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1 Introduction

The homogenization property for divergence-form operators with discontin-
uous coefficients is proved using stochastic calculus for processes generated
by Dirichlet forms. As a sequel, we directly obtain pointwise convergence
of the solutions of the corresponding PDEs, instead of functional conver-
gence. Afterwards, we extend the method used by É. Pardoux in [16] for a
highly-oscillating zero-order term to deal with a differential term of the form
∂xi

(b̂(·/ε)·) when b̂ is not regular.
Instead of considering second-order non-divergence form operators (linked

to Stochastic Differential Equations (SDE)) we deal with a family of divergence-
form operators

Lε =
1

2

∂

∂xi

(
ai,j(·/ε) ∂

∂xj

)
+

(
1

ε
bi(·/ε) + ci(·/ε)

)
∂

∂xi

, (1)

where the coefficients a, b and c are periodic. Here, a(x) = (ai,j(x))N
i,j=1

is a uniformly elliptic, symmetric matrix, and the vector valued functions
b(x) = (bi(x))N

i=1 and c(x) = (ci(x))N
i=1 are bounded. No assumption of

regularity on the coefficients is required.
In fact, Lε is the infinitesimal generator of a continuous, conservative,

Feller process Xε. Also an homogenization result on Lε is equivalent to the
convergence in distribution of Xε to a non-standard Brownian Motion. How-
ever with a divergence-form operator with irregular coefficients, the process
Xε is not in general the solution of some SDE: if it was, then this SDE would
have a drift term including

∫ t
0 ∂xi

ai,j(X
ε
s/ε) ds, which is not defined for irreg-

ular coefficients a. So we have to use the stochastic calculus for processes
generated by Dirichlet forms (a Dirichlet form being the bilinear form asso-
ciated to Lε) as it is mainly developed in [5]. Although we follow the general
method first developed by M. Freidlin [6] and widely used since (see [2] for
example), we have to be careful, because the theory of Dirichlet forms is nat-
urally developed in the framework of functional spaces, here we must use the
L2 and Sobolev spaces. This leads to a behaviour slightly different from that
of the usual Itô calculus. For example, a formula may not be defined under
the distribution of the process starting from a fixed point. Also, the gradient
of the correctors (that is the functions that transform Xε into a martingale)
are not bounded. For example, when dealing with the highly oscillating zero-
order term, a supplementary argument is required with respect to the one
given in [16] (see Proposition 3), where everything is bounded.

One may wonder if instead of using the context of Dirichlet form, we
could simply proceed by approximations. However, this leads to problems of
interchanging limits.

2



A. Lejay / Homogenization of Divergence-Form Operators in Periodic Media

This article is organized as follows: in Section 2, we recall the main
properties of a process generated by a divergence-form operator. In Section 3,
the convergence of the stochastic processes Xε is proved. Section 4 is devoted
to the proof of the homogenization property with differential terms of order
zero, using the Feynman-Kac formula for representing the semi-group.

2 Divergence-form operator and Markov pro-

cess

Let O be a connected, open subset of RN . Through this Section, let L be
the operator

L =
1

2

∂

∂xi

(
ai,j

∂

∂xj

)
+ bi

∂

∂xi

, D(L) =
{

f ∈ H1
0(O) Lf ∈ L2(O)

}
,

where a(x) = (ai,j(x))N
i,j=1 is a measurable function in the space of symmetric

N ×N -matrices for which there exist some positive constants λ and Λ such
that

λ|ξ|2 6 ai,j(x)ξiξj 6 Λ|ξ|2 ∀ξ ∈ RN , ∀x ∈ O,

and b is a measurable function with value in RN . The norm of b(x) is assumed
to be bounded by Λ.

It is well-known that the operator (L, D(L)) is the infinitesimal generator
of a semi-group (Pt)t>0 and of the resolvent (Gα)α>α0 defined for any α greater
than α0 depending only on λ and Λ. For any function f in L2(O), Ptf is the
weak solution of the parabolic PDE

∂tu(t, x) = Lu(t, x) with u(0, x) = f(x) and u(t, ·) ∈ H1
0(O) ∀(t, x) ∈ R∗+×O,

and Gαf is the weak solution of the elliptic PDE

(α− L)v = f, where v ∈ H1
0(O).

