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SUMMARY : The NASH-MOSER Generalized Implicit Function Theorem is
applied to an annular Free Boundary Problem related to jet or wave
phenomena' : local existence, uniqueness, and data dependance results
are derived, together with an application to an Optimal Control Problem.

RESUME : Nous appliquons le théoréme des Fonctions Implicite de J. NASH
et J. MOSER & un probléme & Frontiére Libre voisin d'un probléme
d'écoulement avec jet posé dans un domaine annulaire du plan. Nous
obtenons des résultats d'existence locale, unicité locale, et de régula-
rité par rapport a certaines données ; nous en déduisons une application
au Contrdle Optimal.



INTRODUCTION

In this paper we shall be interested by the following class of
Free Boundary Problems :

(C) Find a function z: and a curve y such that 2 e a harmonic function
defined in the subregion Qu,y of the two-dimensional space limited
by a fized (given) curve u together with vy ; z i8 equal to a given
function along u and z satisfies to :

z2=0

9z _
5 = aly

. [ * +
along y where qQ ¢ a given function and n the usual normal vector.

Such a class is a very important one for the modelization of physical
processes, such as
Flows with jets or wakes : see for example P.R. GARAREDIAN [1].
Stationnary waves : see for example R.K.C CHAN [1], J.T. BEALE [1,2].
Porous flows with Free Surfaces : seé C. BAIOCCHI et Al. [11].
- Plasma equilibria in tokamak machines : see A.S. DEMIDOV [1].

The purpose of our work is to study a model case of (C), for which
we prove local existence and uniqueness results together with regularity
with respect to some data : in particular, first order variational formulae
are derived for both z (distributed solution) and y (free boundary) ;
such formulas can be straightforward formally extended to the general
class (C) ; this extension is interesting in numerical applications :
we give such an application to a simplified Optimal Control Problem.

The main tool of our theoretical study is the NASH-MOSER Generalized
Implicit Function Theorem (G.I.F.T.) stated as in E. ZEHNDER [1], and used
as we explain in A, DERVIEUX [2]. This kind of G.I.F.T. have been used
for a different Free Boundary Problem by D.G. SCHAEFFER [13, and a
different kind by J.T. BEALE [1,2] ; J.T. BEALE's problems are not
very far from our model problem ; however we propose here a very direct
study, in the physical domain of the definition (C).

On the other hand, the differentiability results and variational
formulas which vie give are, as far as we know, new.

The plan is the following :
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We want to consider Free Boundary Problems in annular domains of the
plane, i.e. whose geometrical domains are bounded by two curves :
a fixed (given) boundary and a free (unknown) cne ; this leads to two
cases, according as the Free Boundary is "in" or "out from" the fixed one.

1.1. The inner problem

Let u be a sufficiently smooth curve without self-intersection point
which lies in the 2-dimensional space ; q is a real-valued non-negative
function defined in the open set 2, limited by the curve u (Qu 18
bounded) ; the Free Boundary Problem is

(1.1) Find an other simple closed sufficiently smooth curve vy, lying in
Q0 which, together with u, limite a doubly comnected open set Qu v’

and for which there extsts a function Z such that (see Fig.1)

Az =0 'mQu

)Y
u
z = on v
lgrad z| = q }
Fig.1

It is easily seen, via Maximum Principle, that (1.1)1 is equivalent to :

¥4 ='O in Qu,y
zZ=-1 onu
(1.1), z=0 }
: on y
9z _
an 3

where n is the normal vector outward pointing from Q, "
9

Let us consider the following assumptions (O<a<l) :

2+0,

(1.2) The boundary u is a C simple curve,

(1.3) The function q belongs to cl+e (5&)
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(1.4) For every x = (xq,%,) of Eﬁ, we have

q(x) 2 99
where 9% is a positive constant.
(1.5) There exists a couple (vy,z) such that
(1.5)1 y is a simple curve of 2, with a continuous tangential vector
and z belongs to Cl(ﬁh Y) while .its second derivatives are

piecewise continuous functions on §h y
2

(1.5)2 z is equal to O onu and 1 on vy

(1.5)3f {Igr?ad z|2 + qz}dx sf q2 dx .
Ry Q

u

Then we have the following existence result , proved by I.I. DANILJUK
1,371 :

Theorem 1 : Under assumptions (1.2) to (1.5), there exists a couple
(vs2), satisfying (1.5)1, which £s a solution of Probler (1.1). 0

Additional regularity property for the Free Boundary y is stated as
follows (I.I. DANILJUK [Ibid]).

