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Abstract

In a previous article with A. Aftalion and X. Blanc, it was shown that the
hypercontractivity property of the dilation semigroup in spaces of entire functions
was a key ingredient in the study of the Lowest Landau Level model for fast rotating
Bose Einstein condensates. That former work was concerned with the stationnary
constrained variational problem. This article is about the nonlinear Hamiltonian
dynamics and the spectral stability of the constrained minima with motivations
arising from the description of Tkatchenko modes of Bose-Einstein condensates.
Again the hypercontractivity property provides a very strong control of the nonlinear
term in the dynamical analysis.

1 Introduction

The Lowest Landau Level energy functional of rapidly rotating Bose-Einstein condensates
in a harmonic trap can be written as

G'() = [ 1sF

The number N of atoms in the condensate and the scattering length a are fixed and
h = /1 —Q2, where ), is the ratio of two rotational velocities, is a small parameter.
Here and in the sequel L(dz) denotes the Lebesgue measure on C ~ R%. In this scaling,
the set of admissible f in the Lowest Landau Level approximation, is the semiclassical
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L(dz). (1.1)
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Fock-Bargmann space

Fn = {f c L*(C, e‘ﬁL(dz)), st f entire} (1.2)

with  [fI% = / e F Lid) | (1.3)

The equilibrium states which are experimentally observed are within this modelling the
solution of the constrained minimization problem

inf {G"(f), f € Fu, |flr =1} . (1.4)
We follow the presentation of [ABN1, ABN2] and additional information about the physics

of the problem can be found in [ARVK, Aft, ABD, Ho, WBP].
This article focuses on the nonlinear Hamiltonian dynamics

i0 f = 2VG"(f) (1.5)

and on the spectral analysis of the linearized Hamiltonian around an equilibrium config-
uration. This last problem is motivated by the experimental and numerical study of the
vibration modes of condensates, also known as Tkachenko modes, which can be found in
the physics literature [BWCB, SCEMC, Son].

More precisely, after specifying the functional framework and the results of [ABN2]
about the minimization problem, the following topics will be studied:

1. Owing the hypercontractivity property already used in [ABN2], the Hamiltonian
flow associated with the nonlinear equation (1.5) will be globally defined on Fj.

2. The spectral stability,! of constrained minimizers will be proved after a natural
modification of the energy functional. Since a minimum of the functional G on
the sphere, {]f|| 5 = 1}, is not always a local minimum of G" and due to some
degeneracy related with the rotational invariance, the spectral stability is better
studied by considering a modified energy

G, (f) = G"(f) + @o(l1fI5,) + 2a((f | 2hD. 1) 5,)

in which the two additional terms are functions of quantities left invariant by the
Hamiltonian dynamics. This change of energy functional, amounts to a simple
explicit time-dependent gauge transformation fe,s,(2,t) = €' f(e'“2'z t) where
the real numbers aq, as are determined by the choice of &y, ®;, and the initial
data f(z,t = 0) € F,. A good choice of the function &y, ®; allows to prove that
the spectrum of the modified linearized Hamiltonian is purely imaginary. From
the physical point of view, the introduction of an artificially modified dynamics is
related with the idea that one is interested in the linearized dynamics up to uniform
solid rotations of the whole condensate. A good intuitive picture is provided by the
vibration modes of a swinging bell.

i.e. the spectrum of the linearized Hamiltonian is purely imaginary



3. The relevance of numerical approximations is considered: the numerical simula-
tions in [ABD] consist in minimizing the energy G" on a space of polynomials with
bounded degree, instead of the space Fj,. It was checked in [ABN2] that when the
degree of the polynomials is taken sufficiently large, the solution to the finite dimen-
sional problem provides a suitable approximation of the minimizer in 7j,. Here it is
proved that a similar result holds for the linearized Hamiltonian in a norm resolvent
sense. We end with some comments about the numerical stability of the spectral
elements in such an approximation, by pointing out that the linearized Hamiltonian
is a non anti-adjoint operator with a purely imaginary spectrum.

The appendix gathers standard tools about the classical Hamiltonian dynamics in
infinite dimension and some results are adapted to our specific framework.

2 Preliminaries

In this section, we set up the functional framework. The basic tools introduced in [ABN2]
and the initial result on the minimization problem (1.4) are reviewed. Then, the Kaehler
structure of Fy,, which is the combination of its (real) euclidean structure and its (real)
symplectic structure and which is the natural framework for the study of the Hessian
and the linearized Hamiltonian flow, is explicitely written. Finally, the Hessian of the
functional G" is computed and an estimate is given for Hess G"(f) when f is a solution
to (1.4).

2.1 The minimization problem

Here is a very short review of [ABN2]. The Bargmann transform (see for example [Bar,
Fol, Mar]) is used with the following normalization

1 22 _ (V2z—y)?
[Bripl(2) = (Wh)g/ﬁ%/Re 2 o(y) dy,

with z = xx;%f € C and p € 8'(R). It defines a unitary operator By, : L*(R, dy) — F}, and

212
the orthogonal projection 1T, = By, B; : L*(C, e_%L(dz)) — F}, is given by

A1) = BB = = [ ¥ e 1) 142,

The harmonic oscillator quantum Hamiltonian (or number operator in the Fock represen-
tation) given by:

1
= 5(—/12@; +y*—h)

D(N,) = {u € L*(R, dy), y*olu € L*(R,dy), o+ B8 < 2},

Ny



is transformed into the generator of dilations:

Nh = BhNhBZ = z(h@z) .

212
An element f = By of F, considered as an element of L?(C, e_%L(dz)), satisfies
ho.f = ho,(Unf) = 1u(Zf) .

For the spectral resolution of these two operators, the basis of normalized Hermite func-
tions (¢, Hy(Y))nen is tranformed via By, into the the basis of monomials (¢,,2"),en.
Then the spaces

- {f entire, s.t. /C<z>28\f(z)\2e—%2L(dz) < oo}, (2.1)

where (z) = /1 + |z|? can identified constructed via the spectral resolution of Nj,. The
union U,cr F; is nothing but By, [S'(R)] and F} is compactly embedded in F}, as soon as
s > 0.

