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Approximate X-rays reconstruction of special lattice sets

Sara Brunetti Alain Daurat Alberto Del Lungd

Abstract

Sometimes the inaccuracy of the measurements of the X-eaygige rise to an inconsistent reconstruc-
tion problem. In this paper we address the problem of recocting special lattice sets > from their
approximate X-rays in a finite number of prescribed lattiteations. The class of “strongly Q-convex sets”
is taken into consideration and a polynomial time algorifiomreconstructing members of that class with
line sums having possibly some bounded differences witlyiben X-ray values is provided. In particular,
when these differences are zero, the algorithm exactlynstoacts any set. As a result, this algorithm can
also be used to reconstruct convex subse®&dfom their exact X-rays in a finite set of suitable prescribed
lattice directions.

keywords: algorithms, combinatorial problems, discrete tomografgiiice sets, convexity, X-rays.

1 Introduction

The problem of reconstructing two-dimensional latticessedbm their X-rays has been studied in discrete
mathematics and applied in several areas. This problene isahic reconstruction problem in discrete tomog-
raphy [1] and it has various interesting applications img® processind [16], statistical data secufity [12],
biplane angiography[[}4], graph theofy [1], and reconsingccrystals from images taken by a transmission
electron microscopé [IL8, [15]. In practice, the inaccurdayp@ measurements of the X-rays acts in such a way
that only approximate X-rays are available. For examplendéaical applications an organ is reconstructed by
measuring the attenuation of the intensity of the rays angshie organ in several directions. In this paper we
study the problem of reconstructing special lattice se#&’ifrom their approximate X-rays in a finite number
of prescribed lattice directions.

In most practical applications we have some a priori progerbout the sets to be reconstructed : in the
angiography of the coronary arteries the form of a secticartgfry is similar to an ellipse. The algorithms can
take advantage of this information to reconstruct the setthiimatically, these properties can be described in
terms of a subclass of subsetsZ3fto which the solution must belong. For instance, there algnpaial time
algorithms to reconstructv-convex polyominoes (i.e., two-dimensional lattice siubsehich are 4-connected
and convex in the horizontal and vertical directions) fréwitt X-rays in horizontal and vertical directiorf$ [B, 6].
The class of convex lattice subsets (i.e., finite subsetgith ' = Z2 N conv F) is another well known and
studied class in discrete tomography. Gardner and Gritanfinproved that the X-rays in four suitable or
any seven prescribed mutually non parallel lattice dioediuniquely determine all the convex lattice subsets.
The complexity of the reconstruction problem on this clasan open problem raised by Gritzmann during the
workshop:Discrete Tomography: Algorithms and CompleXitp97).
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In this paper, we study the problem of reconstructing “Qvearsets” from their X-rays in a finite number
of prescribed directions. The Q-convexity is a weak cortyeggioperty linked to a finite number of directions
and the class of Q-convex sets contains all the convexdastibsets. In detail, we address the problem of
reconstructing Q-convex sets from their “approximate”ays and we provide a polynomial time algorithm to
solve the problem. This means that, the algorithm decide=ttvein or not there is a Q-convex set whose X-rays
all lie within prescribed bounds. If there is at least oned@vex set having X-rays lying within these bounds,
the algorithm reconstructs one of them in polynomial time.

Boufkhad et al. [[4] studied the problem of reconstructingconvex polyominoes from their “approximate”
horizontal and vertical X-rays. We show that our algorithaives this problem in polynomial time. The
algorithm can be used for reconstructing Q-convex sets fitwgir “exact” X-rays. A greedy algorithm for
solving this problem has been defined[ih [5], and our new amtras faster than this algorithm for a number
of directions equal to two and three.

We point out that recently, it is proved ifi [7] that the unigass results of Gardner and Gritzmann can
be extended to the class of Q-convex sets. From this unigeenresult for Q-convex sets it follows that our
algorithm can be used for reconstructing convex latticesstgfrom their exact X-rays in some sets of four pre-
scribed lattice directions, or in any set of seven presdrib@tually nonparallel lattice directions. This means
that, our algorithm and the one defined [ih [5] solve Gritznsmproblem for these special sets of directions.

2 A reconstruction algorithm for two X-rays

In this section, we are going to define an algorithm for retrocting Q-convex sets from their approximate
X-rays in two directions. The basic idea of the algorithmadsdietermine a polynomial transformation of
our reconstruction problem to the 2-Satisfiability problesnich can be solved in linear timg] [2]. A similar
approach has been described i [J3, 6].