Theorem 2 : Under assumptions (1.2) to (1.5), assuming too that

(1.6) . qet™® (@), 2eN, 222,
every solution of Problem (1l.1) such that (1.5)1 holds satisfies
(1.7) v 26 a CH1*® Lo, O

Remark 1 : Theorem 2 can also be derived from a result of
D. KINDERLEFRER, L. NIRENBERG [13, O

1.2. The outer problem

The localisations of the two curves limiting the domain are exchanged
(see Fig.2).

More precisely, u is a sufficiently smooth curve without self-intersection
point which lies in the 2-dimensional space ; q is a real-valued
non-negative continuous function defined in the doubly connected open set
Du’ limited by the curve u and the point at infinity ; the Free Boundary
Problem is

(1.8) Find an other simple closed sufficiently smooth curve y, lying in
Du, which, together with u, limits a doubly connected open set 2,



-7 -

and for which there exists a function z such that

Az = 0 'mﬂu

Y

(1.8)1 Z 0 onu

z=1 on v
lgrad z| = q

Analogously to (1.1)2, (1.8)1 reduces to

Az = 0 in @
U,y

-1 onu
0

__8_2_=q£°“
an

This second family of Problems have been studied by A. BEURLING [1] and
the important case where q is a constant by D.E TEPPER [1,2] whose
following results will be useful in the sequel :

Y4
(1.8)

Theorem 3 : Suppose that q 18 a positive constant and that the
bounded open set limited by u ie a starshape (resp. convex) set ;
then Problem (1.8) has a unique solution ; furthermore, the Free Boundary
18 an analytic curve and limits a starshape (resp. convex) bounded
open set. 0

S S T RS S N R T S S s s S ESs= S = =

2.1. Boundary parametrization

An important feature in the sequel is the analysis of the pertubation
of boundaries 3 for recent developments in boundary or domain dependence
techniques, we refer to J. CEA, A, GIOAN, J. MICHEL [1], D. CHENAIS [13],
A.M., MICHELETTI [1], F. MURAT, J. SIMON [1,2], B. PALMERIO, A. DERVIEUX
(1,27, 0. PIRONNEAU [1], B. ROUSSELET 1,21, J.P. ZOLESIO [11.

In this work, the boundary perturbation analysis is dealt with
by equipping a set of domains with a parametrization whichs maps into
a Banach space : a very simple parametrization applies to a family of
starshape domains, which we shall first consider ; an extension to a
larger family of domains will be explained in the sequel.
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Let T denote the one-dimensional torus :

T=R/2nZ = {10,211, 0 = 21} ; S

Tet s,,5,,55 be three real positive numbers and U 4 the subset of C 1( T)
defined by

S

Uyq = {ueC 1( T), upsusu,} .
where Uy and u, are two given functions of C 1(T) such that 0<u1<u2 H

S
let T, be the subset of C 2(T) defined by
s
2
Taq = 1veC “(T)s visysy,} .
2

vihere Y1 and Y, are two given functions of C “(T) such that Up<yYq<¥pe

For every couple (u,y) of uadxrad’ we shall denote by 2, v the open
domain defined by (see Fig.3)

(2.1) A,y = {(r cose,r sing)e RY, u(s)<rey(e)}

Fig.3

For simp]icity of notations, the curves parametrized by u and vy
will be also dencted by u and y (so that 39, y=uv v).
&)

Let q be a sufficiently regular real valued function defined on R2 H

for an arbitrary u in Uad’ we consider the following Free Boundary Problem :
(2.2) Find a couple (v,z)

yerad

S3 _

(2.2)1 zeC ° (@
U,y

)

such that



az = 0 m{zu

-1 onu
=0

N N
n

(2.2),

Y4 ony

4

where n 1s the normal vector on vy, pointing from 2, "
L]

2.2, Formulation of the mathematical problem

Problem : Given a triple (uo.yo,zo) solution (1) of (2.2), do there

exists two positive numbers 91 and Oos @ netghbourhood Dc of ug in

01 1
C (T) and a mapping
o
r: D —C2(T)
(2.3) !
u +—=T(u)
such that
(2.4) '(ug) = ¥
(2.5) VUeDol,BZ(u) such that

(uy, T(u), Z(u)) Zs a solution of (2.2)?
Is this mapping continuous? Differentiable?