Another property which will be used also in this article, is the next consequence of the
hypercontractivity property of the semigroup (e=*¥1),5 (see for example [Car, Gro, Nel]):

Lemma 2.1. [ABN2] The quantity

—2|z|2

Aﬁwﬁwﬁwﬁ@ehzmw

defines a continuous (2,2)-linear functional ® on F, with norm smaller than ﬁ Hence
for any o, B € {0,1,2}, the 6%8? derivative of the functional

—2|z|?

wjéwm6h L(d2)

defines a continuous (2 — «,2 — 3)-linear mapping from Fy, into ?h(m@f,?ﬁ with norm
4
2nh(2—a)(2—PB)! *
The above Lemma and the compactness of the imbedding F}! C Fj, lead naturally to
the next result (see the proof in [ABN2])

Theorem 2.2. [ABNZ2] For any fized h > 0, the minimization problem (1.4) admits a
solution in F}. Any minimizer is a solution to the Euler-Lagrange equation

11, {(\z|2—i—Nthe_zT2 |f|2—)\) f} =0 (2.2)

2A (2,2)-linear functional is an R-quadrilinear functional which is C-linear with respect to the two
first arguments and C-linear with respect to the two last arguments.



where A € R is the Lagrange multiplier satisfying the uniform estimates

2Q, 2N 2Q) 20N
- —a<€LLL<>‘<26LLL<2—h ¢

“oth 0
3 T 3 T + ONa(h ) ) (23)

with
et = min{Gh (f), feFn |fllg= 1}-
The Euler-Lagrange equation (2.2) can also be written as
2 2
zhd. f + NaSu; 11, (e_T |f\2) ,f—(A=h)f=0, (2.4)

NaQ3

or  2hd.f + o F(haL)[f2(271)] — (A= h)f =0, (2.5)

the operator f(hd.) being defined as the limit limg_ Zszo ar(hO)* if f(2) = > e arz™.

2.2 The Kaehler structure

The Hessian of the energy functional and the linearized Hamiltonian vector field, are
objects associated with the real euclidean structure or with the real symplectic structure
of Fj. Some of their properties are more obvious in this presentation. We specify here
the Kaehler structure associated with the complex Hilbert space F,.

The space Fj, can be viewed as a real Hilbert space with the scalar product:

Re (f1 ] f2>]-‘h

and as a symplectic space with the form

o(fi, f2) = =Im({fi| f2) £, -

The Euclidean structure on Fj, is more convenient when one studies the second variation,
while the symplectic structure will be used in Section 3 for the Hamiltonian flow. These
structures are completely clarified once the complex conjugation is defined on F;,. The

simplest way of writing can be done in the orthonormal basis B,[H!] = ¢, ;2" with
1
Je = Z JrnCnnz" = Z(f;fn +ifyn)Cnnz", ke{l,2}
neN neN
we get

<f1 | f2>]:h = Zfl—,nfln

neN
R
<f1|f2 Fn,R Zflnf2n+fnl n,2 (flufl)(?i] )7
neN
Y\ [ fR
and f17f2 Zflann flann_ (fl 7f1)< Id 0 ) (f21 ) :
neN



For the real scalar product Re(f; | f2), we will use the notation f{ f, which refers to the
matrix representation.
The natural definition of f (which has to stay in a space of holomorphic functions) follows

from the writing f(z) = >, cn(fE +ifD)eanz™ = fr(z) + ifi(2):

f) =1@.

This definition allows to check the relationships (with f, f; € Fj, and v(z, Z) non necessarily
holomorphic)

il f)y = / TR @ f(z) L(d2), (2.6)
G2 = WoE2)| . TG =T, (2.7)
') = [ (e RrT@se + T TP E ) L) 29

2.3 Hessian

Of course there are several ways to study the second variation of a function G"(f), by
computing the (f, f) coordinates or with the coordinates (fz, f;) introduced before. The
second choice put the stress on the real euclidean structure of F;, in which the notion of
Hessian makes sense.

Proposition 2.3. Let f = fr +if; € F, the Hessian of G" is a bounded perturbation
of 2Ny, with form domain F} = Q(Ny,). It defines a closed operator with domain F3 and,

PR

after writing p = , 18 equal to

HessGh(f)s@z(E;l ?4)90+<é3 (iB)soJr(% g)so (2.9)

where A, B and C' are the real operators

Ap = 2Ny +h)g + ANaQ2TI, (af\ f(z)\2) M (2.10)
By = NaQZl, (e (=) + £(=)2] @(E)) (2.11)
Cy = NaQ2II, (e_zh2i[72(z)—f2(z)] @(E)). (2.12)

In the complexified Hilbert space Fy & Fy, it defines a real self-adjoint operator which
has a compact resolvent (and therefore a discrete spectrum going to infinity) and whose
spectrum is bounded from below by —Coh™" | f||>.



Remark 2.4. a) An operator A is said to be real when p = ¢ implies Ap = Ap. This
definition is used in F, with the previous definition of the conjugation f — f and in the
complezified space Fy, & Fp, where the conjugation is defined componentwise.

b) Beside the conservation of reality, the explicit expression will also be useful in the final

discussion of Subsection 4.3.

Proof:  The last expression of G"(fr +ifr) suggests to start with the second variation
with respect to f and f:

©wr
= 20705G"(f) B0 + 0;0;G"(f).0.0 + 0;0;G"(f) 0.5

2\22

= 2| (N + 1))y + ANGR / 5 002) |1 o(z) L(d2)

Gy = (o, or)Hess GM(f) ( SOR)

+Na2 / P22 (=) L(d2) + Na2 / e 222) f2(2) Lid2),
C C
hence
G2 = <QOR| |:2(Nh + h) + 4NCLQhHh (6_ZT2 |f‘2) Hh:| QOR>
Fn
+ <Q0[| |:2(Nh + h) + 4NthHh (G_ZTQ |f‘2) Hh:| g0]>
Fn

+Na2 /C T3 [or(2)? — e1(2)? + 2ipp(2)er(2)] Lidz)

+ Na2 /(C e P2(2) [or(2)? — 01(2) — 2ipr(2)er(z)] L(d2).
We thus get:

Gy = (pr|Apr)z, + (01| Apr) £,

_2[z|?

+Na2 / e (27 + £(2)7] Ghlz) Ld2)

-~ Naf? / I (2 + £(27] ) Lid)

2|22

L Na2 / e [F(2)? — £(2)7) er(@)en(z) Lidz)

2|z|2

ottt [ [T 16 er(Eon(a) Lids).

The functions ¢ and ¢, are real elements of F;, and the relations

¢r1(2) = or1(Z)



lead to
(onoessG (1) (7)) = (enldgn)s, + (or] Apr),
+{pr|Bor) s, — (¢1|Ber)z,
+(or|Con) g, + (1| Cor)y, -
The expression of Hess G" is deduced from this once A, B and C' are real operators. This

is a straightforward consequence of (2.7). Lemma 2.1 implies that Hess G"(f) — 2N}, is a
bounded self-adjoint operator with a norm controlled by Coh™! || f H?_-h . O

Proposition 2.5. Assume that f € F} is a solution to the minimization problem (1.4)
and of the Euler-Lagrange equation (2.2) with Lagrange multiplier A > 0. Then we have

PiiHess G*(f)Ppr > 2APy,

where Pr1 denotes the orthogonal projector on [+ for the (real) euclidean structure on

Fh.

