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Summary: we study the logic and synchronization characteristics of general dynamical systems
called Hybrid Dynamical Systems. Our theory generalizes the notion of Discrete Event Dynamical
Systems by handling numerics as well as symbolics. Our theory is supported by the programming
language SIGNAL and a mathematical model of relational style. This framework allows us 10
formulate in the same way HDS programming or specification and HDS control. The core of the
theory is the notion of HDS resolution which is based on a reduction technique mapping any HDS
specification program into a polynomial dynamical system on the finite field of integers modulo 3;
all the algorithms are then based on the study of this dynamical system. This report is divided into
two parts; the first one is devoted 1o the discussion of the motivations, the presentation of two
examples, and an informal presentation of the theory; in the second part, the mathematical theory
(models and algorithms) is presented.

THEORIE DES SYSTEMES DYNAMIQUES HYBRIDES:

LE LANGAGE "SIGNAL”.

Résumé: Dans ce rapport, nous étudions les systemes dynamiques généraux du point de vue de
leurs propriétés de synchronisation et de logique; sous ce point de vue, les systémes dynamiques
généraux seront appelés «systémes hybrides». Notre théorie généralise la notion de Systéme a
Evenements Discrets en ce qu’elle manipule simultanément les aspects numériques et symboliques.
Elle s’appuie sur le langage synchrone SIGNAL, et est fondée sur un modele de type relationnel.
Ce point de vue nous permet d’embrasser tout a la fois programmation, spécification, et controle
des systemes dynamiques hybrides. Le coeur de la théorie est la «résolution» des systemes
hybrides, résolution s’effectuant par le biais d’une technique de réduction a un calcul de systéme
dynamique polynomial sur le corps fini des entiers modulo 3. Ce rapport se compose de deux
articles jumeaux; le premier est consacré a une présentation informelle assortie de la discussion
d’exemples, tandis que le second présente les aspects proprement mathématiques de la théorie.

1 Ce travail se place au sein de I'accord-cadre CNET-INRIA poste de travail pour le traitement du s;gnal et la
conduite de processus



Hybrid Dynamical Systems theory and the language SIGNAL.

Part I: motivation, examples, and informal presentation.
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Summary: we study the logic and synchronization characteristics of general dynamical systems
called Hybrid Dynamical Systems. Our theory generalizes the notion of Discrete Event Dynamical
Systems by handling numerics as well as symbolics. Our theory is supported by the programming
language SIGNAL and a mathematical model of relational style. This framework allows us to
formulate in the same way HDS programming or specification and HDS control. The core of the
theory is the notion of HDS resolution which is based on a reduction technique mapping any HDS
specification program into a polynomial dynamical system on the finite field of integers modulo 3;
all the algorithms are then based on the study of this dynamical system. This first part is devoted
to an informal discussion.' ~

1 this work is supported by the accord-cadre CNET-INRIA “Poste de Travail pour le traitement du signal et la
conduite de processus”
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Chapter One
Introduction.

1.1 Requirements from applications: Hybrid Dynamical Systems
(HDS).

As recognized in [Levis et al. 1987] and ‘ [Ho 1987], most modern applications involving
dynamical systems are very complex in nature; think of

] real—time complex control or signal processing systems in avionics, aeronautics,
P T
and in C~ —military systems,

L automation handling man-—machine interfaces of control systems (monitoring,
trouble shooting, visual aids in avionics, remote manipulation...)

° vision— and sensory —based control in robotics,

° complex pattern recognition applications such as continuous speech recognition
to mention just a few. Some particular features of these applications are

1. the mixed continuous/discontinuous nature of time because of the simultaenous
presence of familiar differential/difference dynamical subsystems and discrete
event systems relating these subsystems;

2. the presence of dynamics;

3. a large combinatorial complexity as far as logic and synchronization is concerned
(there is no concise model to describe precisely such applications), hence the
need for modularity.

On the other hand, the highly demanding nature of these applications forces to consider as well
the requirement of highly efficient and reliable implementation, a goal which can be achieved
only by using parallel or distributed implementations. But the modular structure of the
application is generally different from the modular structure of the implementation, hence the
need for a theory to transform such dynamical systems into equivalent ones with a different

structure.

Discrete Event Dynamical Systems (DEDS) have been introduced as a theoretical framework for
the study of flexible manufacturing and related systems by Wonham and Ramadge [Ramadge
and Wonham 1987, a—b], and have been widely studied since their introduction. Roughly
speaking, DEDS are finite state transition systems which are observed and can be controlled by
the language generated by the labels that are attached to each transition, regardless of the
precise meaning of these labels. However, in most of the above mentioned applications, some
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actions involving possibly complex numerics can influence transitions (e.g. when some internally
generated signal exceeds a given threshold). This restriction makes the use of the DEDS
approach not suitable to the global study of complex dynamical systems of mixed nature such as

listed above.