The main purpose of this work is to give positive answers to those
three questions. For the understanding of the proof, it will be very
useful to do formally the main computations.

2.3. Sketch of a formal computation

It has been observed in the two preceding papers [1,21 that when
a Free Boundary Problem is decomposecd tc get rid of the distributed
dependent variable (namely z in (2.2)), it is useful to look for
a convenient decomposition. In particular a coupling distributed
well-posed problem can be introduced, which satisfies a statio-

narity property with respect to the Free Boundary ; this property is
useful to obtain a canonic linearization of the Free Boundary Problem.

For the present case, let us introduce the following coupling

problem :

(1) Ug is the data.



- 10 - .

. S N .
For (u,y)euadxrad, zF(u,y) (%) is defined on 2 ¥ by

AzF(u,y) =0 in 2,

Y

2.6
(- ) zF(u,y) ==1 onu

(—g%— + b)zF(u,y) =q onyvy.

It is clear that if the Free Boundary is known, we need only to solve
(2.6) to obtain the corresponding distributed solution (this justify the
term “"coupling"). Two particular cases of (2.6) : the Neumann Problem
(b = 0) and the Dirichlet Problem (b = +c ; the last line of (2.6)
becomes : zF(u,y) = 0 on y) seem to be introduced more naturally ; _
however, none of these two choices yields a stationary counling. On the
other hand, if we define the function b as follows :

(2.7) b=H4+ % F.grad g>

in which H denotes the algebrical curvature of vy, positive where

is convex
QU’Y CO 3

then, we have the following result (stated here formally ; we precise
and prove it in the sequel) :

Proposition 1 : Let (uo,yo) be a couple of uadxrad’ solution of
Problem (2.2) and such that

(2.8) Problem (2.6) (2.7) is well posed for (U,y) = (uo,yo).
Then the mapping Zp defined by (2.6) (2.7) satisfies the following
stationarity property

(2.9) il

a.Y (U09Y0) =0 on QUO,YO'

The choice (2.7) and property (2.9) have a physical interpretation :
in the case where g is a constant, b is exactly the curvature and the
last Tine of (2.6) becomes

(2.10) ('7%?' + H)ZF(UsY) =q;

now it can be shown for a lot of simple potential jet flows that (2.10)
(with zF(u,y) denoting the stream function) holds along every streamline.

(1) The index "F" means that a FOURIER-type boundary condition is
chosen along v.
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Condition (2.10) have been first introduced by P.R. GARABEDIAN [1]
and generalized to (2.7) by C.W. CRYER [1] to construct fastly convergent
iterative methods for solving jet problems analogous to (2.2).

We shall now use the coupling problem to construct a new formulation
of the Free Boundary Problem : let (u,y) be a couple of U g*Tad 3 then
the corresponding solution zF(u,y) of (2.6) admits a trace along y ; this
trace can be defined as a function of the polar angle 6 ; thus we may write

0
ZF(U:Y)lY e C(T) ;
now we define the following mapping

0
y: U xr,, —C(T)
(2.11) ad"ad
(usY) — ZF(U’Y)IY .
Then the Free Boundary Problem (2.2) may be represented by the
mapping ¥ :

For a couple (u,y) of U .xr_.,
(2.12) ad "ad

{(u,y) is a solution of (2.2)} & v¥(u,y) =0 3
and the mapping T defined in (2.3) is implicitly defined by (2.12).

A natural question is whether this new definition is well-posed ;
the answer is the main consequence of Proposition 1 and is stated as
follows :

Proposition 2 : Let (uo,yo) be a couple solution of Problem (2.2)
which satisfies (2.8) ; then the partial derivative of the mapping ¥
with respect to its second argument may be at least (1) formally computed
as follows :

v _ >
(2.13) —3;—(u0.yo).6y = <n,r> q|y0xsy

(v = (cos8,sing) 3 8y s an arbitrary increment of Yo/

Sketch of the proof : let us consider Definition (2.11) : the argu-
ment y occurs in two manners in v : firstly via the coupling problem
(2.6), secondly via the trace operator on y ; thus the derivative consists
of two terms :

92 '
oV _ F 3
—5y(Ugs¥g) - 8v = [ 5y (”o'Yo)"”]I * [‘W‘("’I )‘GY]
YO Y Y YO

$ = ZF(UC’YO)

(1) The rigorous proof is contained by the sequel.

































































































































