) reduce to

r2 < h, < —r2logr,, if N =3; 'r’fy*l < h, <72 if N > 4.

If N > 3, one obtains the same result as in the previous cases when ¢ = 1 or ¢ = 0 (see
Theorem [[.] and Theorem [.2).
If N =2, by considering the following problems:

—u™ = Nu® in |0, 1], —u?" = Nwb in w =]e, d],
u*(1) =0, u*0)=0, ub(c) =0, ub(d)=0,

it is possible to repeat similarly the analysis written when N > 3 after Theorem [.T. Then,
the eigenvalues of Problem ([[.L14) are obtained by gathering the eigenvalues of these two last

problems, that is
kr O\ 2
{M 0 ke N} = {(kn)*}, U {(d_c) } ,
keN
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and the multiplicity of each eigenvalue is 1 or 2. For instance, if |e,d[=] — 1, 1], then the

2 2
set of all the eigenvalues of Problem ([[.14) is {(kg) } , and (kg) is a simple eigen-

keN

11
value if k is odd, it is an eigenvalue with multiplicity 2 if k& is even. If ]c,d[:} [,

23
then the set of all the eigenvalues of Problem ([.14) is {(lmr)Q} Loy and each eigenvalue has
multiplicity 2. If ]¢, d[= ] —g, g [, then the set of all the eigenvalues of Problem ([.14) is

{1,4,9,72,16, 25,36, 472, 49,64, 81,972, - - - } and each eigenvalue has multiplicity 1.

In summarizing:

e the limit eigenvalue problem reduces to a problem in ]0, 1[ and a problem in w (recall
that w has dimension dimension N — 1).

e if N = 2, the limit eigenvalue problem depends on ¢ and it is coupled if ¢ €]0, 400,
uncoupled if ¢ = 0 or ¢ = +oo. Also the limit eigenvector basis (and the orthonormal limit
conditions) depends on g.

o If N > 3 the limit eigenvalue problem is independent of ¢ and it is uncoupled (at least
in the considered cases, i.e. for h, < —r?logr,, if N = 3; for h,, < r2,if N > 4). The limit
eigenvector basis (and the orthonormal limit conditions) depend on g. The orthonormal
limit conditions coincide for ¢ € {0, 1, 400}.

e If the limit eigenvalue problem is uncoupled (that is when N = 2 and ¢ € {0, +oc}, or
when N > 3), the limit eigenvalues are obtained by gathering the eigenvalues of a Laplace
problem in |0, 1[ and the eigenvalues of one or two Laplace problems in a domain of dimension
N — 1 and by "adding the multiplicities”.

Remark that, in all the previous theorems, by virtue of (L[.3), the multiplicity of A, x, for
n large enough, is less or equal than the multiplicity of Ax. Consequently, if Ay is simple, also
An.k 1s simple, for n large enough. Then, by arguing as in [[[G] (see also H]), if Ay is simple,
by fixing one of the two normalized eigenvectors u; of the limit problem with eigenvalue A,
it is possible to choose, for n large enough, one of the two normalized eigenvectors U, € V),
of Problem ([.T) with eigenvalue A, ; such that convergences ([.H) and ([.6) hold true for
the whole sequence.

Point out that it is not necessary that the two cylinders are scaled to the same one or that
the first cylinder has height 1. In fact, the results do not essentially change if one assumes
Q= (rawa X [0,1) U (wpX] = hn, 0]), with 0/ € w* C w® and [ €]0, +-00].

In Section B, after having reformulated the problem on a fixed domain through appro-
priate rescalings of the kind proposed by P.G. Ciarlet and P. Destuynder in [JJ], and having
introduced suitable weighted inner products, by using the min-max Principle we obtain a
priori estimates (with respect to n) for the sequences {\, x }ren (see Proposition R.1). Then,
by making use of the method of oscillating test functions, introduced by L. Tartar in [[[7],
by applying some results obtained by A. Gaudiello, B. Gustafsson, C. Lefter and J. Mossino
in [f] and [[] and by adapting the techniques used by M. Vanninathan in [[[§], we derive
the limit eigenvalue problem and the limit of the rescaled basis, as n — 400, in the case
h, =~ rN=1 (see Theorem P and the proof of Theorem [[]] at the end of Section PJ). The
cases h, < r¥~1 and r)~! < h,, are sketched in Section fJ and Section fl], respectively.

For the study of thin multi-structures we refer to [@], B, [@, [T, [[3], [[3, [[4] and the
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references quoted therein. For a thin multi-structure as considered in this paper, we refer
to [B], B, [, B, Bl and [[J. For the study of the spectrum of the Laplace operator in a
thin tube with a Dirichlet condition on its boundary we refer to [[[[. For the study of the
homogenization of the spectrum of the Laplace operator in a periodic perforated domain
with different boundary conditions on the holes we refer to [[].

2 The case lim oy

mo = @ €10 ol

In the sequel, Q% = wx]0,1[, @’ = wx] —1,0[, and {r,}, .y and {h,}, . CJO,1[ are two
sequences such that
limh, =0 = limr,. (2.1)

For every n € N, let H, be the space L?(Q%) x L*(Q°) equipped with the inner product:

(4, )t (u,v) = ((u,ub), (v, 0%)) € (LA(Q%) x L2(Q)) x (L3(Q*) x L*(QP)) —

a,.a hn b, b <22)
(u,v), = /au vdx + o /Qbu v'dz,
and let V,, be the space:
{v=(v"0") € H(Q*) x H'(Q") : v* =0onw x {1},
(2.3)
v’ =0 on dwx] — 1,0[, v*(z,0) = v’(r,a’,0) for 2’ a.e. in w}
equipped with the inner product:
an : (u,v) = ((us,u?), (v%0%)) € Vi, x V,, — a,(u,v) =
1 by b L by b (24)
/Qa T—2Dx/u Dv® + 0y u® 0y v da + e Dyu’Dyv’ + h—zﬁmNu Oy v dx.