2.1 Definitions and preliminaries

Let p andq be two independent linear forms @Y. We can assume thati(z,y) = az + by andq(z,y) =
cx + dy with a,b,c,d € Z, ad — be # 0, ged(a,b) = 1, ged(c,d) = 1. Assuming thatM = (zar, yar),
we denotep(x s, yar) by p(M). The X-ray of a lattice setF” along directionp(M) = const is the function
XpF : Z — Ny defined by:

X, F (i) = card({N € F|p(N) = i}).

This, in turn, means that an X-ray of a lattice $&tn a directionp is a function giving the number of points
of I on each line parallel to this direction (see Hig. 2(a)). Wengefour zones around a poitt of Z2 (see
Fig.[1) as follows:

Zo(M) = {N € Z* | p(N) < p(M) andq(N) < q(M)},
Zy(M) = {N € Z* | p(N) = p(M) andg(N) < ¢(M)},
Zy(M) = {N € Z* | p(N) > p(M) andq(N) > ¢(M)},
Z3(M) = {N € Z* | p(N) < p(M) andq(N) > q(M)}.

We can now introduce the definition of Q-convex set arounddisections.

Definition 2.1 A lattice setF' is Q-convexaroundp and q if and only if for eachM ¢ F there existg: such
that Z, (M) N F = ( for k € {0,1, 2, 3}.



Figure 1: The four zones around a poivit of Z2.

By the definition, if there is at least one point Bfin every zoneZy(M), Z1(M), Z(M) and Z3(M), the
point M has to belong ta&7. Fig.[2(a) shows some examples of Q-convex sets. We poirthatitfrom the
definition it follows that a Q-convex set aroupdand g is a discrete set which is convex alopgandq. A

discrete sef” is convex along if for each pair of point§ M, N) of F' such thatp(M) = p(N), the discrete
segmenfM N| N Z? is contained inF. Let us now take the following problem into consideration.
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Figure 2: a) A Q-convex set aroundz,y) = = andq(z,y) = y. b) A set which is not Q-convex set around
p(z,y) = x andq(x,y) = y. ¢) A Q-convex set aroung(x,y) = = + y andq(z,y) = = — 2y.

Problem 2.1 Approximate Consistency with two directions

Instance: four vectorsP = (p1,...,pn), P' = (0},---,0,), Q = (q1,---,aqm), Q" = (¢}, -..,4q,,) whose
elements are no-negative integer numbers ang,,, p}, vl,, 41, ¢m» 41, 4, are positive integer numbers.
Question: is there a Q-convex sdft around p and ¢ such thatp; < X,F(i) < p} fori = 1,...,n and

g < X F(j) <qgjforj=1,....m?

The problem is to decide whether or not there is a Q-conveargeindp and ¢ whose X-rays in these two
directions lie within prescribed bounds. = P’ and@ = @', we have th&xact Consistencgroblem with
two directions.

In the following subsections, we determine a polynomiahsfarmation of Problerh 4.1 to the 2-Satisfiability
problem (2SAT).

2.2 Q-convexity

The intersection of the-line p(M) = i with the g-line ¢(M) = j is not always irnZ2. Itis easy to prove that
the pointM intersection ofp(M) = i with ¢(M) = j belongs toZ? if and only if j = xi (mod J), where:
§ = |ad — be|, k = (cu + dv)sign(ad — bc) (mod &) andau + bv = 1 (see Fig[]3(a) and]8]).

Without any loss of generality, we can assume that a Q-cosgek’ aroundp andg whose X-rays are such
that:p; < X,F(i) < p, andg; < X F(j) < q} for all 4, 7, is contained in the lattice parallelogram:

A={NeZ*|1<p(N)<nandl <q(N)<m}.

3



We denote the poind/ € A intersection ofp(M) = i with ¢(M) = j by M = (i,5) (see Fig[R(c)). Let
K = {0,1,2,3}. We associate four boolean variablgg(M ), with £ € K, at every pointM € A (i.e.,
one variable for each zong (M )). The idea of the algorithm is to build a 2SAT formuld®PROX on the
variables(V(M))kex men SO that there is a solutiof of Problen{2]1 if and only iAPPROX is satisfiable.
If there is an evaluatio’” of the variablegV},(M))rec i, mea Satisfying APPROX, the corresponding lattice
setF solving Problen{ 2]1 is defined by functidnas follows:

