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DENSITY ESTIMATION WITH QUADRATIC LOSS: A
CONFIDENCE INTERVALS METHOD

PIERRE ALQUIER

ABSTRACT. In @], a least square regression estimation procedure was pro-
posed: first, we condiser a family of functions f; and study the properties
of an estimator in every unidimensionnal model {afi,a € R}; we then show
how to aggregate these estimators. The purpose of this paper is to extend this
method to the case of density estimation. We first give a general overview of
the method, adapted to the density estimation problem. We then show that
this leads to adaptative estimators, that means that the estimator reaches the
best possible rate of convergence (up to a log factor). Finally we show some
ways to improve and generalize the method.

1. INTRODUCTION: THE DENSITY ESTIMATION SETTING

Let us assume that we are given a measure space (X, B, \) where X is positive
and o-finite, and a probability measure P on (X, B) such that P has a density with
respect to A:

P(dz) = f(z)A(dx).
We assume that we observe a realisation of the canonical process (Xi,..., Xn) on
(XN, BEN PEN) Our objective here is to estimate f on the basis of the observa-
tions Xl, ceey XN.

More precisely, let £2(X,\) denote the set of all measurables functions from
(X, B) to (R, Br) where Bg is the Borel o-algebra on R. We will write £2(X,\) =
L2 for short. Remark that f € £2. Let us put, for any (g,h) € (52)2:

o) = [ (o) = hia) A,

and let ||.|| and (.,.) denote the corresponding norm and scalar product. We are
here looking for an estimator f that tries to minimize our objective:
2(f, f).

Let us choose an integer m € IN and a family of functions (f1, ..., fm) € (EQ)m.
There is no particular asumptions about this family: it is not necessarily linearly
independant for example.

In a first time, we are going to study estimators of f in every unidimensionnal
model {afi(.),a € R} (as done in [f]]). Usually these models are too small and
the obtained estimators do not have good properties. We then propose an iterative

method that selects and aggregate such estimators in order to build a suitable
estimator of f (section f).
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In section [ we study the rate of convergence of the obtained estimator in a
particular case.

In section Wl we propose several improvements and generalizations of the method.

Finally, in section E we make some simulations in order to compare the practical
performances of our estimator with other ones.

2. ESTIMATION METHOD

2.1. Hypothesis. In this section we will use a particular hypothesis about f
and/or the basis functions fi, k € {1,...,m}.

Definition 2.1. We will say that f and (f1,..., fm) satisfies the conditions H(p)

for 1 < p < oo if, for:
1 1
_+_
p q

there exists some (¢, c1,...,Cm) € (IRjr)mJr1 (known to the statistician) such that:

)

whe (e ([ 18P M@0)" <0 [ 1A @)

<c [ 1 (=o.

and </X £ /\(dx)) :

For p =1 the condition H(1) is: f is bounded by a (known) constant ¢ and we put
¢4 = ..=cp =1. Forp = +o0 the condition H(+00) is just that every |fi| is

bounded by
\/ck /X Fe(@)?\(dz)

where ¢y, is known, and we put ¢ = 1. In any case, we put, for any k:

CrL = ¢ie.

Definition 2.2. We put, for any k € {1,...,m}:
— 2 _ 2 _ 2
Di= [ 1A M) = (£2.0) = |5
X

2.2. Unidimensionnal models. Let us choose k € {1,...,m} and consider the
unidimensionnal model My, = {afi(.), € R}. Remark that the orthogonal pro-
jection (denoted by Iy, ) of f on My is known, it is namely:

O, () = @ fi ()

where:

Jx fe@f(@)Adz) [y fu(@)f(@)M(dx)
fX fk 2)\ d:z:) Dy, .

A natural estimator of this coefficient is:

b J"ka 2X( dx)

because we expect to have, by the law of large numbers:

—ka ; —>P [fr(X /fk dx).