The choice of H,, and V,, will be justified in the proof of Theorem [[]], at the end of this
section. Now, remark that the norm induced on V,, by the inner product a,(-, -) is equivalent
to the (H'(Q*) x H*(92"))-norm, and the norm induced on H, by the inner product (-, ), is
equivalent to the (LQ(Q“) X LQ(Qb))-norm. Consequently, V,, is continuously and compactly
embedded into H,. Moreover, since Cg°(Q%) x Cg°(Q°) C V,,, it results that V}, is dense in
H,,. Then, (for instance, see Th. 6.2-1 and Th. 6.2-2 in [[7]) for every n € N, there exists an
increasing diverging sequence of positive numbers {\, i }ren and a H,,-Hilbert orthonormal
basis {unx}ren, such that {\,x}ren forms the set of all the eigenvalues of the following
problem:

Uy €V,

(2.5)
A (Up, V) = AMUp, V), Yo €V,



and, for every k € N, u,,, € V,, is an eigenvector of (2.3) with eigenvalue A, ;. Moreover,
_1
{Aniunk} is a V,,-Hilbert orthonormal basis. Furthermore, for every £ € N, A, is

€
characterized by the following min-max Principle:

an(v,v)

, (2.6)

Ankp = mMin  max
ELEF), vEEL, v£0 (U, )y

where Fj, is the set of the subspaces & of V,, with dimension k.
The min-max Principle provides the following a priori estimates for the eigenvalues of

Problem (R.5):

Proposition 2.1. For every n,k € N, let \, i, be as above. Then, it results that
0 < A\ < 2°K*1% Vn, k€ N. (2.7)

Proof. Tt is well known that {j%7?} jen 1s the sequence of the eigenvalues of the following
problem:

—y"(t) = Ay(t) in ]0, 1,

y(1) = 0 =y(0),

and {v/2sin(jnt)};ey is a L2(]0, 1[)-Hilbert orthonormal basis such that, for every j € N,
V/2sin(jnt) is an eigenvector of (R.§) with eigenvalue j272.
For every j € N, set

(2.8)

yi(ry) = V2sin(jrry), if (2/,7y) € Q9
Cj(ﬂj,,x]\[) =
0, if (2/,zn) € Q.

k
Fix £ € N and set 7, = {Zajcj tQ, 0 € R}. Then, for every n € N, Z; is a
j=1

subspace of V,, of dimension k. Consequently, by applying the min-max Principle (B.6), it
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results that:

1] &
oy (t)| dt
an (¢ ¢) /0 ;

k 1 k
2’“2 a?/ }y}(t)’th 2’“2 of i’
j=1 70 _

= j=1
max = max —— <
(a1, ) ERE—{0} k (a1, ) ERE—{0} k
2 2
Z a; Q;
j=1 j=1
k
ok k22 g a?
max = %252 Wn e N
(a1, g ) ERF— {0} k ’
> ol
J
j=1

O

Remark 2.2. By examining the previous proof, it is evident that estimate (B.4) holds
again true, if one replaces (-, ), and ay(-,-) with c,(+, ), and cy,a,(-,+), respectively, where
{Cn}neN C]O, +OO[

By using a diagonal argument, the following result is an immediate consequence of Propo-

sition R.1].

Corollary 2.3. For every n,k € N, let A\, be as above. Then, there exists an increas-
ing sequence of positive integer numbers {n;}ien and an increasing sequence of no negative

numbers {\ }ren, such that
hm )‘ni,k = )\k, Vk € N.

Remark 2.4. In the sequel it will be shown that {\;}ren is a sequence of positive numbers
and the convergence holds true for the whole sequence {\, k}nen-

To characterize the sequence {\y}ren, consider the following limit:

. hy
hTILn Py =q, (2.9)
which exists always for a subsequence. If
q €]0, +oo], (2.10)
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in the space:

H = {v=(v"1") € L*(Q%) x L*(2°) : v* is indepenendent of 2/, v is indep. of zx} (2.11)

introduce the inner product:

1
[y ]g s (uyv) = ((u®,ub), (v, 0%) € H x H — |u)|/O uvdry + q/ ubbda’,  (2.12)

and in the space:

(

\

{v = (v%,0%) € H'(Q0) x HY(Q) :

b

v® is independent of z/, v° is independent of xy,

v(1) =0, v =0 on dw,

v?(0) = v(0)},

{v = (v%,0%) € H'(Q0) x HY(Q) :

b

v® is independent of 2/, v" is independent of xy,

v*(1) =0, v* =0 on &u},

introduce the inner product:

if N =2,

it3 <N

oy (u,v) = ((us,ub), (v4,0°) € V x V — ay(u,v) =

1
|w|/ 8xNu“8xNv“de+q/szube/vbd:E'.
0 w

(2.13)

(2.14)

Remark that the norm induced on V' by the inner product oy(-,-) is equivalent to the
(H'(]0,1[) x H'(w))-norm, and the norm induced on H by the inner product [-, -], is equiv-
alent to the (L2(]0,1[) x L?(w))-norm. Consequently, V is continuously and compactly em-
bedded into H. Moreover, since C°(]0,1[) x Ci°(w) C V if N > 3 (C5°(]0,1]) x {v €
C°(w) : v(0) =0} C V if N = 2), it results that V' is dense in H. Then, one can consider
the following eigenvalue problem:

u eV,

ag(u,v) = ANu,v],, YvevV,

for which all the classic results hold true (see Th. 6.2-1 and 6.2-2 in [13]).
The main result of this paper is the following one:

12
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Theorem 2.5. For every n € N, let {\, x}ken be an increasing diverging sequence of all
the eigenvalues of Problem (2.3)+(2-3), and {u,i}ren be a H,-Hilbert orthonormal basis

1
such that {)\n zunk} is a Vy,-Hilbert orthonormal basis and, for every k € N, u, s an

keN
eigenvector of Problem (2.3)+(B-3) with eigenvalue A, j. Assume (1), (B-3) and (B-1Q).