Proof: The result is standard for finite dimensional problems. We write a proof in
order to check that Lemma 2.1 provides the suitable norm estimates. Since the derivatives
of G" with order larger than 2 are bounded according to Lemma 2.1, we obtain in the
real representation of elements of Fy,

GH(F+1) = GM(1) + VG (1)t + 1 Hess G (1)t + O(]%,)

for all t € Fj. If f solves (2.2) and ||f + || = [|f]| = 1, one obtains, while noting that
the real gradient is equal to 2\ f,

G"(f+1t)=G"(f) + %tT [Hess G"(f) — 2X\1d] t + O(||t] 3, ) -

By Proposition 2.3 the operator P, (Hess f —2\)P, is a bounded from below self-adjoint
operator with a compact resolvent. If the proposition is not true, it admits a negative
eigenvalue —ay < 0 with a normalized eigenvector ¢. This eigenvector solves the equation

Hess G"(f)p = 2\ —ag)p + auf, a1 €R.

It implies ¢ € F? N f+ while the Euler-Lagrange (2.2) equation also gives f € F7. We
take

t=t(0) = |f+ 60l (f+0p) — f=bp+ ((1+6) " —1)f + (1 +6*) " —1)dp

and we obtain

GM(f +(5)) = G"(f) = 56+ O(&")
with || f + ¢(0)|| = 1, which is impossible. O



3 The Hamiltonian flow

The Hamilton equations associated with the energy G"(f) in the Bargmann space F
simply reads

212
i0,f = 2VG"(f) = 2(No + h) f + 2Na2 (e v | ) f - (3.1)
We recall that the symplectic structure is given by

U(f1,f2) =—1m <f1|f2>]-‘h

according to Subsection 2.2.
We first refer to the Appendix for some notations and results about the nonlinear Hamil-
tonian flow on Fj,. Then, we introduce a modified energy

G, (F) = G"(f) + QoI f1I5,) + ©L({f | Nuf)5,)

which allows to handle easily the restriction to the sphere {|| || 5 = 1} and the degeneracy
of the minimization problem due to the rotational symmetry. Finally, we tackle the
linearization problem: Owing to Proposition 2.5 and results of Appendix A, we are able
to select properly the modifier &y and ®; so that the linearized Hamiltonian has a discrete
purely imaginary spectrum (ifiy,),, ez With p_, = —p, and lim, . |p,| = +00.

3.1 The Cauchy problem

We check here that the Hamiltonian flow associated with (3.1) is well defined and admits
two preserved quantities. We consider the Cauchy problem

0. = 2Ny + h)f + 2NaR T (e [71%) 1 (52)
ft=0)=fo.

Proposition 3.1. For any fo € F7, the Cauchy problem (3.2) admits a unique solution
in CO(R; F2) NCHR; Fr).

The flow ¢(t)defined by ¢(t) fo = f(t) admits a unique continuous extension to Fy, so that
o(t) fo € C°(R; Fy) for all fo € F.

This flow admits three preserved quantities. By setting f(t) = ¢(t) fo, they are given by:

Vfo € Fa Ve € R, If (@)%, = Ifoll%,
Vo€ Fi,Vt e R, GMf(t) = G"(fo),
Vfo € Fi, vt € R, (f() [ Nuf(1))z, = (fol Nufo)s, -

Proof: We use the results of Proposition A.8 in Appendix A. We simply specify
here the corresponding notations. The Kaehler space H is the underlying real vector

Ir ) according to

space of F. An element f = fr + if; of JFj, is identified with 1
I



Subsection 2.2. The real scalar product and the symplectic form on H are the ones defined

in Subsection 2.2, while the involution J is the multiplication by 7 in F}, corresponding
to the matrix ( ? q 5Id . The complexified space Hc is simply Fj, & Fj, where a new
multiplication by 7 is authorized componentwise. The operator A is 2( Ny +h) in F},, which
2N, +2h 0

0 2Ny, + 2h
He =Fr®F, . Itisreal, A(D(A) N'H) C H, it has a compact resolvent and it commutes

with J. The function h(f) is the nonlinear part of G (f):

corresponds ) in the real space H ~ Fj, or its complexification

b = N / ) e L)

2
= 208 [ @) — i) Grl) + i) L)
2 h 2
- NO;Qh/(E(E)—z‘E(?))Q(J“R(Z)+iff(z))€_2Z L{dz).
C

Ir
Jr
it is real analytic in H. The last expression, due to fr = fr and f; = f; when f € F,
allows its extension as a real valued, real analytic function, with h(e®’ f) = h(f), to
the complexified space Hc = Fj, & F), as it is required in Hypothesis A.2. The relation
he?Nn f) = h(f) for a € R and f € F}, which is the invariance of the above functional
with respect to rotations, provides the gauge invariance required in Proposition A.8. [

Its expression in terms of ( ) and the continuity property of Lemma 2.1 show that

Remark 3.2. Although we are working with an infinite dimensional system, the con-
servation of || f(t)l| 5, and (f(t) [ Nnf(t))s can be viewed as a consequence of Noether’s
Theorem (see [AbMaJ[Arn]). These quantities are associated with the invariance with re-
spect to the multiplication by a phase factor f — €“f and with respect to the rotations
f—eNf o €R, of the energy functional G" .

3.2 A modified Hamiltonian

Modifying the energy functional with the help of preserved quantities in order to study
the stability of equilibrium in Hamiltonian systems is a standard process. This can be
viewed for our specific Hamiltonian dynamics as a variation of the Casimir functional
method. We refer for example to [HMRW] where many applications are discussed.

Here a modified Hamiltonian is introduced for two reasons:

1) We are interested in the stability of a constrained minimum.
2) The minimization problem is degenerate due to the rotational invariance.

We verify at the end of this paragraph that this modification of the energy functional
makes sense and allows to catch relevant information on the dynamics.

10



First of all, we note that a solution f to the Euler-Lagrange equation (2.2) with
Lagrange multiplier ), is nothing but a critical point of the functional

G, () = G"(9) + Do(lloll,)

where @ is C* function on R such that ®(1) = —X. Due to the conservation of || f(t)|| -,
by the Hamiltonian flow ¢(t) associated with G", the new dynamics is well understood in
terms of classical solutions: for fy € F7, the Cauchy problem

10,9 = Q%Ggo (9)
{ g(t="0) = fo (3:3)

has a unique classical solution g € C}(R; F,) N C%(R; F2). Tt is equal to

g(t) = 6—2it¢6(||fo||2fh)¢(t)f0 '

Hence a solution f to the Euler-Lagrange equation (2.2) with Lagrange multiplier A,
is transformed by taking ®{(1) = —\ into an (unconstrained) equilibrium for the new
Hamiltonian dynamics. Moreover the new dynamics for all other initial data is obtained
after applying an elementary change of phase.

The second modification will help to get rid of the degeneracy problem due to the
rotational invariance.

