P e R I =g (2 TT 2 2 e TR AN Tt A AP ISy L L o e Sy L NS s P
. Sl IR T em ol 2
: T p’ =
) I — - F: t
Ll i
. o \

UNITE DE RECHERCHE
INRIA-ROCQUENCOURT

“Institut National
de Recherche -
en Informatique - .

et en Automatique

Domaine deVoluceau
Rocquencourt .
BP105

78153 Le Chesnay Cedex

 BL0)396355T

lﬁi*

*RR .1

W nniversaire
N° 1641

Programme 5
Traitement du Signal,
Automatique et Productique

A NEW REPRESENTATION OF Hoo
SUBOPTIMAL CONTROLLERS

Pascal GAHINET

Mars 1992




&

A New Representation of H, Suboptimal Controllers

Pascal M. Gahinet

INRIA
Domaine de Voluceau
Rocquencourt - BP 105
78153 Le Chesnay Cedex
France

Abstract: Elementary state-space concepts are used to derive a transparent solution to the
stationary H, control problem. The main contribution of this solution is a novel representation of
suboptimal controllers in terms of a pair of parametric Riccati equations with a coupling constraint.
Unlike the classical parametrization in terms of linear fractional transformation, this state-space
representation has a homogeneous Riccati formulation which should help to make the most out
of the suboptimal controller diversity. Potential applications include the design of reduced-order
controllers and more generally the selection of suboptimal controllers to meet or optimize additional
constraints.

Une Nouvelle Representation des Controleurs
H. Sous-Optimaux

Résumé: Une solution compléte du probleme H., stationnaire est obtenue par des manip-
ulations algébriques élémentaires. Ici 'outil central est le Lemme Réel Borné qui intervient déja
dans le calcul de la norme L, d'une fonction de transfert. La principale contribution est de fournir
une représentation de ’ensemble des contrdleurs sous-optimaux en terme d’équations de Riccati
paramétrées. Cette représentation algébrique est plus maniable que la Q-parametrisation et offre de
nouvelles perspectives pour la synthése de contréleurs sous-optimaux. En particulier, la réduction
de P'ordre et la prise en compte d’autres spécifications comme les marges de stabilité semblent des
applications prometteuses.



1 Introduction

A wide range of significant control problems fall into the framework of H,, design. Well-known
examples include disturbance attenuation, mixed-sensitivity design, model matching, and robust
stability problems. Because of its natural formulation in the frequency domain, the H., control
problem was long regarded as bevond the reach of state-space techniques. Gradually however,
it became apparent that state-space formulations actually lead to more concise and numerically
appealing solutions. A cornerstone contribution to this growing awareness is of course the paper
by Doyle et al. [5] where solvability of suboptimal problems is characterized in terms of two game
Riccati equations (GRE). In addition, explicit formulas are given for a particular solution called
“central” controller and a mathematically elegant parametrization of all suboptimal controllers is
derived. Finally, these results are numerically appealing since computations essentially reduce to
solving the well-known matrix Riccati equation. In the sequel, the acronym DGKF is used to refer
to the authors of this paper.

Despite the simplicity of the results, the conceptual link between the original problem and the
Riccati equations remains somewhat obscure in [5). This connection has been further clarified with
“purely state-space” derivations such as the linear quadratic game approach [11, 2] for the time-
varying case, or the algebraic approach of [12] for the stationary case (usual H,, problem). In the
latter paper in particular, the Bounded Real Lemma was first recognized as a simple device to turn
the H,, problem into Riccati equations. This technique has been further used in [14]. Yet, it is our
opinion that its transparency and implications have not been fully exposed, mostly because so far
the main concern has revolved around reproducing DGKF’s results.

In the present paper, we take a different perspective and explore which type of suboptimal con-
troller representation is obtained via the Bounded Real Lemma. A two-fold contribution emerges
from this perspective. First, a straightforward solution to the H, problem is proposed which clearly
exposes the connection between the H,, constraint and the GRE’s. Then, a new representation is
obtained for suboptimal controllers of order less than or equal to the plant order. In this repre-
sentation, each controller is described by two coupled GRE’s which involve some of its state-space
parameters. The usual pair of H,, Riccati equations is recovered as a special case corresponding
to the central controller. The characteristics and potential of this new representation are explored
in details. In particular, a comparison with DGKF’s parametrization of all suboptimal controllers
reveals the complementarity of the two descriptions. Due to its homogeneous Riccati formulation,
our representation seems well adapted to analytical and numerical manipulations. It also offers
a convenient state-space framework for both reduced-order design and selection of the controller
consistently with additional constraints or ob jectives.

