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1 Introduction

The first version of the Pair Boson Hamiltonian (PBH) model was proposed by Zubarev
and Tserkovnikov in 1958 [[[J. Their intention was to generalize the Bogoliubov model of the
Weakly Imperfect Bose Gas [Jf] by including more terms from the total interaction, without
losing the possibility of having an exact solution. We refer the reader to [J] and to [f] for a
more recent discussion of this question.

The suggestion of Zubarev and Tserkovnikov [ was to consider a truncated Hamiltonian
which includes a diagonal term representing forward-scattering and exchange-scattering as
well as a non-diagonal BCS-type interaction term. The model containing only the forward-
scattering part of the interaction corresponds to the Mean-Field (or the Imperfect) Bose gas,
see [] and [{] for details. Using the same method as they had used earlier for the fermion
BCS model [fl], the authors give in [] a “solution” of the PBH model. Later this Hamil-
tonian became the subject of very intensive analysis [[-[d], leading essentially to the same
conclusion as in [[[]}, namely, that the PBH has the same thermodynamic properties as a cer-
tain approzrimating Hamiltonian quadratic in the creation and annihilation operators. Using
this Hamiltonian which can be diagonalized by the canonical Bogoliubov transformation,
its thermodynamic properties were investigated and it was shown to have some intriguing
properties. One of these is possibility of the occurrence of two kinds of condensation, the
standard one-particle Bose-Einstein condensation as well as a BCS-type pair condensation
which may appear in two stages, see e.g. [[0], [[T]. Another one concerns the gap in the
spectrum of “elementary excitations” [[J-[A]. In spite of fairly convincing arguments these
papers did not prove rigorously that the above mentioned solution of the PBH model is exact.
A mathematical treatment of the PBH model, related to representations of the Canonical
Commutation Relations (CCR) appeared in [[J].

In the present paper we give a variational formula for the pressure for the PBH model and
provide a rigorous derivation of the formula. The latter yields the same expression for the
pressure as was obtained in [[[], the corresponding Euler-Lagrange equations coinciding with
self-consistency equations studied in [ and [{]-[[J]. In an earlier paper [[[3] we conjectured
that the pressure can be expressed as the supremum of a variational functional depending
on two measures: a positive measure describing the particle density and a complex measure
describing the pair density, similar to the Cooper pairs density in the BCS model. This con-
firmed the conclusion of [[[(], [T about the coexistence of one-particle and pair condensates.
The study in [[J] was inspired by the Large Deviation Principle (LDP) developed for the
analysis of boson systems in [[4]-[[7]. This method gives rigorous results for the pressure
in the case of models with diagonal (commutative) boson interactions. A similar technique
was developed in [[§-BJ| based on the work [RZ], extending the LDP to noncommutative
Mean-Field models (including the BCS one) with only bounded operators involved in Hamil-
tonians. Since neither of these methods apply to the PBH without extensive modifications,
here we opted for the Approzimating Hamiltonian Method (AHM) [B4], which has been al-
ready successfully applied to many models, including some interacting boson models (see for

example [@]a [ﬂ]a @])

There is renewed interest in the properties of the PBH interaction in the context of finite
boson systems confined in a magneto-optic trap, see e.g. [RG-[Rg]. We do not discuss this
aspect in the framework of our approach leaving it for future publications.

Now we turn to the exact formulation of the PBH model in its simplest form, that is, with
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constant pair and mean-field boson couplings [13.

Let A C R” be a cube of volume V' = |A| centered at the origin. Then the kinetic energy oper-
ator for a particle of mass m confined to the cubic box A, that is the operator —A /2m with pe-
riodic boundary conditions, has eigenvalues e(k) = ||k||?/2m, k € A* := {27s/V'/¥|s € ZV}.
Consider a system of identical bosons of mass m enclosed in A. For k € A* let a} and a, be
the usual boson creation and annihilation operators satisfying the CCR |a, , aj,] = d; ;, and
let Nj := aja, be the k-mode particle number operator. The kinetic-energy operator 7}, for
the Perfect Bose-gas, can be expressed in the form T, := >, _\. €(k) N,

To introduce a pairing term in the Hamiltonian we shall need the operators

Ak = A,k = aka_k7 k € A* . (11)
Let - -
N, = Z Ny and Q, := Z AE)Ag , (1.2)
keA* keA*

where the function \ : R — C satisfies the following conditions:

IAE)| < IM0)| =1, A(k) = A(—Fk) forall keR”,

there exists € < oo and § > 0 such that

N ¢
|A(k” < 1%_”k”nmx@ﬁd2+n+5

(1.3)

for all k € R”. Note that ([Z3) implies that A € L'(R”) and that there exists M < oo such
that

m, = Y [A(k)| < MV, (1.4)
keA*
ny= Y e(R)AME)P < MV, (1.5)
keA*
and
¢, := sup e(k)|A(E))> < M (1.6)
keA*

for all A C R”.
Then for constant couplings u, v the PBH is defined by

Hy, =T, — QAQA + 57 N2 (1.7)

Remark 1.1 Let ¢ := arg \(0) and A(k) := A(k)e . Then A\(0) = 1 and we can write H,
in the form
Y N2 (1.8)

with

Qy = Y Ak Ay, (1.9)

where |A(k)| < X0) =1 for all k € R”.
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Remark 1.2 We shall assume that v > 0 and o := v —wu > 0. The latter condition ensures
the superstability of the model, see Theorem[2_]. Note that in the case u < 0 (BCS repulsion),
the second condition o > 0 is trivially satisfied. In we have proved that the case u < 0
gives the same thermodynamics as the Mean-Field (MF) Bose-gas:

v

— N7, 1.10
2V A ( )
Thus in deriving the variational formula we emphasize the case u > 0. We recall that this

condition is necessary for nontrivial condensation of boson pairs, see e.g. [§/-[3]. We shall
discuss the relation between these conditions and the thermodynamic properties of the model

(L.8) in Section [.

HME =T, +

For the convenience of the reader we now state (without proof) the principal theorems and
describe the the logical sequence used in proving the main result of this paper. We shall
need the grand-canonical pressures for several approrimating Hamiltonians. Recall that for
an inverse temperature 3 and a chemical potential p the the grand-canonical pressure for a
system with Hamiltonian H, is

1
BV

For simplicity in the sequel we shall omit the thermodynamic variables # and p and we shall
write, for example, p, for the grand-canonical pressure corresponding to the Hamiltonians

H,

InTrexp {—F(H\ — uNy)} . (1.11)

1
D 1= ﬁ—vlnTreXp{—ﬁ(HA—,uNA)}. (1.12)

We shall denote the thermodynamic limit A T R” by the symbol ‘li/r\n .

Consider the approximating Hamiltonian

1, % 1%
H (g, p) = Ty +vpNy = u(@g + Qua’) = Sop* + ulal (1.13)

where ¢ € C and p € R, are variational parameters. The Hamiltonian H ,(\2)((], p) can be
diagonalized and the corresponding pressure pf)(q, p) can be calculated explicitly to give in

the thermodynamic limit

p(a.p): = limp(g.p)
d’k 1 1
= [ it = exp( )] -  (Blha) — 10D}
1 2 1 2
—éu\q| +5007 (1.14)
where
E(k,q.p) = {f*(k.p) — |h(kq)}'* (1.15)
with
fk,p):=e(k)—p+vp and h(k,q) :=ug)\ (k). (1.16)

Using ([L.IJ) the Hamiltonian ([.§) can be written identically as

Hy=H(q,p) + Hi(q, p) (1.17)
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where

H{(q,p) == —5-u(@) — V¢ )(Q, —Va) + %U(NA —p)*. (1.18)

The main result of this paper states that if the variational parameters q and p are chosen
in an “optimal” way, then the contribution to the pressure arising from the residual term
H(q, p) vanishes in the thermodynamic limit.

Let us define the following function for ¢ > 0 and p > 0
o(q,p) := inf (f(k,p) —|h(k,q)]) = vp — p—lulg, (1.19)

see ([.16).

Theorem 1.1 The limiting pressure for the PBH model ([.§) with u > 0 (BCS attraction)
has the form

.= limp, = sup inf p@(q, p) = su inf @ (q, p) . 1.20
pi=limpy =sup infp (4, p) o nd P (4, p) (1.20)

while with u < 0 (BCS repulsion) it has the form

= i — inf inf p® —inf inf p® . 1.21
p:=limp, = inf infp (¢, p) f  Jnf P (¢, p) (1.21)

Note that to obtain the approximating Hamiltonian ([.IJ), the term —u@%Q,/2V in ([.§)
is replaced by —u(Q%q + Q,q*)/2 + Vu|q|?/2 and vN2/2V by vpN, — Vuvp?/2.