Furthermore, there exists a transition density function p such that x 7→∫
O p(t, x, y)f(y) dy is a version of x 7→ Ptf(x) for any function f in L2(O).

From standard results in PDE theory, this function p satisfies the Aronson
estimate [1, 19]

p(t, x, y) 6 M

tN/2
e−|x−y|2/Mt,∀t > 0, (2)

and the Giorgi-Nash estimate [11, 19]

|p(t′, x′, y′)− p(t, x, y)| 6 C

δN




√
|t′ − t| ∨ |x′ − x| ∨ |y′ − y|

δ




α

(3)
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for any (t′, x′, y′), (t, x, y) ∈ [δ2, +∞) × O × O with |y′ − y| ∨ |x′ − x| 6 δ.
The constants M , C and α in (2) and (3) depends only on λ and Λ.

Hence, it is easily shown that the semi-group (Pt)t>0 is a Feller semi-
group, and is the generator of a Hunt process (X,Px)x∈O which is continuous
up to is life-time.

The key tool to study this process is the theory of Dirichlet form [5, 13],
since the bilinear form

E(u, v) =
1

2

∫

O
ai,j∂xi

u∂xj
v dx−

∫

O
bi∂xi

uv dx, D(E) = H1
0(O),

is a Dirichlet form on L2(O). Lot of results are more natural for symmetric
Dirichlet forms, — that is with b = 0. But in fact, the distribution starting at
a given point of the process generated by E is deduced from that of the same
Dirichlet form with b = 0 by a Girsanov transform, as with non-divergence-
form operators. We have to note that this property is in fact true for any
starting point [12, 3, 10].

If we consider a bounded domain O and choose the domain of the Dirich-
let form to be H1

0(O), — which is related to the Dirichlet problem, — then
process generated by this Dirichlet form is related to a conservative generated
by a Dirichlet form whose coefficients extend those of the previous one. Using
Theorem 4.2.2 and Lemma 2.3.4 in [5, p. 154 and p. 95], if the coefficient a
is extended to a function on RN satisfying the ellipticity and boundedness
condition, the process distribution of the process X is equal to the distribu-
tion of the conservative process whose infinitesimal generator is 1

2
∂xi

(ai,j∂xj
)

defined on RN and killed when it exits from O. This result may be carried
for non-symmetric operator with the help of the Girsanov transform.

Let τ(ω) = inf { t > 0 ωt 6∈ O } is the first exit-time from O for any
continuous function ω on [0, +∞) with value in RN . If the boundary of O is
smooth enough, then τ(Xε) converges in distribution to τ(X), where Xε are
processes generated by divergence-form operators converging in distribution
to X.

3 Homogenization: convergence of the stochas-

tic processes

We assume in this section that O = RN . Let c be a measurable function with
value in RN also bounded by Λ. Now, let us assume that the coefficients a,
b and c are periodic. Let us denote by ¤ the unit torus of RN : ¤ = RN/ZN .
The process Xε is the one generated by the operator Lε given by (1).

4
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Proposition 1 (Homogenization result). There exist some constant β
(see (8) below) and some constant coefficients a = (ai,j)

N
i,j=1 and c = (ci)

N
i=1

such that the process Xε
t − βt/ε converges in distribution to the process gen-

erated by L = 1
2
ai,j

∂2

∂xi∂xj
+ ci

∂
∂xi

.

Let L2(¤) and H1(¤) be the space of functions locally in L2(RN) and
H1(RN) which are ¤-periodic. The injection from the space H1(¤) to L2(¤) is
compact. Furthermore, if m is a ¤-periodic function such that

∫
¤ m(x) dx = 1

and 0 < κ 6 m(x) 6 δ, ∀x ∈ ¤ for some constants κ and δ, then there exists
a constant C such that∥∥∥∥f −

∫

¤
f(x)m(x) dx

∥∥∥∥
L2(¤)

6 C ‖∇f‖L2(¤)N (4)

for any f in H1(¤). The inequality (4) is the Poincaré inequality and leads to
the specificity of the homogenization property in periodic media, in opposite
to a general random media.

In a first time, we want to define a Markov process corresponding to
the projection on the torus of the process generated by the divergence form
operator L having periodic coefficients. Thanks to the compactness of the
torus, this process will be ergodic.