Actually, we can formulate a more precise result.

ay = argm1nd2(af =
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Theorem 2.1. Let us assume that condition H(p) holds for some p € [1,+o0].
Then for any € > 0 we have:

P®N{V/€ e {1,...,m}, dQ(dkfk,akfk)

§ {4[1+log QT’"]} ﬁZiN_l fo(X0)?

C
N D, + Ck

}21—5.

2.3. The selection algorithm. Until the end of this section we assume that H(p)
is satisfied for some 1 < p < 4o0.
Let (3(e, k) denote the upper bound for the model k in theorem P.1}

2m 1 N )
Ve >0,Vk € {1,...,m}: p(g,k) = {4 [1+1og 2] } lﬁ >im Je(Xi)? Lo

The proof is given at the end of the section.

N Dy,

Let us put:
CRke = {g € L2, d* (A fr, T, 9) < B(e, k)}-
Then theorem @ implies the following result.
Corollary 2.2. For any € > 0 we have:
P®N{Vk €{l,...,m}, fe CRk,e} >1—e.
So for any k, CRy ¢ is a confidence region at level k for f. Moreover, CRj . being
convex we have the following corollary.

Corollary 2.3. For any € > 0 we have:
P®N{Vk €{l,...m}Vg € £? d*(cr, .9, ) < d*(g, f)} >1-—e.

It just means that for any g, IIrq, g is a better estimator than g.
So we propose the following algorithm (generic form):

e we choose € and start with gg = 0;
e at each step n, we choose a model M,y where k(n) € {1,...,m} can be
chosen on each way we want (it can of course depend on the data) and take:
In+1 = HCRk(n)yggn;

e we choose a stopping time ns on each way we want and take:

f = Ong-
So corollary @ implies that:
Pl ) = Pl ) < o S oo §) = P00} 21

Actually, a more accurate version of corollary can give an idea of the way to
choose k(n) in the algorithm. Let us use corollary and remember the fact that
each CRy . is convex.

Corollary 2.4. For any € > 0 we have:

P®N{Vk S {15 7m}5Vg € £25d2(Hch,€gvf) S dQ(gvf) - d2(HCRk,€gvg)}

>1—c¢.
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So we propose the following version of our previous algorithm (this is not neces-
sarily the better choice!):

e we choose ¢ and 0 < k < 1/N and start with go = 0;
e at each step n, we take:

.....

and:
In+1 = HCRk(n),Sg”l;
o we take:
ng = inf {n eN: d*(gn,gn_1) < H}
and:

f = Gns-
So corollary @ implies that:

ng—1
PR < PO = Y Pl p 21
n=0

2.4. Remarks on the intersection of the confidence regions. Actually, corol-
lary E could motivate another method. Note that:

Vk € {1,..,m}, f € RCke & f € [| RCke
k=1

Let us put, for any I C {1,...,m}:

RCI,E = ﬂ Rck,sa
kel

and:
fr=1ge, 0.

Then RC; . is still a convex region that contains f and is a subset of every RCy .
for k € I. So we have the following result.

Corollary 2.5. For any e > 0:

P®N{w C{l,eom} Ve € Ld(fi, oy, f) < d(fr, f) < d(TIge, .0, f)}
>1—-c.

In the case where we are interested in ”"model selection type aggregation” of
estimators, note that, with probability at least 1 — e:

d(HRCk,ao’ f) < d(HRCk,ao’akfk) + d(akfka f) < B(Ea k) + d(fka f)
So we have the following result.