The paper is organized as follows. In Section 2, the H,, control problem setup is recalled as
well as the Bounded Real Lemma. Section 3 sketches the connection between this lemma and
the classical results. Section 4 presents the main result which is a representation of suboptimal
controllers in terms of parametric GRE’s. In Section 5, the usual pair of H, Riccati equations is
characterized as an extremal member of this parametric family, a fact which readily yields DGKF’s
solvability conditions for suboptimal problems. Section 6 compares the new representation with
DGKF’s Q-parametrization of all suboptimal controllers. Finally, Section 7 gives an illustrative
example while section 8 discusses effective and potential applications to controller gain reduction,
reduced-order controller design, and internal stability improvement.



2 Problem Setup

As usual in H, control problems, consider a plant G(s) which maps exogenous inputs w and control
inputs % to controlled outputs : and measured outputs . That s,

( ; ) :G(s)( :11) )with
Gu(s) Gra(s) D)y Dy2 Cy -1
G = = + sl — A B, B . 2.1
(s) ( Ga(s) Gals) Dy Do Cy ( ) ( o ) (2.1)
Here A € R™*" and z, y, w, and u are vectors of size p;, p2, m;, and mg, respectively, with the
assumption that m; > p; and p; > my. When the plant G is closed by the output feedback
law u = K(s)y, the closed-loop transfer function from w to z is given by the linear fractional

transformation (LFT):
F(G,K)= G + GaK(I ~ G2 K ) 'Goy. (2.2)

The H,, suboptimal control problem of parameter v consists of finding a dynamic real-rational
controller /'(s) such that the feedback law v = K'(s)y internally stabilizes G and makes the closed-
loop gain less than 4. That is:

Pol(y): find K(s) internally stabilizing such that || F(G, K')||e < ¥ (2.3)

The optimal Hy, attenuation 7,y is then defined as the smallest v > 0 for which the suboptimal
problem P, (v) has a solution. Note that (2.3) allows for ||F(G, K')||ec = % so that the optimal
case v = Yop¢ Will not require separate treatment.

Strictly speaking, solvability of P.(7) for 4 large enough only requires that

(A1) (A, B,,C,) is stabilizable and detectable.

Although the present approach can be worked from this sole assumption, the complexity of the
resulting formulas and calculations is detrimental to the clarity of the argument. To favor insight
over technicalities, the discussion is therefore specialized to the Standard Problem (SP) by adding
the following assumptions:

(A2) Dy;= Dy, = 0.

(A3) D}y(D1z,C1) = (1,0) and Dan(D3y, BY) = (I,0).
(A4) Di; has full column rank and Ds; has full row rank.
(A5) (A, B;.C;) is minimal.

Note that (A5) actually strengthens the customary SP assumption which only requires that (A, By)
and (C, A) have no uncontrollable and unobservable mode on the imaginary axis, respectively. This
is meant to ensure minimality of the closed-loop system in order to use the simplest version of the
Bounded Real Lemma. For extensions to the general case, see [7].

In approaches based on the Bounded Real Lemma, the first step consists of introducing a state-
space realization of the closed-loop system F (G, K'). To this purpose, consider a minimal realization
of the controller K':

K(s)= Dy + Crlsl — Ag)™'Br; Ax € R¥, (2.4)



Throughout the paper we restrict our attention to controllers of order k less than or equal to the
plant order n. Note that reduced-order controllers (k < n) are therefore included in our approach.
Given (2.4), a realization of F(G, I') easily follows as:

F(G,K)(s)= D¢+ Cu(sl — Au)"' By (2.5)
where
A _ (A + B, Dy C, BzC}\') . B, = (Bl + B, Dy Doy .
o Bk C, Ak )’ o= Br Dy ’
Ca = (Cy+ D12DrC,; D12Cr); D = D13Dg Dy,. (2.6)

Note that (A5) and the minimality of (Ax, Bx,Ck) ensure the minimality of this realization [15].
By invoking the Bounded Real Lemma, the H, constraints on F(G, K') can be replaced by
conditions on a Riccati equation involving the closed-loop parameters A, B.i, Co, Do. This lemma,
provides the fundamental link between P..(7) and Riccati equations. It is now briefly recalled in
its simpler form, that is, for strictly proper and minimal realizations. The proof appears in [1].

