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Abstract

We first revicw some stability questions for hyperbolic equations and theory of pseudo-
differential operators which are relevant when constructing stable high order absorbing
boundary conditions. In particular we point out some problems which seem to be open.
Then in the numerical part we present some test cases which show the importance of
the curvature term which has usually been somewhat neglected.

Resumé

Nous donnons d’abord un apergu de certains aspects des problémes de stabilité pour
les équations hyperboliques et de la théorie des opérateurs pseudodifferentiels dont on
a besoin pour construire des conditions aux limites absorbantes d’ordre élevé et stables.
Nous soulevons quelques questions qui semblent étre ouverts. Ensuite, nous présentons
des résultats des simulations numériques qui mettent en évidence I'importance du terme
de courbure qui a été souvent un peu négligé.



1 Introduction

In this work we consider matters which are related to the absorbing boundary condi-
tions for the wave equation. This is generalization and extension of the work begun in
[DT].

First we shall review rather thoroughly the derivation of absorbing boundary conditions
using pseudodifferential operators. High order conditions then raise some difficult
stability questions which still are not completely solved. We shall point out some
difficulties that appear. One could take the point of view that most part of these
sections are implicitly contained in [TA], [EM1], [EM2], [HT], [KR], [MO] and [DLS].
However, we thought it worthwhile to give and explicit exposition of these things
because it seems that such an overview does not exist (but see [SE]).

Then we pass to the numerical treatment of the absorbing boundary conditions. Usu-
ally hyperbolic equations are solved with finite differences {though not always, sce
[BO], [UM] and [PM]), but we shall use standard P, finite elements. Consequently the
discretization comes from the variational formulation which means that the boundary
conditions are part of the general variational equation. This in turn has some im-
plications on the practical implementation of the absorbing boundary conditions. In
particular, we shall argue that taking into account the curvature of the boundary is in
fact quite essential and give some numerical examples to support this claim. Sésques
in [SE] has reached the same conclusion in a similar context.

Theoretically this curvature term has of course been known, but in the finite difference
context where naturally rectangular domains are used it is not needed. On the other
hand there appears the 'corner problem’: corners of the rectangle have to treated
separately. We shall show that the curvature term in fact also gives a natural solution
to the corner problem (any corner, not just the right angled corner). This is nice from
the practical point of view: absorbing boundary can have any shape and there are no
special points.

The actual numerical simulations are done in two dimensions, but the principles re-
main the same in any dimension, so that the conclusions should be valid also in three
dimensions.

2 Pseudodifferential Operators

2.1 Preliminaries

Let us start by considering the wave equation in one space dimension

Uy — Uy = 0



whose solutions can be written as u(z,t) = f(z +t) + g(z — t), where f and g are
’arbitrary’ functions. An obvious interpretation is to say that f (resp. g) represents
a signal which travels to the left (resp. to the right). Let us take as our domain
IR, = {r € R|z > 0}. Sooner or later f reaches the boundary and we would like
it to ’pass through’, that is to eliminate the reflections. Now if the signal just passes
through then evidently it verifies the above equation even on the boundary, but the
term u.,; would be very difficult (if not impossible) to treat, so one has to look for other
solutions. The ’right’ solution turns out to be to notice that f(z + t) verifies also the
simpler equation u, — u, = 0, and that gives a good boundary condition. The essential
thing is that in one space dimension the wave operator can be factored as follows.

att - ax:: = (at + a::)(at - ax) (2,1)

So on the boundary we take the second factor of the operator. Similarly, to eliminate
the signals travelling to the right we would take the first factor. Now denoting the
normal derivative by 0, and using the convention that the normal is always directed
to the exterior of the domain, it is seen that in both cases the boundary condition is
8,u + 0,u = 0. This solves the problem completely as every solution is a sum of left
and right going waves. In more than one space dimension the situation is much more
complicated, as we will shortly see, but the above factorization suitably generalized
still gives the solution.