On the other hand, the area of computer science has developped a very large and deep activity
to handle such complex dynamical systems in the areas of real—time systems and languages,
[Young 1982], or communicating systems with CSP [Brookes & al. 1984] and CCS [Milner
1980] [Milner 1983] as most famous examples. More recently, the new approach of synchronous
programming has been introduced and developped around the languages ESTEREL ([Berry &
Cosserat 1984] [Gonthier 1988]), LUSTRE ([Bergerand & al. 1985]) and SIGNAL ([Le Guernic
& al. 1986] [Le Guernic & Benveniste 1986] [Benveniste & Le Guernic 1987]). The techniques
of synchronous programming cover the kind of dynamical systems we have listed above. This is
the direciion we want to pursue and further discuss from a control viewpoint in this article.

Iu the sequel, Hybrid Dynamical Systems (HDS) theory will refer to a theory handling
synchronization, logic, and their interconnections to numerics in dynamical systems. As the
reader will understand while reading this paper, the mixed nature of HDS make them definitely
more difficult to study than DEDS, which justifies the development of a new theory and

paradigm.

1.2 A new paradigm.

1.2.1 Building complex objects requires the use of languages.

Qur first remark was about the highly combinatorial complexity of HDS. Such a complexity
faces us with a new problem which was not considered before in the control community, namely
the difficulty of simply describing or constructing HDS. This point is clearly illustrated by the
use of sophisticated operating system facilities in continuous speech recognition systems, or the
interest for the use of «expert systems» as a clean tool to describe the «spaghetti» structure of
the bench of rules required to specify and program an intelligent PID controller with its set of
heuristics [Astrom & al. 1986]. On the other hand, it should be clear that the direct use of the
formalisms a la Ramadge and Wonham is not the easiest way to describe directly complex
applications. In fact, this has been for a long time recognized by computer scientists as a
sufficient reason for introducing programming languages, i.e. concreie syniax with the usual
hierarchical constructs. The core of our approach is the kernel of the language SIGNAL, which
is composed of only § instructions to describe any HDS.

1.2.2 Why relational languages?

A second claim is that a HDS should be described via a set of relations or constraints, rather
than as a complicated input—output map as usually in control science. In fact, the following
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argument will be present permanently in this paper, and has been already recognized by J.C.
Willems [Willems 1987] for the theory of linear dynamical systems:

modular construction of HDS
U
interconnecting given HDS’s yields an implicitely defined HDS
U
HDS should be defined via constraints on the set of all possible behaviours

Hence our approach as well as the language SIGNAL will have a relational flavour.

1.2.3 The basic problem: HDS resolution.

An immediate consequence of this choice is that such HDS specifications cannot be effective,
i.e. it is not immediately possible to compute the outputs of a so—specified HDS in response to
some sequences of inputs. The control scientist will recognize a standard situation when handling
descriptor or implicit linear dynamical systems. By HDS resolution, we have in mind a
procedure to transform any relational HDS specification into a machine which can execute the
desired behaviours, and thus represents the desired equivalent input—output map. Hence, HDS
resolution has some flavour of realization theory, where the program describing a given HDS is
the external representation, while the associated executable machine is the corresponding state
machine internal representation. Here appears one of the most fundamental bridges between
control and computer science in HDS theory: building a compiler for the language SIGNAL is
equivalent to looking for a minimal realization of the so—specified HDS. '

1.2.4 What is the nature of control problems for HDS?

Another consequence of this point of view is that exact model following control problems (such
as considered by Ramadge and Wonham) are just particular cases of HDS resolution, since
requiring an exact model following is just achieved by adding further constraints described
within the same framework as the HDS itself. This point will be discussed in the examples
below.

1.2.5 What is the nature of time for HDS?

Complex applications such as mentioned above are inherently distributed in nature. Hence every
subsystem possesses his own time reference, namely the ordered collection of all the
communications or actions this subsystem performs: in sensory based control systems, each
sensor possesses its own digital processing with proper sampling rate, actuators generally have
a slower sampling rate than sensors, and moreover the software devoted to monitoring only
reacts to various kinds of alarms that are caused by internally or externally generated indicators.
Hence the nature of time in HDS is by no means universal, but rather local to each subsystem,
and consequently multiform. A fundamental consequence is that communications between






























































































































































































































































































