Then, there exists an increasing diverging sequence of positive numbers { i }ren such that

lim )‘n,k =M\, VkeN,

and { Mg }ren is the set of all the eigenvalues of Problem (2.11)+(2.13). Moreover, there
exists an increasing sequence of positive integer numbers {n;},en and a (H,[-,-],)-Hilbert
orthonormal basis {uy}ren (depending possibly on the selected subsequence {n;}ien) such
that, for every k € N, u, € V is an eigenvector of Problem (2.11)=(B-13) with eigenvalue
Ak, and

U,k — Uy, strongly in H'(Q*) x HY(QP), Vk €N, (2.16)
as 1 — 400,
1 | v
EDx’uguk — 0 strongly in (L*(Q)N"', Vk €N, (2.17)
1
h—amNuz,k — 0 strongly in L*(Q°), Vk €N, (2.18)

1
as n — +o0o. Furthermore, {\, *u}ren is a (V. ay)-Hilbert orthonormal basis.

Proof. The proof will be performed in three steps.
Step 1. This step is devoted to derive the limit eigenvalue problem.
It results that

Unp, k € Vn7
Vn, k € N, (2.19)
an(un,ka U) = )\n,k(un,ka U)na YONS Vna
(un,k7 un,h)n = 5h,k7 Vn, ka h7 S N7 (220>
where A
1, if h =k,
Onk = { 0, if h # k. (2.21)

By choosing v = u,, in (B.19), and by taking into account (R.20) and Proposition P.1), it
follows that

k1.2 2
a'n(un,ka un,k) = )\n,k(un,ka un,k)n = )\n,k <2 km 5 \V/TL, ke N.

Consequently, by virtue of definition (R.4)) of a,, and of assumptions (R.1]), (2.9) and (B.I0), by
applying Proposition 2.1 in [f] (which permits to obtain the junction condition when N = 2)
and by using a diagonal argument, it is easily seen that there exists an increasing sequence
of positive integer numbers {n;};cn, an increasing sequence of no negative numbers { Ay} ren
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and a sequence {uy}, .y C V (depending possibly on the selected subsequence {n;};cn) such
that

Up, p — up weakly in H'(Q%) x H*(Q") and strongly in L*(Q%) x L*(Q®), Vk €N, (2.23)

as ¢ — +00.

By passing to the limit in (2.19) and (B.20), as n; — +o00, by making use of (2.9), (.10),
(R:22), (R-23), and by applying the Dirichlet version of Theorem 1.1 in [[] (see also Remark
1.4 in [[), with f = Agug, it turns out that (2.14)+(2-I§) hold true and

ug €V,
Vk € N, (2.24)
ag(ug, v) = Mpfug, vlg, Yo €V,
[uk,uh]q = 5h,k> Vk,h € N. (2.25)

In particular, (.24) and (.29) provide that
_1 _1
Oéq()\k Uy, )\h 2uh) = 5]17]?, Vk,h € N,
Hence, {\}ren is a sequence of positive numbers. Moreover, remark that

lim Ay, = +oc. (2.26)

In fact, or (R.24) holds true, or {\;}ren is a finite set. In the second case, by virtue of (£.23),
Problem (£:24) would admit an eigenvalue of infinite multiplicity. But this is not possible,
due to the Fredholm’s alternative Theorem.

Step 2. This step is devoted to prove that there not exist (@, A) € V x R satisfying the
following problem:

(ucV,

o, (U, v) = N\[u,v],, YveV,
(2.27)
[ﬂ, uk]q =0, VkeN

\ [@, ], = 1.

To this aim, the proof of Theorem 9.2 in [[If] (see also []) will be adapted to our case.
By arguing by contradiction, assume that there exists (w, \) € V' x R satisfying Problem
(B.27).

First, remark that (2:26) provides the existence of k € N such that

A< Az (2.28)

14



For every n € N, let ¢,, be the solution of the following problem:

©n € Vp,
- (2.29)
an(on,v) = XMW, v),, YveV,.

Then, the Dirichlet version of Theorem 1.1 in [[ (see also Remark 1.4 in [[]), with f = \u,
entails the existence of ¢ € V' such that
©n — ¢ weakly in H'(Q%) x H'(Q) and strongly in L*(Q%) x L*(Q°), (2.30)
as n — +oo, and
peV,
- (2.31)
ag(p,v) = ANu,v],, YveV.
By comparing (£.27) with (R.31]) and by virtue of the uniqueness of ¢, it turns out that

® = u. (2.32)
For every n € N, set
k
Un = @n — Z(@nu un,i)nun,i € Vn
=1

Then, by virtue of (R.20), it results that
k
(Urw un,k) Qonu un k Z ©Pn, un ijn un,iu un,k)n = (QOYH un,k)n — <¢n7 un,k)n = 07

Vke{l,--- .k}, VneN.