2.2 Constant Coefficients

Consider the two dimensional wave equation
uy — Au=190 (2.2)

This has the plane wave solutions u = exp(i(k-z —wt)) where & is the wave vector and
w the (angular) frequency, provided that the dispersion relation w? = |k|? is satisfied.
Remembering that k£ points to the direction of propagation, we see that left going
plane wave satisfies the conditions k; < 0 and w > 0. Taking the domain to be
R? = {z € R?|z, > 0}, we then look for the boundary conditions which would let
pass all the left going plane waves. As can easily be seen we cannot now factor the
wave operator as in (2.1). Instead let us first take a Fourier transform of (2.2) with
respect to z2 and ¢, which gives

(——72 - aﬁl + 63)12(:31,62, T) = (iazx + \Y T2 - 63)(161'1 Y, T2 — C%)ﬁ(:rl, 621 T)

We recall that the Fourier transform and its inverse in IR" are given by
F(u(z)) = 4(¢) = (2#)’"/u(x)e“"£d:r
Flae) = uz) = [a(e)e=tde
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Although k and w are formally the same as { and 7, we prefer for clarity to use different
notation when we talk about the Fourier transform and plane waves. Then taking the
sccond factor and applying (formally) the inverse Fourier transform one gets

igl - / V72— i@ tde, dr = 0 (2.3)
Iy

Now the plane wave being a tempered distribution has a Fourier transform which is
Fizat)(exp(i(k -  — wt)) = (ky,~w) exp(i k121), where 6k, —u) means the Dirac measurc
concentrated at the point (§,7) = (k2,—w). Substituting all this into (2.3), we sce
that the equation reduces to the dispersion relation, with the extra condition that k,
be negative, and this is true for the left going plane waves. So we have some kind of
solution to our problem, provided that we can give a meaning to the above integral
opcrator. It looks like a pseudodifferential operator, but it is not one really. To sce
this, let us first give some definitions (all the material concerning the gencral propertics
of pseudodifferential operators can be found in [TA]).

Definition 1 Let Q be a domain in R"; m, p € R, with 0 < p < 1. We say that
p € C(Q x IR") belongs to a symbol class S3'(RY) if for any compact K C Q and
multi-indices a and B there exist a constant Ck 5 such that

D7 Dgp(z,€)| < Crapl(l + [€])"~7e!
forallz € K and £ € R".
Here Dy, = 0., /i. Then we say that the operator T given by

Tu(z) = [ pla, E)a(€)e' =4t

is a pseudodifferential operator belonging to the operator class QST if its symbol
p € S'. Note that if p is polynomial with respect to £ then T is a differential operator

which can be written as
T =p(z,D)= ) a.(z)D”
LY

where aq are arbitrary (smooth) functions. Evidently in this case 7 € OS). Then
rcturning to the formula (2.3) it is obvious that the symbol Q(&;,7) = /72 — €2 does
not belong to any symbol class S7*; it is not smooth when |7| = |£;| and this does not
depend on the way we might extend it to the region |7| < |£2]. However, it can be
said to be a pseudodifferential operator in the following more general sense. Recall the

characterization of the Sobolev spaces H* by Fourier transform: u € H*(IR") if and
onlv if (1 + €]*)*/?¢ € L*(IR"). Now defining

Oea) = { V-8 i Irl2 16l

iV -7 i |r| < 16l
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we obviously have
QeI S (1 + 7 + )"

and consequently 7g is a well defined operator from H* to H*"'.

However, the concept of pseudodifferential operator as in definition 1 will still be uscful,
as we will see in a moment. To this end let us consider wave packets. Intuitively a
wave packet is a solution to the wave equation which is composed of plane waves all of
which travel almost to the same direction. More precisely we might define it to be a

solution of the form '
u(z,t) = /A(k,w)e'("k'""‘)dk

where A (amplitude) has ’small’ support. Of course k£ and w satisfy the dispersion
relation as before. The above integral is a kind of Fourier integral and so we can say
that u is a left going wave packet if the support of its Fourier transform with respect
to 2, and t is contained in the set B = {({2,7) € R?|7 — |€2] > ¢ > 0}. Now in this
set Q is smooth and it can be smoothly extended to the whole of IR?. This extension
being quite arbitrary we can analyze Q in B and suppose that all its relevant propertics
remain the same outside B. Taking this point of view we can then easily verify that
Q € S} (note that @ is homogeneous of degree one, that is Q(réz,rr) = rQ(¢&2,7)
where r > 0).

To get an idea of the nature of pseudodifferential operators we give the following

Theorem 1 If the operator T € OST* and 1 < p < 0o then
T Wp’(ﬂ)comp — W7 (Qioc

Here the spaces W are the Sobolev spaces built with the usual L? spaces, comp
(resp. loc) refers to the functions which are compactly supported (resp. locally) in the
corresponding space. Both comp and loc can be dropped if Q2 is bounded and also if
the symbol does not grow too wildly at infinity with respect to z (for instance if the
symbol is constant outside some compact set).

