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Abstract

Several techniques for experimental determination of floating point precision
in practical computations are examined, and applied to linear algebra algorithms.
These techniques are simple enough to be directly applicable to existing production
codes, requiring a very limited amount of software on many machines, and yet they
vield interesting information on the numerical precision of a computation.

Our choice of linear algebra algorithms includes a direct solver (namely the MA32
program from the Harwell Library), several variants of preconditioned conjugate
gradients. The results may be of interest as method selection criteria and thus
complement M FLOP performance data available from several sources.

Résumé

Nous examinons plusieurs techniques pour déterminer la précision des calculs
en virgule flottante dans les algorithmes numériques, en particulier en algebre
linéaire. Ces techniques, suffisamment simples pour étre directement applicables a des
codes industriels, exigent un volume limité de logiciel pour leur mise en oeuvre sur la
plupart des ordinateurs, tout en étant capables de fournir des informations intéressantes
sur la précision des calculs. ]
A titre d'illustrations nous avons choisi : une résolution de systéme linéaire par méthode
directe (plus précisément la routine A7A432 de la librairie Harwell); plusieurs variantes
de gradiants conjugués préconditionnés. Les résultats peuvent &tre utilisés comme -
critere de sélection de méthode, et complémenter les évaluations de la vitesse en
MFLOPS obtenues par d'autres moyens.

*) Computations performed on the CCVR equipment
1) 1. Duff was at INRIA on leave from Harwell

Présenté a
Sixieme Colloque International sur la "Simulation d'écoulements par ¢léments

finis"
Sixth International Symposium on "Finite Element Methods in Flow
Problems”

Antibes, Juin 1986.
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1 Introduction

The evolution of computers large in both speed and memory size now makes
practical numerical computations that exceed 102 floating point operations.
In standard practice, programs are being “stretched” to cover finer and finer
discretized models, with little consideration given to their limitations in terms
of arithmetic precision.

However, the basic floating point precision of the machines has not varied much
in the recent years, since it is generally felt that the speed issue is still the most
important. Most of the effort has been towards a standardization of floating
point formats and the construction of High Precision Arithmetic, which is not
generally available and incurs high performance penalties [JW86]. Our present
view is that the systematic use of some easy to use precision evaluation tools
can help both at algorithm design and coding stage and when selecting an algo-
rithm for a particular application. This implies being able to apply the method
on production codes with little, if any, programming cost and to analyze the
results.

The introduction of vector computers with large memories, especially those with
32 bit Floating Point capabilities, brings us closer to the limit where precision
consciousness may become a major issue. Moreover, this class of machine natu-
rally comes with powerful restructuring and optimizing compilers which perform
some transformations that can potentially affect the floating point precision of
a result [KM}[KKLW]. Here too we feel that a properly instrumented approach can
help to cope with the issue.

2 A Model of Floating Point Arithmetic
2.1 Basic Notions

The most difficult aspect is to have a model that can be precise enough to ana-
lyze the phenomena, yet abstract enough to permit meaningful study of whole
algorithms. This question is not totally identical to the one of making floating
point representation characteristics available to high-level language codes.In the
latter case, one would be seeking to adapt at run time the algorithms to exploit
the full precision of the computer. In the former case we want to assess how
successful the algorithm is, and how hard the problem is.

The aim of normalized floating point representation is to bound the admissible
relative error on arithmetic computation, under the constraint that the operands

and results are neither in the OVERFLOW range, nor in the UNDERFLOW range. If
this is true, one has:!

Yue 7L ; Vve 7L

1Some machines may exhibit deviations from this model. e.g. Cray X-MP




orh = (wopr) x(1+9) (1)

6] < Uerr

Where Uerr is 2 machine dependent constant, the maximum relative error,
whose relation with the number representation is discussed in detail in [Bx],
[Kn] and [Hw]. '

The main problem in analyzing an algorithm’s behaviour is that this relation
introduces an auxiliary variable §,pnum per operation in the computation. Set-
ting nops to the number of actual floating point operations, the actual result
is thus a mathematical function of the data D and the set of individual relative
errors {81, ...y Snops) %: ,:'

] =[] .‘ )
= F5 (valg(D) , (61,..., Snops))
under the constraint:
|6i] £ Uerr

{In the above formulae we have made use of the notation: Program’s floating
point data: D; Data value in the field ®: valg (D); Floating point result
expressed in R: 7. )

On the other hand, the exact result is expressed:

R - 7(D) (3
= F; (vaiz{D) , (0,...,0))

2.2 On the Influence of Vectorization Techniques

The vectorization techniques are aimed at exploiting the existing potential par-
allelism in programs so as to obtain significant speed-ups on pipelined machines
and more specifically vector computers. They can be classified in two very broad
categories: program flow and algebraic related transformations.

2.2.1 Program Flow

These techniques are aimed at restructuring the program, but do not require
any knowledge of the properties of the basic operations, besides the fact that

each operator | op |defines a pure function from its operands to its results: res «—

(01, 02). This implies that the exact initial sequence of “atomic” operations

3Since we have not excluded here tests depending on floating point quantities, this amounts
to saying that the program’s output is a function of its inputs D » which may be highly non-
differentiable.



and results are produced on the binary representation of each partial result,
thereby ensuring identical numerical properties.