Definition 3.3. Let f € F} be a solution to the Euler-Lagrange equation (2.2) with
Lagrange multiplier A € R and ||f||z = 1. The functionals ¢ q)O(HSOHth) and ¢ —
1 ({¢| Nup) £, ) are said to be adapted to (f,A) if

o &y and O, are C* real-valued functions on [0, +00).
o o4(1) = =X (Ifllg, = 1) and D1 ((f | Nuf)z,) = 0.
In such a case, the adapted energy is defined by
Gl (0) = G () + Do(ll0ll %) + 1({ | Nu) £, ) -

Remark 3.4. The condition f € F} is not a restriction because an element f € JFy, which
solves the Euler-Lagrange equation (2.2) necessarily belongs to F7 .

The same argument as above leads to:

Proposition 3.5. Let f be a solution to (2.2) with Lagrange multiplier . Let (I>O(||<p||2ﬂ)
and ©1((¢ | Nup) £,) be adapted to the pair (f,A) according to Definition 5.3. Then for
any fo € F?, the function

o2, 1) = 6—2¢t<1>6(|\fo|\2fh)[¢(t)f0](e—2iht¢;(<fo|Nhf0>fh)z)
is the unique classical solution (p € CO(R; F2) NCH(R; Fr)) of the Cauchy problem

10y = Qa_Ggo,él (¥)
o 51

11



Proof: It is sufficient to write

05G, 0, (0) = 0:G"(0) + B Il 7, e + @ ({ | Nug) 7,) 2hdsp .

If ¢ is a classical solution to (3.4) then

o200 @ollle(s)%,) ds (e2ihfos @ (o | Nui) 7, ) )

4

is a classical solution to (3.2). Proposition 3.1 yields the result. O

The modification of the energy functional does not change the dynamics of the solu-
tion f to the Euler-Lagrange equation (2.2). For other initial data, it is changed by a
multiplication by a phase factor and by the action of a uniform solid rotation. These ad-
ditional time dependence are slow when the initial data fj is close to the critical point f.
In the spectral stability analysis which follows, this means that we consider the stability
up to the multiplication by a phase factor (which does not change the modulus of the

2 2
wave function |u|* = |f(2)]? e_%) and up to a uniform (and slow) solid rotation.

3.3 Linearized Hamiltonian

Here we consider a solution f to the minimization problem (1.4). Although it is a de-
generate constrained minimization problem in infinite dimension, the introduction of a
modified energy allows to recover the expected properties of the linearized Hamiltonian.

Theorem 3.6. Assume that f € F} is a solution to the minimization problem (1.4) with
Lagrange multiplier X\. Assume moreover that the functional Gf{‘)o@l s adapted to the pair

(f,A\) according to Definition 3.3 and set oy = <I>6’(||f]|2fh) and a; = V((f| Nunf)x,)-
Then f is a spectrally stable equilibrium for the energy Ggoél provided that

1
ag—— >2h =2\, a; >0.
aq
The spectrum o(—JHess G, 5, (f)) is made of a discrete set of eigenvalues (ifin )nez+ with
finite multiplicity such that p, € R, p_p, = —p, and lim,,_, |pn| = +00 .

According to [HMRW], the spectral stability simply says that the spectrum of the
linearized Hamiltonian

0 Id
< “1d o ) HeSSGZ,O@l(f) = —JHeSSGZ,O@l(f)

is purely imaginary. According to the notation of Appendix A, J denotes the matrix
0 —1Id
Id 0
linear Hamiltonian has two symmetries with respect to R and iR. Note however that in
the spectrally stable case, a pure imaginary spectrum does not mean that the Hamiltonian
is anti-adjoint (see Appendix A).

in the real symplectic space H ~ F,,. We recall that the spectrum of a

12



Lemma 3.7. With the same assumptions as in Theorem 3.6, the Hessian Hess Ggml(f)
equals

[f) (el 1D

1 da ( INufr){(Nufrl |Nufr)(Nnfi )
"\ N (N fR] INLF (NG o]

with g = <I>6’(||f]|2ﬂ) and oy = V((f | Nnf) 5, ) Except for the lower bound which now
depends on o and o it shares the properties of Hess G" stated in Proposition 2.3.

Hess G o, (f) = Hess G"(f) — 2A1d +4aq < [ fr) (frl | Tr) il )

Proof: A direct calculation leads to

o Hess B0 (If117,) e = 296(111%) llellx, + 6 (1f17,) 4 Re(f | ©)7,)°
' Hess ®1 ((f | Nnf)r) e = 290((f | Nof)r,) (@ |INno) £,
+O) ((f | Nuf)r,) 4 (Re(NLf | @) 7,)?

We conclude with <I>6(Hf||2ﬂ) = =\, ®((f|Nnf)r,) = 0 and with the identification

between ¢ = pr + ip; with ( iR ) . O
I

Proof of Theorem 3.6: We refer again to the general framework reviewed in Ap-
pendix A, namely Proposition A.5 with A = 2N, and B = Hess Ggo,dn — 2Np,. The
above expression for Hess G, 5, combined with Proposition 2.3 and the fact that f e
F}? = D(Ny,), implies that B is a bounded real operator. Proposition A.5 states that the
spectral stability can be deduced from

Vo € Fn, ¢ HessGl 4,(f)p>0.

Any element of F} can be written ¢ + §f with ¢ € f+ (i.e. Re(f, @)y, =0)and § € R.
We get

(¢ +0f) Hess Gg, 0,(f) (0 +0f) =
" (Hess G"(f) — 2X\) ¢ + 260" (Hess G™(f) — 2A\) f + 6 fT (Hess G"(f) — 2)\) f

+4agd? || [z, a1 (Re(p | Nif)z,) 8216 (f | Nuf) 5, Relp | Nif) 7, +4018*(f | Nuf)F, -

The first term ¢ (Hess G"(f) — 2)\)¢p is non negative according to Proposition 2.5. Since
A is real and ¢ € f1 the scalar products ¢ \f vanish. Proposition 2.3 (it is shorter to
reproduce the calculation of G5 in its proof) leads to

¢ (Hess G"(f) = 2X\) f = 2Re(p | (N, + ) f) 5, +

(44 2)Nay Re(p | II, <— Ik f)>fh “ARely| ),

13



Then the Euler-Lagrange equation (2.2) implies for ¢ € f+
20" (Hess G"(f) — 20) f = =83 Re(p | (N, +h — A) f)5, = —85 Re(p | Ny f) £,
and
82 fT(Hess G"(f) — 2\) f = 882(\ — h) — 88%(f | Nuf) 5, -
Adding all the terms leads to

(¢ +0f) Hess Gg, 0, (f) (@ +0f) =
> —80 Re(gp ‘ Nhf)]—'h + 852()\ - h) - 852<f ‘ Nhf)]—'h + 40&052

+don (Re{p | Nof)7,)% + 80a16(f | Nof) 7, Re(p | Nof) 5, + 4018 (f | Nof)7,
> 45%(2) — 2h + )

paond? |2 42 (1N, = ) v 1), (1N = )|

Q+meﬁ—§f—i]

> 46°(2X — 2h + o) + 4y 67 5
1 aq

by setting r = % and for ay # 0. Finally the last right-hand side is non negative

foral>0anda0—af1—2h+2)\>0. O

4 Approximation by a finite dimensional problem

The approximation of the optimization problem (1.4) by finite dimensional ones, that is F,
is replaced by a set of polynomials with bounded degree, was studied in [ABN2]. Here we
complete this information by showing that such a convergence result can be extended to
the linearized Hamiltonian in the norm resolvent sense. We end this section by recalling
that a more quantitative estimate of the convergence of spectral elements, in such a
discretization process, is a real issue because the linearized Hamiltonian —JHess G"(f)
is not anti-adjoint.