The operator corresponding to the symbol @ (denoted by Tg) is still rather impractical:
fixing some point @ = (&, £2,%), then the formula (2.3) tells us that to be ablc to
calculate 0;,u at a we have to know u(Z,,z,,t) for all z; and ¢; Tg is non local in
space and time. However, T is a (strictly) hyperbolic operator in the sense that the
following initial value problem is well defined

ou .
3_.'1?1+ZTQ“ 0

U(O, I, t) = g(x% t)

where g is a given function. The direction z, has then after all become a time like
dircction as in one dimensional case.



The next step is then that we would like to approximate 7Tg with a local operator.
Now of course differential operators are local and also the converse is true: if a linear
operator is local then it is a differential operator (see {DL3]). This means that one
has to approximate @ by a polynomial or a rational function (with respect to Fourier
variables). If » = p; /p; is a rational function and 7; the corresponding operator where
p; and p, polynomials, then we interpret the formula v = T;u as

p2(z, D)v = pi(z, D)u (2.4)

Then we have to decide what it means to approximate a pseudodifferential operator.
Let us first give a definition.

Definition 2 The symbol p € ST* admits an asymptotic expansion if there ezists a
sequence of symbols p; which are homogeneous of degree j such that for every N

N
P— Y Pm-j €SP NI
y=0

So if we replace the symbol by its (truncated) asymptotic expansion the error will
not necessarily be small but it will be smooth: the operator corresponding to their
difference belongs to OS"~"~!, so theorem 1 tells us that the error is less singular
than the rest of the solution. This can be regarded as satisfactory if we consider that
the solution is characterized by its singularities. In the same way we would like find a
symbol R (a polynomial or a rational function) such that @ — R € S} with I < 1. As
such this is not possible: @ itself is homogeneous of degree 1 and if the same is true for
R then of course it holds also for their difference. This shows that we cannot have an
uniformly good approximation for all incidence angles. So let us consider the following
subset of B: B = {(¢;,7) € B| |2] < &}. Other choices of B are possible but the
principle remains the same; this choice means that we want a good approximation at

normal incidence. Let us then consider the following Taylor’s expansions of Q.

Q=\/T2—%2{T=R1
2
Q=\/72—%2'r—§—:=R2

Then we see that in B we have the following estimates.

Q- R =




Il
I
.

Iar(Q—Rl)l

Ty -4l _ ¢
<

Jr-g |7

However, for all the other derivatives the estimates are exactly the same for Q and
Q@ — R,. Exactly in the same way we calculate that

C

- < =

C

10-(Q - R)] £ —5
|7

C

63(Q‘Rz)| < mg
C

106,(Q@— R2)| £ —3
I7|

C

|6522(Q—R2)| < F

Similarly all the other derivatives give at least the bound |8*(Q — R,)| < C/|r[*, so
we conclude that in the region B

Q—R € S'nst
Q-R, € S°ns!

Finally the differential operators and the boundary conditions corresponding to the
symbols R; and R, are seen to be (remembering the interpretation (2.4))

o o
0:1:1 6t -
Ju v 10%u

"ot Vo 2923

0

Now the derivative with respect to z; (z2) is really a normal (tangential) derivative,
so denoting the normal by n (tangent by s), we can write the above conditions for any
boundary as follows

o ou_
8t On
0%u %u 0%

52 T om0t 2952 0
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Here c is the signal spced which up to now was supposed to be one. So the conditions
make sense even when the boundary is curved, but soon we will see that in that case
we should in fact add a supplementary term which depends on the curvature.

All the preceding considerations can immediately be generalized to the n dimensional
case: all we have to do is to take the domain IR} = {z € R"|z; > 0} and then
everywhere in the previous section replace €7 by &2 + ... + £2. This gives then directly
the following absorbing boundary conditions

@+ @—0

ot c@nz— 2

0%u Pu -

20 TG~ 7u =0

where n denotes the normal derivative as before and A denotes the Laplace-Beltrami
operator on the n — 1 dimensional hypersurface.

2.3 Variable Coefficients and Curved Boundary

Let us start by defining the multiplication of two operators. In the previous section
we saw that when the symbol is constant in the whole domain we can simply multiply
the symbols and it gives the symbol of the product of operators. In general we have to
use the following result.