Corollary 2.6. For anye > 0:

..... m}

PNty S0 ()4 BB 21

The estimator fl
lem:

m can be reached by solving the following optimization prob-

.....
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min g1l

st. Vke{l,..,m}:

{ (9 — G fu, fr) — /DifB(e, k) <
— (9 — arfr, fr) — V/ DiB(e, k)

The problem can be solved in dual form:

max l ZZ%% fis fi) +227kak||fk|\2—22|%|\/Dkﬁg k)

eR™
v i=1 k=1

)

0
<0.

with solution v* = (7, ...,7;,) and:

f{l,...,m} = Z'Y;fk
k=1
As:

I vt gy =117

=1 k=1
and:

m 1y
23 ytanl fell? = ZkN (;'{5( 1l = Zf
k=1

we can see this as a penahzed maximization of the likelihood.
We can note that it is easier and more computationnaly efficient to project
successively on every region RC(k,¢) than to project once on RC({1,...,m},¢)

2.5. An example: the histogram. Let us assume that A is a finite measure and
let Ay, ..., Ap, be a partition of X. We put, for any k € {1,...,m}:

fe() =14, ().
Remark that:
Dk —/ fk dx —)\(Ak)

and that condition H(+00) is satisfied with constants:
1
A (Ar)

and (as we have the convention ¢ = 1 in this case) Cy = cpc = ¢.
In this context we have:

Cr =

_ P(XEAk)

Q. = )\(Ak) )

4 - X Din La, (X0)
k = (Ak) )

o) = I |5 3 s

Finally, note that all the confidence regions CRy . are all orthogonal in this case.
So the order of projection does not affect the obtained estimator here, and we can
take:

f=Teg,, ...Iexr, .0
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(and note that f= f{L,“’m} here, following the notations of subsection @) We
have:

f@) =" (6 = VA@IBER) | ule)

where, for any y € R:
y if y>0

(Y)+ =
0 otherwise.

In this case corollary @ becomes:

m

PP, 0) < #0.0) - Y (a0~ VAEDFED) A b2 1<

k=1

2.6. Proof of the theorem. Before giving the proof, let us state two lemmas that
we will use in the proof. The first one is a variant of a lemma by Catoni [}, the
second one is due to Panchenko [L1].

Lemma 2.7. Let (Ty,...,Ton) be a random vector taking values in RN distributed
according to a distribution PE2N. For any n € R, for any measurable function
A RN — R’} that is exchangeable with respect to its 2 x 2N arguments:

N

2N
®2N AE:T. - T 7_/\22 T2 —n| < -
P exp N i+N i N2 i n _exp( 77)
i=1

i=1
and the reverse inequality:

N
PO exp(% Z{Tz - Tz‘+1} - % ZTZQ - 77) <exp(-n),
i1

i=1
where we write:
77 = 7’] (Tl, ...,TQN)
A=A (Tl, ...,TQN)
for short.

Proof of lemma @ In order to prove the first inequality, we write:

W& 2 2N
peN exp(N Z{TH-N - Ti} - Nz ZTi2 - 77)
; i=1

N
A A2
_ D®2N Z Z 2
=P eXp<i1 IOgCOSh{N (Ti+1 E)} — m 2 Tz 77)
We now use the inequality:

2

Vz € R,logcoshz < %
We obtain:
A A2 s A2
1OgCOSh{N (Ti+1 — Tz)} S W (Ti+1 — TZ) S m (T’z2+1 + TE) .

The proof for the reverse inequality is exactly the same. (I
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Lemma 2.8 (Panchenko [[L1], corollary 1). Let us assume that we have i.i.d. vari-
ables Ty, ..., (with distribution P and values in R) and an independant copy
T = (TN+1,...,T2N) OfT = (Tl,...,TN). Let €j(T, TI) forj S {1,2,3} be three
measurables functions taking values in R, and 3 > 0. Let us assume that we know
two constants A > 1 and a > 0 such that, for any u > 0:

pE2N [gl(T, T') > &(T,T') + /& (T, T’)u} < Aexp(—au).

Then, for any u > 0:

peN {PW [&(T, T")|T)

> PN (65T, T)|T] +\/ PE2N [o(T, T)|T) u} < Aexp(1 - au).