Let q be the function from R∗+ × ¤ × ¤ to R∗+ defined by q(t, x, y) =∑
k∈Zd p(t, x, y + k). Using the Aronson estimate, it is clear that there exist

some constants κ = κ(λ, Λ, n) and δ = δ(λ, Λ, n) such that δ 6 q(1, x, y) 6
κ. The family of operators (Qt)t>0 defined by Qtf(x) =

∫
¤ q(t, x, y)f(y) dy

defined a semi-group on Lp(¤) and any 1 6 p 6 ∞. The infinitesimal
generator of (Qt)t>0 is

L̃ =
∂

∂xi

(
ai,j

∂

∂xj

)
+ bi

∂

∂xi

and D(L̃) = { f ∈ H1(¤) | L̃f ∈ L2(¤) }.

It follows from the compact injection of H1(¤) into L2(¤) that the resolvent
G̃α = (α− L̃)−1 of L̃ is clearly a compact operator.

Using the maximum principle and the periodicity of the functions in
L2(¤), any solution of L̃u = 0 is constant. Thanks to the Fredholm alter-
native, there exists a unique solution to L̃∗m = 0 such that

∫
¤ m(x) dx = 1.

As in [7, p. 328], m is non-negative. With the Harnack principle [18, The-
orem 8.1, p. 237] and a regularity result [18, Theorem 7.1, p. 232], m is in
fact positive and continuous, m is the unique invariant probability m for Qt.
Furthermore, δ(λ, Λ, n) 6 m(x) 6 κ(λ, Λ, n) for any x ∈ ¤.

Using a density argument, it may be proved that for any function u ∈
D(L̃),

∫

¤
L̃u(x)u(x)m(x) dx =

−1

2

∫

¤
m(x) · ai,j(x)

∂u(x)

∂xi

∂u(x)

∂xj

dx. (5)

5
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We deduce then that L̃ is a closed operator with a dense domain in L2(¤). As
a sequel, we deduce that for any f in H−1(¤) such that 〈f,m〉H−1(¤),H1(¤) = 0,

there exists a unique solution u ∈ H1(¤) up to some additive constant to

Ẽ(u, v) = −〈f, v〉H−1(¤),H1(¤) , ∀v ∈ H1(¤),

where Ẽ is the bilinear form associated to L̃ by the relation Ẽ(u, v) = −〈L̃u, v〉
for (u, v) ∈ D(L̃)× H1(¤).

It is now time to add our first-order term εc∇. Let εL be the operator

εL = L + εci
∂

∂xi

, D(εL) = D(L),

which is the infinitesimal generator of a strong Markov process εX with value
in RN . The operator corresponding to εL on the space of periodic function
will be εL̃ = L̃ + εci∂xi

, and generates a semi-group (εQt)t>0.

We are now concerned with the convergence in distribution of Xε dist
=

ε · εX·/ε2 .
A variation of the spectral gap inequality leads to establishing the follow-

ing convergence result. Here, the version of the semi-group is the one given
using the density transition function. This Proposition have to be proved
for functions in L1(¤), since it will be applied on some functions involving
the gradient of the correctors belonging only to L1(¤). In fact, we give a
statement slightly stronger, whose use will be justified in Section 4.2.

Proposition 2. Let (fn)n∈N be a family of functions in L1(¤) converging in
L1(¤) to f . Let (nε)ε>0 be a sequence of integers increasing to infinity as
ε decreases to 0. Then there exist positive constants K, ρ and C depending
only on λ, Λ and N such that

sup
x∈¤

∣∣∣∣εQtfnε(x)−
∫

¤
f(x)m(x) dx

∣∣∣∣ 6 K ‖f‖L1(¤) e−C(ε)t + ‖fnε − f‖L1(¤) (6)

where C(ε) converges to ρ as ε goes to 0.

Now, we have to recall that for a periodic function f , εQtf(x) = Ex [ f(εXt) ].
Following the argument exposed in [2, p. 338], we deduce from (6) the fol-
lowing convergence result, which has the flavor of an ergodic theorem.

Corollary 1. Under the hypotheses of Proposition 2,

sup
x∈RN

Ex




∣∣∣∣∣ε
2

∫ t/ε2

1
fnε(

εXs) ds− t
∫

¤
f(y)m(y) dy

∣∣∣∣∣
2


 −−→

ε→0
0, (7)

where f and fnε are seen as periodic functions on RN .