F=9oV)iff F={M e A|Vp(M)istrug Vk € K},

whereV;, (M) is true if and only ifV, (M) is false. Conversely, if” is a subset ofA solving Problen] 2]1, the
corresponding evaluatiovi of the variablegVy, (M))rek men SatisfyingAPPROX is defined by function
as follows:

V =U(F)iff Vi(M)="Zx(M)NF =", withk € K, M € A.
We assume that all literals outside are true. The boolean formulaPPROX is made up of three sets of
clauses expressing: tlig-convexity(QCONYV), alower bound(LB) and anupper boundUB) on the X-rays.
The Q-convexity can be expressed with the boolean variddyldlse formulas:

(Vo(i,7) = Vo(i — 6,7)) A (Vo(i, j) = Vo(i,j = 9))

2= A Mozuzs (W) = Voli =, j = v))
M=(i,j)eA 3225(61110(15)
(Vi(i,5) = Vi(i +8,5)) A (Va(i. ) = Vi(i.j —9))
zZ= A AMocuss (Vilisd) = Vili+u,j =)
M=(ij)ed PxGmods)
(Vaisg) = Va(i+0.)) A (Vaiv ) = Vali,j +9))
= A | Agcs (Valid) = Vali b ug o)
M=(i,j)eA 0<v<d
v=ku(modd)
(Va(i, ) = Vali = 8,5)) A (Va(i. ) = Va(i, j + )
z= N\ Mocuzs  (Valid) = Vali = w,j +0))
M=(i,j)eA gEZEESmod(S)

The points in the grey zone aroudd = (i, 5) in Fig. B(a) are the points ok used inZy, Z;, Z, and Z; (i.e.,
the points(i + 6,5 +£9), (i tu,j £v)with0 < u < 9,0 < v < 9). iI_et us denoteZy A Z1 A 29 A Z3 by

i+0 i+3 -5, J
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Figure 3: The points arountl/ used inZy, 2, Z» and Z3 with p(z,y) = 2z + y andq(z,y) = = — 2y
QCONV.



Lemma 2.1 Let V' be an evaluation of the variabl€d/;,(M))rex mea satisfying QCONV. I € A and
Vi (M) is true, thenVj,(N) is true for all N € Zy(M).

Proof. Assume that = 0and leth] = (i, jar). We haveVy (i, j) = Vo(i—d, ) andVy(i, j) = Vo(i,7—9)
are satisfied, for all, j. Therefore, by induction we can prove th@{(iy; — k9, jar —19) is true, for allk, ! € N.
Let NV be a point ofZ,(M). Let N’ be the point ofA such that:

p(M) —p(N') _ V)(M) —p(N)J q(M) —q(N') _ V(M) —Q(N)J
0 0 ’ 0 0

where|z| designs the largest integer not greater than
By the previous statement we halig(N') is true (see Fig]]3(b)) and, since the formulg N’) = Vo(N)
is in Zy, we finally obtainV;y(N) is true. We proceed in the same way foequal to 1,2 and 3. O

Thus, we can characterize the Q-convexity by means of tmauflar QCONV.

Lemma 2.2 e Forany setl’ C A the evaluationV = W (F) of the boolean variable§Vy, (M ))iex mea
satisfies the formula QCONV.

e If an evaluationV” of the boolean variable§V},(M))re i men Satisfies the formula QCONYV, théh =
o (V') is Q-convex aroung andgq.

Proof.

e Assume thal” = ¥ (F') does not satisfy QCONV. By this assumption, there existach that at least a
clause ofZ}, is not satisfied. Thef; (1) andVy (V) are true, wheréV € Z;(M). As a consequence,
Zy(MYNF =@, Z(N)NF # @and Z,(N) C Z,(M). We got a contradiction and 96 = U (F))
satisfies QCONV.

e The second statement is just a consequence of Lgmina 24 4fF’, by the definition ofb there exists:
such that/;, (M) is true. Therefore, by LemnfaP.1, we had¥g N) for eachN € Z,.(M). Consequently,
Ze(M)NF = .