The proof of this lemma can be found in [11]. We can now give the proof of
theorem E

Proof of theorem @ Let (XN41, ..., Xan) be an independant copy of our sample
(X1,...,Xn). Let us choose k € {1,...,m}. Let us apply lemma @ with P = P
and, for any i € {1,...,2N}:

T; = fr(X).
We obtain, for any measurable function 7, € R, for any measurable function A :
R2N — R? that is exchangeable with respect to its 2 x 2/N arguments:

P®2NeXp< Z{fk( iN) — fe(X } Zf k>§exp(—m)

P
and the reverse inequality:
N 2 2N

P®2Nexp<j\v Z{fk( i) = fe(Xiyn) } N2 ka 77k> <exp (—nx)

=1

as wall. This implies that:

N
PN | S ) = eXirn) < N2ka 2 < e ()
=1
and:
N
peN Z{ Xipn) = fr(X } ka —: < exp (=) -

i=1

Let us choose:

L = Ny,
X i f(Xi)?

in both inequalities, we obtain for the first one:

1 52N 2
Z{m ) - fk<Xi+N>}22\/nkNZl§éfk(X”]Sexm—m).

We now apply lemma@ with the same T; = fi(X;), e =u, A=1,a=1,§ =0,

P®2N

&L= %i{fk(Xi) - fk(XH-N)} and

i=1
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A% X (X0

g = N =L
We obtain:
N M & it Ji(X0)? + P [fr(X)?]
PN %;fk(Xi)—P[fk(X)]ZQ$ {N ' ~ }]
N LSV (X2 + Pfr(X)?
= PN ST (X)) - PLA(Y) 2 4 plom o N) — ]}]
=1
<exp(1l—mng).
Remark that:
/ Jr(z A(dzx).
So, using condition H(p) and Hlder’s inequality we have:
1 ([ rsn) ([ o)
< (o [ o )(/f >
(ke / fe(z = CyDy.

Now, let us combine this inequality with the reverse one by a union bound argument,
we have:

poN

LN
~ ka(Xi) - P [fk(X)]|

J me { & LI, e(X0)? + Dy |
>2 N

] <2exp(l—1ng).

We now make a union bound on k € {1,...,m} and put:
2m
N =1+ log —.
€
We obtain:

PONIVE € {1,...,m}

%ka(Xi) - P [fk(X)]‘

J 1+ 10522) {1 50X, fulx,p wwk}]
<2 N >1—c¢.

We end the proof by noting that:

(&5 ) - P

d* (G fro, On f) = [y fe(2)?A(dz)
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3. SOME EXAMPLES WITH RATES OF CONVERGENCE

3.1. General remarks when (f;); is an orthonormal family and condition
H(1) is satisfied. In subsections B.1, .4 and B.3, we study the rate of convergence
of our estimator in the special case where (fi)ren+ is an orthonormal basis of £2,
so we have:

Dy = /ka(z) Adz) =1
and:
/ka(w)fkf ()A(dz) =0

ifk#k.
We also assume that condition H(1) is satisfied: Vo € X, f(z) < ¢, remember
that in this case we have taken ¢ = 1 and so Cj = ¢, so:

Ble.k) = {Mﬁ} Hzmm o

Note that in this case all the order of application of the projections Ilzc, . does
not matter because these projections works on orthogonal directions. So we can
define, once m is chosen:

f =Tz, ...Ire, .0 =1Tgc,,

(following the notations of subsection P.4). Note that:

Fa) =3 sign(@) (Joxl = VBER) i)
k=1

where sign(x) is the sign of 2 (namely +1 if > 0 and —1 otherwise), and so f is
a soft-thresholded estimator. Let us also make the following remark. As for any z,
f(x) < ¢, we have:

d*(f,0) <ec.

So the region:
B= {g €L?:Vke ]N*,/ 9(x) fre(x)A(dz) < \/E}
X

is convex, and contains f. So the projection on B, IIz can only improve f . We put:
f=1zsf.

