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ABSTRACT: The design of adaptive algorithms for the purpose of the tracking of slowly
time varying systems is investigated. A criterion for measuring the tracking capability
of an algorithm in this situation was introduced in an earlier work; the domain of validity
of this criterion is shown to be much wider than expected before. On the other hand,
multistep algorithms, introduced in the Soviet litterature, are generalized and
systematically studied; they are shown to provide significant improvements over the
classical (one-step) methods for the purpose of tracking. Finally, a complete design
methodology for adaptive algorithms used on time varying systems is given.

CONCEPTION D'ALGORITHMES ADAPTATIFS MONO- ET MULTIPAS
POUR LA POURSUITE DE SYSTEMES NON STATIONNAIRES

RESUME: Dans ce papier, on examine les problémes posés par l'utilisation d'algorithmes
adaptatifs pour la poursuite de systémes lentement variables dans le temps. On introduit
un critére de qualité permettant d'évaluer a priori la capacité de poursuite d'un
algorithme. D'autre part, l'on s'intéresse aux algorithmes multipas introduits dans les
travaux de l'école Russe; ces algorithmes multipas ' présentent des intéréts pour la
poursuite de systémes non stationnaires. Enfin, on donne une méthodologie -compléte
pour la conception d'algorithmes adaptatifs dans ce contexte.
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PART I: INTRODUCTION, EXAMPLES, AND THEORETICAL BACKGROUND.

Among several other reasons, the success of adaptive algorithms in signal processing
and automatic control is due to their ability to track slowly time varying systems with
time invariant models. But, surprisingly, little has been done in order to obtain a
convenient theoretical framework for analysing this problem. In order to define more
precisely what we have in mind with the "tracking of slowly time varying systems",
let us recall the problems that are encountered in the design and analysis of adaptive
algorithms.

The first problem is the problem of convergence (or consistency in the framework
of statistics): in this case, the true system is assumed to be time invariant. This is a
wellknown problem we will not talk about.

The second problem is the transient behaviour: how fast the adjusted parameter
converges in the vicinity of the desired value after an initialization, or after some abrupt
and "large" change in the true system? To my knowledge, only rules of thumb are now
available to handle this problem. ‘

The third problem is the convergence rate: the true system is assumed to be time
invariant, and one is interested in the speed of convergence of the algorithm to the
desired value of the parameter after a long period of time. Extensive studies have been
done in this direction, in the litterature of statistics as well as in the litterature of
identification. Again, this is not the purpose of this paper.

Finally, the tracking problem we want to investigate in this paper is the following:
assume that, after some transient period, the adjustable parameter has approached
to the vicinity of its desired "true" value. We want now to investigate what happens
if the true system is varying "slowly" with time. It has been recognized for a long time
that a good way of modifying the classical adaptive algorithms (i.e. with decreasing
gains) is, either to introduce a forgetting factor, or to use constant gain algorithms
(see Ljung & Soderstrom (1983)). Another way is to set the identification problem in
such a way that the tracking is obtained through the use of an extended Kalman filter
(see Bohlin (1977) for a first attempt in this direction).

A first family of papers has been involved in getting upper bounds of the short time
mean square error (by error, we have in mind the deviation of the estimated from the
actual value of the parameter), by only assuming that the speed of variation of the
true system is bounded by some deterministic constant. The work of Farden & Sayood
(1980) belongs to this family, where the "Widrow" LMS algorithm is investigated in the
case of independent regression vectors. But the most interesting contribution has been
given by Macchi & Eweda (1981) for the same algorithm, but for m-dependent regression
vectors and with more illuminating results. In fact, I should say that this paper is the
only rigorous treatment of this problem which avoids the use of any asymptotic argument,
but this method applies to this simple algorithm only.