6
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We note that since we are working with functions only in L1(¤), we cannot
be ensured that

∫ t
0 f(εXs) ds is finite under Px for a given starting point. This

is why we start at time 1.
Let β = (βi)i=1,...,N be the vector defined by

βi =
1

2

N∑

j=1

∫

¤
ai,j(x)

∂m(x)

∂xi

dx +
∫

¤
bi(x)m(x) dx. (8)

Remark. If b = 0, then m(x) = 1 and automatically, β = 0.

For i = 1, . . . , N , let wi be the unique 1-periodic solution in H1(¤) of the
problem 




L̃wi = −1

2

∑d
j=1

∂ai,j

∂xj

− bi + βi,
∫

¤
wi(x)m(x) dx = 0.

According to Theorem 7.2 in [18, p. 232], each function w̃i is continuous, and
then bounded. We set

w̃i(x) = x + wi(x) for i = 1, . . . , N,

where wi is extended to a periodic function on RN . If w̃ε
i = εw̃i(·/ε), then

the functions w̃i and w̃ε
i satisfy (in the weak sense)

div(a∇w̃i) + b∇w̃i = βi and div(a(x/ε)∇w̃ε
i (x)) +

1

ε
b(x/ε)∇w̃ε

i (x) =
βi

ε

So, with the Itô-Fukushima decomposition (see [5]) and the help of the Gir-
sanov transform to deal with the first-order term, for u = 1, . . . , m,

w̃ε
i (X

ε
t)− w̃i(X

ε
ε2) = Mε,i

t +
∫ t

ε2
〈c,∇w̃i〉(Xε

s/ε) ds +
β

ε
t, Px-a.e., (9)

for any x ∈ RN , where Mε
t = (Mε,1

t , . . . , Mε,N
t ) is a local martingale with

cross-variations

〈Mε,i, Mε,j〉t =
∫ t

0
〈a∇w̃i,∇w̃j〉(Xε

s/ε) ds
dist
= ε2

∫ t/ε2

0
〈a∇w̃i,∇w̃j〉(εXs/ε) ds

−−→
ε→0

t
∫

¤
〈a∇w̃i,∇w̃j〉(x)m(x) dx = tai,j. (10)

We start at time ε2 in (9) to ensure that this relation is true for any starting
point, and not only for quasi-every starting point (see [5, 13]).

Using the boundedness of w(x), the right-hand side term in (9) will have
the same limit as Xε

t − Xε
ε2 . The Central Limit Theorem on martingales (see

7
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e.g., Theorem 7.1.4 in [4, p. 339]) implies the existence of a martingale M
whose cross-variations 〈M i,M j〉t are tai,j for i, j = 1, . . . , N , and such that
Mε converges in distribution to M in the space of continuous functions.

With (7) and Theorem VI.3.37 in [8, p. 318], to is easily proved that the

family of processes
(
ε

∫ t
0〈c,∇w̃i〉(Xε

s/ε) ds
)

ε>0
converges in probability to the

deterministic process (tci)t>0, with ci =
∫
¤〈c,∇w̃〉(x)m(x) dx.

Furthermore, with the Aronson estimate, it is clear that Xε
ε2 converges in

probability to x if Xε
0 = x for any ε > 0. Putting all the previous convergence

results together, if Xε
0 = x,

(
Xε

t −
β

ε
t

)

t>0

dist.−−→
ε→0

(
x + M t + tc

)
t>0

,

where c is the vector (c1, . . . , cN).

4 Homogenization with differential terms of

lower order

We are now interested to prove by some probabilistic method some homog-
enization result for the family of operators (Aε)ε>0 given by Lε + e(·/ε) +
∂xi

(b̂i(·/ε)·), where e and b̂ are periodic and bounded. To simplify, the con-
stant β given by (8) is also assumed to be equal to 0.

We assume that these operators Aε are defined on a domain O with
a regular boundary. Let τ be the first-exit time of O for the process Xε

generated by Lε.

4.1 Homogenization for a smooth differential term

If we assume that b̂ is smooth, then ∂xi
b̂(·/ε)·) = 1

ε
div b̂(·/ε) + b̂(·/ε)∂xi

. In

[16], É. Pardoux has developped a method to deal with a highly-oscillating
zero order term. This method will be employed here on some smooth func-
tions converging to b̂.