Note that this transormation is needed to obtain the following theorem, but does

not have practical incidence in general. Actually:

Fw = S sioni@ { (1] = VBER) 1 VEf o)

3.2. Rate of convergence in Sobolev spaces. It is well known that if f has
regularity 5 (known by the statistician) then we have the choice

m = N1
and a standard estimation of coeflicients leads to the optimal rate of convergence:
N
Here, we assume that we don’t know 3, and we show that taking m = N leads
to the rate of convergence:

Nz log N
namely the optimal rate of convergence up to a log N factor.
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Theorem 3.1. Let us assume that (fi)ken~ s an orthonormal basis of L2. Let us
put:

m = ar min d*(g, f),
f ggespan(f17~“7f7n) (g f)

and let us assume that f € L? satisfies condition H(1) and is such that there are
unknown constants D > 0 and 8 > 1 such that:

d*(F s f) < D20,

Let us choose m = N and ¢ = N~2 in the definition of f Then we have, for any
N >2:

Here again, the proof of the theorems are given at the end of the section. Let
us just remark that, in the case where X = [0, 1], A is the Lebesgue measure, and
(fr)kew= is the trigonometric basis, the condition:

&*(f s ) < D=7

is satisfied for D = D(3,L) = L?>1~ %% as soon as f € W (3, L) where W (3, L) is
the Sobolev class:

1
{f e £2: fP=1 is absolutely continuous and / FO(2)2\(dz) < L2} ,
0

see Tsybakov ] for example. The minimax rate of convergence in W (3, L) is
28

N7 25+1 g0 we can see that our estimator reaches the best rate of convergence up
to a log N factor with an unknown g.

3.3. Rate of convergence in Besov spaces. We here extend the previous result
to the case of a Besov space B; j 4. Note that we have, for any L > 0 and 8 > 0:

W(B,L) C Bg2,2

so this result is really an extension of the previous one (see Hrdle, Kerkyacharian,
Picard and Tsybakov [E], or Donoho, Johnstone, Kerkyacharian and Picard [E])
We define the Besov space:

co 27

Bspa = {9 0,1 = R, g()=ad()+ Y > Biwin(),
7=0 k=1

o0 2 %
ZQM(S*%*%) Z Bl =llgllpq < +OO}’
, k

=1
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with obvious changes for p = +00 or ¢ = +00. We also define the weak Besov
space:

oo 27
Wy = {g (0,11 =R, g() =ag()+ )Y Bistik(),
=0 k=1
fe%e] ] 27
sup A >0/ S 5 sy < oo
A>0 0 ST 1 '
oo 29
= {g 0,1 =R, g() =ag()+ YD Bixtik(),
=0 k=1
o) . 27
sup N7 N 215D 375 Ty, <ny < oo,
A>0 = 1

see Cohen [f for the equivalence of both definitions. Let us remark that By, 4 is a
set of functions with regularity s while W,  is a set of functions with regularity:

s’zl(z—l).
2\p

Theorem 3.2. Let us assume that X = [0, 1], and that (1 1) j—o,... +o0,ke{1,....29} 15
a wavelet basis, together with a function ¢, satisfying the conditions given in [ and
having regularity R (for example Daubechies’ families), with ¢ and o1 supported
by [—A, A]. Let us assume that f € Bspq with R+1 > s > %, 1 <gq < oo,
2 <p < oo, or that f € BypgNW 2, with R+1> 5> 2, 1<p< +oo, with

2
2s+
unknown constants s, p and q and that f satisfies condition H(1) with a known
constant c. Let us choose:

) loz N ;
(s fm} = {0} U{jn,j = 1, 20062 ) k=1, 27}
(so % <m < N) and e = N~2 in the definition of f. Then we have:

PENG(F, f) = O ((lo]gvj\f)zsﬂ>.

Let us remark that we obtain nearly the same rate of convergence than in [g],
namely the minimax rate of convergence up to a log N factor.