Lemma 2.1 (Bounded Real Lemma) Provided that (A, B,C) is minimal with A € R**", B €
R*»*™ C € RP*™| there is equivalence between :

o A s stable and ||C(sI — A)™'Blleo < 7.

e There exists a symmetric positive definite solution X to the algebraic Riccati equation
ATX + XA+ XBBTX +172%¢TC =o. (2.7)

Appropriate extensions of this basic version are needed to handle the non strictly proper case as well
as problems where (A5) is relaxed so that the closed-loop realization (2.5) may be non minimal.
For simplicity, results will be stated and complete proofs will be given only for cases where this
simple version suffices.

3 Oautline of the Proposed Solution

From Lemma 2.1, a strictly proper controller K'(s) = Cx(sI — Ax)~! B} solves Py (7) if and only
if there exists X = XCT, > 0 solving the Riccati equation:

AZ;-YCI + Xada + /\—CIBCIBEI“X'CI + 7_2C§C‘c1 =0 (31)

where A, B, C are given by (2.6) with Dy = 0. Note that X is not unique in general.

This section informally shows how (3.1) leads to a pair of GRE’s which closely resemble the
usual H,, GRE’s. In their general form, these GRE’s have an additional term which involves the
parameters By and Cg of the controller. If K is chosen to be the central controller however, this
additional term vanishes and we recover the usual GRE’s associated with Peo(7) [5):

ATX o + Xood + Xoo(7 ™ 2B1BY — ByBI)X o + CTCy = 0; (3.2)
AYoo + Yoo AT + Yoo (172CT €y = C] C3)Yeo + B1 B = 0. (3.3)

In the sequel /' is assumed of order £ < n where n is the order of the plant.



Suppose K is a particular solution of Po(7y) so that (3.1) has some solution X' > 0. Partition

s ""') . With (A1)-(A5) standing and Dy = 0, (3.1) is

X conformably to Ay as Xy = (NT o

equivalent to:

ATS 4+ SA+SBiBTS++72CTC) = CICy + (CT + NBi)(CT + NBg)T = 0; (3.4)
(A+ B,BTS)TN + NAk + SB2Ck + (CT + NBy) BRv = 0; (3.5)
ALY + Ak + YBrx BY v +v72CEkCx + CEBTN + NTB,Cx + NTB,Bf N = 0. (3.6)

Defining Y := §~! and N := Y N, the first equ'ation can be rewritten:
AY + YAT 1 Y(y~%cTc, - cfc)Y + BB + (YCT + NB)(YCT + NBK)T = 0 (3.7)

which is exactly the usual “observer” GRE (3.3) except for the additional term (Y CZ + N Bx (Y CT +
NBg)T.

To obtain the counterpart of the “controller” GRE (3.2), observe that (3.2) and (3.3) are
dual when replacing the plant G(s) by GT(s). This suggests applying the same argument to the
transposed closed-loop system F(GT, KT) = Bg;(sl— ACTI)‘ICCTI. In turn, this amounts to replacing
(3.1) by its dual

AqYy + YuAL + YuClC Y + v 2BuBY = 0 (3.8)

while now requiring existence of a solution Y, = YC,T > 0 to this equation. Not surprisingly because
of duality, such a solution is readily available as Y,; = 7‘2XC‘,1 where X, is the positive definite

R M ) , writing that 7‘2Xc',1

solution of (3.1) introduced above. Partitioning 7"2XC',1 as ( a7 8

solves (3.8) and looking at the (1,1) block then yields:
AR+ RAT + RCTC\R+~72BBf — BoBY + (By+ MCE)( B, + MCE)T =0 (3.9)
or equivalently
ATX + XA+ X(77°B1B - BB )X + CTCy + (X By + MCEYX B, + MCE) =0 (3.10)

upon defining X := R™! and M := X M. Again this equation differs from (3.2) only by the
additional rightmost squared term.