_1
Consequently, by recalling that {)\n zunk} is a V,-Hilbert orthonormal basis, that wu,
’ keN

solves Problem (B.I9), that {\, x}ren is an increasing sequence and that {u, x tren is a H,-
Hilbert orthonormal basis, it follows that

Unavn E ‘an nkunkuvn § )\nk)\nk unk;”n) —

(2.33)
+o0
Z )\n,k(un,kavn>i Z )\n7E+1 Z (un,ka Un)i = )\n,EJrl(Una Un)n7 vn € N.
k=k+1 k=k+1

In what concerns the first term in (2.33),

k
(‘pna un,k>nun,k7 Pn — Z(@n; Un,j)nun,j =

1 j=1

M-

an(vn7 Un) =dan | Pn —

T

k k
Qonason 22 Qonaunk nln Qonaunk Z Qonaunk Spnaun,j)nan(un,kaun,j)a vn € N.
k=1 j=1

15



from which, by virtue of (.29), (B.19) and (2.20), it follows that

k
an(vnavn> )\ u 9011 n Z SOn,Unk U unk + Z Sonaun k) (Sonaun]) )\n,k(un,k7un,j)n =
k=1 k,j=1

(Sonu un,k)i)\njg, Vn I~ N.

Mm

k
u Son n E (pnaunk: U un,k)n +
k=1 1

£.30), (B:39), (B-16), (B-22) and (R.27), it results

—

Consequently, by virtue of (£.9), (B.I0),

that ~ ~
k k
lim ay,, (v, vp,) = A 2\ Z u, wi)s + Z U, weo k= . (2.34)
k=1
In what concerns the last term in (P.33), equahtles (2:20) provide that
k k
(Un, vn)n = ((pn - Z((pna un,k)nun,ka ©n — Z(Qona un,j)nun,j)n -
k=1 j=1
k k
((pnawn)n - QZ(Qpnaun,k) Qonaunk Z SOn,Unk Qpnaun,j)n(un,kaun,j)n =
k=1 =1
k k k
(907“ Qpn)n — 2 Z(wna un,k)i + Z(wna un,k)ia - (Spna Qon)n - Z(Qpna un,k)ia \V/TL S N.
k=1 k=1 k=1

Consequently, by virtue of (2.9), (.10), (2.30), (B.32), (B.10), (R.27), it results that

k
hm(vm,vnz - Z U, wys (2.35)
=1
Finally, by passing to the limit in (2:33) as n; — 400, convergences (£:34), (2:23) and
(B39) entail that B
A > A,

which is in contradiction with (2.2§). Hence, Problem (R.27) does not admit solution.
Step 3. Conclusion.
In Step 1, it is proved that { A\ }ren CJ0, +00] is an increasing and diverging sequence of
Z1
eigenvalues of Problem (B.24)), {uy }ren is an orthonormal sequence in (H, [, -],), {\; 2t }ren
is an orthonormal sequence in (V, o), and, for every k € N, wy, is an eigenvector for Problem

(R.29), with eigenvalue \y.

Indeed, the sequence {A}ren forms the whole set of the eigenvalues of Problem (2:29).
In fact, if X ¢ {\x}ren is another eigenvalue of Problem (E:24) and u € V is a corresponding
eigenvector (which can be assumed H-normalized), it results that

Aa, ug), = ay(@, ug) = ag(up, 0) = M\ Jug, @y, Vk €N,
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that is
[ﬂ, uk]q =0, VkeN,

which is in contradiction with the statement of Step 2.

It remains to prove that the set of the finite combinations of elements of {)\;%uk}keN is
dense in (V, o), which provides that the set of the finite combinations of elements of {uy, }ren
is dense in (H, [-,-],), since V is continuously embedded into H, with dense inclusion.

It is well known that (V, a,) has a Hilbert orthonormal basis of eigenvectors of Problem
(B.19) (for instance, see Th. 6.2-1 in [[J]). Consequently, by denoting with {u;}ien the
sequence of all different eigenvalues of Problem (R.19) (i.e. pu; # p; for i # j) and with
{E;}ien the sequence of the spaces of the associated eigenvectors, it results that the vectorial
space generated by {E;}ien is dense in (V, ;). Recall that, for every i € N, E; has finite
dimension and E; is orthogonal to E; (with respect to ) if ¢ # j. Then, to conclude it
is enough to show that, for every i € N, an orthonormal basis (with respect to ) of E; is

1
included in {\, >u}ren. This last property will be proved by arguing by contradiction. If
- 1
it is not true, there exist i € N and u € F; such that a,(u- %, ux) = 0 for every k € N, and
1 1

g (e 2, g *u) = 1. That is 7 is an eigenvector of Problem (P.179), with eigenvalue y;, such
that [, ug), = 0 for every k € N, and [, 7], = 1, in contradiction with the statement of Step
2.

In conclusion, since the sequence {A;}ren can be characterized by the min-max Principle

(for instance, see Th. 6.2-2 in [[J]), for every k € N, convergence (E-22) holds true for the
whole sequence {\, x }nen- O

Proof of Theorem [[.1. As it is usual (see [f]), Problem ([.T) can be reformulated on a
fixed domain through an appropriate rescaling which maps €2, into Q2 = wx]—1, 1[. Namely,
by setting

?j?l’k(.’,lfl, 1’3) = Umk('f’nl’/,xg), (.T,,.I‘gg) a.e. in Q% = LL)X]O, 1[7
Unx(2) = vn,k € N,

U?L,k(l’/,l'g) = U, (2, hpzs), (2/,23) ae. in b =wx] —1,0],

it results that, for every n € N, {\, s }ren forms the set of all the eigenvalues of Problem
N-1
(BR), unk = rn? Upp € V, is an eigenvector of (B.7) with eigenvalue A, x, {Uni}ren is a
_1
H,-Hilbert orthonormal basis and {)\n zunk} is a V,,-Hilbert orthonormal basis, where
’ k