3.4. Kernel estimators. Here, we assume that X = R and that f is compactly
supported, say by [0,1]. We put, for any m € N and k € {1,...,m}:

fe(z) =K (%J)

where K is some function R x R — R and we obtain some estimator that has the
form of a kernel estimator:

R Ui k
fa,. my(@) = arK <—,:c) .
{1 } ; k m

Moreover, is is possible to use a multiple kernel estimator. Let us choose n € IN,
h € N, h kernels Kj, ..., Kj, and put, for any k =i+ n*j € {1,...,m = hn}:
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We obtain a multiple kernel estimator:

f{l ,m} ZZO‘”W (17:6) :

=1 j=1
3.5. Proof of the theorems.

Proof of theorem @ Let us begin the proof with a general m and e, the reason of
the choice m = N and ¢ = N~2 will become clear. Let us also write (&) the event
satisfied with probability at least 1 — ¢ in theorem @ We have:

+ PeN

PENG(f, f) = PN (g d(f, f)

(1-1g)) dQ(faf)l-
For the first term we have:

a(f, f) <2/f A(dz) +2/f r) < 2c+2me = 2(m + 1)c
and so:

P®N

(1—lee)) d*(f, f)] < 2e(m+ 1)e.
For the other term, just remark that under £(e):

d2(fa f) = d2(HBHCRm,€ "'HCRI,EO’ f)
< d*(ler,, .. Her, 0, f) < d*(er,, _..Her, 0, f)

for any m’ < m, because of theorem @, more precisely of corollary @ And we
have:

d*(m,,, - T4, 0, f)

i{ 1+1og ]H%XNIHX) +e| + T ).
So we have: B -
PN g d®(f, f)| < PEY d2(f7f>]
<p Ni{ilﬂog ]} l%ifk(Xif‘f'C + (')’ D
- - 8m/c [1 +log 2] (m')~2°D

So finally, we obtain, for any m’ < m:
2m
8m’c 1+ log 22]
N

N\
"o (1ogN)

—20
leads to a first term of order N 23+1 log = (log N)72ﬁ1+1 and a second term of order

PENG(f, f) <
The choice of:

+ (m")™?D + 2¢(m + 1)c.

N;ﬂ—iﬁl(log N)%. The choice of m = N and e = N~2 gives a first and second

term at order: u
log N\ 2#+1
(%)
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while keeping the third term at order N~!. This proves the theorem. (I

Proof of theorem @ Here again let us write £(g) the event satisfied with proba-
bility at least 1 — € in theorem @ We have:

PENG(f, f) = PON [1g(d(f, f)

(1 o) (7. f>] |

For the first term we still have:

A(f, f) <2(m+1)e.

For the second term, let us write the development of f into our wavelet basis:

oo 27
=ad+ Y > Bixtiks
=0 k=1
and:
J 2
f(z>:&¢+z jkwjk
7=0 k=1
the estimator f . Let us put:
g \}ogNJ
log 2

For any J' < J we have:

a(f.f) = d*(Mpler,, . .. Mer, .0, f) < d2(HCRm€---HCR1€0 f)

JrZZﬂjk*ﬂjk i Zﬁjk

j=0 k=1 j=J+1k=1
J27

J 27
ZZ Bige = B L(1Bskl = 1) + YD 57,1185 < %)
=0 k=1 j=0 k=1
[e’e) 27
+ 2 2B

J=J'+1 k=1
for any k > 0, as soon as £(¢) is satisfied (here again we applied theorem P.1). In
the case where p > 2 we can take:

g log Nz
N log 2

and x = 0 to obtain (let C' be a generic constant in the whole proof):

oo 27 oo 27 P
. 2
E E ﬁ?k S § § Bfk 2](17;).
j=J'+1 k=1 j=J+1 \k=1

As f € B g C B p,oo We have:

3 [

2J
Sog | <c2ltieg)

and so: ,
00 27

Z Zﬂf,k < 0272']’5 < CNf+_22357

J=J+1 k=1
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and:

J 27 80[1+10g27m} J
Z;@, B 1Bl = w) < B S S

- 8¢ [1 + log 22
- N

Q

So we obtain the desired rate of convergence. In the case where p < 2 we let J' = J
and proceed as follows.