2.3 Alower bound

Now we want to express that X-ray values of a lattice set indihectionp are greater than some prescribed
integers. Let us take the ling M) = i into consideration. Let

miné = min{j|(4,j) € A} andmaxf} = max{j|(i,j) € A}.
Notice that, if§ # 1 these numbers are not always equal ndm. We define the formul&B(p, :,!) in the

following way:
LB(p,i,l) =TRUE ifl=0
Ni<j<m—ar  (L1(5) A La(5) A L3(5) A La(3))

LB(p,i,1) = j=ri (mod 6) otherwise
ALY N LY N LY N LY



where

Li(j) = Vo(i, j) = Va(i,j + dl)
Ly(j) = Va(i,j) = Va(i,j + ol)
Ls(j) = Va(i, j) = Va(i, j + dl)
L4(5) = Va(i,j) = V5(i,j + 6l)

Ly = Va(i, min} + o(1 — 1))
Ly = Va(i,min}, + (1 — 1))

1= "Vo(i,mazi — (1 — 1))
Ly = Vi(i,max} — 6(1 — 1))

1)
1)

Lemma 2.3 e If alattice setF is Q-convex aroung andq and its X-ray along is such thatX, F'(i) > [,
then the evaluatio” = W(F') of the variablegVj, (M )) ek, men SatisfiesQCONV A LB(p,,1).

e If an evaluationV” of the variableg V. (M))kex men SatisfiesQCONV ALB(p, i,1), then the X-ray of
F = ®(V) alongp is such thatX, F'(i) > .

Proof.

e The casé = (is trivial, so we assume> 1. If F'is Q-convex aroung andgq, by Lemmd 2 = U(F)
satisfies QCONV. Thus, we only have to show that ¥ (F') satisfiesLB(p, 7,1) when the X-ray off’
is such thatX,F'(i) > [. Assume thaL.B(p, 7, 1) is not satisfiable; in this case at least one clause of the
formula is not satisfied:

— If L1(j) is true, thenV; (i, ) A Va(i, j + 6l) is true. Sincey/ satisfies QCONV, by Lemma 2.1 the
set{j | (¢,5) € F'} has to be contained i, j + d![. ThereforeX, F'(i) < [, and by contradiction,
the thesis follows.

— If I is true, therVa (4, min}, + 6(1 — 1)) is true. Sincel/ satisfies QCONYV, by Lemnfa 2.1 the set
{7 | (4,7) € F} has to be contained ifmning, min, + 6(1 — 1)[. ThereforeX,F'(i) < I, and by
contradiction, the thesis follows.

The proof is similar for the other cases.

e By Lemmg2]l and.}, L), we deducé/s(i, j) A V3(i, j) is true, for eachnin! < j < min! + (I —1)d.
Assuming that (i, min}) andVi (i, minj) are true, always by Lemnfa . (4, j) A Vi (4, j) is true for
eachming < j < max,. Sincel’ = ®(V), we have(i, j) € I for eachming < j < miny +d(l — 1),
namely, X, F'(i) > L.

Now we assume thaty (i, min )oer(z min, 1) is true. From the formulas), and L; and Lemm4 2|1,
we deduce that there exmsm < j" < mazxj, — (I — 1) such that:

j'=min({j : Vo(i,5) andVi(i, 5)})

From Ly (5') A La(5") A Ls(3') A La(3") @and Vi (2, 5') V Vi (i, '), it follows thatVa (i, 7 + 6(1 — 1)) and
Vs(i, 5/ + (1 — 1)) are true, and s¢i, ' + 6(1 — 1)) € F. Moreover, Lemm@ 2|1 ensures thai(i, j)
and V3(i, j) are true for eachh < j' + 6(1 — 1), andV;(7,7) and Vi (i,5) are true for eacly > j'.
Therefore, Vi (i, j) is true for allk andj’ < j < j' 4 (I — 1), and this means thdt, j) € F for each
j <j <j +4(—1). ConsequentlyX, F(i) > I.
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We define the formul&.B(q, j, () for the lines in the directiog in a similar way.

2.4 An upper bound

Now we want to express that X-ray values of a lattice set indihectionq are smaller than some prescribed
integers. For this upper bound, we need to fix two poiitand B such thatp(A) = 1 andp(B) = n. We
call basesthese two points (see Fif. 2(c)). Let us take the {i®/) = j into consideration. We introduce the
formula:
UB(q,j,1,A,B) =IN(A)AINB) A /\  U(i)
1<i<n—dl
j=ki (mod 9)

where : IN(M) = Vo(M) ANVI(M) A Va(M) A Vs(M) and

a) If j <min{q(A4),q(B)},  U(i) = Vo(i,j) = Vi(i + 0L, j)
b) If ¢(A) <j < q(B) U(i) = V3(i, j) = Va(i + dl, j)
c) If ¢(B) <j < q(A) U(i) = Vo(i, j) = Va(i + dl, j)
b) If j > max{q(A),q(B)}  U(i) = Va(i,5) = Va(i + dl, )

Lemma 2.4 e If alattice setF’ containing the based, B is Q-convex aroung andq, and its X-ray along
q is such thatX,F'(j) < [, then the evaluatio = ¥ (F) of the variables(Vy,(M))reck men Satisfies
QCONV AUB(q,j,l, A, B).

e If an evaluationV” of the boolean variable§Vy,(M))ick mea satisfiesQCONV A UB(q, 4,1, A, B),
thenF = ®(V') contains the based, B, and its X-ray along; is such thatX,F(j) < L.