4.1 Preliminaries

For K € N, Ck|z] denotes the set of polynomials with degree smaller than or equal to
K. Since (¢, p2")nen, Can = m, is an orthonormal spectral basis for /N, with
Npz" = hnz", the orthogonal projection IIj x onto Cg[z] coincides with the orthogonal

spectral projection:
Oy x = 1ok (Nn) -
We shall use the notation IT}, - for the imbedding from Ck 2] into F:

Hh,K o H%,K = Id(CK[z] H;LK @) Hh,K = Hth . (41)

14



We introduce the reduced minimum of the finite dimensional optimization problem:

h . h
= G"(P) . 4.2
€LLL.K Pe(CK[IzI]l,|1|1113||fh:1 ( ) ( )

Theorem 4.1. 1) The minima e, and e}L’LLK satisfy

< Ca(h)? + Cy(h)°
FEL = (1 — Co(h)(hEK) 1)

VK € NN (h'Cy(h), +00), 0<e}p (hK)™*

where Cy(h) = & [22Na 4 o (h=1/2) does not depend on K.

If f solves the minimization problem (1.4) then the sequence (fi)ken defined by fx =
Hl’[h7Kf||_l I, k f, which satisfies fr € Cklz] is a minimizing sequence for (1.4).

2) If for any K € N, P € Ck|z] denotes any solution to (4.2) then the sequence (Pk)ken
is a minimizing sequence for (1.4). Its accumulation points for the || ||z topology are
solutions of (1.4). Moreover if a subsequence (Pk, )nen converges to f in Fy, then the
convergence also holds in F7 according to:

1}1_{1010 If — PK||fh + [|Nu(f — PKn)Hfh =0.

4.2 Convergence of the linearized Hamiltonian

We now consider the question of the convergence of the linearized Hamiltonians associated
with the functional G§ 4 . We forget the term related to the gradient of the functionals
since in the end it will be applied with critical points. The linearized Hamiltonian at a
point ¢ € Fy, is defined as

Heo(p) = —JHess Gy, 0, ()

with J = < 1(31 _OId ) = ®rneN < (1) _01 ) in Fp, ® Fp, = @pen(Cz" @ Cz"). We keep

the notation 11, g for the diagonal operator

II 0 .
HhJ( = < B’K H/LK ) m fh @fh

Due to the commutation IIj, xJ = JII; i the restricted linearized Hamiltonian at a point

of G, o, ‘CK[Z} equals

Hi (o) = -1l i (JHess Ggo,%(go;()) H’h’K = —JI, i (Hess Ggoél(cpK)) H’h’K.

For any holomorphic function € in an open subset w C C and any compact regular contour
7 C w which does not meet the spectrum o(Hy(¢)) the holomorphic functional calculus
provides the operators

6y (Haol9)) = 5= § 01z — Haol)) " (43)

271 .

with a corresponding definition for 6, (Hg(¢k)) -
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Theorem 4.2. With the notations of Theorem 4.1, let (Pk,)nen denote a converging
subsequence of solutions of (4.2) with K = K,,, and let f denote the limit f = lim,, ., Pk,
which is a solution to (1.4). Then for all z € C\ 0(Hu(f)), the convergence

Jim 10, i, (2 Idey, pecs, () —Hr, (Pr,)) T, = (2 — Hxo(f))
holds in the norm topology. Hence for any pair (v,0) (see (4.3)) such that yNo(Huo(f)) =
() the convergence

lim II}, . 0 (Hr, (P, ) i, = 05(Hoo(f))

n—~o0

holds in the norm topology.

We start with a lemma derived after the introduction of a Grushin problem (see [SjZw]
and references therein), a more flexible variation of the Feshbach method (see [DelJa] and
references therein).

Lemma 4.3. In a complex Hilbert space (Hc, (., .)), let A be a self-adjoint operator with
domain D(A) and with a compact resolvent. Let (o, )nen be a sequence of complex numbers
such that lim, .. o, = 1. Let (By)nen be a sequence of bounded operators with limit B
in the norm topology as n — oo: lim, ., ||B, — B|| = 0. Let I1,, be the spectral projection
L1, 1,0 (A) with the assumption lim, .. T, = +o00. The imbedding Ranll, — H is
denoted by 11/, according to (4.1). Then the limit

lim I, (2 Idgant, —n(anA + B)IL) 'L, = (2 — (A+ B)) ™!

n—~0o0

holds in the norm topology for all z € C\ 0(A+ B).

Proof: 1) We first consider the case o, =1 for all n € N. We set
B =sup{|[Bnll, n e N} U{|[BI|} .

For z € C, we set A,, = 2 — (A+ B,) : D(A) — H. After the decomposition H =
RanIl, @ Ran(1 —II,,) and D(A) = Ranll, & (D(A) N Ran(1 —I1,,), it is written:

(A A (A B
o \anoan )T\ B oA

with X™ = IL,XII,, X™ = II,X(1 — II,Y, X" = (1 — II,)XI, and X* = (1 —
I1,) X (1 —II,)". Accordingly we use the notation A, for z — (A + B) with for n € N
fixed the corresponding restrictions AZ",, A = B™, ALl = B™ and ALl.. We follow

[SjZw] for the introduction of the Grushin problem and we set:

A pm Ann B Idgantt,
A, = ( R’nlz 0 ) = B™ A0 : D(A) @ RanlIl,, — H & Ranll,
J’_

Idranm, O 0
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with

0

The Schur complement formula says that if

E™ EV
—1 _ +
(e )

the operator A, is invertible if and only if £”_ is invertible with

. ( IdRant, ) and  R" = (Idgan, . 0) -

Al=F"—EY(E",)'E", (E",)'=—-R"'A;!R". (4.4)

We now compute AL First note that for any z € C there exists n(z) € N such that A"
is invertible for n > n(z). The second resolvent formula gives:

(AZ?)_l =(z-(1-IL)A+B,)(1-1L,)) "' = [1 + (2 — Aﬁﬁ)—lgzm] -1 (z — A1

where the self-adjoint operator A™ = (1 — II,,)A(1 — II,,)’ has a spectrum included in
R\ [-T,,T,]. This also implies for n > n(z):

A anl — AT\ — 2 n—oo
H[H(z—Am)—lBg”] lH <2 and H(Agg) 1H <o O
2 i )

In the former calculation B, can be replaced by B so that

2 o
< 2 am
2| = Tn|

< 2 (4.5)

(Amm~ <
H 2] = T,,|

hold for n > n(z).
The inverse A ! is computed by Gauss elimination:

0 0 1
Az=10 @ — (A By

LB A BY (AT BY

n

The Schur complement formula (4.4) yields:

A;; = (1 - Hn>/ (AZ?)_I (1 - Hn>+
1 nn ni | gy —1 pan) ni [ gnny—1

n
when

B = A= B (AL By
is invertible.