We shall prove Theorem [[1] in two steps. Here we describe these steps for u > 0 and before
the end of the section we indicate the modifications necessary for the case u < 0.

The first step which we call the first approzimation is to linearize the term —u@%Q,/2V in
H,. For technical reasons we need to add to our Hamiltonians some source terms. Therefore,
we define for v, € C

Hy(v,n) = Hy = (@} +v°Q,) = VV (nag + n"ay) (1.22)
and the first approrimating Hamiltonian

v

1 1
" (q,v,1) =T, + S Vi — ul@g+ Qua) + SVl - (1.23)
(vQx + Q) — VV (nay +n°ay)
From ([.22) and ([.23) we have

Hy(v,n) = H" (q,v,n) + H}(q)

where 1
Hi(q) = —55,ul@) = V) (@, — V) < 0. (1.24)

First we show (see Section ) that with the right choice of the parameter ¢ = g, the residual
perturbation H(q) does not contribute to p,(v,n), the pressure for the PBH ([.22) in the
thermodynamic limit, i.e., the pressure corresponding to the Hamiltonian H, (v, n) coincides

with the limit of p,(\l)(cj, v,n), the pressure for H,Sl)(cj, v,n):
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Theorem 1.2 For any v and n with [v| <1 and |n| <1,

lim p, (v, ) = lim sup i (g, v,m). (1.25)
q
In particular
lim p, (1) = lim sup p’ (¢, 7). (1.26)
A Ay
where py(n) := py(0,n) and % (q,m) = (q ,m) are the pressures corresponding to the

Hamiltonians Hy(n) := H,(0,n) and H ( \n) = H )(q,O,n) respectively.

Next, in Section f] we study a second approzimating Hamiltonian obtained from ([.23) by
replacing the term vN?2/2V by a linear term vpN, — Vuvp?/2:

HP (q,p,m) := Ty + vpN, — Su(@ia +Qua") — 5 vp” + Sulg? = VV (a5 +1"ag) . (1.27)

We denote the pressure corresponding to the Hamiltonian ([.27) by ﬁf)(q, p,m). Note that
by (II3) and ([27) one has H\ (g, p,0) = H” (¢, p). We shall show in Lemma [IJ] that

f(0,p) — |ullq| cos(6 — 2¢)}
f2(0,p) — w?[q]?

2
2 (a, p,m) = (a0, p) + Inl? {
where 6 := argq and ¢ := argn.

Our next theorem establishes a similar variational relation between the pressure p,(n) and

(g, p,m):

Theorem 1.3

lim p, () = lim sup inf p pA '(q.p.) = limsup inf py P (a,p.m). (1.28)
A A qE(Cp A q>0p

where for ¢ > 0 we put

n|®

(2)( .
f(07p) —uq

P (g, pon) = P (ge! T+

(2)(

L Ps1) = Dy (1.29)

ge q,p) +

Note that the difference between the statement in Theorem [L1] and that in Theorem [.3
(apart from the 7 dependence) is that the thermodynamic limit is taken after taking the
nfimum over p and the supremum over g. In the next theorem we show that the order of
the thermodynamic limit and taking the infimum and supremum can be reversed:

Theorem 1.4 Forn # 0,

p(n) :=limpy() =sup inf  p?(q,p.n), (1.30)

¢>0 p:0(g,p)>0

where we put

In|?
f(0,p) —uq’

(2)

p? (g, p.m) = limp(q. p.n) = p* (. p) + (1.31)

cf. expression ([[.29).
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In Lemma [I.] we prove that p = lim, o p(n) so that Theorem [[.4 gives

= limsup inf p@(q, p,n). 1.32
p=limsup il P (¢,p,m) (1.32)

Finally in Lemma [.§ we prove that the order of the limit n — 0 and taking the infimum
and supremum can be reversed to yield the main result Theorem [ for the BCS attraction.

The important difference for the repulsive case, u < 0, is that instead of ([[.24) we now have

1

H{(q) = — 5@ = V@) (@, — V) 20. (1.33)

Therefore the first approximation (Section [J) should be constructed in the same way as the
second approximation (Section []). The proof of the second part of Theorem [}, ([.21)), for
u < 0 is given in Section [j (f).

It is important to note that the variational formula conjectured in [[[J has the same Euler-
Lagrange equations as those given by Theorem [.I. Thus the detailed study of these equa-
tions carried out in [[J] applies to our result. In particular, this concerns the sequence
of phase transitions in the PBH model ([.§) and the conditions for the coexistence of the
generalized Bose condensation and the condensation of boson pairs, see also Section [J.

The paper is organized as follows. We start by proving in Section P that the PBH model
(L) is superstable. In Sections B and f] we shall assume that v > 0. Section J is devoted to
establishing the first approximation giving the proof of Theorem [[.L4. In Section f] we turn
to the second approximation giving the proof of Theorem [[.J and the other results needed
to obtain Theorem [T for > 0. Finally in Section [ we discuss the variational problem as
well as related open questions for all values of u and we finish the proof of Theorem [[]] for
u < 0. Some commutator relations are given in Appendix A and in Appendix B we give a
bound needed in our proofs.

2 Superstability

In this section we establish the superstability of the PBH model ([.§). When u < 0 super-
stability is obvious. To prove it for u > 0 and o = v — u > 0, we shall need the following
lemma which is used in several other places in the paper.

Lemma 2.1 The following inequality is satisfied
Q:Q, < N+ MVN,. (2.1)

Proof: The inequalities

(N (K)away £ X (K)a* pa_)” (N (k)awaj, £ X (K)a* pa_,) >0
and definition ([.1) imply that for k& # {k’, =K'},

—(Ny + [ME))Np — (N_pr + MK N_y

< AN+ )Ny — )PV + DN
<N (B)AK)A; A + N (KA (k)Af Ay (2.2)
< IME) (N + 1) N + IME)P(N_p + 1)N_y
< (Ni + AR N + (N + [AE) N
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By ([LT) we also have

A;;Ak = NkN,k for k 7£ 0 s

Then by (3) and (-3) one gets
QiQy = DN (RAK)AL AL +2) Ak ApAr + [M0)]* A5 Ag
kK eA*, keA*, k#0
k;ﬁk’ ket —k/
- - Z (N (R)AK) A Ap + X (KA () A Ar) + 2> M) PA; A + [A(0)]Ap Ag
kk’eA* keA*, k#0
Bt ket k!
1
5 D (Ve + AR N + (N + ANEDINg) +2) NN + Ng
kK’ €N*, keA*, k#0
k#k!, k#—k/
= Y NeNw+> NN+ Ng+ > |AKR)|Ne (2.4)
k, k! eA*, keA*, k#0 k,k'eA*,
k#k! Ic;ék’, k;é—k’
Using the inequality
1
NNy < 3 (N2 + V%) 25)
we get
Y NN Y N (2.6)
kEA*, k#£0 kEA*, k#£0

Thus (£.])) follows by ([.9) and ([.4). O

We now use the inequality (R.I]) in Lemma R.1] to prove superstability of the model ([L.§).

Theorem 2.1 The Hamiltonian ([I.§) is superstable:
1
Hy, — uN, > T, + Wodvf — (u+ R)N, (2.7)

where R := Mu/2 and M s defined by ([.4)

Proof: From Lemma P.J]

1
1
= T,+ 2VaN2 (i + R)N,. (2.8)
Since we are assuming that o > 0, the estimate (2.§) implies superstability, see 29 O

In the next two sections we develop the proofs for the variational formula for the pressure.
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3 The First Approximation

Recall that the auxiliary Hamiltonians H,(v,n) and H [El)(q, v,n) are source dependent with
v,n € C, see ([.23) and ([.23). Since later we shall let v and 1 tend to zero, we can assume
that |v] <1 and |n| < 1. Because we are making the assumption on PBH ([.§) that u > 0,

it follows from ([.29) that H}(q) < 0.
Let v € C and ¢ := arg(v*A(k)). Then from
(af + e %a_,)(a, &+ e%a”,) >0
we get
VI (Ne + N AR < A ()AL + 0 AR Ay < [D](Ne + N + AR

Also

VV (nay +n*ag) = (ay + V'V (ag +VVn) — ajag — VIn|* > =N, — V|n|* .