L 81H%
SN Bi = )08y > 5) < o zzwﬂpﬁ

=0 k=1 =0 k=1

2m
S 8¢ [1 +]\1[Og T} C,{iﬁ

because f is also assumed to be in the weak Besov space. We also have:

2J

J
Z k]1 |Bj.k| < K) <C/§ e=-r
Jj=0 k=1

For the remainder term we use (see [[Ld, F)):
Bs7p7q C Bs—%—i—%,Q,q
to obtain:
0 27
1 1
S Sz or e <op
j=J+1 k=1

as s > %. Let us remember that:

EszfﬁN
2
and that ¢ = N2, and take:
log N
K=4/—
N
to obtain the desired rate of convergence. O

4. BETTER BOUNDS AND GENERALIZATIONS

Actually, as pointed out by Catoni [ﬂ}, the symmetrization technique used in the
proof of theorem @ causes the loss of a factor 2 in the bound because we upper
bound the variance of two samples instead of 1. In this section, we try to use this
remark to improve our bound, using techniques already used by Catoni @] We also
give a generalization of the obtained result that allows us to use a family (f1, ..., fim)
of functions that is data-dependant. The technique used is due to Seeger [E], and
it will allows us to use kernel estimators as Support Vector Machines.

Remark that the estimation technique described in section E does not necessarily
require a bound on d? (A fx, @k fx). Actually, a simple confidence interval on @y, is
sufficient.



DENSITY ESTIMATION WITH QUADRATIC LOSS: A CONFIDENCE INTERVALS METHODS5

4.1. An improvement of theorem under condition H(+o00). Let us re-
member that H(4o00) just means that every fi is bounded by +/Cj Dy.

Theorem 4.1. Under condition H(+00), for any e > 0, for any Br1,Bkz2 such
that:

N
0< B < —=——== JE€{1,2},
AN {1,2}

with P®N -probability at least 1 — ¢, for any k € {1,...,m} we have:
aiknf(57 Bk,l) S ak S aZup(57 Bk,Q)

with:

2m

N = Nexp [ 5 1og (1 - %2 £u(X0)) - 5]
Dy.By,2

oy (e, Br,2) =
and:
1 N B, . log 2m
N exp [ﬁ > iz log (1 + Tfk(Xz)) - T} -N
Dy Bk -

Before we give the proof, let us see why this theorem really improves theorem
@. Let us choose put:

a}cnf(57 ﬁk,l) =

Vi = P{Ifu(0) = P (RO

NlogQTm
Br1 = Pro = \/ —

2Vk10g27m Lo (logQTm)
EECa— P

and:

Then we obtain:

o™ (e, Br) = g —

N N
and:
su . 2V}, log 22 log 22
o Pe, Br2) = duy + T€+@P Ne .
So, the first order term for d?(éy fr, @k fr) is:
2Vy log sz
N 3

there is an improvement by a factor 4 when we compare this bound to theorem m
Remark that this particular choice for (1 and By 2 is valid as soon as:

Nlog 277” N
<
Vi VCi Dy
or equivalently as soon as IV is greater than
Cy Dy log QTm
Vi ’

In practice, however, this particular 8,1 and B2 are unknown. We can use the
following procedure (see Catoni [ff]). We choose a value a > 1 and:

log -~
B:{al,oglg {gi VCkaJ —1}.

loga
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By taking a union bound over all possibles values of B, with:

we obtain the following corollary.

Corollary 4.2. Under condition H(+00), for any a > 1, for any ¢ > 0, with
PN _probability at least 1 — & we have:

inf eloga _ . sup eloga
sup « , <ai < inf o , ,
geg k (logN - élogC’ka B) == gep (logN — élogC’ka b

log -
B{al,oglg {gi VC’fD’fJ1}

with:

loga

Note that the price to pay for the optimization with respect to 8,1 and i 2 was
just a loglog N factor.