Summing up, if K = Cr(sI] — Ay )" !By solves Py, (v) then the GRE’s (3.7) and (3.10) are
solvable for ¥ and X. Moreover, it is easily verified that X, > 0 together with Y, X, = v~2/
implies that

MNT = 472Xy - I (3.11)

and that R > 0, S > 0, and Apin( RS) > 7~2. Note that these three conditions can be rewritten in
the more familiar form:
X>0  ¥Y>0; pXY)<AE (3.12)

Finally, (3.7) and (3.10) reduce to the usual GRE’s when
XB+ MCcE=0;, YCI+NBg=0. (3.13)

Taking X = X, and Y = Y, (3.5) and (3.13) can then be solved for Ax, Bk, Cr and this yields
the central controller formulas (see Section 5). Hence, the usual GRE’s (3.2)-(3.3) are a special
case of (3.10) and (3.7) associated with the central controller.

w



Conversely, we may wonder to which extent the GRE’s (3.7) and (3.10) and conditions like
(3.11)-(3.12) characterize suboptimality of a controller. In other words, given By-,Cj and X,Y, M, N
satisfying these equations and conditions, can we always reconstruct some suboptimal controller?
In light of the previous argument, this amounts to reconstructing the controller state matrix Ag
and X, > 0 solving (3.1). Now, observe that X is entirely determined by X,Y, M, N using the
previous block partitions. As of Ag, it must be chosen to satisfy (3.5). The suboptimality of the
resulting controller is then a matter of verification.

Despite its lack of rigor, this section has exposed most of the connection between P,(v) and
the Ho, Riccati equations (3.2)-(3.3). Insight has also been gained into the foundation of the sub-
optimal controller representation developed in this paper. These principles are now mathematically
formalized in the next two sections.

4 A New Representation of H,, Controllers

A new representation is proposed for H,, suboptimal controllers of order no larger than the plant
order. This representation associates with each controller a pair of game Riccati equations (GRE).
These equations are very similar to the usual GRE’s except for an additional term which involves
the controller parameters and thus explicitly reflects the controller specificity. Solutions of these
modified GRE’s are also constrained by the familiar positivity and spectral radius conditions.
Finally, there is some extra coupling condition in the reduced-order case. As a direct consequence of
the Bounded Real Lemma, this representation is conceptually straightforward. Yet, it summarizes
in a very condensed manner what makes a controller suboptimal and should therefore be a powerful
tool to probe and exploit the suboptimal controller diversity.

As mentioned earlier, the argument is specialized to the Standard Problem and (A4, B,,C,) is
assumed to be a minimal realization of Gy;(s). The main result is first enunciated for strictly
proper controllers and then extended to the non strictly proper case. All proofs are deferred to
Appendix A.

Theorem 4.1 (Representation of strictly proper suboptimal controllers)
With assumptions (A1)-(A5),

(i) if the controller ' of order k < n solves Py (7) then given the minimal realization:
K(s)=Cn(sI — Ax) "By ; Ap € RFXF, (4.1)
there exist full rank matrices M, N in R"** and symmetric n x n matrices X,Y such that:
(C1) X,Y, M, and N satisfy
ATX + XA+ X(77B,BT — BaBTYX + CTCy + (XBy+ MCE)XBy + MCH)T =0; (4.2)

AY + YAT + ¥(v72CTC, - CTCo)Y + ByBT + (YCT + NBe)(YCT + NBi)T = 0; (4.3)
MNT = 472Xy - 1. (4.4)

(C2) X >0, Y >0, and p(XY) <72

(ii) Conversely, consider any By ,Ck,X,Y,M,N which jointly satisfy (C1)-(C2). Then if k
denotes the rank of v~*XY — I, By ,Cx, M, N can always be redefined so that M, N are full



rank n X k matrices. With this new notation, let Ap € R*** be the unique solution to

NAKkMT = (v2YX = I){A+ 77 °B BT X + Bo:CkMT} - NBxCo + "2 YMCE(B] X + CxkMT)
(4.5)
or alternatively,

NARMT = {A+v72YCTCy + NBC2} (7YX = I) = B2Cx MT +v7%(YCT + NBg)BENTX

(4.6)
= ~(A+7"2YATX) = (772B,BT X + B,Cxk MT) — (v~2YCT Cy + NBx C»). (4.7)

Then K (s):= Cx(sl — Ax)"'By 1is a kth order solution to Peo(7)-
[ |

This central result warrants a few comments which are now gathered in a series of remarks. Their
aim is to give further insight into the nature, structure and interpretation of the new representation.