When z € C\o(A+B), A, is invertible and the Schur complement formula (4.4) applied
with B, replaced by B implies that the operator

E— = Aggz - B™ (Agjlz)_l B

17



is invertible with

~ |p Az

— o0z

-1
(=)
uniformly bounded for n > n(z). The second inequality of (4.5) implies

232

EE

HA” — B,

for n > n(z)

and a uniform bound for [|(A"" )~!|| with respect to n > n(z). Owing to the convergences
1472 — AR < B = By "7 0
2

= -]

and || B2, - Az < | B (ann) T By

the same is true for ||(A"?)7!| and HEZFH and we get

2

(E" )t — (AT < 0L | B (A) T B”" < (4.7)
We infer from (4.5), (4.6) and (4.7) the estimate
Ol n—>oo
[ An = L (A7) 'L, || < Hlil 0.
z
The second resolvent formula also gives
1A — AL =z=A=B,) ' = (z—A=B)7'||"=70
which yields the result for a,, = 1.
2) For the general case, it is enough to write
1, =z 1 1 —~

—I,(ayA+B, -1V ' = —(Z=—-I,(A+ —B,)II') ' = —(2 —1I,(A+ B)II/) !
(= MafanA+ By —IL)™! = (= =T, (A+ —BIL) ™ = —(: = TL,(A+ B)IL)
with B, = a;'B, + (1 — ;) Id and to apply the result of Part 1). O

Proof of Theorem 4.2: we recall that

Ghoo () =G"(f) + @0 (I £1%,) + @1 ({f | Nuf)7,)

and its Hessian at a point f € F;" ? equals according to Lemma 3.7 (without assuming

O\ ((f | Nnf)7,) = 0):

Hess Gl g, (f) = Hess G*(f) — 204([17]1%,) 1d ~2®}((f | Naf) 5, )Ny

" 2 |fR><fR‘ |fR><fI‘
4% (llf ”fh>( el 1 )

" |Nth><Nth| |Nth><NhfI|
ARSI Na] W( INuFr) (Na el Nufi) (N fo ) '
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When f solves (1.4) and for well chosen ®; and @4, it writes:

Hess Gl (1) = Hess GM(7) — 21+ ( 100 LR

o ( |Nnfr)(Nafr|  [Nnfr)(Nafrl )
S\CINRD(NW Rl INGfr) (Nwfi]

o Nh 0 -
=2 )+ B

where B € L(Fy ® Fr) . Meanwhile we obtain for Py, (with lim,, .., Px, = f in F7):

Id —2®' ((Px, | NiPx, )5, ) Nn

P (Pr,.rl | Pr,.r)(Pr,.1
g (1P 2y (VPrnr) (Prcrl |Prcr){Pr,,
oIPllz) \ 1P NP wl P )P ]

NiPre, ) (NiPrc, | [NnPrc, r) (NnPr, 1|
149(( Py, | NoP. NP,k . . ™
1P [ N K">fh)( [N Prco, 1) {NnPrcom| - [NwPic, 1) (No P, 1]

N, O =
= 201 - ((Px, | NuPr,)z)) | ' + B,
0 N,

(
Hess Gly 4, (Px,) = HessG"(Px,) —20(|| Px,|I7,)
)

with D _n
Jim (P, | NP )) =0, tim B B =0

n—oo

By recalling

Hoo(f)z—JHesngO@,l(f) and HOO(PKn):—JHesngO@l(PKn)

and by applying Lemma 4.3 with

(N 0\ [ 0 2N,
A= 2”(0 Nh>_<—22'Nh 0 )

an = (1 — @ ((Px, | NuPx,)7,))

and II, = ( I 0 ) =10} ., T, = 2hK, ,
0 Hthn ’

one gets
Tim T0, i, (21dey, ock, () —hm, Hoo(Prc, )y i) T, = (2 = Hoo(f)) ™
forall z € C\ 0(Hux(f)). We conclude with
Hg, (Pk,) = Hh7KnHOO(PKn)H;L7Kn .

Finally the convergence of the spectral elements I}, ;- 0, (Hx, (Px, ) k, comes from the
fact that all the convergence estimates are locally uniform in z for h > 0 fixed. 0
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4.3 Remarks about the stability of spectral quantities

Contrary to Theorem 4.1, the results of Theorem 4.2 about the stability of spectral quan-
tities does not provide any quantitative estimate. For a fixed not so small value of h > 0
and when only a fixed finite number of spectral elements are computed, such a quanti-
tative estimate is not crucial. It becomes definitely an issue when h > 0 gets small or
if one is interested in a large number of spectral elements. For example, the behaviour
of the sequence (ifin)nez+ of eigenvalues of the linearized Hamiltonian —.JHess G 4, (f)
stated in Theorem 3.6, lim,, ., |in| = +00, can be stated more accurately since the prob-
lem amounts to looking at a bounded perturbation of the harmonic oscillator quantum
Hamiltonian. Nevertheless this behaviour seems difficult to recover in numerical simula-
tions?

A very likely explanation is that the linearized Hamiltonian —JHess G, 4, (f) is
not anti-adjoint. Whatever the choices of the functions ®; and ®; are, the Hessian
Hess G, ¢, (f) is a finite rank perturbation of Hess G"(f) according to Lemma 3.7. But
the commutator [J, Hess G"(f)] can be computed from (2.9) and equals

—2C 2B

( 2B 2C ) '
The operators B and C, defined in (2.11)(2.12), are non vanishing Hilbert-Schmidt op-
erators but with infinite rank. Hence the linear Hamiltonian —JHess G}, ¢, (f) is not
anti-adjoint in spite of a purely imaginary spectrum.
The stability of the spectrum of non self-adjoint (or non normal) operators with respect
to perturbations enters in the theory of pseudospectral estimates and it is known that
there can be a big gap between the knowledge of the spectrum and a good control of resol-
vent estimates with dramatic consequences in numerical computations. Such an analysis
for pseudo-differential operators has had a great development in the recent years and we
refer the reader to [Tre|[Davl][Dav2|[DSZ|[Hagl|[Hag2][HerNi|[HelNi|[Pra|[Zwo]. In order
to perform such an analysis of the linearized Hamiltonian —JHess G"(f), a better infor-
mation on the minimizer f than the one provided in [AfBI][ABN1][ABN2] is necessary.

A Specific infinite dimensional Hamiltonian systems

Our aim is not here to give a complete account on infinite dimensional Hamiltonian
systems. We refer the reader for example to [ChMal][Kuk][BHK] for a more general pre-
sentation or different points of view. We simply briefly point out the properties which are
relevant to our problem.