€
V,, and H,, are defined at the beginning of this section. Then, Theorem [[.]] is an immediate
consequence of Theorem P.5. O

hn
3 The case 1171;1”1 N1

=0

For every n,k € N, let A, be as in Section Pl The aim of this section is to investigate the
limit behavior, as n — 400, of {\, x }nen, under the assumption:

lim
N-1
n Tn

— 0. (3.1)

17



Let Hy be the space H given in (B.I1]) equipped with the inner product [-,-]; defined by
(B.19) with ¢ = 1. Moreover, let

(

{vb € H*(QP) : v is independent of zx, v* =0 on dw,

v(0) =0y,
Voy = } (3.2)

if N =2;

{vb € H*(QP) : v is independent of zy, v’ =0 on &u}, it3 <N

\

equipped with the Hj(w)-norm, and V; be the space
Vo = {v* € H'(Q") : v is independent of z’, v*(1) = 0} x Vg, (3.3)

equipped with the inner product a; defined by (B.I4) with ¢ = 1. Remark that V; is
continuously and compactly embedded into Hy, with dense inclusion.
Let
Vob = {vb e Wy™(w) : v* = 0 in a neighbourhood of 0'}, (3.4)

then the following density result holds true:
Proposition 3.1. 1701) 1s dense in V.

Proof. We sketch the proof.

The density result is obvious if N = 2.

Assume N > 2 and let {e,}neny C R, {Nn}neny C R and {@, neny € C(RYY) three
sequences such that, for every n € N, 0 < g, < 1, < dist(0/,0w), ¢, = 1 in {2/ € R¥N-1:
17| <en}yon =0 RN —{o/ e RNL: 2] <}, {@ntnen COY{2' e RN Lo, < |2!] <
m}), 0 < ¢, < 1, and lim7n, = 0 = lim | D, |*da’ (for the existence of

n " J{z'eRN-Lig, <|a|<nn}
such sequences, see Proposition 3.1 in [{]).

Since C§°(w) is dense in Vyp, it is enough to prove that Vg, is dense in C§°(w) with
respect to the H} (w)-norm. For v € C5°(w), set v, = (1 — @, )v € Vi, for every n € N. Since
v = v+ (1 —p,)v for every n € N, and

lim/ |D(ve,)|?da’ <

[0]1F1.00 () lim (meas{:c' c RN |2/| <} +/ \D(pn\2dx'> =0,
n {z’eRN—Lig, <|z’|<mn}
it follows that v,, — v strongly in Hg(w). O
Consider the eigenvalue problem:
u €V,
(3.5)

aj(u,v) = ANu,vly, Yo eV,

then, if (B.1]) holds true, the following convergence result yields:
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Theorem 3.2. For every n € N, let {\, x}ken be an increasing diverging sequence of all
the eigenvalues of Problem (2.3)=+ (2-3), and {t, k}ren be a Hilbert orthonormal basis for the

_1
space H, equipped with the inner product: T’;L (+,)n, such that {)\n iﬂnk} 18 a Hilbert
n ’ keN

N-1
n

ho,
k € N, u,y is an eigenvector of Problem (2.3)+(.3) with eigenvalue X, j. Assume (£.1)

and (513).

Then, there exists an increasing diverging sequence of positive numbers { Ay }ren such that

orthonormal basis for the space V,, equipped with the inner product an(+,-) and, for every

lim )‘n,k =\, VkeN,

and { )\ tren 18 the set of all the eigenvalues of Problem (3.3), (8-3), (B-3). Moreover, there
exists an increasing sequence of positive integer numbers {n;};en and an Hy-Hilbert orthonor-
mal basis {uy, = (u¢,ul)}ren (depending possibly on the selected subsequence {n;}ien) such
that, for every k € N, ux € Vy is an eigenvector of Problem (3-3), (5-3), (5-3), with eigen-
value \g, and

N-—1
Tml Ty, — Uy, strongly in HY(Q%), ﬂ%k — ub, strongly in H'(Q), Vk €N, (3.6)
h2,
as 1 — 400,
( N-1
1’ 770 ! : 2/0)a\\N—1
r_—%Dm/un,k — 0" strongly in (L*(2%))" 7,
& Vk € N, (3.7)
1
h_axNEf"k — 0 strongly in L*(Q°),

_1
as n — +oo. Furthermore, {\, *uy}tren is a Vo-Hilbert orthonormal basts.

Proof. We sketch the proof.

N-1
By multiplying (B.H) by ! , it results that
ﬂn,k € Vn,
N—1 N—1 Vn, k € N. (38)
r _ r _
T (e, ) = A (U, V), V0 € Vi

Moreover, since {%,, ; }ken is a Hilbert orthonormal basis for the space H,, equipped with the
N-1
T
inner product 2 (“,*)n, one has that
n

N-1
n

hn

r

(ﬂn,lm ﬂn,h)n = 5h,k7 vnu ka h7 € N7 (39)
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where 0y, ), is defined in (P.21))
By choosing v = W,y in (B.§), and by taking into account (B.9), Proposition R.J and
Remark B3, it follows that

TN_l TN_l
_ — — — k1.2 2
2—an<un,k7 un,k) = )\n,kr;l—<un,k7 un,k)n = )\n,k < 2%k ’ vn7 ke N.
n n