A second family of papers uses asymptotic arguments for the prupose of the analysis,
thus resulting in questions like "what is the domain of validity of the approximation?",
but with more general methods, and results leading to effective design methods for
adaptiva algorithms. To this family belongs the pioneering work of Widrow & al.(1976)
where the LMS algorithm is analysed for independent regression vectors. Let us also
mention the work *of Benveniste & Ruget (1982) for general adaptive algorithms with
- constant gains. Related to this approach is also the work of Kushner & Huang (1981)
where a diffusion model is given for describing the behaviour of a general adaptive
algorithm in the presence of time varying systems, and of Kushner & Huang (1982),
where the digital phaselock loop is analysed. Finally, a recent paper of Widrow & Walach
(1984) presents results similar to those of Widrow & al (1976). The present paper also
belongs to this class; compared to our previous work, we shall introduce our asymptotic
analysis in a more satisfactory way, thus resulting in a large possibility of generalization.
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As we shall see in this paper an interesting generalization will be the analysis of
multistep adaptive algorithms ‘in the case of the tracking of -time varying systems.
Multistep methods for the finite difference approximation of differential equations
are wellknown in the field of numerical analysis, see Henrici (1963) for a classical
treatment. Howewer, multistep algorithms have been also.introduced in the field.of
stochastic approximations of the Robbins-Monro type by several authors of the Russian
school (Shil'man & Yastrebov (1976, 1978), and the remarkable paper of Korostelev
(1981) where multistep algorithms are analysed from the viewpoint of the large deviation
theory), and by Ruszczynskyi & Sysky (1983). Shil'man & Yastrebov have investigated
in"a heuristic way and by simulations the transient behaviour of multistep algorithms,
showing that interesting improvements can be obtained in some cases. But a long
discussion occurred in the Soviet litterature about the convergence rate of those
procedures: some of them are shown to be less efficient, and other as efficient as the
classical one-step methods. One of the pruposes of the present paper is to clarify this
discussion.

The purpose of the present paper is to give quantitative design methods for both
one-step and multistep adaptive algorithms in the case of the tracking of slowly time
varying systems. Although the approach is fairly general, the results are more relevant
to adaptive signal processing thant to adaptive control. The questions to which we shall
give an answer are the following:

(i) Is it possible to measure a priori (i.e; without any -prior knowledge of the possible
disturbance acting on the true system) the tracking capability of a given adaptive
algorithm? ‘ :

_(ii) How to design in an optimal way the algorithm when the characteristics of the
.disturbance are approximately known? (Optimal design means here the choice of a one-
or multistep form of the algorithm, and of the corresponding gains).

The paper is organized as follows. First of all, two basic examples will be introduced
for the purpose of the illustration of our approach; then the necessary theoretical
background will be presented. ‘

The second part of the paper will be devoted to the analysis of one-step algorithms,
i.e. classical ones. A new asymptotic analysis will be presented; and answers will be
given to the two questions mentioned above. The tradeoff tracking/accuracy will be
analysed for both zero- and non zero drift models of the time variations of the true
system. A link will be established between the measure of the tracking capability, and
the classical Fisher information matrix.

The third part of the paper will be devoted to multistep methods. Multistep algorithms
will be shown to improve the tracking capability, and the problem of the optimal design
-of a multistep adaptive algorithm will be solved for non zer drift models of the time
variations of the true system. A connection will be established with the Kalman filter
approach and the "smoothness priors" of Gersh & Kitagawa (1984). s



I TWO TYPICAL EXAMPLES.

I.1 THE DIGITAL PHASE LOCKED LOOP.

We refer the interested reader to Benveniste, Vandamme & Joindot (1980) for a
more detailed presentation. Let us consider the case of the 4-PSK (Phase Shift Keying)
transmission scheme in data communication; we shall describe this system in the baseband
equivalent form (Falconer (1976)). An i.i.d. complex signal (ag)of the following form

a: » o { ©/4 + k2v /4, k=0,1,2,3 } (1.1)

is sent through a complex c'hannel; the receiver observes the complex signal
y = ( Z 81 at-k v, 1.2)

where (s, ) is the channel (including the baseband equivalent effect of the transmission
and reception filters, together with the effect of the proper channel, the noisev being
also complex); ¢« is the phase shift due to the channel. The model (1.2) is redundant
unless we assume the normalizing condition sy >0 . Assuming that the distorsion of
the channel is small, i.e.

) Iskl << 5o (1.3)
k#0

the main degradation is then due to the unknown phase shift ¢4. The purpose of the
DPLL is then to estimate this phase shift, to rotate the received signal by the opposite
of the corresponding estimate ¢ , and to apply a simple decision rule to ye-e 1%t for
recovering an estimate 3 of the message. Typical algorithms for estimating ¢ are the
following

ea1 T b T e (o), ¥20 a9

where

et(¢) = Im( y4 e-i4¢ ) ( Costas Loop)
, : (1.5)
-i¢ ¥ o

et(cp) = -Im( y, e at(¢,) ) (Decision Feedback Loop)

where 3,(¢)is given by

ét(¢) = sign( Re Y, e-i(b) + i sign( Im Y, e-i¢ ) (1.6)

(the superscript * denotes the complex conjugate).









































































