So, to simplify, let us consider for a moment the homogenization problem
for

Aε = Lε + e(·/ε) +
1

ε
d(·/ε),

where d is a bounded, periodic function such that
∫
¤ d(x)m(x) dx = 0. We

also assume that β = 0, where β is the constant (8). This operator Aε

generates a semi-group (T ε
t )t>0 may be given by the Feynman-Kac formula:

8
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for any f in L2(O),

T ε
t f(x) = Eε

x

[
f(Xt) exp

(∫ t

0
e(Xs) ds +

1

ε

∫ t

0
d(Xs) ds

)
; t < τ

]
.

This formula is true for any x assuming that the chosen version of the semi-
group (T ε

t )t>0 is the one given by the density transition function.
There exists a unique periodic solution d̂ ∈ H1(¤) to L̃d̂ = −d satisfying∫

¤ d̂(x)m(x) dx = 0.
Hence, if d̂ε(x) = εd̂(x/ε), then there exists a local martingale Nε with

quadratic variation 〈Nε〉t =
∫ t
ε2〈a∇d̂ε,∇d̂ε〉(Xε

s/ε) ds such that

1

ε

∫ t

ε2
d(Xε

s/ε) ds +
∫ t

ε2
e(Xε

s/ε) ds = Nε
t + Uε

t

with

Uε
t =

∫ t

ε2
e(Xε

s/ε) ds−d̂ε(Xε
t)+d̂ε(Xε

ε2)+
∫ t

ε2
〈c,∇d̂〉(Xε

s/ε) ds− 1

ε

∫ ε2

0
d̂(Xε

s/ε) ds.

In view of the previous work, it is clear that

Uε proba−−−→
ε→0

(
t
∫

¤
e(x)m(x) dx + t

∫

¤
〈c,∇d̂〉(x)m(x) dx

)

t>0
= (tU)t>0, (11)

and that Nε converges in distribution to the martingale with quadratic vari-
ations td = t

∫
¤〈a∇d̂,∇d̂〉(x)m(x) dx. Now, let us defined by P̂ε

x the new
probability measure by its Radon-Nicodym density with respect to Pε

x:

dP̂ε
x

dPε
x

∣∣∣∣∣Fε
t

= exp
(
Nε

t −
1

2
〈Nε〉t

)
,

where F ε is the completion of the filtration generated by (Xε,Pε). For that,
some condition on Nε has to be given, and P̂ε

x is well defined for example if

sup
ε>0
Eε

x [ exp (6〈Nε〉t) ] < +∞. (12)

Let us assume for a moment that this condition is satisfied. Then, using the
Cauchy-Schwarz estimate, the convergence in probability to some determin-
istic function under Pε

x implies the convergence in probability to the same
limit under P̂ε

x. Assuming that the family (exp (〈Nε〉t + Uε
t))ε>0 is uniformly

integrable, as in [16],

T ε
t f(x) −−→

ε→0
T tf(x)

def
= Ex

[
f(Xt) exp

(
t(d + U)

)
; t < τ

]
,

9
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where d =
∫
¤〈a∇d̂,∇d̂〉(x)m(x) dx. The term U is given by (11), and X is

the process whose infinitesimal generator is

1

2
ai,j

∂2

∂xi∂xj

+ (c + D)
∂

∂xi

, with D =
∫

¤
〈a∇d̂,∇w̃i〉(x)m(x) dx.

The term D comes from the Girsanov transform corresponding to the change
of measure from Pε

x to P̂ε
x.

Now it remains to prove (12) and a condition of uniform integrability. For
that, it is sufficient to prove that

sup
ε>0
E

[
exp

(∫ t

ε2
g(Xε

s/ε) ds
) ]

< +∞, (13)

for g = 〈c,∇d̂〉 and g = 〈a∇d̂, d̂〉. But is is important to note that, unless a
is weakly differentiable, the term ∇d̂ is in general not bounded, so that we
have to prove (13) for g only in L1(¤). This is a supplementary difficulty
with respect to [16] and the use of non-divergence form operators.

Proposition 3. Let (gn)n∈N be a sequence of non-negative functions in L1(¤)
converging in L1(¤) to some non-negative function g. Then, if (nε)ε>0 is
a sequence of integers converging to infinity fast enough, there exist some
sequences (αε)ε>0 and (γε)ε>0 such that for any t > 0,

Ex

[
exp

(∫ t

ε2
gnε(X

ε
s/ε) ds

) ]
6 eαεt+γε , (14)

with αε −−→
ε→0

∫

¤
g(x)m(x) dx and γε −−→

ε→0
0.

