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Summary

We investigate properties of existence, unicity, representation, of the
(causal) solutions of implicit linear systems (or "generalized systems') when
the underlying matrix pencil is singular. We relate the geometric and the
algebraic approaches. The main conclusion is that if the underlying matrix
pencil is "column singular" (i.e. has a non empty set of column minimal indices)
the causal solutions, when they exist, can exactly be represented as the output
of a classical two player dynamical system, where the second player accounts
for the non unicity. Properties of the equivalent system are related to those of

the singular matrix pencils made with the given matrices.
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Résumé

On étudie les propriétés d'existence, d'unicité et de représentation des
solutions (causales) de systémes linéaires implicites (ou systémes généralisés)
quand le faisceau de matrices sous-jacent est singulier. Nous faisons le lien
entre les approches géométrique et algébrique. La conclusion principale est que
si le faisceau de matrices est "colonne-singulier" (a un ensemble non vide
d'indices minimaux de colonnes), les solutions causales, quand elles existent,
peuvent &tre exactement représentées comme la sortie d'un systéme linéaire
classique 3 deux joueurs, oii le deuxiéme joueur représente la non unicité. Les
propriétés du systéme équivalent sont reliées 3 celles des faisceaux de matrice

singuliers construits & partir des matrices données.



1. - INTRODUCTION

1.1, -~ Problems considered

We study systems given in one of the following two forms, respectively
discrete and continuous

(% E y(t+1) = F y(t) + G u(t),
(%) EFHO = Fy(0) + 6 u®),

with the following definitions :
y(t) € R" is the (fundamental) output of the system,
u(t) € rP is the input

E and F are r x m constant matrices, G is a r x p constant matrix. r is called

the rank of the system. It may be larger than, equal to or lower than m.

The questions of existence and unicity we shall investigate arise only if
E is not invertible (in case r = m). We shall also consider problems of
representation and canonical forms. We are mainly interested in singular systems,
where the solution is non unique.
DEFINITION O - If r = m, the system is called square.

PROPOSITION O - A system (E, F, G) is always equivalent

i) to a system with rank equal to the rank of the composite matrix

[E F ¢].
ii) if this rank is lowerthan m, to a square system.

PROOF =-i) If the lines of the composite matrix [E F G] are not independant,

we can always delete redundant equations in (*) or (xx).

ii) If r <m, we can add lines of zeros to them.



HYPOTHESIS 0 - Because of property i) above, we shall always assume that
rank [E F G] = r.

1.2. - Motivations

i) P.I.D. control. Systems of the form (**) naturally arise when
applying output derivative feedback to an ordinary system. There the resulting
implicit system is square. The interesting question is its limit behaviour when
the E matrix is "close" to be singular. A perequisite to a complete understanding

of the resulting "infinite frequency'" modes (see [1]) is the present analysis.

ii) Systems with a linear state or state-control constraint. An equation

of the form
0O0=Cy+Du

may be added to a standard system as an extra set of equations, resulting in a

matrix E made of the identity and iines of zeros. There r > m.

iii) Interconnected systems. The natural statement of the equations of

sets of interconnected systems may lead to equations of the type (ii).

iv) Econometric systems. Econometric systems are almost always of the
form (%) (or a more complex one with non linear r.h.s.). Most famous among
them are Leontief's models, and ARMA models with non invertible leading

coefficient.

v) Perturbed systems. The perturbed system

X=AxX+Bu+Cuv
is equivalent to the implicit system
Ex=EAX+EBu

where E is a matrix of maximum rank such that E C = 0.

vi) Time reversibility in discrete time systems. Backward projection

for a standard discrete systems
el TFFH P C Y

leads to the study of the backward system

F X =% -6y

where Xerl = Xk ) and u =u_ _,.



vii) Operator splitting numerical methods. Solution of the equation
Ay=f

can be pursued using a recursion of form (*) with A=E -~ F and G u = f = constant.,

(or G u, ~ f).

k
viii) Implicit differential equations. The representation results obtained
here may be of some interest in their own sake in the study of implicit linear

differential equations.

1.3. - Originality

More than ten years ago, Rosenbrock's theory was explicitly devised to
address implicit systems, of a more complicated type since higher derivatives
were allowed as well as derivatives of the control. See a rather complete
account in ROSENBROCK [2]. Since then, the precise type of systems we study have
been investigated by Luenberger and co-workers ({33, [41, [5]). Beyond problems
of existence and unicity, they have considered optimization problems. More
recently papers by Verghese, Kailath and coworkers have dealt with the infinite
frequency aspects of these systems [1], [6]. Systems of the form (x) also appear

in connection with linear programming, see for instance [13].