These transformations are applied either source to source, in an appropriate
high level language, or in the process of translating from such a source language
to machine code. In both cases, we emphasize that the above statement is
exact if the final implementation of floating point operation is identical when
the machine code is generated. In particular, it must be true that scalar and
vector floating point operations are exactly identical, that no improvements
like keeping extra mantissa bits for register quantities, floating point operator
strength reduction,.. ., are used.

Among those transformations, the most notable are: loop splitting, blocking,
reordering, alignment and distribution; replacement of IF by masks, or SCATTER
/ GATHER based constructs. A detailed description of these transformations can
be found in Kuck [KKLW], Kennedy [AK] and [LT] . '

When dealing with conditionals, some of these techniques can nevertheless
produce additional intermediate floating point results - possibly invalid -, which
will not participate in the final results, but which must not produce interrupts
when computed. Since the final result will not be affected, we do not have to
deal with them here, other than to mention that the UNDERFLOW and OVERFLOW
diagnostics that may ensue should be ignored,® unless they really abort the
computation. In such a case, we would be much better off if the hardware
returned NaN ¢, as defined in the IEEE standard [Ste], and is capable of handling
operations between NaN. If restructuring transformations are well designed, the
final results would only involve well formed legal floating point numbers, ie. non
NaN.

2.2.2 Algebraic

The techniques involved here make use of the algebraic properties of the arith-
metic operators. The simplest use only the commutativity and associativity of
addition and multiplication in the reals. The more sophisticated make use of
the field properties of the reals. Of course, such properties do not hold in the
floating point arithmetic, leading to modifications of the arithmetic behaviour
of programs. Among these operations, we find:

e tree-height reduction of general expressions,
e reduction parallelizing by tree-height reduction for 7., z; and [I7.., =;,
e recurrence solving, for instance by odd-even reduction / elimination.

s floating point operator strength reduction

3The adequate hardware and software features should really permit to inhibit these inter-
rupts

4Yalis are symbolic indicators encoded in the floating point format, meaning that the float-
ing point item represents an invalid result or unavailable data



Detailed references can be found in Brent & al. [BKM], Chen & Sameh [CS],
Heller [Hel], and B.Philippe & M. Raphalen [PR].

3 Determining the Precision of a Computation

Starting from formula (1), there are several measures of error we are interested
in:

e worst case error, which corresponds to:

|6:] zatxlerr 75 (valz(D) , (61, 8rops)) (4)

- % (valz(D) , (o,...,0))

e statistical error estimate.
e sensitivities of errors on individual operations.

Worst case estimates have been widely used in connection with linear algebraic
algorithms, and a systematic analytic study of numerical precision by Wilkinson
and others has been most beneficial [¥il]. However, they tend to overestimate
errors, and their application requires a thorough mathematical analysis, espe-
cially if realistic estimates are sought.(Cf. §5.2 ) _

As a reference in making these estimates, we can use the condition of the
problem, which is generally taken to be the sensitivity of the result upon errors
in the problem data:

max

o] < Uerr Fs(vale (..., (De+px)) , (0,...,0)) (5)

= % (valr(D) , (o,...,0))

A sound requirement for a stable algorithm would be that the numerical error
be no greater than the problem’s condition.

3.1 Perturbation Techniques

In order both to avoid the analytic difficulties, and to seek a statistically relevant
error estimate, these methods consider that the §; are independent random
variables, distributed according to a known distribution with zero mean, and
postulate that the results will also share a known distribution. From the result



distribution’s variance the error estimate is then derived. These methods have
been advocated and experimented by M.Laporte & J.Vignes [Lv].

To be more specific, the probability measure {1 is constructed by assigning
equal probabilities to all computations in a sequence. The §;(w) are supposed
to satisfy: -

pE) =[&w)de =0 (9
var(6;) =f (6;(w))2dﬂ _ (M)
dev(8))  =+/[(G&(w))*d (8)

= {Uerr (9)

Here £ is a proportionality constant determined from the operation error distri-
bution. This model leads to the following formulae:

E[R(0)] = [ 7 (valg(D) ) (61(w)s s bnope () dO (10)
var(R(Q)) = [ (75 (valg(D) , (61(w), s 6nops(w))) — E[R(Q)])%dD2 (11)
dev(R(D)) =1/ (7 (valg (D), (1(w), s nope (@) - E[R(Q))?d0. (12)

and the error is estimated by &~ 'dev(R(Q)). Here # is determined from the
result distribution.® There remains two difficulties with this approach, the first
one being that in any real computation, all the §; would be determined deter-
ministically, the second being that the hypotheses made on the error distribution
are far from satisfactory. On this last issue one may find a precise discussion
in Cody & Kuki [CK]|, as well as some hints on the effect of some arithmetic
sequences with uniform error distribution, obtained by random perturbations
in Figure 1.

4 Application to Iterative Computational Al-
gorithms

To cope with the first issue, one simply performs a series of computations, explic-
itly perturbing the arithmetic so as to ensure the hypothesis on the individual
errors, but it must be noted that the error distribution on a typical result is
very far from known, as can be seen in Figure 1.

SFor the VAX experiments shown below, we have imposed £ ~ 1000 and taken 3 = 1. For
the Cray experiments, £ & 2 and £ = 1.
















