Proof. Our proof is inspired by that of the Kas’minskii Lemma on functions
in the Kato class (see for example [20, Lemma 2.1 and Theorem 2.2, p. 8]).

Using a generalization of the proof of Corollary 1, for any integer k > 1,

Ex

[ (∫ t

ε2
gnε(X

ε
s/ε) ds

)k
]

= k!
∫

06s16s26···6sk−16t−ε2
Ex

[
gnε(X

ε
s1+ε2/ε) · · · gnε(X

ε
sk−1+ε2/ε)

× EXε
sk−1+ε2

[ ∫ t−sk−1

ε2
gnε(X

ε
s/ε) ds

] ]
ds1 · · · dsk−1, (15)

and, with (6) in Proposition 2,

EXε
sk−1+ε2

[ ∫ t−sk−1

ε2
gnε(X

ε
s/ε) ds

]
6 sup

x∈RN

ε2
∫ t/ε2

1

εQsgnε(x) dx

6 tg + ε2K ‖g‖L1(¤) + C ‖gnε − g‖L1(¤)

10



A. Lejay / Homogenization of Divergence-Form Operators in Periodic Media

with g =
∫
¤ g(x)m(x) dx. So, if (nε)ε>0 is choose so that ‖gnε − g‖L1(¤) =

o(ε), an induction leads to

Ex

[ (∫ t

ε2
gnε(X

ε
s/ε) ds

)k
]

6 k!(tg + o(ε))k

and sup
x∈RN

Ex

[
exp

(∫ t

ε2
gnε(X

ε
s/ε) ds

) ]
6

∑

k>0

(tg + o(ε))k.

The previous sum is equal to 1/(1− tg + o(ε)) if tg + o(ε) is smaller than 1.
Now, let us fix ε and set t0 = ε/g. If k is an integer such that t = kt0 + r
with 0 6 r < t0, then the Markov property implies again that

Ex

[
exp

(∫ t

ε2
gnε(X

ε
s/ε) ds

) ]
6 Ex


 exp

(∫ k(t0−ε2)

0
gnε(X

ε
s+ε2/ε) ds

)

× EXε
kt0

[
exp

(∫ t0−ε2

0
gnε(X

ε
s+ε2/ε) ds

) ] 


6
(

1

1− ε + o(ε)

)k+1

6 1

1− ε + o(ε)
exp

(
gt

ε
log

(
1

1− ε + o(ε)

))
,

if ε is smaller than some ε0, and the result is proved.

The proof is specific to the periodic case, and is not valid for a general
random media, for which the uniform integrability shall be proved using
another strategy [9].

Proposition 3 also gives us a control as ε is small on the maximal growth
of the solution of the parabolic PDE.

Corollary 2. There exist two sequences (αε)ε>0 and (γε)ε>0 satisfying γε −−→
ε→0

0 and

αε −−→
ε→0

1

2

∫

¤
〈a∇d̂,∇d̂〉(x)m(x) dx +

∫

¤
〈c,∇d̂〉(x)m(x) dx = α

for which
|T εf(x)| 6 ‖f‖∞ exp (αεt + ‖e‖∞ t + γε) (16)

for any measurable, bounded function f and any starting point x.

Proof. We remark first that

Eε
x [ exp (Nε

t + Uε
t) f(Xt) ] 6 Êε

x

[
exp

(
1

2
〈Nε〉t + Uε

t

) ]
‖f‖∞ .

11
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Except 〈Nε〉t and
∫ t
ε2〈c,∇d̂〉(Xε

s/ε) ds, the other terms that appear in Uε
t are

smaller than ‖e‖∞ · t + o(ε) for ε small enough. Proposition 3 asserts the
existence of the sequences (αε)ε>0 and (γε)ε>0, and for any x,

Ex

[
exp

(
1

2
〈Nε〉t +

∫ t

ε2
〈c,∇d̂〉(Xε

s/ε) ds
) ]

6 exp(αεt + γε).

The result is then proved.