All the above references deal with the "regular case", i.e. square systems
with det (z E - F) # 0. In that case, as we shall see, existence implies unicity.
Our main emphasis is on the singular case, and the representation of non unicity.
Some works on that topics are due to Campbell. If [7] again deals only with the
regular case, [8] considers a very particular instance of the singular case. It
is a sub-case of our "static non unicity". Moreover, his application to linear

systems is further restricted to the regular case.(l)
1.4, - Qutline

In section 2, we develop the (elementary) geometric theory of strictly
causal discrete systems (*). In the very short section 3, we check that all the
results, but a minor one, carry over to the continuous case. In section 4 we
investigate the geometric theory of the causal (but not strictly causal) case.
Section 5 is devoted to the algebraic theory, invariants, transfer functions and

canonical forms.
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Footnote p. 4

(1) While this paper was being typed, the author got aware (through
D. GABAY, of INRIA) of the work of WILKINSON [14]. It deals with the géneral
singular case, but lacks the necessary tools of control theory to give a
complete description of the nonunicity via invariants. It essentially covers
the method of our paragraph 5.4, without the references to the geometric

and transfer function theories.



2. - DISCRETE TIME SYSTEMS, THE STRICTLY CAUSAL CASE

2.0, - Causality

We quickly review here what causality, or strict causality, means for a

dynamical system with possibly non unique solutions. We deal with the discrete
system (*), the extension to (**) is straightforward, provided, in the definition
of causality, "¥t" be replaced by '"for allmost all t". As a consequence, the
difference between causality and strict causality, as given here, vanishes. Strict

causality, in the continuous case, will carry an added requirement. See section 3.

Let §) be the set of admissible control functions, i.e. applications from

[to,t1] into R™. (Usually, t; = + =), A correspondence of solutions is a set-

valued function S from 2 into the set of trajectories, which to each u(:) in £
associates a set S(u(*+)) of trajectories y(:) satisfying (*). Let Sr(u(-)) be the
set of the restrictions to [ty,T] of the elements of S(u(-)). We recall the

DEFINITION : The correspondence S is called strictly causal if, given u;(-)

and u2(:) in €,

if u;(t) = ua(t) ¥t <71, then ST(U1(')) = ST(U2(-)).

S is said causal if the conclusion holds provided uj;(t) = us(t), ¥t < 1. (In all
the sequel, "strictly causal may correspondingly be replaced by "causal"). The
set of strictly causal solutions of the system is the maximal strictly causal
correspondence of solutions, i.e. the union S of all of them.

Given u(*) in §, a trajectory y(+) is called a strictly causal solution if it

belongs to S(u(.)).

A characteristic property of a strictly causal solution is that, in addi-
tion to satisfying (x) for all t, it is such that, for all T in (to,t1), the
system (x) initialized at y(T) has strictly causal solutions for every sequence

{u(t), t 2 1.}

(The reader may easily check that this inductive characterization is indeed

necessary and sufficient).



2.1. — Existence

We write £ = R(E) and G = R(G) the respective ranges of E and G, as sub-

spaces of Y = R". Consider the following relation for a linear subspace V of Y :
(n FV < EV

DEFINITION 1 - We call caracteristic subspace of the pair (E, F) the largest

subspace y* satisfying (1).

PROPOSITION | - This subspace exists, since {0} satisfies (1), and this equation
being stable under addition of subspaces,tl*is the sum of all subspaces that

satisfy it. (However, V* may be trivial).

THEOREM 1 - The system (x) has a strictly causal solution over an interval of

arbitrary length, for any control sequence u(.), iff
(2) Gec EV*
(3) y(0) ¢ v*

PROOF -1i) Necessity. Let t be given. In order for y(t+l) to exist, it is

necessary that
Fy(t) + Gu(t)e E ,
and since this must be true for all u(t) ¢ RP, this implies

GecE and y(t) ¢ Ve = F-1

(B).

In order for the last relation to hold for every u(t-1), we need
G <E V°, y(t=-1) v = (e v°y.

Continuing this process, we construct the sequence vk by

k+1

(%) vl - e vk

and we must have for all k,



G <cE VK, y(t-k) e V5.
Necessity follows from the following fact.

PROPOSITION 2 - The sequence Vk is decreasing and converges to V* in no more than

m steps.

PROOF - From E V° c E follows that F Vl c E, and thus Vl c Uo, and so on by
induction. However subspaces can decrease only by loosing one dimension, which

cannot occur more than m times in Rm. Let k be the first index such that
Vk+]

that Vk satisfies (1). Therefore Vk c V*. This establishes the necessity of (2)

= Vk. The sequence Vk becomes stationary from this point on, and (4) shows

(3), but not the proposition, which states that Vk = V*. This can easily be
proved directly, but follows also from the sufficiency of (2) (3) that we now
establish.

ii) Sufficiency. Let V be a rectangular injective (full column rank)
matrix such that R(V) = Tl (let dim V* = n*, Vi:imx n*). Relations (1) and
(2) imply

>l

(5) AA : F V

[}

EV

(6) 4B : G

EVB

. * * . . * *
where A is an x n matrix, and B is n x p. We also have that y(t) ¢ V

is equivalent to

*

n ae(t) e R : y(r) =V g(t).
Now, (*) is equivalent to
(8) EV E(t+]) = E V(A £(t) + B u(t))

which, together with (3) has the obvious solution

(9 £(e+1) = A £(t) + B u(t),

y(0) =V £(0) .