Therefore, by Theorem P.1] one gets for || < 1 and || < 1, the estimate:

Hy(v,n) —pNy > Hy— > (Ne+ N_p+[A(K)|) = Ny — V — uN,
keA*
Z HA_(M+3)NA_mA_V

1
> TA+WaNA2—(u+3+R)NA—(M+1)V.

Since H}(q) <0, we also have

HY(q,v,m) = uNy > H,(v,n) — pN,
1
> TA+WaNA2—(u+3+R)NA—(M+1)V.

Proof of Theorem [1.2:

(3.1)

(3.2)

(3.3)

For simplicity we shall prove this theorem for v = 0. The proof for a general v follows
through verbatim by translation for v # 0. Clearly since H. < 0, it follows from (B.3) that

for any ¢ we have for the pressure of the PBH ([.29) the estimate from below:

pa(n) = P\ (g, v =0,m) = p (g, n).

Also for any ¢ one obviously has the estimate from above:

pa(n) = pﬁl)(q,nH<pA(V,n)—p(A1)(q,V,n))>

= a (i) = ) + (1@ ) = 2 (a,m))

< supp (¢, n) + (pA(V, n) — (g, v, 'rz))
q/

— (pa(v,m) = pa()) + sup (p(i)(v, q¢,n) - (d, 77)) :

q
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and, therefore, we get

supp(q,m) < paln) < supp
q

q

(g,m) + inf ( Z(n) — i (a, v, n))

= (pa(m) = pa(m) + sup (pﬁ”(q, v,n) — i (g, n)) . (3.4)

We shall prove in Lemma B.] that, if v, — 0 as A T R”, then

lim inf (pa (v, 7) = pa(n) = 0., (3.5)
and
. 1 1
hmAsup{sup<p& "qyvaon) = P (g n)} =0 (3.6)
q

Next, with a particular choice of v, that tends to zero as A T R”, we shall show also that
lim sup{inf (pa (v, n) - (g, vam))} =0 (3.7)

This last result (which is proved in Lemma B.J) is much harder and requires the arguments
developed in [24]. Putting these together we get

lim p, () = limsup pi” (¢, 1) , (3.8)
A A q

that proves Theorem [[.3. O

We now prove the two lemmas quoted earlier.

Lemma 3.1
limAinf(pA(ym 77) - pA(ﬁ)) =0 (3-9)

and

limAsup(p(A” (¢, va,m) — (g, 1)) = 0 (3.10)

Proof: Writing v = z + iy, using the convexity of the pressure and (B-])) we get

palvin) ) > x(a%pmn))i +y(§ymu,n>)i

v=0 v=0

1

= V (I/Qz + V*QA>HA(?7)
1
> _VM ZA (N + N_i, + |)\<k)‘>HA(77)
keA*
1
> —V‘V‘ (2 <NA>HA(77) +mA) > —K‘I/‘ s (311>

by ([4) and Lemma B Therefore if v, — 0 as A T R”, we get (B.9):

limAinf(pA(l/A, n) —pa(n) =0. (3.12)



Proof of the Variational Principle for a Pair Boson Model 10

Similarly one gets

1
sup (pg)(q, b)) — P(Al)(‘-”")> < Slvlsu (2 (N 9 (g +mA> < K|, (3.13)
q

q

by (L.4), (B.3) and Lemma [B.1. Thus

fims up{sup(pl’ (¢, va,n) — pi (g, )} =0, (3.14)
q

that implies (B-I7). O

Lemma 3.2 There exists a sequence {v,}, that tends to 0 as A T R”, such that

lim sup inf (pA(VA, ) — 3 (g, v, n)) =0. (3.15)

Proof: Using the Bogoliubov convexity inequality [24]:

Tr(A — B)eP Tr(A — B)eA

A B
Toob < InTre” — InTre” < Trod (3.16)
and ([.29) we get the estimate
1 * *
0 < pa(mm) = o (. v0) < oz l(@ = V) Qu = V)
Let 5@/\(’/7 77) =Q, — <QA>HA(u,n) and let
Ax(v,n) = (6Q1 (v, n) 6Q, (s 1)) g1, (1) = O-
Then u
. 1
inf (pa(v.m) = i (g, vm)) < 5L (m) (3.17)
We want to obtain an estimate for A, (v, 7) in terms of v and V.
Let
Dy(v,n) :== (6Q(v,n), 6Q,(v, n))HA(u,n) ) (3.18)

where (-, -)gy denotes the Bogoliubov-Duhamel inner product with respect to the Hamilto-
nian H, see for example [B4] or [BJ. Using the Ginibre inequality (e.g. (2.10) in [27]) we
get

1 *
AA<V7 77) < 5 <5QT\(V7 77) 5@/\(]]7 77) + 5@/\(”7 77) 5QA<V7 n))HA(u,n)
1 1/2 « 1/2
< Da(vin) + 5 18D )P {(@0 [Havm) = Ny QD
We shall show in Appendix A that there is a real number C' such that

<[Q7\’ [HA<V’ 77) - luN/H QA]]>HA(V,77) S CV3/2 :

Thus
1/2

Ax(v,n) < Da(w,n) + (CB)Y2{V*2Dy(v,n) } (3.19)
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From the definition of the Bogoliubov-Duhamel inner product we have

0? V[ 0? 0?
8y8y*pA(V’ n) = 1\ 02 + P pav,m)

Here we consider the pressure p,(v,n) as a function of two real variables, x = Rer and
y = Jmuv. Since u > 0, then following the Approximating Hamiltonian Method for attractive
interactions [R4] we consider the integral

DA<U7 77) =V

82
Iz (6 ::/ dx dy—=pr(v,m) .
oy= [ e i)

With v, := 4§ 4+ iy and v_ := —§ + iy, this integral is equal to
0 0
I\ (0) = dyd =— _ 2 3
A0 /[5,5} y{ﬁpr(V+’n) 8:cpA(V Jl)}
1 i} )
= V 54 dy{<QA+QA>HA(y+7n) - <QA+QA>HA(V,777)}'

Then by (B-])) one gets

|]A(5)| = é /[5,5} W {<NA>HA(V+J7) * <NA>HA(V7”)} ’

where N, := Y kens(Ne + N_i + [A(K)|)/2. Since by (B.2) and Lemma B.1, the expectation
(No/V) 11, vy 18 bounded uniformly in v and in V', we obtain the estimate

82
da dy-2— -
‘/[5,5]2 . yax2pA(V’ 77)) =
2 ~
% /[5 g% LN by (V) 1y + 0 } < 286,

Similarly one gets the estimate

0> ~
‘/[ . dx dyﬁ—gﬂpA<y’ 'r])‘ <2C6.
These give
/ dx dyD,(v,n) < CV§. (3.20)
[7575}2

Since the integrand is continuous, by the integral mean-value theorem there exists a sequence
{v,}, with |v,| <6 such that

/ dz dyD,(v,n) = (28)*Dy(vs, ).
[_676]2

The last equation and inequality (B.20])) imply that

cv
< —
DA(VAan)_ 45 9
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which together with (B.19) give the estimate

1 c (ccop)?
W AA(”Aun) S 4‘/5 + 2V3/451/2 .

Choosing 6 = 9, such that 6, — 0, but V §, — oo, we get

1

h/l;[l W AA<UA7 T}) — 0 .
By (B.17) this completes the proof of the lemma. O

This proves the first approximation. In the next section we deal with the second one.

4 The Second Approximation

Note that from definitions ([.23) and ([.27) of the first and the second approximating Hamil-
tonians, H ,El)(q, v,n) and H ,(\2)((], p,n), respectively, it follows that

Y (q,v=0,n) — H?(q.p.1) N,—p)>0. (4.1)

Later in this section we shall show (see Lemma [L1] and Remark [L.1]) that

~(2)

~(2 i(m
(g, pim) < P2 (|g|e T+

2
oom) = (al, pom) - (4.2)
In Lemma [I.9 we prove that for each ¢ > 0 there is a unique density p = p,(gq,7) > 0, such

that

P (@ pala,m),m) = inf 57 (g, p. ). (4.3)

We can also show (Lemma f.J) that there is at least one ¢ = ¢,(n) > 0, such that

P2, pa(@0),n) = sup pi (g, pa(q), 1) = sup inf 2 (g, p,1) - (4.4)
q q

For the sake of simplicity below we shall omit the variable n, and we put

Pa(q;m) = palq) and  Gr(n) =G

Finally, we shall show in Lemma [£.4 that if n # 0, then
li/I\n{p,(g) (@n> Pa(Gn)m) — pgxl)((jAei(ﬂer)a n}t=0. (4.5)

We start by proving Theorem [[.3, assuming the results of Lemmas [L.]] - .4, which we prove
later.