Proof.

e Since the chosen basdsand B belong toF, at least two variables among the four ones associated to
any (i,5) € A are false. By Lemm§f 3.3/ = ¥(F) satisfies QCONV. Assume th&t = ¥(F) does
not satisfyUB(q, j,1, A, B) andj < min{q(A), ¢(B)} (i.e., case (a)). By this assumption, there exists
such that/y(i/, j) andVy (i + 61, 5) are true, and so from LemnhaP.1 it follows tha(i, j) andV; (i, §)
are true for eacli < i < 4’ + 6l. Moreover,V;(i,j) andVs(i, j) are false for all because of base$
and B. ThenV,(i, j) is true for eactk andi’ < i < ¢ + 41, thatis(i,j) € F for eachi’ < i <i' + 4l
contradicting the thesis.
We proceed in the same way for the cases (b), (c) and (d).

e SinceV satisfiedN(A) A IN(B), the basest and B belong toF'. Assuming thayj < min{q(A), ¢(B)}
(i.e., case (a)), by LemnfaP.1 aii(A) A IN(B), the variabled/(i, j) andVs(4, j) are false for all.
If we havel, (4, j) is true for alli, thenF has no point in the ling(M) = j and X, F(j) = 0 < I. So,
we can suppose that thereiisuch thaf/; (i, j) is true. By Lemmd 2]1, there existssuch thatl;(i/, 5)
andVy(i, j) are true fori < i’. Thereforei,j) ¢ F for all i < i'. SinceV satisfiesUB(q, j,1, A, B)
andVj(i, j) is true fori > ', we have thal/ (7, j) is true for alli > ¢’ + 61, and so{i | (i,j) € F} C
[/, 7' + 6l[. ConsequentlyX,F(j) <.
We proceed in the same way for the cases (b), (c) and (d).

We define the formul&B(p, i,1, A, B) for the lines in the directiop in a similar way .
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2.5 The reconstruction algorithm

Let (P, P',Q, Q") be an instance of ProblenP.1. We fix four bades3, C, D such thap(A) = 1, p(B) = n,
q(C) =1, q(D) = m and then we build the formula:

APPROX(P,P',Q,Q, A, B,C,D) = QCONVA
N (LB(,i,p:) AUB(p,i,p;,C, D)) A\ (LB(q,4,4;) A UB(q, , d}, A, B))

1<i<n 1<j<m
As a consequence of Lemmlag .3,2.3 2.4, we get:

Theorem 2.1 APPROX(P, P, Q,Q’, A, B,C, D) is satisfiable if and only if there is a Q-convex searound
p and ¢ containing the based, B, C, D and having X-rays along and ¢ such thatp, < X,F(i) < p}, for
i=1,...,n,andg; < X F(j) < g} forj=1,...,m.

Since APPROX(P, P',Q,Q’', A, B,C, D) is a boolean formula in conjunctive normal form with at most
two literals in each clause, from Theorgm]2.1 we have a toamsftion of Problenj 2J1 to 2SAT problem.
The algorithm chooses four basdsB, C, D, and buildsAPPROX (P, P’,Q,Q’, A, B,C, D). Each formula
APPROX(P,P',Q,Q', A, B,C, D) has sizeD(mn) and can be constructed in(mn) time. This is a 2SAT
formula and so it can be solved in@n) time (see[[2]). If the formula is satisfiable ahis the evaluation of
the boolean variables, then = ®(1/) is solution of Problen@.l. On the contrary, the reconsioncattempt
fails and the algorithm chooses a different position of the basesd, B, C, D, and repeats the procedure. The
number of reconstruction attempts is bounded by the nunflaifferent positions of the four base§ B, C, D,
and this is at most?>n?. Consequently:

Corollary 2.1 Problem[2]1 can be solved @&(m3n?) time.