REMARK 1 - When (2) is not satisfied, we may restrict u to belong to

=1 ..
uad =G (E V*). In the sequel, condition (2) may always be understood to mean

that this reduction has been performed.

2.2, - Unicitz

DEFINITION 2 - We call characteristic kernel of the pair (E, F) the subspace N
defined by

(10) N =ZKer En V.
Let dim N = q .

DEFINITION 3 - The pair (E, F) is said C-regular (or, more accurately, column

regular), if q = 0
(1n N = {0}.

THEOREM 2 - Under conditions (2) and (3), the solution to equation (%) is unique,
for any u(.), iff the system (the pair E, F) is C-regular. Otherwise the non
unicity is described by the arbitrary choice of the sequence v(.) in equation
(14) below.

PROOF -i) Unicity. Equation (8) implies (9) only modulo the kernel of EV,

which reduces to {0} only under condition (10).

ii) Non unicity. If N # {0}, let us chose a decomposition of V" of the

form
(12) V*=MeN.
To this decomposition, we may associate a partition of V of the
form
(13) Vv = [MNI], EV=I[EM 0].

Let us partition accordingly £, A and B in the following way :

) w0 ()



By definition EM is injective, so that (8) is equivalent to

(14) x(t+1) = A x(t) + B u(t) + C v(t),

(15) y(t)

M x(t) + N v(t).

The non unicity is therefore described as the effect of an extra input
in a classical linear system. We may apply to it the tools of two player control
systems. In that respect, it is worthwhile to notice that V being injective,
knowledge of y is equivalent to the knowledge of both x and v. (This is important,

for instance, in discrete capturability theory [10]).

REMARK 2 - The matric C may of course be of less than full column rank. If

this is the case, by a proper choice of basis we can write

c=I[c, 03,

1

accordingly partitioning v in v' = (v; vé). Then v, must be considered as

parametrizing a dynamic non unicity, since its effect propagates forward in time

through the dynamics, while v, parametrizes a static non unicity, since it appears

only in the output equation (15) (Recall that N is injective).

The triple (A, B, C) is clearly non unique. It may be altered through a

change of basis within V*. This leads to the following fact,

PROPOSITION 3 - The pair (A, C) is uniquely defined up to a transformation of
Kalman's feedback group (see KALMAN [11]).

PROOF - A change of basis within V* can be described as
i) a change of basis within N, i.e. on v.
ii) a change of choice of M within V. Let M generate an alternate M :

Mx+Nv=Mx+Nv_

<
[l

The difference v - v depends linearly on y, and is null when y ¢ N

i.e. when x = 0. Therefore it depends linearly on x alone :

v="Pzx+ v.
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Using the fact that M is injective, this gives
Xx=0Qx.

where Q can be calculated as a function of M, ﬁ, N and P. Therefore this is

equivalent to a state feedback super imposed on v and a change of basis on x.

iii) a change of basis on x alone (which can, of course, undo the

previous one).

We shall study further the invariants of (A, C). However an interesting

geometric one at this point will be provided by the following definitionm.

DEFINITION 4 - We call neutral subspace of the pair (E, F) the smallest subspace

Vi that satisfies (1) and contains N.

PROPOSITION 4 - Such a subspace exists, and is the intersection of all subspaces

that contain N and satisfy (1),y* being one such subspace.
THEOREM 3 ~ Two solutions of (*) corresponding to the same initial point and
same sequence u(.) are equal modulo U,. V; is image by V of the reachable space

of the pair (A C) in (14).

PROOF - By substraction, two solutions of (x) corresponding to the same initial

point and the same sequence u(.), have their difference 8y that satisfy
Sy(t) =V Sg(t) = M 6x(t) + N &v(t), s£(0) = 0,
sx(t+1) = A 8x(t) + C 8v(t), 6x(0) = 0.

Therefore, &§x(t) belongs to the reachable space of the pair (A, C). Conversely,

any solution of this system remains strictly causal and satisfies
(16) E §y(t+l) = F 8y(t), sy(0) = 0,
and can therefore be added to a solution of (%) and still remain a solution.

The fact that V_ is exactly the (image of) reachable subspace of the pair

(A, C) will be a corollary of theorem 5 below. s























































