Proof of Theorem [I.3:

We have to prove the limit ([.2§) i.e. that

p(n) :=limpa(n) = 1ignp(f)(cim Pa(Gr)sm) - (4.6)
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First, by () and (f.2) we have for all values of the variational parameters ¢, p and the
source parameter 7 that

1 1 ~(2 2
P aq,n) = (g, v =0,n) <5 (g, p,n) < 22 (gl pum) -

Therefore,

1 . 2 2 _
P (g, n) < u;fp(A)(lql,p, ) = (Iql, 2a(1]), m)

and thus by definition ([[.29) we obtain

sup pi’ (¢, m) < suppl? (|al, pa(lal), m) = SEE’P(AZ)(q, Pn(@):m) = P (G, pa(ar), 1)
q q q=
This estimate implies that
li (n) < limpP (G, pa(q 4.7
imsup py(g,7) < Hmp(gus pal@a),n) - (4.7)
q
On the other hand for all n we obviously have
suppi (g, 1) = p (@™, m) = pi?(@n pa(@:),m) (4.8)
q

— <p§\2)((jm ﬁA<q_A)7 77) - pgxl)((jAei(ﬂer)a 77)) .

Now the limit (£]) and the estimate (f.§) imply that

lim sup P (g, n) > lim P2 (Gns a (@), ). (4.9)
q

Taking into account ([£7) and ({.9) we get

: 1 PN ) .
h[{n SUppE\ )(q, 77) = 11[1[Hp§x )(QAa pA(qA)ﬂ?) :
q

Combining this result with Theorem [.g we get (£.4), i.e. the proof of Theorem [L.J. O

Now we return to proof of the lemmas quoted earlier.

Lemma 4.1 Let the functions f and h and the spectral function E(k,q,p) be as defined in
(.14) and ([I.13) respectively.
(i) If £(0, p) > ulq| > 0, the pressure ;5(A2)(q,,0, n) corresponding to H@(q,p, n) is given by

1

_ﬁiv ZA: In{1 = exp(-0B (ko) = g7 3 (Flbar) = 1(kp)

0,p) — o —2 1 1

2
where 6 = argq and ) = argn .

~(2
(g ) =

(ii) If £(0, p) < ulgl, then p(q, p,n) is infinite.
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Proof: (i) By ([L.14) and ([L.27) we can write H@(q, p,n) — 1N, in the form

* 1 * * *
HI (g p.0) = uNy = Y _{f(kp)azag — 5 (h(kg)aja” s + 1" (k.g)a_ya,)}
keA*

— VV (nay +n*ag) + VW(q.p),
where

1 1
Wig.p) = Fulal” = 5vp".

Let g\*(k) = |g\*(k)|e?®). Then with a, = a;e®®)/2  for k € A*, one gets

H(q,p,n) — uNy = > _{f(k.p)ajan — 5%(’@(1)\ (ara” ), + a—rar) }
keA*

. \/V(?]@ i6/2 ~ *+?7* 19/2 )—l—VW(q p) (411>
where 0 = argq = 6(0).
Note that if f(0,p) > ulq| > 0, then f(k,p) > |h(k,q)| > 0 for all k € A*, so that E(k,q,p)
is well-defined and positive, see ([.L13). Let

2 _ 1 f(kap) an 2 _ 1 f(kap) o
T {E(k,q,p) " 1} S {E(kaq,p) 1} ' (4.12)

Then the canonical Bogoliubov transformation: a, = rpay — ypa™ ., gives

H/(\Q)(qv P, 7)) - luN = Z E(k7Q7p)azak - \/V (SOZS + g*QO)

keA*

- Z (k.q.0) = f(k.p)) + VW (g.p), (4.13)
kEA*

where o and o, , k € A*, are boson creation and annihilation operators and

—ig/2 i6/2

§ =mn wee —n*yoe

We note that

2 _ 2 S(0:p) — Jug| cos(b) — 2¢)

From the diagonal form of H@(q, p,n) — 1N, in (. I3) we get the pressure (E.10).

(ii) Now let f(0,p) < u|q|. Then the quadratic Hamiltonian ([L.11]) is not bounded from
below. This means that the trace in ([[.I3) is divergent and therefore the pressure % (q,p,m)
is infinite. If f(0,p) = ulq|, then by definitions ([I§) and the conditions on (k) at least
the zero-mode term of the Hamiltonian ([.11]) is not positive. This again implies that the

trace in expression ([.19) diverges. O

Remark 4.1 From the explicit formula ([(-13) it follows that

(g, pon) < 5 (|glé! o.n) =0 (gl pim) -

Recall that by ([1.29) and {£_1Q) one gets for ¢ >0

W) =~ 3 {1 —ep(=AE(ka0)} ~ 55 3 (Elhar) = (k)

keA* keA*

|7I|2 I 5 1 5
__m_Z “op?. 4.14
T J0p) —ug 2T T2 (4.14)

(m+29)
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Lemma 4.2 Let n # 0. Then there are numbers 0 < p1(q,n) < pa(q,n) < 00, such that
the infimum ofpf)(q, p,n) over p is attained in the interval (p1(q,n), p2(q,n)) and if py(q) is

a value of p at which the infimum is attained, then 8p(A2)(q,ﬁA(q),n)/8p = 0. Moreover, if
0 < qo < oo, then

inf (vpr(gn) — (n+ug)y) >0 and sup p2(g1) < o0,

4<qo

where sy := max(0,+s) for s € R.

Proof: By (f:14) we have

opy

o o 1 flhp) L( flhp) _
ap (Q7p7 77) - V keZA* { eXp(ﬁE(k’q’p)) —1 E(k,q,p) + 2 (E(k,q,/)) 1)}

P )
(00 gy 7 (4.15)

From (f.17) we get
apy” vlnl®

q,p;1) =~ —
“op P S (D) — ugp
Let x :=vp — (u + uq) . Using the identity p + ug = (¢ + uq);+ — (pu + ugq)— we obtain

+vp .

opy

vln|?
op ——(q,p,n) <

(e + ug)- + x)?

As x — 0, the right-hand side of the last inequality becomes negative. Therefore, there exists
d(q,n) > 0 such that the infimum of p(AQ)(q, p,m) over p cannot be achieved if vp— (p+uq)y <

o(qm), ie. p < pi(gn) = ((1n+uq)y +d(gn))/v.

+ (p+uq)s + .

It is clear that if 0 < gy < oo, then inf <, d(q,n) > 0.

Suppose now that p > pi(q,n) and take vp > max(2u,2q + 2). Then for £ € A* one has
E(k,q,p) > max(e(k),1). Therefore, using

f(kp) |h(k, q)|
0< Bl p) -1< Elkap) < ug|A(k)|,

we obtain the estimate

op? o { 1 L1 (M_ )}
. W (0 o) = sz o GEGar 1 + 5 coth 5 5E( \05P) Ehap) 1
- olnl” v
T00) —ug? o
v 1 |77|
2 Y 2 o ] 1 av i 2 MBI g e

Making use of ([L.4]), this implies that there exists a volume V} independent of ¢ and p, and
K(q,n) > 0 such that if V">V, then

ap
dp

(g,p,m) > —K(qn) +vp,
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(2)

Pa
dp
such that the infimum of pf)(q, p,n) is attained in the interval (p1(q,n), p2(q,n)). If pr(q) is
(2)
Pa

ap (¢, pa(q),m) = 0.
Let 0 < o < oo. Then one can see that sup,., K(g,n7) < oo, and therefore we get
SUP<q, P2(q,1) < 00. O

and therefore, if p is large enough, then (q, p,m) > 0. As a consequence, there is ps(q,n)

a value of p at which the infimum is attained, then

Lemma 4.3 Letn # 0. Then there is qo(n) < oo such that the supremum Ofp/(\2) (¢, 5x(q), 1)
with respect to q is attained in the interval (0,qo(n)) for all A and if G, is a mazimizer of
P (¢, palq),m), then
dp(2)
A

d—q@mﬁA(%),ﬁ) =0.

There exists ¢o(n) such that for all A
f(0.0x(x)) — ugs > co(n)

if 4y is a mazimizer ofpf)(q, pa(q),m).