Remark 2.1 An 8-connectedhv-convex set is a Q-convex set arouptr,y) = = andq(x,y) = y with

at least one point in each row and column. This class of @&attiets is a well-know generalization of the
class ofhv-convex polyominoeq]3] 6] which are 4-connected and convérorizontal and vertical directions.
Boufkhad et al. [[4] studied the “approximate consistencthwiivo directions” problem on the class bf-
convex polyominoes. In detail, given a pair of vectdfs= (vq,...,v,) andH = (hq,..., hy,), they want
to reconstruct arhv-convex polyomino whose X-rays along vertical and horiabulirections are such that:
| XpF(i) —v| < 1fori =1,...,nand|X,F(j) — h;| < 1forj =1,...,m(.e,P =V —-1,P =
V+1,Q = H—-1and,Q = H + 1). Our algorithm solves this problem in polynomial time oe tHlasses
of 8-connectedhv-convex sets anflv-convex polyominoes (with an extra condition on the booleaables).
We point out that the goal of Boufkhad et al. is to solve theesponding optimization problem. They want
to reconstructhv-convex polyominoes from these “approximate” horizontad aertical X-rays and such that
the sum of the absolute differences is minimum. By means ofAh®lver, the authors defined a heuristic
algorithm for solving this problem. We do not know at this diiifi our algorithm can be used for solving this
optimization problem in polynomial time.

Remark 2.2 Mirsky [[L1] proved that “approximate consistency with twioedtions” problem on the class of
all lattice sets can be solved in polynomial time.

2.5.1 The exact reconstruction.

If P = P andQ = @', Problem[2]1 becomes thexact Consistencproblem with two directions on the
Q-convex sets aroung andg. Notice that,y " | p; = 2?21 g; is a necessary condition. This problem has
been studied in[J5] and the authors propose a greedy algonithose computational cost @&(m?n?(m +



n) min{m?,n?}). We are going to show an algorithm which is faster than therétgn defined in[[5]. Let
A, B be two bases such thatA) = 1 andp(B) = n. We build the following formula:

EXACT(P,Q,A,B) = QCONV N\ LB(p,i,pi) [\ UB(g,j,q;, A B).

I<isn 1<j<m

Proposition 2.1 EXACT(P, Q, A, B) is satisfiable if and only if there is a Q-convex getroundp and q
containingA, B and having X-rays along andgq such thatX,F'(i) = p;, fori = 1,...,n, and X, F(j) = g;,
forj=1,...,m.

Proof.

e Assume thattXACT(P,Q, A, B) is satisfied by an evaluatiol of (Vi (M))kex mea. By Lem-
mag2.H,2]3 anfl 2.4, the set= & (V') satisfies the conditionsd, B € F, X, F (i) > p; and X, F(j) <

q; forall 7, 5. Then,
m m n m
ZQJ > ZXqF(j) = ZXPF(Z') > sz‘
j=1 j=1 i=1 i=1

and, since " | ¢; = Y_iL, pi, XpF (i) = p; and X, F(j) = g; for all i, j.

e If F'is Q-convex aroungh andq and satisfiesA, B € F, X,F'(i) = p;, andX,F(j) = ¢;, by Lem-
mas[2.H,2]3 anfl 2.4, the evaluatin= ¥ (F) satisfiesEXACT (P, Q, A, B).

O

The number of reconstruction attempts for the exact carsigtproblem is bounded by the number of different
positions of the two base4, B, and this is at moshin{m?,n?}. Consequently:

Corollary 2.2 Exact Consistency problem is solvedmn min{m?,n?}) time.

3 More than two directions

We now outline an algorithm for reconstructing Q-convexs$atm their X-rays in more than two directions.
Let us introduce a definition of Q-convex set around more thandirections. LetlU be a set ofi directions
{ay, = (ah,bh)gzl} (i.e., pairs of coprime integers, with), > 0). The linear form corresponding to vector
a, = (ap,bp) is up(z,y) = bpz — apy. Given two directionsu;, u; € U, we define four zoneg,(j’])(M)
around everyM € Z? as in the previous section. Therefore, there2at@l — 1) zones for eactd/ € Z? and
we are going to sele@d of these zones. A point/ of a line in directionu,, splits it into the following two
semi-lines having origin id/:

—

st(M) = {N € 22 | up(N) = u(M) andiiy, - ON > iiy, - OM}

s (M) = {N € Z2 | up(N) = up(M) andiiy - ON < iy, - OM}

where “” denotes the scalar product of two vectors @hd any origin point.