Consequently, by virtue of definition (£.4) of a, and of assumption (B.I), and by using
a diagonal argument, it is easily seen that there exists an increasing sequence of positive
integer numbers {n; };cn, an increasing sequence of no negative numbers {\; }ren, a sequence
{up = (uf, uf }keN C HY(Q%) x H*Y(Q) (depending possibly on the selected subsequence
{ni}ien), with u¢ independent of 2/, u® independent of xy, ul(1) = 0, u} = 0 on dw,
and a sequence {(fg,fz)}keN C (L2(Q*))N-1 x L2(92°) (depending possibly on the selected
subsequence {n;};cn) such that

N—-1
Tnil Uy, — uy weakly in H 1(Q*) and strongly in L*(Q%),
hZ, Vk € N, (3.11)

ﬂb“k — ub weakly in H'(€Q") and strongly in L?(Q2°),

r N-1
2
ne 1 _
I — D, — & weakly in (L*(Q%))N !
E /’anl (3}
h Vk € N, (3.12)
1
h—amNﬂ’;”,k — & weakly in L*(Q),
\ ng
as ¢t — +00.
To obtain u* € Vj, for every k € N, it remains to prove that
ub(0) =0, VkeN, ifN=2 (3.13)
Indeed, statement ( in [f] (which holds true also if ¢ = 0!) gets
hm/ (2’ 0)da’ = w]ul(0), VEeEN, if N=2. (3.14)

Then, by combining (B-I4) with the first line in (BI1]), and by taking into account that
ul (',0) = ul ,(rp,a’,0) for 2" ae. in w and (BJ), one obtains that

|wlub (0 —hm/ Uy, 1 (rn,0’,0)d —hm/ =

Wi, [ el |
lim < T / 4 o E‘flivk(x',())d:p> =0|w|up(0) =0, VkeN, if N=2,
’ rniQ w h?lz
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that is (B-13).
0 in Q%

Now, by passing to the limit, as n; — +oo, in (B.§), with v = Wb i QP and v° € 1701,,
and by making use of (B.I0) and of the second line of (B:IT]), it turns out that
/ Dyub Dyvbda’ = A, / ubobds’, Yot e Vi, Vk €N,
and, consequently, by virtue of Proposition B.1],
/Dx/uZDwzvbdx' =\ / ubvbda’, Yot € Vi, Yk eN. (3.15)
On the other hand, by passing to the limit, as n; — 400, in
N-1 N-1
2 o
—1an(ﬂn,k‘7v) - )‘n,k—1(ﬂn,ka U)n, \V/U € Vna \V/kf S N7
h3 hi
: v in Qa’ a 1 a b 1 b a :
with v = Wb in Qb and v* € H'(]0,1]), v*(1) = 0, v’ € Cj(w), v’ = v*(0) in a

neighbourhood of 0/, and by making use of (B.I0) and of (B.I11]), it turns out that
1 1
\w|/ Oppy U0 0 dr Ny = )\k|w\/ ufvdry, Yo € H'(]0,1]) : v*(1) =0, Vk € N. (3.16)
0 0

By adding (B.I5) to (B-I{), one obtains that

ug € %7
Vk € N. (3.17)
aq (ug, v) = Ag[ug, v, Yo €V,

Finally, by passing to the limit, as n; — +o00, in (B.9), and by making use of (B.I1]) and
(B.17), it turns out that

_1 1
ar (A 2ug, Ay 2up) = [ug, uply = Ong, Yk, h €N (3.18)
Moreover, by arguing as in the proof of Theorem P.F, one proves that

Now, let us identify £ and €. By choosing v = ,, 4 as test function in (B-§), by replacing
n with n;, by passing to the liminf as i diverges, by taking into account of (B.I0), (B-I17),
(B:19) and (B.1§), and by using a l.s.c. argument it results that

|E01% 4 |Op y ul|Pda + /b | Dyl |2 + |€8|2da < / |0, s Pda + /b | Dyrub|?de, Yk € N,
Qa 0 Qe Q

which provides that
=0, &=0 VkeN. (3.19)
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The strong convergences in (B.g) and (B.7]) follows from (B.11]), (B-12), (B.19) and from

the convergence of the energies:

N-1
lim —~
7

Ap, (ﬂm,kaﬂm,k> = hm )‘m,k = )\k = 1 (uk, uk), Vk € N. (320)

ez

As in Step 2 of the proof of Theorem P.J, by arguing by contradiction, one can show that
there not exist (w, \) € Vi x R satisfying the following problem:

(T eV,

(@, v) = Nu,v];, Y€V,
(3.21)
[ﬂ, uk]l =0, VkeN

[a,a); = 1.

Precisely, assume that there exists (%, A) € V; x R satisfying (B.21]). Let k € N be such that
A < Ap,

and, for every n € N, let ¢,, be the solution of the following problem:

Spn S Vn7

3
an(n,v) = X << ZZ@{W) ,v> ., Yo eV,
T’ n

where @ = (u?, ). Then, it is easy to prove that

— % = 7" weakly in H'(Q%), ¢b — @ weakly in H'(Q),

as n — 400. Moreover, for every n € N, set

ko N-1
Up = @n — Z T;l (Spna un,i)nun,i € Vn
n

i=1

Then, by proceeding as in the proof of Step 2 of Theorem .3, but by taking care to replace
N-1 N-1

(+,)n with r,;l (,*)n and ay (-, ) with Tr;l an(+, ), one reaches a contradiction.
To Comple’?e the proof, one can argue as Step 3 of the proof of Theorem P.5,. U

Remark 3.3. For every n € N, let {\, k}ren be an increasing diverging sequence of all the
eigenvalues of Problem (2.3)+(2.3), and {u,x}ren be a Hilbert orthonormal basis for the

space H,, such that {)\;iunk} 1s a Hilbert orthonormal basis for the space V,,, and, for
’ keN

every k € N, u,, is an eigenvector of (B.) with eigenvalue X, .
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1
2