Proof: Recall that v —u := a > 0. Differentiating P (q,p,m) we get

apg)( - u’q Z |/\(k)|2{ 1 1 N 1 }
og VTV o exp(3B(k.q.0)) — 1 E(kq.p)  2B(kq.p)
uln|?
+ —uq . 4.17
(F(0.0) —ug " (4.17)
By Lemma f.9 we have
dpd oY o, dpnlg) oy,
a (¢, pa(q),m) = a4 (¢, pala),m) + o (¢,px(q),m) i o (¢,p1(q);m),

since 8p§\2)(q, pa(q),m)/0p = 0. Therefore, we can also write

dp? o Y,
i (¢, pa(q),m) = a4 (¢, Pa(q),m) + p (¢, palq),m) - (4.18)

Insertion of (f.I7) and ([.I7) into the identity ([.I§) gives

dpl? 1 1 of (k.pa(a) — uq[A(K) |
i @O = v I R @1 Bl @)

1 vf(kaﬁA(q)) — U2Q|>\(k‘)|2 .
+2 ( E(k,q.px(q)) ) }
aln|®

T Opnla) —ugp @ T (419)
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Then, since f(k,p) > ug|A(k)| = ug|A(k)|?, f(k.p) > E(k,q.pa(q)) and o > 0, by (LI9) we
get the estimate

dpy?
dg

1 u?qI\(k)|? B alnl? . »
2V keA* E(k,q.px(q))  (f(0,p5(q)) — ug)? +vpa(q) q- (4.20)

(¢, pa(q),m) <

Now we have

E*(k,q.p) = (f(k.p) — ugIME)])(f(k,p) + ug|A(K)])
= (e(k) +{f(0,p) — uq} + ug{l — [\(K)[})
x(e(k) +{f(0,p) — uq} +ug{l + [A(K)[})
> (f(0,p) —uq)uq . (4.21)

Therefore, by (L.3), (L.4) and ({.20), (E.21]) we obtain

apd Cm, ¢'Pul? alnf®
dg PN S S0 @) )P (T0a(a) — )

Let 04(q) == (£(0,5.(q)) — ug) (max(1, ¢))"/®. Then the inequality (fE2J) gives

+£(0,00(q)) —ugq+p. (4.22)

dpl? (max(1,q))*? J€Mu'? — anf? = s
,oalq),m) < — + 0y 7(q) p + 1 4.23

(2)

d
Therefore, there exists cy(n) such that if ¢ > 1 and 0,(q) < ¢o(n), then %(q, pa(q),m) <0
q

for all A. Thus for all A the supremum of pg\Z)(q,ﬁA(q),n) over ¢ cannot be attained in the
domain defined by the condition o,(q) < ¢o(n).

Now assume that ¢ > 1 and o,(q) > co(n). Then, using again ([£.21]), we obtain from (f.17)
the estimate

n® 1 q'”
0q (¢.p:(q),n) < K { (f(0,px(q)) — uq) i (f(0,05(q)) — UQ)l/Q}
ulnl?
+ —uq

(£(0,01(q)) — ug)?
g3 23 uln|2g??
=R {00(77) ’ 0(1]/2(77)} ’ c3(n)

Since the right-hand side of (f:24)) becomes negative for large ¢, there is go(n) < oo such

—uq . (4.24)

that the supremum of p(Az) (q, pa(q),m) with respect to ¢ is attained in ¢ < go(n) for all A.

Note that from (.I7) we see that if g, is a maximizer of p(Az) (¢, pa(q),m), then g, # 0, and
therefore combining this with the last statement we can deduce that

dps?

d—q((jm Pa(qr),m) =0 . (4.25)

Putting ¢(n) = co(n)/{max(1, go(n))}'/? finishes the proof. O
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Lemma 4.4 Ifn # 0, then

hl{ﬂ{pf)(%/%(%)ﬂl) p( )<(1A i(r+29) . }=0. (4.26)

Proof: By Bogoliubov’s inequality (B.I6) one gets

0 < pS\Q)((jAaﬁA((jA) 77) _p/(\)<q €

(2) /1~ il _
= PG 5y (a0), ) — pi (Gae

(7r+21/1)’ ,’7>

120, )

1
= 21/21’< (Na = V(@) >H§2>(mi<w+2w>,ﬁA(qA),n) ' (4.27)

Au(n) = (ON?) g (4.28)

(@ael ™29, pa(ga)m)
Then (f:27) implies

0 < p@ (G, a(@0), 1) — P (@2 ) < A, () .

- 2V2
We want to obtain an estimate for A, (n) in terms of V. To this end we introduce

D.(n) = (ON,, 6N,) (4.29)

H(2) (GAei™+29) | pa (Ga).m)

and calculate the derivatives

ops? 1 flkp) 1( flkp)
o @pm) = 3 Z { exp(BE(k,q,p)) — 1 E(k,q,p) ") <E(k¢,q,p) 1)}

keA*
+7 (Oj)"f e (430)
a§<§> (¢,p:m) = —v (af(q,p, ) — p) : (4.31)
2,2
a—ug(q, p,n) =

(exp(BE(k,q.p)) — 1)° E*(k.q.p) — 2 exp(BE(k,q.p)) — 1 E3(k.q.p)
2/

(f(0.p) —ug)®”

From ([32), using e*/(e* — 1) < 2(1+1/z) for x > 0 and f?(k,p) = E(k,q,p)* + u?>¢*|\(k)|?,

we get the estimate

Bexp(BE(k 2(k, 1 exp(BE(k,q,p)) +1 w?¢*I\(k)|?
_Z{ P(BEkg.p)  f(kp) 1 exp(BE(kq.p)) q|()|}

keA*

+

(4.32)

82275\2) < 2 1 1
a—,U2<Q7p7 77) — V e (eXP(ﬁE(k’q’p» _ 1) <ﬁ + W)
l 1 2BE(k,q,p) + 3 1 2
v keA® {(eXp(ﬁE(k ¢.p) =1)  E*(kqp) 2E3(k,q,p) }u .
PR/ Y

(f(0,p) — ug)?
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The second sum in (f.33) is bounded from above by

Ko 1 1 . 1 1 ,
v (5 * w0 < =y + o =) ©

and the first sum (using E?(k,q,p) > e(k)(e(k) — u)) by

Ko 1 1 1
v 2 <E<k,q,p>+E2<k,q,p>)+ 2 oo

keA* keEA*

e(k)<1+4|ul|/3 e(k)>144|p|/3
< K ( . + ! +1)
= TP\ (F(00) —ug) T (f(0.0) — uq)? '
Consequently
o*p 1 1 ¢ ¢ 2|n|?
—q,ﬁq,ngC(_ + = + = + = +1)+_ : 4.34
g I (@) m) < O Zon ey Ty T e Ao 43

where ¢y(n) and ¢3(n) are as in Lemma [£.3.

(2)
(Gas PA(Gr),n) = 0. Then from (f3]]) one gets that

Pa

By Lemma .3 we have 5
p

- ap(Q) - aﬁ@) o - N
Pa(@) = =5 = (@0 pa(@) ) = =5 = (@e ™, pa(@0),m) = 37
H K H/(\Q)((YA,EA(QA)W)

Y

and therefore by (f29)

bA 52 ~(AQ) - 92 (A2) -
(n) — pa(@r),m) = %;Lg@mp/\(q/\)’n)'

% ou?

(gAei(WJFW’)’

It then follows from (f.34) that i
lim Da(n)
) 2

Now Ginibre’s inequality for ([.2§) and (£:29), cf. Section 3, gives

~0. (4.35)

Ay(n) < Dan) + (4.36)

1/2
N, > } .
HP (gaelm+2) 5 (ga)m)

Note that here

[Ny HS (g, p,m), NJT) = 2u(q"Q, + QL) e, + VV (nag + 17 ag)
H,(\ ) (g,pm) A

a,p,m) H,(\Q) (g.pm) "

By differentiating the pressure we find that

: : 2V [ opy 0
g Qu + 4QN) 2y = 2ulaPV + — (q a; (a,0,m) +4q an* (@.0.m) |
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so that if we define ¢ := |¢|e!™2¥), then we get

4av [ op?
ulq @y +4Q%) o —2UIQI V+— (Iql gﬁ (Iql, psm )) :

An explicit calculation gives

~ ~(2)
- _ py) .« OpA
<?7a0 +77 aO>H/(\2)(q,p,n) - ( a q Py +77 a « (q 2 77))
, sl (020
= 2PV 2112
and so il
* * /’7
<7]CL0 +1n aO)HEXQ)(Q,p,n) \/V {m} . (437)

Therefore, if 8p(A2)(|q|, p,1)/0)q| = 0, then

<[NA, (H2 (4, p, n),NAH>H<2>( oy <2“|Q|2 * (f(O,p‘;]‘— u|q|)) '

2
(W [P @ (@ M), <ov (waiin + 1)

qaet ™29 5a(qa),m)

From (:37), (E34) and the last estimate we then see that

. AA(n)
llj{n 2 =0,

completing the proof. O

Now we prove that the order of the thermodynamic limit and taking the infimum and
supremum in (F24) can be reversed.