Definition 3.1 An almost-semi-plane (or ASP) alongis a zoneZ,gi’j)(M) such that for each direction;, of
U only one of the two semi-lines (M), s, (M) is contained inZ,(j’])(M).
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Figure 4: The six ASP arountl/, with U = {uy,u2,us}, uy =y, us = x, u3 = = + y.

Let ITy (M) be the ASP containing; (M) for eachh = 1,...,d. We denote the other almost-semi-planes
encountered clockwise aroudd fromIly(M) by Iy (M), ... 5y 1 (M). Forexample, let = {uy, ug, us},
with u; = y, up = x, us = = + y. The six ASP around a point/ are: I1o(M) = Z§1’3)(M),H1(M) =
2" (M), Ty (M) = 2 (M), (M) = 25 (M), TLi(M) = 25" (M) andTI5(M) = 25 (M) (see
Fig.[4). Now we can generalize the Q-convexity to any set aations:

Definition 3.2 A lattice setF is strongly Q-convexaroundU if and only if for eachM ¢ F' there exists an
ASPII; (M) around M such thatF N 11, (M) = 2.

Let us consider the approximate consistency problem orctass.

Problem 3.1 Approximate Consistency with more than two diretions

Instance: 2d vectorsPr = (p11,---,P1m ), Pl = P11 sP1py)s-- s Pa = (Paas -, Pan,) @nd Py =
(P15 - - -+ Py,,) Whose elements are no-negative integer numbersgandp: ., , P 1,21 nys- - - » Pd,1s Pd,ngs
Py 1: P, Are positive integer numbers.

Question: is there a strongly Q-convex setaroundU such that:

Phi < Xu, F(i) <pj,;fori=1,....npandh=1,...,d?

A Q-convex setr” aroundU whose X-rays are such that;, ; < X, F'(i) < p;, ; for all h, i, is contained in the
lattice polygon:
A={NecZ?|1<u,(N)<n,Vl<h<d}.

We use the strategy of the previous section, by replacingahe Z; (M) with II;(M). Assuming thatk’ =
{0,1,...,2d — 1}, we associat@d boolean variable¥ (M), with k£ € K, at every pointM in A (i.e., one
variable for eachl (1) around)M). We build a 2SAT formulaAPPROX on the variable$Vy, (M) )ke i, mea.,

so that there is a solutioR of Problem[3]L if and only iAPPROX is satisfiable. If there is an evaluatidn

of (Vi(M))ker men satisfying APPROX, the corresponding sét solving Problen{ 3]1 ig" = ®(V), with

® defined as in the previous section. Conversely; is a subset ofA solving Problenf 2]1, the corresponding
evaluationV' of (V(M))ker, mea satisfying APPROX is V' = W(F'), with ¥ defined as in the previous
section. Since every ASH (M) is equal to a zoneZ,(f’])(M) defined by directions;, u;, it is easy to
generalize the formulas to contexts havingdirections. The generalization SQCONYV of QCONV is such that
SQCONV=Z A ... A Z94_1, WhereZ;, corresponds tdl (M) (i.e., Z,S”])(M)). Thus, we have the following
extensions of Lemmja 2.2:

Lemma3.1 e Forany setF’ C A the evaluationl” = W (F') of the variablesV},(M))rc i, mea Satisfies
SQCONV.
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e If an evaluationV of the variables(Vy,(M))ick men satisfies SQCONYV, thefi = (V) is strongly
Q-convex around/.

A lower bound ofl on the X-ray ofF" along the lineu, (M) = i is expressed by a 2SAT formula. Let us take
the linewuy, (M) = i into consideration. Analogously to the case of two diretioby definition,mz’nﬁl and
mazi allows us to determine two point4} and B; of A lying onu; = i such thatu,(A}) = min}, and
up(Bj) = mazi. A point M of a line in directionu, splits it into the two semi-lines; (M) ands, (M).
Hence, for each directiom;, we can split the set of indices = {0, 1,...,2d — 1} into two subsets:

Ky ={te K |s(M)cCIL(M)}

K; = {t € K | s (M) C TL,(M)}.
From the definition of ASP it follows thaf{ = K, U K, andK," N K, = (. The required boolean formula

can be constructed by proceeding as in the two-directioss.cilore precisely, the formulsLB(up,i,1) is
defined in the following way.