We consider a separable Kaehler space (H, (.|.),0): (H,(.|.)) is a real Hilbert space
while ¢ is a symplectic form compatible with (.|.). We recall that the last condition
means that there exists a continuous R-linear (skew-adjoint) operator on H such that

3according to discussions with A. Aftalion and X. Blanc.
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J? = —1 and
o(X,Y)=—-(JX|Y)=(X|JY).

Before going further, it is useful to introduce the complexified Hilbert space H¢ with the
scalar product

(fitifalgn+ige)e = (filgr) + (falge) +i(filg2) —i(g1] f2) -

In this framework the operator J becomes a skew-adjoint bounded involution
J =~ J?=—-1d
which differs from ¢ 1d.

Remark A.1. [t is important to note here that the complexified Hilbert space Hc has
nothing to do with the natural complex structure associated with J. In fact, the complexi-
fied space has no relationship with the symplectic structure on H. It is introduced only in

order to provide the framework for spectral theory. More precisely, consider the example
where H = R*™ = R x RE is endowed with

e the scalar product: (X |X') = ( z ) : ( ? ) =zx' + &£

e and the symplectic form: o(X, X') = {x' — x€’.

Let J = ( (1) _01 ) After the identification between X € R* and z = x + i£ € C", the
real scalar product happens to be the real part of the complex scalar product (X | X') =
Rez.2" and the symplectic form the opposite of the imaginary part (X, X') = —ZmZz.7,

while the operator J is translated into the multiplication by i. Instead, the complexified

space He equals C*™ and allows the action of J = ( 0

1 _01 ) and the componentwise

multiplication by the complex scalar i .
In the case of our analysis, the Kaehler space is the complex Hilbert space F,,. We have,

as a set, H = Fy,, after the identification between f = fr+ ifr € Fy, and ( J}R ) €H
I

while He equals Fp, & F, .

As in the study of second variations, some properties and symmetries of a linearized
Hamiltonian are more obvious when working with the real structure (the complexification
being added only in order to apply spectral theory) .

The energy functional is given by

H(f) = 5 (1AM + 3 (F1 BNe +5(F), Vf € D(A) € He

where the operators A, B and the nonlinear function b satisfy the next assumptions:
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Hypothesis A.2. e The operator (A, D(A)) is a non negative self-adjoint opera-
tor on Hc, with a compact resolvent, which commutes with J and which is real:

A(D(A)N'H) C H.

e The operator B is a bounded real (BH C H) self-adjoint operator on Hc (non
necessarily commuting with J ).

e The function b : Hc —— R is real analytic and satisfies the gauge invariance
h(e*l f) = h(f) for alla € R and all f € Hc .

The Hamilton equation can be written as

{0J¥=—JVH(ﬂ==—JAf—JBf—JVbU)

ft=0)=foeH (or €He). (A1)

where V denotes the gradient with respect to the scalar product (. |.) in the real case and
the gradient with respect to the real scalar product Re(.|.)r in the complex case. As
usual an equilibrium is a critical point of H .

Proposition A.3. Assume Hypothesis A.2. Then the initial value problem (A.1) admits
a unique mild global solution for any fy € He. Moreover the flow defined by f(t) = ®(t) fo
for fo € He and t € R satisfies

Vo e HVteR, ®(t)fy € H
and  Vfye He, Wt e R, [ 0(1) follp, = €2 | foll -

Proof: 1) The linear case with B = 0: Since the operator A has a compact
resolvent, commutes with the involution J and is real, it admits an orthonormal basis of
real eigenvectors {v,, € H, Ji, € H, n € N} with

Ay, = M\, and  AJY, = N\, JY,

so that A, € R and lim,, ., |A\,| = +00.
The operator —iJ A is self-adjoint with domain D(A) and writes in He = Gpen(Cth, &
CJ,) as the block diagonal operator

. An
—ZJA:@neN< _20)\ 7/0 ) .

Hence the equation

i0,f = —iJAf

is solved by the unitary strongly continuous group (e~*(=*/4))
admits the explicit block diagonal expression

oA _ cos(tA,)  sin(tA,)
"EN L —sin(th,) cos(th,) )

teR - (e_tJA)tERv which
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Hence this linear evolution preserves the Hc-norm, the domain D(A) and reality.
2) Local existence for the nonlinear case: The Duhamel formula

F(t) = e gy — / et T (B (s) + Vh(f(s))) ds

and the analyticity assumption on b allow to use the standard fixed point argument
in C°([0,T},]; He). The fixed point provides the real analyticity of f(t) with respect
to fo € Hc. Finally, the uniqueness in C°([0,T},]; He) and the fact that the integral
equation can be solved in C°([0, Ty,]; H) ensures that f(t) € H for all ¢ € [0,T},] as soon
as fo € H.

3) Approximation with a bounded generator: In order to establish the preserved
quantities, we approximate the linear operator by bounded ones. Let Ay = 1 a)(A4)A.
By the spectral theorem, we get

H(e—tJAA — €_tJA)fH2 H(e—it(—iJAA) _ e—z‘t(—iJA))fH2 = /A }1 — e_m}z dpg(N)

where dps is the spectral measure of the given element f € Fj, with respect to the self-
ajoint operator —iJA. Hence by dominated convergence we get:

vVt € R, i—lim e AN = 714

— 00

We write the difference between the two integral equations:
falt) = e A fy = /0 t eI (Bfa(s) + VB([fa(s))) ds
md )= o= [ eI + (7)) ds
N
FO= (0 = (¢4 = emt) fy [ (0 ) (B ()4 V() ds

B / e~ TB(f(s) — fa(s)) ds — / e~ =740 1 (Vh(f(5)) — VB(fa(s))) ds

For a fixed fy and a fixed t € [0,TY,], the analyticity assumption on h and the fact that
e 4 and e7?4A are unitary operators, lead to

1f = fall® < 5 () + Oy, g 1f(s) = Fa(s)II* ds

with limpy e, (A) = 0. By the Gronwall Lemma, we obtain for any f, € Hc the
existence of T, such that

vt € [O>Tfo]’ Ah_r};onf(t)_fA(t)H =0.
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4) Upper bound for the norm and global existence: According to the first step,
we can reduce the analysis to the case where A is a bounded operator. Then the local in
time mild solution is a classical solution for any fy € Hce. We compute

O NfIP = (Ouf | fe+ (FlOuf)e = —2Re (JAf + JBf + IVb(f) | f)c
= —2Re(f|IVD(f))ec = (IBf|f)c+ (f|JBf)c
< —2Re(f|IVH(F)e + [ Bl I £IP

Here we differentiate the gauge invariance of b, h(e*’ f) = f.:

d

0= 00 )],y = Be (VH(f) | T)e -

We have proved 9, ||f||> < ||I[B, J]||||f|I> when f solves (A.1) with A € L(Hc). The
inequality ||f(2)|| < ellB7IVE | £y can be extended to the case of unbounded A according
to step 3).