Proof of Theorem [.4:

We know from Lemma [.J that there is ¢o(n) < oo, independent of A, such that for
large A, the maximizer g, € [0,q0(n)]. Then it follows from Lemma [.3 that do(n) :=

inf e 0, go(n) VP1(q,m) — (1 +uq)y > 0 and poa(n) = SUP e, go(m) P2(¢1) < 00. Thus pa(q) is
in [0, po2(n)] and vp,(q) — (@ + uq)+ > do(n). Let G, C RZ be the compact set

Gy ={(g,p) | 0<q<qo(n), [(t+uqg)s+d(n)]/v<p<poen}.

Then (g,, pA( qr)) € G,,. Therefore, there is a sequence A,, such that (s, , pa,(Gs,) converges
to some point (g, p) in G,,.

The derivatives of pE\Z)(q,p, n) are uniformly bounded on G, and therefore as A T R,

p,(\z) (q, p,m) converges uniformly to p® (q, p,n) on G,. Thus

lip p, (n) = Tim p (G, o, (@0,). 1) = PP (@ 5. 71) (4.38)
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By repeating the arguments of Lemmas [£.9 and [£.J and by replacing (for V' — oc) the sums
over k by integrals, we see that if ¢ maximizer of inf,. (4 )>0 p?(q, p,n) with respect to g,

then 0 < g < qo(n) and if 5(g) is a minimizer of p@(q, p,n), then (g, p(¢)) is in G,,. Thus

: 2) — ; 2
sup inf p*“(q,p,m) = sup inf  p“(q,p,m).
¢>0 p:0(q,p)=0 (@, p.1) ¢€[0,q0(n)] {P:(@:p)EG} (@.p.m)

Since

2) _ _ 2)
D (Grns o (@nn)s 1) < D (Gnns 1)

for p such that (q,,,p) € G,, we get also that
p®(a, p.n) < p® (g, p,m),
for p such that (g, p) € G,. That is

@(g,p,m) = inf @ (g, p,n) . 4.39
p(q,p,m) LS (@,p,m) (4.39)

Similarly, for all ¢ > 0 we have
P (@ Pon (@nn)s ) = P24, Bns (0), 1) - (4.40)

If 0 < gq < qo(n), then (q,p4,(q)) € G, and therefore p,,(q) has a convergent subsequence
Pan, (q) converging to some p, where (¢, p) € G,,. Taking the limit in ([.40) we obtain

PG, p,n) > pP(q,p,m) > inf  pP(q,p,n).
{p:(q,p)€Gr}

Thus, by (E:39)

@G om = inf p@@Gpn) > inf  p(qp.
(g, p,m) b, (qpn)_{p:(qyp)e&?}p (q,p,m)

for all ¢ € [0, go(n)]. Therefore

p?(q,p,n) = sup inf  pP(g,p,n)=sup inf p@(q, p,7). (4.41)
¢€[0,q0(n)] {P:(@:p)EG} ¢>0 p:0(q,p)>0

Combining the relation ([.41]) with ([£.3§) we prove the theorem and obtain an explicit
formula for the limiting value of the pressure. O]

Remark 4.2 By the definition of py(q), qx (Lemma [[-3, f-3) and by ({-33) we also get that
forn #0

lim pi (Ga,» fan (@), ) = lim sup inf pi2 (g, p, ) = sup inf p* (g, p, )
n—00 n—00 g>Q p>0 >0 p>0
=p?(a,pm) (4.42)
where (cf. (.14))
D) d’'k (1 1
g, pm) = — > 7 In[1 —exp(=BE(k,q,p))| + 5 (E(k,q,p) — f(k,p))
re (2m)7 | B 2
In|? Loy, 1
+ —— — —uq” + zvp°, 4.43
and q, p satisfy the equations
op? op?

_ —0. 4.44
o (¢ p;m) =0, 97 (g,p,m) =0 (4.44)



Proof of the Variational Principle for a Pair Boson Model 22

We now show that the zero-mode n-source term can be switched off.

Lemma 4.5 Thermodynamic limit of the pressure is equal to

p:= lim p, = lim lim pa(n) -

Proof: By Bogoliubov’s convexity inequality (B.If) one gets

| Il .
\/—| (ag+ag)) g, | < pa—paln) < \/V| {ag + a’O))HA(n) |,
that implies
2| 2| 3 LIS
0 <|ps —pa(n)] < 1 {a5) i, ‘ = (a5a >HA(17) < (Ny >HA(17) (4.45)

VvV VV
From Lemma [B.1] and (B.3) we see that for |n| <1,

<%> S Kl )
4 Ha(n)

where K is independent of . Thus the right-hand side of (.45) tends to zero as n tends to
Zero. U

N

Finally we prove that the order of the limit  — 0 and taking the infimum and supremum

in (.41]) can be reversed.

Lemma 4.6

limsup inf p®(g,p,n) =sup inf p®(q,p), (4.46)
1—0 ¢>0 p:0(g,p)>0 q>0 p:0(q,p)=0

where p?(q, p) := p@(q, p,0) is defined in ([L1]).

Proof: Let p,(q) be such that

inf  p®(q, p,n) = p?(q,py(q). 1),
pro(q,p)>0

and g, be such that

sup (g, py(0),1) = PP (@, £y(@y), ) -
q=

Let
Go:={(q,p) | ¢>0,0(q,p) >0} .

By arguments similar to the above (see proof of Theorem [[.4)) we can show that these exist

and that (g, py(d,)) € Go. We shall need the following derivative of ({.43):

op® Ak 1 f(k.p) L f(kp)
o ——(q,p,m) = U/RV (2m) { exp(BE(k,q.p)) — 1 E(k,q,p) * 2 (W N 1)}

P
(£(0,p) — uq)?

+wvp. (4.47)
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Moreover, in the same way as in (.17), (E.19) we also obtain:

9 avk 9 1 1 1
oo | Tamy A0 { BB apn(@) —1 Ekapn(@) 2E<k,q,pn<q>>}

uln|?
+ e uq, (4.48)

(f(0,04(q)) — ug

and for any number ¢

GO I tof (k.pnla)) — g AR
dg PN = ey {expwE(k,q,pn(q))) "1 E(kam()
Lof (kp(0) — gD
*2( Bk g:,(4) t)}
aln?

TG00 —ug T UPile) g (4.49)

As in ([29), from (f.48) we get the estimate

5 1 q1/2
OG- K{(f(O,pn(q))—uq) + (f(o,pn(q))—uq)l/Q}
uln|? .
" (f(ovﬁn(Q)) - uq)2 a4 (4.50)

Therefore, if f(0,p,(g,)) — ug, > 1, then by the definition of g, and by (f.50) we obtain

dp® Ki(1+ g/

0= =g (@ Pn(@).m) < GO0 —ug )2~ "0

Since the right-hand side of the last inequality must be non-negative, then

L K1 +CI%)2
f(oapn(%)) —ugy < 1u2—72n
4y

Similarly, if f(0,0,(q,)) — ug, < 1, then

dp® K>(1+ /%) )
dq —— (s (@), 1) < (FO0pn(@) — udy)? — UQy, -

The right-hand side of the last inequality must be positive and thus

Ky (1+ @)

1/2
u1/2qn/

f(0,09(qy)) — ugy <

Therefore, either

Kl/Z 1 ~1/2\1/2
1< f(O,ﬁn(C]n))—U% < ; (L+ar) :

——5 — or 0= £(0,04(q,))—ugy < min | 1, — /s
ul/an/
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Thus the only way that (g,, p,(g,)) can escape to infinity as n — 0 is, if either p,(g,) — oo
and g, — 0, or if p,(q,) — oo, g, — oo and f(0,p,(q,)) — ug, — 0. Now, if p — oo and
g — 0, the right-hand side of (f.47) tends to +oo. Therefore the case p,(g,) — oo and
qn — 0, is not possible.