SLB(up,i,l) = TRUE if 1 =0

SLB(up, i) = | N\ /N Lew@D) | A A\ Li| A | N Li| otherwise
Mel perh keK; kEK,
K ek,

where
I'={M € Alup(M) =i andM + luj, € A}
Ly (M) = (Vi(M) = Vi (M + lup))
L, = Vi(A, +(1-1)
Ly =Vi(Bj, — (1-1)

un)
un))

Finally, we fixd — 1 pairs of bases for each directions, in order to give an uppendt of/ on the X-ray of F’

in the directiomu;,. The chosen bases correspond to the atherl directions. The upper bound is expressed
by the formulaSUB(u,, i,1, A1, By, ..., Ap—1, Bh—1, Ah+1, Bhi1, - - -, Ag, Bg), WwhereA;, B; are the bases
of the directionu;. This formula is a generalization of the upper bound fornfiaighe two-directions case. At
first we have to prove the following lemma:

Lemma 3.2 For any M € A such thatu, (M) = i there exists at most one € K,  such that for any
k' € K;7\ {k} the ASPL, (M) contains one of the pointdy, B, ..., Ap—1, Br—1, Ans1, Brits - - - » Ad, Ba.

Proof. Let M,,,. be the point of)? such that:
- uh(MmaJ:) =1

- it maximizesON - u, for each/N such thatuy, (N) = i in the continuous polygon, = {N € R? |1 <
uh(N) < np, V1 < h < d}

For anyk’ € K,J[ we havelly (M) D I (Mpmaz) SO itis sufficient to prove this property fad = M,,q, -

M4 1S On an edge of A, which has a directiom;,, # u;. We have a bas€' fixed on this edge. We can
suppose that’ € sZ(Mmam) without loss of generality. Consider the edge@onsecutive t6, (M;;q.) in A..
This edge is in direction;,, € U.

11



e Suppose thak, # h. Let D be the base fixed on this edge. There exists K, andr € {0,1,2, 3}

such thatZﬁhl’hQ)(Mmax) is an ASP. Letlly(Mu4:) = ,@hl’h"‘)(Mmax). We can see that for any

k' € K;"\ {k} the ASPII;/ (M) the ASPII, (M) containsC or D (see Fig[b).

Figure 5: Why onlylI (M,,..) does not contain neith& nor D ?

o If ho = hthenIly(M,,q.) IS Zr(hl’h)(Mmaz) which does not contaig’ and the semi-ling, (Mq.) \

Moz
o

Let k& be as in the statement of the lemma: we defBfe(M) = Vi, (M).
We can defindV, (M) on the same way. Therefore the upper bound is expressed bplihing 2SAT

formula:;
<y Ada Bd) =

SUB(uhai’laAlaBla-"aAh—lth—laAh—i-lth—i-la--
IN(A1) A ... AIN(Bg) A\ UM)

Mel
where:
I ={M € Alup(M) =iandM + luy € A}
IN(M) = N Vi(M)
keK
U(M) = (W (M) = Wit (M +1iz7) ).
Let (P, P,..., Py, P)) be an instance of Problepn B.1. We fi& basesA4;, By, ..., A4, By and then we

build the following boolean formula:
APPROX(Py, P|,..., Py, P}, A1, By, ..., Ay, Bq) = SQCONV A
/\ LB(Uh, val) A UB(pa ivp;ja Ala -817 CIRIEIES Ah—la Bh—la Ah-i—la Bh-}—la ey Ad7 Bd)

1<h<d
1<i<n,
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We deduce that:

Theorem 3.1 APPROX (P, P| ..., Ay, By) is satisfiable if and only if there is a strongly Q-convex Bet
aroundU containing the based,, By, ..., A4, B4 and having X-rays along,, such thatp;, ; < X, F(i) <
ppafori=1,... npandh=1,...,d.

The algorithm choosed pair of bases, and builds the 2SAT expressibRPROX. Assuming thatn =
max{ni,...,nq}, we have that each formulAPPROX has sizeO(n?) and can be constructed 0(n?)
time. The number of reconstruction attempts is bounded éythmber of different positions of ti#l bases,
and this is at most2?. Consequently:

Corollary 3.1 Problem[3]L can be solved @®(n??+?) time.

If P, = P] for eachl < h < d, Problem[3]L become the exact consistency problem with ithare two
directions. In this case, we have to choeke 1 pair of bases for the upper bound and we complexity of
algorithm for solving this problem i©(n??). The convex lattice sets are special Q-convex sets, and so by
uniqueness results for Q-convex sets provedin [7], theriifgo can be used for reconstructing convex lattice
subsets from their exact X-rays in some sets of four suitalliee directions, or in any set of seven prescribed
mutually nonparallel lattice directions. This means thattivo algorithms solve Gritzmann’s problem for these
special sets of directions.
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