By setting iy, = éun,k, it turns out that, for every n € N, {U,x}ren is a Hilbert

T’
FN-1 .
orthonormal basis for the space H,, equipped with the inner product 2 (s {)\n iﬂnk}
n ’ keN

N-1

,
1s a Hilbert orthonormal basis for the space V,, equipped with the inner product T;z an(+, ),

and, for every k € N, U, is an eigenvector of (B-J) with eigenvalue A, .
Then, by applying Theorem [3.3, it follows that

lim )\n,k =M\, VkeN,

1
2

hn- .
ug . — uj strongly in H'(Q),  —g=rub . —uj, strongly in H(Q), Vk €N,

Tni
as 1 — 400,
1 1
— Dyl , — 0 strongly in (L*(Q*)N ™, ——=50.yu’ . — 0, strongly in L*(Q°), Yk € N,
7’: ’ = - — )
n harn?

as n — +oo, where { )\, hren and {(ul, ul)}ren are given by Theorem [3.3.

Proof of Theorem [I.3. Theorem [[.2 follows immediately from Remark B.3, by arguing as
in the proof of Theorem [[.]] at the end of Section . O

hn
4 The case lim T
n Tn_

For every n,k € N, let A, x be as in Section P The aim of this section is to investigate the
asymptotic behavior, as n — +00, of {\, i }nen, under the assumption:

iy
1m
N-1
n ’I"n

Indeed, in this case, only a partial result is obtained. Precisely, for N = 2, the limit eigenvalue
problem is completely derived; while, for N > 3, it is obtained only under the additional

assumption:
h, < —rilogr,, if N =3,
(4.2)
h, <12, if N > 4.

As in Section [, let Hy be the space H given in (R.11) equipped with the inner product
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[-,:]1 defined by (B.13) with ¢ = 1. Moreover, let V, be the space:

(

{v = (v%,0%) € H'(Q0) x HY(Q) :

b

v® is independent of 2/, v" is independent of xp,

if N =2;

v’ =0 on &u},

{v = (v%,0%) € H'(Q0) x HY(Q) :

b

v® is independent of x’, v° is independent of xy, if 3 < N;

v*(1) =0, v* =0 on &u},
\
equipped with the inner product a; defined by (R.14) with ¢ = 1. Remark that V. is
continuously and compactly embedded into Hy, with dense inclusion.
Consider the following eigenvalue problem:

u € Vi,
(4.4)
ag(u,v) = ANu,vly, Yo €V,

then, if (A1) and (f.2) hold true, the following convergence result yields:

Theorem 4.1. For every n € N, let {\, x}ken be an increasing diverging sequence of all
the eigenvalues of Problem (2.3)+(B.3), and {u,x}ren be a H,-Hilbert orthonormal basis

1

such that {)\;Zunk} is a V,-Hilbert orthonormal basis and, for every k € N, u,; s
’ k

eN
an eigenvector of Problem (2.3)+(2.3) with eigenvalue A, . Assume (2-4), ({.1) and, for
N >3, also ({.3).

Then, there exists an increasing diverging sequence of positive numbers { A }ren such that

lim )\n,k = )\k, Vk € N,

and { A\ }ren is the set of all the eigenvalues of Problem ([.3), ((.4). Moreover, there exists
an increasing sequence of positive integer numbers {n;};en and an Hy-Hilbert orthonormal
basis {uy = (ug, ul)hren (depending possibly on the selected subsequence {n;}icn) such that,
for every k € N, uy, € Vi, is an eigenvector of Problem ({.3), {{.4), with eigenvalue A, and

h2, .
Uy — Uy, strongly in HY(Q%), e ufhk — ub, strongly in H'(Q%), Vk €N, (4.5)
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as 1 — +00.

1

— Dyl , — 0 strongly in (L*(Q*)N 1,

Tn ’

L Vk € N, (4.6)
_é&wub

h

n 2
\ T'n

& — 0 strongly in L2 (),

n

_1
as n — +oo. Furthermore, {\, *uy}ren is a Voo-Hilbert orthonormal basis.

Proof. We sketch the proof.
It results that

Unp, k € an
Vn,k € N, (4.7)
an(un,ka U) - )\n,k(un,ka U)na Vv € Vna
(un,k7 un,h)n = 5/7,,]9’ \V/TL, ka ha € Na (48)

where 0y, is defined in (P.21)).
By choosing v = u,x in (f.3), and by taking into account (f.§) and Proposition P.1], it
follows that

a'n(un,ka un,k) = )\n,k(un,ka un,k)n = )\n,k < 2kk2ﬂ-27 \V/TL, k € N. (49)

Consequently, by virtue of definition (£:4) of a, and of assumption (P)), and by using
a diagonal argument, it is easily seen that there exists an increasing sequence of positive
integer numbers {n; };cn, an increasing sequence of no negative numbers {\; }ren, a sequence
{uy, = (uz,uZ)}keN C HY(Q) x HY(QP) (depending possibly on the selected subsequence
{ni}ien), with u¢ independent of 2/, u? independent of zy, uf(1) = 0, u} = 0 on dw,
and a sequence {(&,&7)}, ¢ C (L*(2%))V"! x L*(Q%) (depending possibly on the selected
subsequence {n;};en) such that

Hm An, s = A, Vk €N, (4.10)

Uy — uy, weakly in H*(Q") and strongly in L*(Q%),

n2 Vk € N, (4.11)
& ufhk — b weakly in H'(Q") and strongly in L*(Q°),
Tn;
(1
LD, = g weakly in (L2(07)M,
, Vk € N, (4.12)
1 hg :
o T @mNuzi,k — &0 weakly in L?(Q%),
R S

as 1 — +00.
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To obtain u* € V., for every k € N, it remains to prove that
up(0) =0, VkeN, if N=2. (4.13)