Suppose now that p,(g,) — oo, ¢, — oo and f(0,p,(g,)) — ug, — 0. From ({.49) with
t=u/v we get

ap® Mw - - Mu u - - -
d—q(qmpn(qn),n) < | 2” + upy(qy)) — ugy = | 2” +;(f(0,pn(qn)) — UGy + pt— y) -

This contradicts our supposition and therefore p,(g,) and ¢, must remain finite.
As in (22) and (f.23), from ([£49) with ¢t = 1, we get

dp® 1 CMWW@” aln? )

0= d—q(@naﬁn(Qn)aﬂ) < (f(ovﬁn((jn)) _ uqn)l/2

2 (£(0.5(@)) — ugy)*
+£(0.04(qy)) — ugy + p-
Therefore, since the right-hand side must be positive, the term
s
(£(0,99(@y)) — ugy)*/?

must remain bounded when f(0,p,(g,)) — ug, — 0.

Summarizing we see that (g,, p,(g,)) must remain in a bounded subset of G and

2
lim ]

W @) — gy (4.51)

Since (gy, py(,)) remains in a bounded subset of Gy, there exists a sequence 7, — 0 such
that (qy,, py, (Gy,)) converges to (g, p) € Go, where Gy is the closure of Go. Now p?(q,p) is
continuous on Gy. Thus by ([.51]) we obtain

limp, = lim p® Gy, py, (@y): 1)

. - . n|?

= lim p@(q,., py. (@) + lim __In —
n—0oo ! ! K n—0oo (f(07p77n (qnn) - uqnn)

= (g, p) .

Now for p such that (g, p) € G, for large n we have (g,,,p) € Go. Therefore, for large n we
get

P2 G P (@) 110) < PP (G 2 10m)
and letting n — oo, we obtain for p such that (g, p) € Gy, the estimate

p®(q,p) <p?(q,p) .
That is

@G o) = inf  p®(q. ).
P(q, p) R (@, p)
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Similarly, for all ¢ > 0 we have

(2)

P, i

<Q17n7 ﬁnn (q_nn)7 nn) Z pnn <q7 ﬁnn <Q)7 77n) .

From ([47), we see that for each ¢ > 0, both p,(q) and |n|*/(f(0,p,(¢) —uq)? remain bounded
as n — 0. Let {p,,, (q)}n ., be a convergent subsequence of {p,,(q)},, converging to p

n>1

say, where (g, p) € Gy. By letting 7 — oo we then have

p@(q,p) > pP(q,p) > inf  pP(qp).
{p:(q,p)€G0}

Therefore

@ (g, p) = inf @ (g, p) > inf @ (q, p),
p(q, p) AL (q,p) > o, ? (¢, p)

for all ¢ > 0, and thus we get the relation

@ (g. p) = su inf @) = su inf @)
p(q, p) Dty ? (¢, p) P (¢, p)

proving the theorem. O

Combining Theorem [.4], Lemma [.§ and Lemma [L.§ we get the first part of our main result,

Theorem [[]], (L:20).

The second part we shall consider in the next section.

5 Discussion

Let us put in Hamiltonian ([.27) the source equal v = 0 and suppose that n # 0. Then
the corresponding Fuler-Lagrange equations, obtained by the condition that the derivatives
(47) and (f.48) are equal to zero, take the form

_ L[ dk [ f(kp) 1 B } s
03 [ oy {Btigg <hatEan -1} + ol 6
wg [ kAP il

1
coth éﬁE(k:,q,p) + (5.2)

2 Jp (21)” E(kyg.p) (f(0,p) — ug)*

We shall now discuss some of the consequences of these equation in relation to the existence

of Bose-Einstein condensation (BEC) in the model ([.27).

(a) The solution (p, (8, i), @,(8, 1)) of the equations (b.1), (B.9) always exist and is a smooth
function of 3, u and n, for n # 0. Moreover, we can identify it with the Gibbs expectations
of the corresponding observables. Since the pressure py(v = 0,7) is a convez function of u
and of u, then by the Griffiths lemma, see e.g. [H], the corresponding derivatives converges
in the thermodynamic limit to derivatives of the limiting pressure ([[.30)). Differentiating
(L330) with respect to u and u and comparing these derivatives with the solutions of (B.1])

and (B.9), we get

. /N _ ./ QQ ~
hm<—A> =p (ﬁau)a llm< A A> ZQQ(ﬁaﬂ)
A Vv Hy (v=0,n) ! A vz Hp(v=0,m) !
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(b) Similarly we can show that the zero-mode BEC for n # 0 is given by

-— lim CLSCLO _ |77|2
M=), = TR o

To obtain this result let us make a global gauge transformation U, = €"#™* of the Hamiltonian
Hy(pr,v=0,n) = Hy(v =0,n) — uN,, see ([.23), with ¢ = argn. Then :

Hy(11,0,n) = UpH, (1, 0,n)U = Hy — Ny — V'V (@ + a) -

From .
0= <[HA<M7 07 77)7 NA]>ﬁA(p,0,n) = \/V‘TIKaS - g1’0>1€D\(,u,0,17)
and 3
0< <[NA7 [HA(Ma 0, 7))7 NA]])f{A(p,O,n) = \/V|77|<5’8 + C~LO>I~{A(,u,O,17)

we obtain

<dS>IZIA(M7O,7]) = <&0>IZIA(M,O777) Z 0. (54)
Let 0Ag := (a5 + o) — (ag + ao) i1, (u0,y)- Lhen

aQPA(n) *

P = (0A;, 5A0)m(u’0m) >0, (5.5)

where (-, ) fix (o denotes the Bogoliubov-Duhamel inner product with respect to the

Hamiltonian H,(u,v = 0,n). Hence, the convexity (b.5) and convergence of the pressure
pa(n) (see Theorem [[4 and Remark fI.3) imply by the Griffiths lemma the convergence of
the first derivatives to the derivative of the limiting pressure :

Opa ) 1, . 2
lim 2 () lim —=(ag + ag) 7, = S/ — (5.6)

1m = )
A Ol A VY w0 F(0,6) — ud,
see ([30), (I.31) and ({37). Therefore, by (5.4), (b.6), and returning back to original

zero-mode operators, we obtain

1im< a > S — hm<ﬂ> R — (5.7)
AAVY Hx(0,m) F(0.py) = ugy LAWY Ha(0,n) f(0.py) — ugy

So, by (B.1) we conclude that the 5 - source in Hamiltonian ([[.23) breaks the zero-mode gauge
invariance creating a zero-mode macroscopic occupation with the particle density estimated
from below by the Cauchy-Schwarz inequality:

ata, at a
nm< 0 > > nm< > <_> (5.8)
A 14 HA(0,m) A \/V HA(0,m) \/V Hx(0,m)

s _
(f(0.py) — ugy)?
To prove that in fact there is an equality in (B.§), we consider p,(n, s) the pressure with €(0)

replaced by €(0) — s with s positive and again use its convexity with respect to s. Then
Griffiths lemma and that fact that f(0,p,) —ug, > 0, as soon as n # 0, imply, see (.14) and

(E39):

* 2
lim <M> ~ lim (5’1%(7% 5)) - (5’1?(?7,8)) S
A 4 Hx(0,m) A s s=-+0 s s=-+0 (f(0,p,) — uqy,)
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Here we have used the fact that the s-dependence of p(7, s) is only through the last term in

(L31).

(c) In the limit n — 0 equations (b)) and (p-9) coincide with equations (3.7) and (3.8) or
(3.10) and (3.11) in [[J]. There the amount of the generalized condensate density is denoted
there by mg(f3, ). By inspection this coincides with the limit of po(n) in (B-3) as n — 0:

mo(/3, i) = lim po(n) -

In [[J we found that for mg to be non-zero, ;1 must be greater than a certain critical value
of chemical potential u.(3,u,v) . For u = 0, this critical chemical potential coincides with
the one for the Mean-Field boson gas ([.I(), namely u.(3,u = 0,v) = vp.(3), where p.(3)
is the critical density for the Perfect Bose-gas, see e.g. [{].

(d) It was shown in [[[J] that the phase diagram is quite complicated. Subject to these
Euler-Lagrange equations the expressions for the pressure given in [I3 equation (2.11) and
at the top of page 438, are the same as p®(q, p) in ([C14). (We warn the reader that in these
equations for the pressure in [[[3] there is a misprint and a term is missing.) There we were
able to solve the problem only for some values of u and v, see Fig. 2 in [[J]. For example
(B-2) shows that for u > 0 (attraction in the BCS part of the PBH ([.§)) the existence of
the generalized Bose condensate mg # 0 causes an abnormal boson pairing:

R S o
11715% h/{n B) Q1 + QA)HA(OW) = 1175% Gn(B, 1) # 0. (5.9)

This is because, for u > 0, equation (p.2) cannot have the trivial solution g, = 0 when the
generalized condensate

Y n|?
0B 1) = I R 0p) — g 7 (510)

Note that on the other hand the equations (B.1]) and (p.9) allow the possibility that mg =0
without lim,_,o g, = 0. This “two-stage” condensation is possible only when u > 0 and it is
similar to that discussed in [[[J.

