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Abstract

The idea of solving large problems using domain decomposition techniques appears particularly attractive
on present day large scale parallel computers. But the performance of such techniques used on a parallel
computer depends on both the numerical efficiency of the proposed algorithm and the efficiency of its parallel
implementation.

The approach proposed herein splits the computational domain in unstructured subdomains of arbitrary
shape, and solves for unknowns on the interface using the associated trace operator (the Steklov Poincaré
operator on the continuous level or the Schur complement matrix after a finite element discretization) and a
preconditioned conjugate gradient method. This algorithm involves the solution of Dirichlet and of Neumann
problems, defined on each subdomain and which can be solved in parallel.

This method has been implemented on a CRAY 2 computer using multitasking and on an INTEL
hypercube. It was tested on a large scale, industrial, ill-conditioned, three dimensional linear elasticity
problem, which gives a fair indication of its performance in a real life environment. In such situations, the
proposed method appears operational and competitive on both machines: compared to standard techniques,
it yields faster results with far less memory requirements.

METHODES DE DECOMPOSITION DE DOMAINES POUR DES
PROBLEMES ELLIPTIQUES LINEAIRES TRIDIMENSIONNELS DE
GRANDE TAILLE

Résumé

La résolution numérique de problémes de grande taille par des techniques de décomposition de domaines
est trés bien adaptée aux ordinateurs paralltles de la génération actuelle. Cependant, 'efficacité de ces
techniques dépend fortement de P’algorithme choisi et de son implémentation.

L’approche proposée ici partage le domaine de calcul en sous-domaines non structurés de forme arbitraire
et réduit le probleme initial 4 un probléme d’interface. L’opérateur associé (I’opérateur de Steklov-Poincaré
au niveau continu, la matrice complément de Schur au niveau discret) est ensuite inversé par un algorithme
de gradient conjugué préconditionné. Cet algorithme exige & chaque étape la résolution en paralléle sur
chaque sous-domaine d’un probléme de Dirichlet et d’un probléme de Neumann.

Cette méthode a été implémentée sur CRAY?2 et sur un hypercube INTEL. Elle a été étudiée sur un
probléme industriel d’élasticité linéaire tridimensionnel de grande taille. Sur cet exemple significatif, 1a
méthode proposée est compétitive a la fois au niveau du temps calcul et de la place mémoire.

Mots clés : décomposition de domaines, complément de Schur, gradient conjugué, élasticité
linéaire , CRAY?2 et hypercube.
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1 INTRODUCTION

The idea of solving large problems using domain decomposition techniques appears particularly attractive
on present day large scale parallel computers. But the performance of such techniques used on a parallel
computer depends on both the numerical efficiency of the proposed algorithm and the efficiency of its parallel
implementation.

The approach proposed herein splits the computational domain in unstructured subdomains of arbitrary
shape, and solves for unknowns on the interface using the associated trace operator (the Steklov Poincaré
operator on the continuous level or the Schur complement matrix after a finite element discretization) and a
preconditioned conjugate gradient method. This algorithm involves the solution of Dirichlet and of Neumann
problems, defined on each subdomain and which can be solved in parallel.

This method has been implemented on a CRAY 2 computer using multitasking and on an INTEL hypercube.
It was tested on a large scale, industrial, ill-conditioned, three dimensional linear elasticity problem, which gives
a fair indication of its performance in a real life environment. In such situations, the proposed method appears
operational and competitive on both machines: compared to standard techniques, it yields faster results with
far less memory requirements.

2 A SIMPLIFIED MODEL PROBLEM.

We first describe our approach on the following model problem :

—Au = fon,
u = 0on dQ,
the domain 2 being decomposed as indicated in the figure below.

Our goal is to solve the above problem only on the subdomains ;. If we knew the value A of the solution
u on the interface S, then the parallel solution of

—Auy; = fon €y,
u; = 0 on 902N O,
u; = AonsS,



would give the value u; of 4 on each subdomain €; and these values would satisfy the following compatibility

condition (continuity of the normal derivative across S)

Ouy  Ouy

dny " Ony

=0.

Our problem is thus reduced to the solution of (1) with unknown A = ys.

on 0 S Q,

Figure 1: The model problem

To solve this problem, we introduce the function u;(A, f) defined by

~Aui(\, f) = fon
u,'(/\,f) = 0 on 00N HQ;,
(A f) = Aon S,
the Steklov-Poincaré operator S; given by
S,‘/\ — Bu,(/\,O) ,
on; s
and the right-hand side b given by

b — _3u1(0,f) _ 6U2(0,f) .

8111 311,2
With this notation, the compatibility condition (1) becomes
(S1+S52)A = b,

and can be solved by the following preconditioned gradient algorithm

AL = A" pM((S) + S2)A™ —b),

M

(2)



where M is a preconditioning operator and p is a relaxation parameter.