Theorem 2 Suppose T, € OS5, and T, € OS5]? with symbols p and q respectively.
Then T, = T,7, € OS+™ where p = min{ py, p; } and the symbol of T, is

jlod
r(2,6) ~ 3 = Dip(z, ) D2g(=,€)

a20

We use the sign ~ rather than equality because the right hand side is more like an
asymptotic expansion than a convergent series, so that the best we can hope for is that
the two sides differ by an 'smoothing operator’, that is an operator of class 05~ (it
belongs to OS}* for any m; in this case the parameter p does not make any difference).
An example of such an operator is a convolution operator with C* kernel.

Note that the multiplication is noncommutative and that evidently it reduces to the
* usual multiplication when q does not depend on z. The usual product gives, however,
the principal part of the operator because we have

r(z,€) — p(z,€) q(z,€) € S;'H-Hm—m

Now to apply all this to the variable coeflicient case let us consider the following
differential operator
Liu = p(z,8)0u — V - (u(z,t)Vu) (2.5)
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where u could in gencral be a matrix valued function. To simplify the notations we
will, however, suppose that u is a (real valued) scalar function. The symbol of L is
easily seen to be I(z,t,€,7) = £- p& — pr* — i (V) - €. We require that p(z,t) > p. >0
and p(z,t) > p. > 0 for £; to be a reasonable opcrator: these hypothesis guarantce
that the corresponding initial value problem is well-posed. Now [ is a second degree
polynomial with respect to £ and 7, so it could be factored simply as (&, + g,)(&1 + ¢2)
where g; are some functions of the rest of the variables. However, this does not give
the factors of the operator. Instead we use the preceding theorem. Evidently I € S?
and its asymptotic expansion is simply given by

lg(x,t,f, T) = .u(m’t)lélz - p(m’t)'r2
Il(xat9€)r) = — (v/‘(xat))'f
Li(z,t,&,7) = 0 ifj<0

As in the previous section we then consider the domain R} and as before we would
like to construct a pseudodifferential operator T on the boundary such that

ou .
y%+27u—0

Then considering the half space as before we can try the following factorization
Li=—-L1L2 = (0, +:T,) (0, +:7T,)
In terms of symbols this gives
I(z,,6,7) = (&2 + plz,t,€,7) 0 (41 + g(z,1,€,7) (2.6)

where @ means that we take the ’symbol product’ of theorem 2 and ¢ = ( &L ... & )

Evidently we want that p and q are in S}(IR*"!). Next we naturally suppose that p
and ¢ admit asymptotic expansions

p(xs t’ ga T) ~ E;?o:opl_j(x, ta Ea T)
(2.7)

q(:t, taé’ T) ~ E;.i-o ql—j(xatsgs T)

Then we just substitute the expansions of p, ¢ and ! into (2.6) and then identify the
terms having the same degree. In this way we can recursively calculate the p; and g¢;.
Let us then see how pseudodifferential operators behave under a change of coordinates.
Let £, and Q; be two domains and let ¢ : Q; — ; be a diffeomorphism. If 7T, is
an operator on §2; we can define 7,, on Q; by T,,u(y) = T,,u(¥)(z)) where the right
hand side is evaluated at z = ¥ (y) (z € O, and y € Q2). We have then the following
result.



Theorem 3 If T,, € OST*(Q) then T,, € OST*(£)2) and the symbol p, is given by

p2(3:6) ~ T —0o(z, D5 pi(z, J(2)6)

a20 7

As before the right hand side is evaluated at z = ¥ ~'(y); J is the Jacobian of 1. As
usual this operator is uniquely defined modulo a smoothing operator. Evidently if T
is a differential operator then the above transformation reduces to the ordinary change
of variables formula; in particular, in this case p, is a polynomial with respect to ¢, so
that the above sum has only a finite number of terms. This result allows us to define
the pseudodifferential operators on the manifold: just take §1; as some coordinate
neighborhood on the manifold and 2, a suitable open set in IR". The functions ¢, are
given by

¢a(z,6) = D7exp(id:(z)-§)
d-(z) = ¥(z)=o¢(z) - J(z)(z —z)

where in the definition of ¢ the right hand side is evaluated at z = z. Straightforward
calculations then show that