(e) As in [I[J] we interpret the spectrum ([.I7) of the effective Hamiltonian
Eexcit(k) = };L%E(kaqmﬁn) ) (51]‘)

as the spectrum of excitations for the PBH ([[.§). Our analysis of the Euler-Lagrange equa-
tions (p-1)), (p-3) (as well as (B:13), (b-I4 below) shows that there no gap in this spectrum

as soon as there is the Bose condensation (B.10):

lim v () = i limn(e(k) = o+ 7, — g, A" (R)]) = 0. (5.12)

This conclusion is again in agreement with [IJ].

(f) The case of repulsion (u < 0) in the BCS part of the PBH ([[.§) is quite different. In
this case the pressure coincides with the mean-field one (u = 0) and we always have for the
boson paring: lim, . ¢,(3, ) = 0. The first property was derived in great generality in [[J].
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To make a contact with the variational principle proved in this paper, let us change notation
and replace u by —w, with w > 0. The Euler-Lagrange equations, (p.I))and (f.9), become

—1 d’k f(k,p) o 1 B |77|2

p= z/w (27 {E(;{;’%p) th 5 BE(k.q.p) 1} T G0 Twal (5.13)
_(wg [ Ak PP D il
1= /R V Elkgp) coth 5 BE(k.q.p) + (0. p) Tk (5.14)

(2w

Since the solutions p, (53, i), G,(5, i) of equations (p.13), (b.I4) must satisfy the condition
o (Gy, py) > 0, one gets by ([.19) the estimate

f(0, py) + wg, = 2wq, . (5.15)

Note that the first term in the right-hand side of (5-19) is negative. Therefore, by (5-17) we
obtain

2.8, ) < Inl* < Inf? o (B < \n\”;’;g _
(f(0, p) + wiy(B, 1))* (2w (B, 1)) (2w)
This implies that in the limit 7 — 0 the equation (p.I4)) may have only a trivial solution:
tim 7,0, = 0. (5.16)
and )
. 1] _
lim 0. (5.17)

=0 (f(0, py) +w3y)*
Let p.(3) be the critical density for the Perfect Bose Gas: w = v = 0, see ([.9) or ([.10),

d"k 1
pc(ﬁ) T /]Rl’ (271_)” eﬁg(k) o 1

For o < wp.(), limits (p-1q) and (p-I7) imply that as  — 0 the solution of equation (5-13)
tends to p(f3, u) the solution of the corresponding equation for the Mean-Field model ([.10):

B d’k 1
P~ o @) Bt —1
and the pressure

(B, ) :=lim inf infp® (¢, p,n)= inf @0, p,0) = p?(0, p(53,
PUB )= liminf i g o) = ik p(0,p,0) = p 0, 58, 1))
coincides with the mean-field pressure, see ([L.14) and [f]. On the other hand, if p > /v,
then from (p.I3) we obtain for any € > 0 and 7 is sufficiently small

L < B = pel®) +

giving a contradiction for u > vp.(5). This means that in this case equations (p.I3) and
(BI4) are inconsistent and the minimum point must lie on the boundary of the allowed
range on the p-¢ plane. This boundary consists of the two lines ¢ = 0 and p = (1 + wq) /v.
Minimizing the pressure on the first line is equivalent to solving the variational problem in
the mean-field case. This was done in [J] where one sees that the minimum is attained at
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a point which tends to p = pu/v as n — 0. On the other boundary p = (¢ + wq)/v similar
calculations show that the minimizer also tends to (p = p/v, ¢ = 0). Thus the pressure again
coincides with the with the mean-field pressure.

This proves the second part of our main result for repulsive BCS interaction in the PBH,

Theorem [[1], (L.21)).

We end with the following remark concerning BEC in the PBH model. Though the pressure
of the model with the PB Hamiltonian for w > 0 coincides with the one for w = 0, it is an
open question wether these models coincide completely. As has been shown in [B7-[B4] a
similar type of diagonal quadratic repulsion is able to change the type of Bose condensation,
from condensation in the zero mode (type I) to generalized van den Berg-Lewis-Pulé con-
densation [B{] out of the zero mode without altering the pressure. Therefore, the analysis
of the Bose condensate structure in the PBH model requires a more detailed study of the
corresponding quantum Gibbs states. This is beyond the scope of the present paper.
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Appendix A: Commutators

By ([[.9) and ([.29) we have

(Hrn) =N @) = () 3 (elk) — AR A+ o 3 \(k) <Nk+ )@A

keA* e
- GNQ QN+ S NP (Nt 5 ) -2V
keA*
and
1
Q4 [Hurim) = Ny Q1 = 8 37 (elk) — )| AK) (Nk+§)
keA*
2
N 4Vu D MEPA )AL Qu+2 | D AR (N,HL%)
keA* hens
+ 20 +2Z\A(k)|2<N +l) (N, +1)
vV ACA = k 9 A
— 80 S ARV (k) Af + 4V VA(0)as (A1)
keA*

Using () and ([Xg) we see that the first term in (A7) is bounded by
B(en + [1l){Nx) + dny + 4fp|m,
where () := (- )m, (- Recall that Lemma P.1] gives
Q3@ < NY+ MVN,
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and as in (2.3) we get A, A5 < N, N_, +3(N, + N_,) + 2. Using these we obtain
D PEPAL QI < X A (B)I(A4A40) (@R

keA* keA*

1/2 1/2
< (NI+MVN,)'/? (Z ‘)\(kﬂ) (Z IA(k)[(AgAR) )

keA* keA*

1/2
< (NZ+MVN)/*m (Z IAE) (NN + 3(N, + N_j) + 2>)
keA*

< (N2 + MVN)Y’ml? ((N? + 6N, +2m,))"?,

and independently we have

> AR (NH) > k) (Nﬁl)givﬁ%

keA* keA*
and
1
Z|)\(k)|2(Nk+§) (Ny+1) < ST [Ak) (Nﬁ )(NA+1)§<NA+%)(NA+1),
keA* keA*

which gives estimates for the second and the third terms in ([Ad]). We now bound the
penultimate term in ([A]).

YOR®PHADT < D IEIEAD < D (N (N + 12 A R) 2

keA* keA* keA*
1/2 1/2
< (Z <N—k>> (Z [AK)] (Ne + 1>> < (V)Y ((N,) +my)" 2
keA* keA*

Finally for the last term we have
| ag) | < (No)'"? < (N)'2.
Putting these bounds together we get

([Q% [HA(v,m) — uNy, Q,]) < 8(ea + |p]) (Na) + 4ns + 4|p|my

du
+7<NA2 + MV N)Y2m? ((N? 4+ 6N, + 2m,))

8u dv o
+32 (Mot 2) + 37 (N2 4+ MVN,)

?;)(N +5 )(N 1)
+38 <NA>1/2 ((Na) + mA)1/2 +32VV <NA>1/2 :

for [v| <1 and || < 1. From Lemma [B.J] and (B-2) we see that for [v| < 1 and |n| <1,

1/2

N N?
<—A> <K; and <—g> < Ky, (A.2)
4 Hy(v,n) 4 Ha(v,m)
where K; and K, are independent of v,n. Thus
([Qx, [Ha(v,m) = Ny, Q1) gy vy < C V2 (A.3)

for some number C.
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Appendix B: Bounds
Lemma B.1 If a Hamiltonian H, satisfies the condition
1
H,>T,+ Wﬂny — 6N, — oV (B.1)

with v > 0 then there exist constants K1 and K, depending only on v, 6, o and u but not
on A, such that

NA>
- < K (B.2)
(%),
and N2
A < K,. B.3

Proof: Let p,(u) be the pressure for H,, then

Ny

<7>HA Spalp+1) —pa(p) <palp+1) < Ky,

where K is independent of A by (Bl). Also for A € [0,7) let

1

H\(\) = Hy — 37

ANZ,
and let p,(u, \) be the corresponding pressure. Then

(F5) < 20a009/2) =} < 22 <

where K> is independent of A, again by (B]). O

Note that by Theorem -] the Hamiltonians ([.§) and ([:22)) verify the condition (B-]]), see
estimate (B.9).
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