Remark 4.2 (Interpretation of (C1)-(C2)): The application of Lemma 2.1 to the closed-loop
system yields the Riccati equation (3.1). The matrices X, Y, M, N are then directly extracted from
solutions X of this equation. Hence, existence of X,Y, M, N satisfying (C1) is equivalent to
solvability of (3.1) and therefore expresses that ||F(G, \)||es < 7. Meanwhile, (C2) is equivalent
to X, > 0 and therefore enforces internal stability.

Remark 4.3 (Necessity part): The equations in (C1) must have solutions satisfying (C2) if the
controller K of order & < n and minimal realization (4.1) is suboptimal. Note that these equations
are specialized to K through By and Cj. Yet, X,Y, M, N are not unique in general since they
come from solutions of the Bounded Real Lemina equation (3.1). Hence, one suboptimal controller
yields several quadruples (X, Y, M, N) or equivalently, several GRE’s (4.2)-(4.3) corresponding to
all possible (M, N) pairs. In that sense, this representation is not one-to-one.

Remark 4.4 (Sufficiency part): Conversely, each solution of (C1)-(C2) characterizes one subop-
timal controller whose state matrix Ay is given by (4.5). Even though six unknowns By .Cp, X, Y,
M, N must be determined instead of just Ay, By ,Cp, suboptimality is now captured in a much
more structured and tractable way. Indeed, full-order solutions of (C1)-(C2) are easily generated
as follows:

e consider any pair of matrices Ly and Ly of the same dimensions as X By + MC]7\1 and
YC;,T + N Bj;. and such that (4.2)-(4.3) are solvable when X B, + MC,T\- and YCQT + NBy
are replaced by Ly and Ly . respectivelv. Tune Ly and Ly so that X > 0,Y > 0, and
pXY) < 52

e Pick M, N as arbitrary nonsingular factors of y~2XY - I.

e Deduce Bn,Cy by solving X B, + MC,T\- = Ly and )"C;f + NBj = Ly, and Ag by solving
(4.5).

Remark 4.5 (Controller order): Provided that (Ax, Bg,Cpg) is minimal, the controller order
is equal to the rank of y~2XY — I or equivalently, to the column dimension k of the full rank
matrices M and N. Reduced-order suboptimal controllers (k < n) are therefore characterized by
the saturation of the constraint p(XY) < 42, that is, by p(XY) = 2. By contrast, solutions for
which p(XY) < 72 yield full-order (k = n) controllers among which the usual central controller.

-~1



Remark 4.6 (Coupling equation): Solving (4.2)-(4.4) may seem untractable at first because of
the coupling constraint (4.4) which binds the two GRE’s (4.2)-(4.3) via M and N. Yet, this
constraint turns out to play no role for full-order controllers (k = n). Indeed, M and N are
then square invertible and can be “absorbed” in By and Cp. That is, given By ,Cp, X, Y, M, N
solving (4.2)-(4.3) we can always redefine M, N, By ,Cx so that (4.4) is satisfied. In this case
moreover, the resulting controller is independent of the particular choice of M, N provided (4.4)
is satisfied. Indeed, changing M simply amounts to a coordinate transformation on the controller
state. By contrast, (4.4) becomes nontrivial for reduced-order controllers (k < n) which confirms
the incremental difficulty of reduced-order design.

This section 1s concluded with an extension of the representation of Theorem 4.1 to proper
controllers. The proof is omitted for brevity (see [7] for details).