By virtue of the first line in (E11]) and of the fact that u? ,(a’,0) = u}_,(rn,2’,0) for 2/
a.e. in w, for obtaining ([.13), it is enough to prove that

hm/ w (T2’ 0)de’ =0, VkeN. (4.14)
ub & No1 o1
By taking into account that ufl — 0 strongly in H(Q°) and that e <crp? hi,
TN
L2(Q)

by adapting the the proof of (2.4) in [[], limit (.14) can be achieved, if N = 2.
By choosing in ([.7), written with n = n;,

(

0 in wx]e;, 1],
N-—1
2
Tn, b / & —IN .
—0" (1, @) in wx]0, &,
v = h%l g’i
N—1
Tn; .
T v? in Q°,
L g

with v* € C5°(w) and {&; }ien CJ0, 1], it results that

g i — 1 h%
i : // —D e Dg:/vb)(rmzzc’)8 oo Oy U kvb(rnix')—dx+/ =Dyl kDo bda
Tnz " Q

E; i b
’rnl
N—-1
2

- i,
= N // w® 0 () N 4 A / b wbdz, Vi€N, VkeN,
hE wJ0 v &€ Qb 02

Consequently, by passing to the limit as i — 400, and by making use of ({l.1]) and ({.10)~({.11)),
one achieves

/ Dyl Dpv’da’ = Ay / ubvdr’, Yo' € Hi(w), Vk €N, (4.15)
N-1
if the sequence {¢;};en has been chosen such that hm gi=0and —4— << ¢g;.
Assume now N = 2. " .
By passing to the limit, as n; — +oo, in ([L7), with v = { 8 E gb’ and v* €

H}(]0,1[), and by making use of ([.10) and of the first line of (.11)), it turns out that
1 1
|w|/ Oy Ug Oy 0 dT N = )\k|w|/ uividry, Yo € Hy(]0,1[), Vk€N. (4.16)
0 0
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By adding (E.15) to ([.16), one obtains that

U € V007
Vk € N. (4.17)
aq(ug, v) = Mfug, v]1, Yo € Vg,

if N = 2. Finally, by passing to the limit, as n; — 400, in ([..§), and by making use of ([L.11])
and ({.17), it turns out that

_1 _1
C‘él()\k 2 Uk, )\h Quh) = [uk, uh]1 = 5h,k, Vk, h € N. (418)

Moreover, by arguing as in the proof of Theorem B.F, one proves that
liin A = +o0. (4.19)

Now, assume N > 4.

Let {©nneny € C(RY71) be a sequence such that, for every n € N, ¢, = 1 in {2’ €
RV 2| <rpby 0 = 0in RV — {2/ e RV 2 2/| < 2}, {@ntneny € CH({2 e RV L
rn < || <2r,}), 0 <, <1, | D, |2da’ = erY 3, where c is a constant

{z'eRN~Lir, <|2'|<2rn} "
independent of n, but dependent on N —1 (for the existence of such sequence, see Proposition

3.1 1in [f).

a 3 Qa
Now, by passing to the limit, as n; — +oo, in (f7), with v = { v e

v (0)pu(%) in 0
and v* € H(]0,1[), v*(1) = 0, where d = dist((/,0w), and by taking into account the
additional assumption (f.2), it is easily seen that

1 1
|w|/ Oy Ug Oy 0 dT N = |w|)\k/ utvidry, Yo € HY]0,1[), Vk€N. (4.20)
0 0

By adding (£.20) to ({.15), one obtains (f.17) (and consequently ({.1§) and (E.19)), if
4 < Nand r’ ! < h, < r

If N = 3, one obtains ([.2() by arguing as above, but by choosing ,, such that, for every
neN ¢, =1in{e/ e R" ' |2/| <1}, o =0In RV — {o&/ € RV . 2| < /r ),
{¢n}nen C Cl({x, € RV, < || < \/E})v 0<¢,<1, |D90n|2dxl =

{2/ ERN=Lp, <|a!|<r/rm}

—c(logm,)" ", where c is a positive constant (for the existence of such sequence, see Proposi-
tion 3.1 in [f]), and r* < h,, < —r2logry,.

The identification of u{ remains an open question when N > 3 and assumption ({.3) is
not satisfied.

Let, now, N =2, or N = 3 and r2 < h,, < —r2logr,, or N > 4 and v} ~' < h,, < rZ.
As in Step 2 of the proof of Theorem R., by arguing by contradiction, one can show that
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there not exist (, \) € Vs x R satisfying the following problem:

(

u € Vo,

o (T, v) = N[, v];, Vv € Vi,
(4.21)
@i =0, VkeN

[a,u]; = 1.
Precisely, assume that there exists (%, \) € Vi, x R satisfying ([221)). Let k € N be such that

A < )‘E’
and, for every n € N, let ¢,, be the solution of the following problem:

©n € Vp,

%
an(pn, V) = A <<Ea> Tn; Eb) >U> , Yv eV,
hn n

where 7 = (u?, ). Then, it is easy to prove that

=

n
N—-1

Tn 2

@ — " weakly in H'(Q%), @b — @ weakly in H*(Q),

as n — +oo. Then, by proceeding as in the proof of Step 2 of Theorem P.5, one reaches a
contradiction.

To complete the proof, one can argue as Step 3 of the proof of Theorem .3, O

Proof of Theorem [1.3. Theorem follows immediately from Theorem [.]], by arguing
as in the proof of Theorem [[.] at the end of Section B. O
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