The key point is then to choose an efficient and cheap preconditioner. Many choices have been proposed
in the literature (Bramble and al [1], Chan [2], Quarteroni [3]). The one we have picked has been discussed in
Morice [13], Agoskhov [4], and Glowinski and Wheeler [5], corresponds to the simple choice

M = (ST1+571)/4,

and will be exact in the symmetric case with S; = S,.
With this choice, our domain decomposition algorithm becomes

AnHl o /\ﬂ_%(sl—1+52—])(81+52)/\"’

that is, by definition of S;,
data : X given in Hééz(S) ;

computation of the solution : for any ¢, solve in parallel the Dirichlet problems :

—-Au; = fon ),
u; = 0on 0Q NI,
u; = AonS;

computation of the gradient : for any i, solve in parallel the Neumann problems (preconditioner)

—A¢; = Oon §;,
#: = 0on NI,
Qﬁ _ l(aul 6“2

-371-*-571;) onS;

61’1.'_2

updating : set A = A — p(é1 + ¢2)/2 and iterate until convergence.

The domain decomposition method that we will now introduce is simply a generalization of this algorithm.

3 THE ORIGINAL PROBLEM.

Consider the domain 2, partitioned into subdomains ; as indicated on the figure 2.
Let us introduce the boundaries (see Figure 2)

a0 = QN U QD ,
T 0Qp N ,
S; 0Q; — T; — interior (0Qy NOSY),

together with the spaces



V = {veH(Q;R’), v=0on 8Qp},
Vi {ve HY(Qi;;RP), v=10 on L},
Voi = {ve HY(Q;RP), v=0 on T;US;}.

Iy
Ty Q] Sl Sz Qz T,
p Qp
Sl S2
53 54
P3 93 53 54 94 I‘4
QN

Figure 2: Deﬁnition of the subdomains and of the boundaries

Moreover, Y will represent the space of traces on S of functions of V', and Tr] 1(/\) will represent any element
z of V; whose trace on S; is equal to A. Finally, we introduce the elliptic form

Buy 0
(u v) / Amnkl( ) = 81:; )

with A € L°(Q) symmetric and satisfying the strong ellipticity condition
Amnki(2)Fnn Frt > co|F2,VF € RPN,
Such an assumption is typically satisfied in linear elasticity where we have
ai(u,v) = /n Ae(u):e(v),
with A the elasticity tensor and e(u) the linearized strain tensor
e(u) = -;— (Vu+ (Vu)).

Under this notation, the problem becomes

Find u € V such that
Za;(u,v)=<f,v> , YveVv. (3)

i



4 DECOMPOSITION OF THE ORIGINAL PROBLEM.

4.1 Transformation
With A € Y we now associate z;(), f) as the solution of

ai(zi,v) =< f,v> , Vve W,
ZiEVi y &= A on Sf)

the Steklov operator S; given by
<Si’\;l‘>= ai(zi('\;o):’]}i—ll-‘) ’ V/-‘GY ’
and the right-hand side L given by

<Lp>= - ailzu(0,f), ') , VueY.

Observe that in computing a;(z;(),0), Tr; 1), the choice of the representative element of Tr; ! is of no impor-
tance since, by construction, z;(A,0) is orthogonal to any component of this element in Ker (Tt;).
With this new notation, our initial variational problem finally reduces to the interface problem

(Zsj),\ =L in Y. (4)
H

4.2 Preconditioner

We first define a trace operator o;T'r from V; into Y satisfying
Z a;Tr(v) = Tr(v) , YveV. (5)

For example, at the continuous level, we can often set a; = 1/2. A different definition should be used at the
finite element level in order that condition (5) is still satisfied after discretization. A possible choice will be
described in Section 5.

Generalizing our first choice, we now propose as preconditioner the operator

M = Z(a,-Tr) S (aiTr)t .

By definition of S;, the action of the preconditioner M on L is then given by
ML =Y a;Tr(i)

with t¢; the solution of
a;(zﬁ;,v) = L(a,-Trv) YveV,, ¢ €V;. (6)

Remark. In the absence of Dirichlet boundary conditions in the definition of V;, Problem (6) is not well-
posed. In such situations, we replace a; in (6) by an equivalent symmetric bilinear form d; which we take
positive definite on V; and such that

Zdi(zvz) Zzai(z7z) > ZE;(Z,Z),VZEV.

For example, on the discrete level, the bilinear form d; is simply obtained by replacing in the factorisation of
the Finite Element matrix of a; all the singular pivots by an averaged strictly positive pivot.



4.3 Conjugate gradient algorithm.

The solution of the interface problem (4) by a standard preconditioned conjugate gradient method, with pre-
conditioner M, now leads to the following algorithm :

Conjugate gradient iteration on Interface Operator

i) Computation of M S\

A, given on S (descent direction)

= On each subdomain solve in parallel

a,-(z,-,v)=0 Vve Vo, zs=A, on S, z;€V;.
S Set I(W) = 5 aj(es, T )

=>  On each subdomain solve in parallel

ai(vi,v) = L(e; Trv)

VUGV;,'/%GV:
= Sety = 3, a; Trep; = MSA,.

i1) Update

Pn = do/L(\) (interface),

Uppl = Up — PpZ (parallel update),

Crnel = Pn — pp¥ (interface),
Ruy1 = Ry —pnl

(interface).

iii) New Descent direction

dnt1 = Rnj1(¥n+1) (interface),
An+1 POntt + (dn+l/dn)’\n

i

(interface).

A reorthorgonalisation of the descent directions is strongly advised here and leads to a slight change in the
update formula of A, (see §6 for more details).



















