Finally this norm control provides the existence of a global in time solution, 7', = +o0,
for any fy € Hc. O

We now consider the conservation of energy under the additional assumption that the
flow ®(t) preserves the domain D(A). This will be checked in the proof of Proposition A.8
below. We refer to [ChMa] for a more general statement.

Proposition A.4. Under Hypothesis A.2 and if the flow ®(t) preserves the domain D(A)
in the sense that the solution f to (A.1) belongs to C° (R; D(A)) when fo € D(A), then
the equality

H(f(t)) = H(®(t)fo) = H(fo)
holds for any t € R and any fo € D(A).

Proof: If f € C°(R;D(A)), then the mild solution to (A.1) is a strong solution,
f € C'(R;Hc¢). Since the gradient of H equals Af + Bf + Vh(f) we write:

O H (f) =Re(Af + Bf +Vb(f)[0:f)c
= —Re((A+ B)f | J(A+ B)f)c —Re(A+ B)f | JVH(f))c —Re (VH(f) [ J(A+ B)f)c
—Re (VH(f)[JVH(f))c = 0.

O

We now give some applications in specific cases arising in our analysis.

Proposition A.5. Under Hypothesis A.2 with t) = 0, then the Hamiltonian vector —J( A+
B) defines a linear closed unbounded operator on He with domain D(—J(A+B)) = D(A).
It has a compact resolvent and its spectrum has symmetries with respect to the two axes
R and R.

Moreover if the energy H(f) = 3(f| (A+ B)f) is non negative for all f € D(A)N'H then
o(—=J(A+ B)) CiR.

24



Remark A.6. Note that although o(J(A+ B)) C iR, the operator J(A+ B) is not anti-
adjoint (even in finite dimension), except when J and A+ B commute, [J, B] = 0. The
finite dimensional version of the final result is a very specific case of the classification of
quadratic Hamiltonian functions which is reviewed in [Arn/-Appendiz 6.

Especially when applying this Proposition, a good identification of the Kaehler structure
on H and the two different complex structures on Hc is useful.

Proof: Since the operator is a bounded perturbation of —JA, the first statements
are standard (see [ReSi]). Concerning the symmetries of the spectrum, the following
equivalences hold:

A o(—J(A+ B))) ((=J(A+ B) — \) invertible)

(J(=(A+ B)J — X)J " invertible)

((—=(A+ B)J — N\)* = (J(A+ B) — X\) invertible)
(=X

—J(A+ B)))

=
-~
=
=
and provide the symmetry with respect to ¢R. For the second symmetry, we introduce the

conjugate w of any vector u € H¢ as the symmetric vector with respect the real subspace
H . Since J, A and B are real operators, we obtain * for any u € H, u # 0,

(=J(A+4 B)u = Xu) & (—J(A+ B)u=\u) .

Since —J(A + B) has a compact resolvent, its spectrum is thus symmetric with respect
to R.

Finally, assume that the energy H(f) = 3(f|(A + B)f) is non negative for all f €
D(A)N'H. Since (A + B, D(A)) is self-adjoint on Hc, this means that A + B is a non
negative operator and we get

(H(u) =0, wé€Hc)e (ueKer(A+ DB)).

Let A € o(—J(A + B)) be a non zero eigenvalue with eigenvector ug # 0. Since ug €
D(A+ B) = D(A), u(t) = e /A+Bly, € CO(R; D(A)) and according to Proposition A.4,
the energy is conserved:
"N (ug| (A+ Bug)e = (eMuo] (A+ B)eMug) e = (u(t) | (A+ Blu(t))e
= (uo | (A+ Buo)c

Since A # 0, we get ug € Ker(A+ B), (ug| (A+ B)ug)c # 0 and ReA = 0. O

Proposition A.7. Under Hypothesis A.2, a sufficient condition for an equilibrium to be
spectrally stable, is that it is a local minimum.

4Especially for this argument, it is preferable to forget the complex structure on H identifying J with
the multiplication by ¢ .
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Proof:  According to [HMRW], an equilibrium is spectrally stable when the spectrum
of the linearized Hamiltonian is included in 7R . At a critical point f of H, the linearized
Hamiltonian equals

—JA— JB — JHessh(f) = —J(A+ B+ Hessh(f)).

If fis a minimum for H then A+ B+ Hess h(f) is non negative owing to the analyticity
property of b:

1
H(f +¢) =5 (¢[(A+ B+ Hessh(f))p) + O(llel®) -
By replacing B by B+ Hess h(f) in Proposition A.5, we get o(—J(A+ B+Hessh(f))) C
iR. ]

We end this appendix with a specific nonlinear Hamiltonian for which Noether’s the-
orem ([Arn][AbMa]) can be stated in a very explicit form.

Proposition A.8. Assume Hypothesis A.2 with B = 0 and with the additional gauge
invariance for b:

Va e RVfeH, b f)=n(f).
Then for any fo € D(A) N'H, the solution f to (A.1) satisfies
feC (R;H)NC(R; D(A))
vteR, H(f(t)=H(fo) , (fOIAf#)c= (folAfo)c
h(f () =b(fo) and [ fO)I =/l

Proof: The new gauge invariance implies that for any f,¢ € ‘H and a € R:

b(f) + (VO )+ Olel®) = b(f + @) =0 (f+¢)
= b )+ (Vo f) [e*p) + O(llel)

= B(f) + (eVh(e ) [0) + Olell”) -

Hence we get

VfeH,YaeR ,Vh(ef) =eVh(f).
Thus the solution to (A.1) with fo € H, f(t) = ®(¢) fo, also satisfies

Va e RVt ER, e™Af(t) = d(t) (e fy).

The regularity of the flow with respect to initial data allows to say that for any ¢t € R,
e*?A £(t) is differentiable with respect to a when fy € D(A). This yields

(fo € D(A)) = (f(.) = ®(.)fo € C°(R; D(A))) .

Proposition A.4 gives
VteR, H(f(t))=H(fo)
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when fy € D(A). It is enough to check that the quantity (f(t)| Af(t)) does not vary. By
differentiating the new gauge invariance with respect to o we get now for any g € D(A)"H:

d

0= —=b(e"g)|,_, = (Vb(g) | TAg) .

For f(t) = ®(t)fy with fo € D(A) N'H we compute:

O (fOAf() = 2Re(0f[AS(1))
= 2Re(=JAf(t)[Af(1)) +2Re (=JVH(f(1)) [ Af(1))
= 0+2(Vh(f(1))[JAS(t)) = 0.

Finally, the fact that || f(¢)|| = || fo|| is a direct consequence of the equality h(e*/ f) = h(f).
U

Remark A.9. For the specific Hamiltonian considered in Proposition A.8, one can think
about several criteria for the formal stability and the nonlinear stability. This would
require additional discussions and again specific assumptions according to [HMRW]. We
do not consider such criteria in our analysis.
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