The previous Corollary gives some indication on the spectrum of Aε. For
example, if O is a bounded open set with smooth boundary, the maximum
principle implies that any eigenfunction associated to a real eigenvalue of Aε

is bounded. So, the maximal eigenvalue of Aε is bounded in ε. Then, α−Aε

is invertible for α for some large enough independent of ε.

4.2 Passage to a non-smooth term

Now, we do not assume that b̂ is smooth, but we shall assume that
∫
¤ b̂(x)∇m(x) dx =

0. We also assume that b = 0, and we set

Aε = Lε + e(·/ε) +
∂

∂xi

(b̂i(·/ε)·).

Proposition 4. Let O be an open domain with smooth boundary. Then,
for any α large enough and for any f in L2(O), the solution of the elliptic
equation

(α− Aε)vε = f and vε ∈ H1
0(O),

converges pointwise as ε goes to 0 to the solution of

(α− A)v = f and v ∈ H1
0(O),

where A is a second-order differential operator

A = L +
∫

¤
(e + 〈c,∇û〉) dx

with L =
1

2
ai,j

∂2

∂xi∂xj

+
(∫

¤

(
〈c,∇w̃i〉+ 〈b̂,∇w̃i〉

)
dx

)
∂

∂xi

and û ∈ H1(¤) is solution to L̃û = − div b̂ and
∫

¤
û(x)m(x) dx = 0.

A non-null Dirichlet boundary condition (i.e., v(x) = ϕ(x) on the bound-
ary of O for a continuous function ϕ) may also be considered, using the
probabilistic representation for such a problem (see [3] for a proof of such
a result. The representation is the same as for non-divergence form oper-
ators). This also implies the convergence of the solutions of the parabolic
PDE involving Aε, even if O is not bounded.

12
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Proof. Let (b̂n)n∈N be a family of measurable, periodic functions bounded by
Λ such that

b̂n is smooth, b̂n
L2(¤)−−−−→

n→+∞ b̂ and
∫

¤
b̂n(x)∇m(x) dx = 0.

Let us denote by ûn the solutions of L̃ûn = − div b̂n with
∫
¤ ûn(x)m(x) dx =

0. Using (5), and the Poincaré inequality, there exists some constant C de-
pending only on λ and Λ such that ‖û − ûn‖H1(¤) 6 C‖b̂ − b̂n‖L2(¤). Hence
(ûn)n∈N converges to û in H1(¤).

Let us denote by (T ε
t )t>0 the semi-group whose infinitesimal generator is

Aε and (T ε,nε
t )t>0 that of generator Aε,nε given by

1

2

∂

∂xi

(
ai,j(·/ε) ∂

∂xj

)
+ ci(·/ε) ∂

∂xi

+
∂

∂xi

(b̂nε(·/ε)·) + e(·/ε).

for some fixed sequence (nε)ε>0 that increases to infinity. Since b̂nε is smooth,
it is clear that

∂

∂xi

(b̂nε(·/ε)·) =
1

ε
div b̂nε(·/ε) + b̂nε(·/ε)

∂

∂xi

.

Let f be a smooth function with compact support in O, As ∇ûnε con-
verges in L2(¤) to ∇û, it follows from the results in the previous section that
T ε,nε

t f(x) −−→
ε→0

T tf(x), where (T t)t>0 is the semi-group generated by A. We

have to note that some terms which appear in the previous Section have been
cancelled with some integration by part.

It remains to identifies the limit: On a bounded domain O, let us consider
the two problems





(α− Aε,nε)uε = f on O,

u ∈ H1
0(O),

and





(α− Aε)vε = f on O,

v ∈ H1
0(O)

where f is a continuous function with compact support on O. The solution
uε is equal to uε(x) =

∫ +∞
0 e−αtT ε,nε

t f(x) dt and converges to the solution
v ∈ H1

0(O) of the elliptic problem (α− A)v = f .
In the case of b = 0, then for α large enough the family of operators

Lε are coercive for the H1
0(O)-norm independently of ε. From Corollary 2,

uε is bounded uniformly in ε. Classical estimates imply that ‖vε − uε‖L2(O
converges to 0. Hence, vε converges in L2(O) to v. In this case, as the coeffi-
cients of the involved differential operators Aε are bounded by some constant
independent of ε, it is possible to use extensively the Aronson estimate (2)
to prove that the convergences hold pointwise for any function f in L2(O)
(see [17]).
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