‘po(xsﬁ) =1
Pa(z,€) =0 lo) =1
Pa(z,€) =i DJp(z)-€ |aj =20r3

After these generalities let us consider the problem (2.5) with p = ¢ =1 directly in n
dimensional space taking the following domain: 2 = {y € R" |y, > f(§) }, where f is
some (positive) differentiable function and § = (y2,...,y,). Then Q is diffeomorphic
to the right half space IR} with the obvious diffeomorphism ¢ : IR} — § defined as

follows
- (3)-(3)-(-)
x ] z

Using this coordinate transformation we get the following operator in IR}
Liu=uy— |V up . — Au+ 2Zfza“x12.' +Afu;, =0
=2

Note that this of the form (2.5) with 4 a symmetric positive definite matrix and p = 1.
Because f is a function of  only we can either take the point of view that f is defined
on R"™! or R" so Vf is either n — 1 or n vector. Then denoting 1 + [V £|* by a we
see that the symbol [ is given by

l(z,1,6,7) =~ +agl + |§] —26,VF-E+infE

9



Next we factor the above symbol as in (2.6) and look for the corresponding asymptotic
expansions (2.7). Using the symbol product and starting with highest order terms we
get the equation

~12 ~
—r?+agl + €| - 26Vf-E=all + la(ap + @) + Pias

This leads to a system of equations

~12
ng = Iﬁl -7
ap+q1 = —2Vf-€

with the solutions

o = -Vf-Exfar - i)+ (9F -8
o= (VI )+ (V58

Recall that we search for the operator for the left going wave and because the opcrator
product is not commutative, this operator has to be the right factor of (2.6). Then
comparing to the case where 3 is identity mapping one sees that the — sign corresponds
to the left going case, so we take ¢, with the — sign and p, with the + sign. Next we
will calculate the terms po and go. Applying the symbol product and collecting the
terms of the appropriate degree we get the following equation

 dpi,, Oa 6‘11

i A& = E1(apo + go) + Poqy + P10 — (&

1—2 0¢; 6"’:1
Then identifying the coefficients on both sides gives
Op1 Oa :
apo+qo—1 = 1Af
o JZ_; 0¢; 69:,
61’1 3(11
Poq1 + P1go — =0
! Jz_:z 0¢; 6:1:,

Eliminating po leads to

Op 3q1 da

i go(apy — q1+Z —qlax) aAf
J

1—2 aé]
This can more conveniently be written as
igo(apr — q1) + aVep1 - Vet — iVepr - Vea = qiAf

10



This looks rather complicated but we can simplify it by noticing that we are free to
choose V f = 0, because we are only interested in local properties. In addition we can
take 0%f/0z;0z; = 0 if i # j. Then noting that p; and ¢, satisfy the equations

~ ~12

¢ +2Vf-Eq+aff] ~1%) =0
~ ~12

ap? +2Vf-Ep +[E -2 =0

we can easily calculate that

o _ &
3&' - Y41
o _ _Of,
o, 9zt

where ¢t > 1. If 2 = 1 then 9q,/9z, = 0. This leads to

1 &0,
Z ax'gEi

&= T2 — ‘fr i=2

qo =

where evidently the partial derivatives of f are evaluated at the point where Vf =
0. Let us interpret the condition obtained. First recall that if 3 : R — IR? is a
differentiable curve, 3(s) = (z(s), y(s)), then its curvature k is defined as follows

:c'y” _ ylzll
(1./2 + y12)3/2

Now in our case we have a differentiable surface (the boundary of ) given by mapping
B(z) = (f(£),%). Then the intersections of this surface with the coordinate plancs
Aj={z€R"*|z; =0¢>1, i%# j} can be considered as curves, and identifying A;
and IR? we can calculate the corresponding curvature with the above formula. This
gives immediately that x; = 9%f/0z%. Let us remark that there is no intrinsic way to
define the sign of the curvature, but in our case we take it to be positive in convex parts
of the boundary and negative otherwise (more precisely, x; > 0 if the corresponding
curve in A; is convex). Note that the individual «; obviously depend on the choice
of the coordinate system, but their sum does not (see [SP], the invariant character of
this sum is also a consequence of the fact that A does not depend on the coordinate
system). Collecting all this together we can state the following

K=

Theorem 4 Suppose that ! C IR" is an open set with smooth boundary I'. Then the
first two terms of the asymptotic expansion of the symbol of the absorbing boundary
operator for the equation (2.2) are given by

a6, =~ ~ |
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