Theorem 4.7 (Representation of proper suboptimal controllers)
Theorem 4.1 remains valid for the larger class of proper controllers of order k < n:

K(s) = Di + Cr(sI — Ax)™' By (4.8)
with the following modifications

o D, is constrained 1o Omar(Dp) < 7.
o (4.2) - (4.3) must be replaced with:

ATN + XA+ X(v 2B BT - B.BI )X +CcfCy +

(XBy+ MCE + CTDE) (I =47 *Dg D) ' (X B2 + MC, + C7 D})T = 0; (4.9)
AY + Y AT +¥Y(r~2¢TC, - CTCo)Y + BB +
(YCT + NBy + B2Dg) (I - 772Dk Dk )Y (Y CT + NBg + B2 Dg)T = 0; (4.10)

o (4.5) becomes:
NARMT = = {A+ BoDiCo+ v (Y ATX + ByBT X 4+ ¥CTC\) + B:Cxk MT + NBk Ch} ~
(YCT + BoDi + NBi) (I — v 2DEDg)'DE (BT X + D Ca + Cx MT). (4.11)

o K in (ii) is now defined as K (s):= Dy + Cr (s — Ay )7' Bg.

Remark 4.8 The GRE’s (4.9)-(4.10) retain the same structure as when Dy = 0. Note that if
Omaz{DK) = 7, the matrices S = D{-D}\- and v~ 2] — D;;D{- are no longer invertible. The
equation (4.9) should then read: there exists X and I satisfying the system of equations:
ATX + XA+ X(v7*B,BT — B,BT)X 4+ CTCy + (XBa + MC + C] D) T = 0;
(I -y 2DgDE)T — (XBy+ MCE + CT Dk)T =0, (4.12)

and similarly for (4.10).

[o4]



5 Recovering DGKF’s Solvability Conditions

This section relates the results of Theorems 4.1 and 4.7 to the classical solvability conditions of [5].
Recall that under assumptions (A1)-(A5), [5] establishes equivalence of the following statements:

(1) there exists an internally stabilizing controller K(s) such that || F(G, K)|loo < 7;

(2) the GRE’s (3.2)-(3.3) have real symmetric stabilizing solutions X, and Y, satisfying X 2> 0,
Yoo > 0, and p(XooYoo) < 72

Hence, it suffices for solvability of P,,(7) to secure solvability of one particular problem (C1)-(C2),
or equivalently to secure existence of one particular controller: the “central” controller obtained
from (4.2)-(4.3) when imposing X B, + MC} = 0, YCT 4+ NBy = 0, and X,Y stabilizing. This
claim is surprising at first but happens to have a simple explanation. Indeed, the stabilizing solu-
tions X and Yo, of (3.2)-(3.3) turn out to be extremal among all possible solutions X,Y compatible
with (C1)-(C2). In loose terms, this stems from the fact that X, and Y, are stabilizing and zero
the rightmost nonnegative terms in (4.9)-(4.10). In turn this extremality property readily accounts
for the special role played by these two solutions when characterizing solvability of Poo(7).
The following lemma is instrumental to establishing the minimality property of X, and Y.

Lemma 5.1 (Monotonicity and minimality properties for H.. GRE’s)
With (A, B) stabilizable and (C,—A) detectable, assume that the GRE

AT X0 4+ XoA + Xo(Po - BBT )Xo+ CTC+Qo=0 (5.1)

has a symmetric solution Xg > 0 for some Py > 0 and Qo > 0. Then for any P,Q salisfying
0<P<L<Pand0< Q < Qq. the GRE

ATX + XA+ X(P-BB)X+CTC+Q =0 (5.2)

has a strong solution X (P,Q), that is, a symmetric solution such that the closed-loop matriz
A+ (P - BBT)X has all its eigenvalues in the closed left-half plane. Moreover,

e 0 < X(P.Q)< Xp and X(P,Q) is therefore minimal for P = Q = 0.

o X(P,Q) is stabilizing if and only if
ATYX + XA+ X {(1 +e)P— BBT} X+cTc+Q=0 (5.3)

retains a positive definite solution for some ¢ > 0.

Proof : See Appendix B.

]
The equivalence of (1) and (2) is now derived as a consequence of Theorems 4.1 and 4.7. Observe
that since (A, By, Cy) is assumed minimal, X and Y are nonsingular so that nonnegativity means
in fact positive definiteness in (2).

(1) = (2): Suppose (1) holds. Then from (i) of Theorem 4.7, there exist matrices X > 0and Y > 0
which solve (4.9)-(4.10). Since (A, B2) and (C,,—A) are assumed stabilizable and detectable,







