Proof of the theorem. The technique used in the proof is due to Catoni [ﬂ] Let us
choose k € {1,...,m}, and:
N
ve <0’ Cka) '
We have, for any n € R:
N
pPON exp {;log (1 — %fﬂ)ﬁ)) -n

Let us choose:

]

——

< exp{Nlog(l ~Zpiax)) - n}-

n= 1og2?m +N10g(1 — %P[fk(X)])-

We obtain:
N ﬁ 2m ﬁ IS
PEN exp {;bg (1 - ka(Xi)) - 108;? - Nlog(l - Np[fk(X)])} <5
and so:
ol 1) 2m 1) €
peN {;log <1 - mei)) > log — + N log (1 - NP[fk(X)])} <5

that becomes:

PON {P[fk(X)] 2% [1—exp <%i_zllog (1—%]%()(1.)) B 103?])} < %

We apply the same technique to:

P®N exp {ilog <1 + %fk(Xi)) - 77} < eXp{Nlog(l + %P [fk(X)]) - 77}

to obtain the upper bound. We combine both result by a union bound argument.
O
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4.2. A generalization to data-dependent basis functions. We now extend
the previous method to the case where the family (f1, ..., i) is allowed to be data-
dependant, in a particular sense. This subsection requires some modifications of
the notations of section E

Definition 4.1. For any m’ € N* we define a function O, : X — (52)7" . For
any i € {1,..., N} we put:
@m/(Xz) = (fi,lv ceey fi,m’) .
Finally, consider the family of functions:
(fla ceey fm) = (fl,la ceey fl,m/a ceey fN,la ceey fNym/) .

So we have m = m/'N (of course, m’ is allowed to depend on N). Let us take, for
any i € {1,..,N}:

Pi(.) = POV (|X3).
We put, for any (i,k) € {1,.., N} x {1,....m'}:

Dij = /X Fin(@)2A(dx),

and we still assume that condition H(oco) is satisfied, that means here that we have
known constants C; , = ¢; 1, such that:

Vee X, |fir(x)| < \/CirxDip.

Finally, we put:
ik = argmindQ(CYfi,ka f)
acR

Let us choose (i, k) € {1,..., N} x {1,...,m'}. Using Seeger’s idea, we follow the
preceding proof, replacing P®" by P;, and using the N — 1 random variables:

(fi,k(Xj))

with
2m' N

n = log
and we obtain:

I} 2m'N
Piexp{Zbg (1 - ﬁfi,k(Xj) — log 5
J#i

Note that for any random variable H that is a function of the Xj:
PENpH = PN H.
So we conclude exactly in the same way than for the previous theorem and we

obtain the following result.

Theorem 4.3. For any € > 0, for any B k.1, Bi k2 such that:

0< Bk < je{1,2},

N -1
VCixDix'
with PON -probability at least 1 — ¢, for any i € {1,..,N} and k € {1,....m} we
have:

(e, Bira) <@ < &P (e, Biko)
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with:

" (e, Bik,2)

1 Bik.2 log 2m/ N
N =1 (V= e [k 5o (1 - S5 ) - 52
N D; 1Bi 1,2
and:
~inf
ag" (g, Bik,1)
N )exp | ghy X dog (14 Bk g (x))) — 8250 v g
( ) exp | x3 Zj;&i og |1+ F2y fir(X;) N— +
B D; kB k1

Example 4.1 (Support Vector Machines). Actually, SVM were firstly introduced
by Guyon, Boser and Vapnik @] in the context of classification, but the method was
extended by Vapnik [@] to the context of least square regression estimation and of
density estimation. The idea is to generalize the kernel estimator to the case where
X is of large dimension, and so we cannot use a grid like we did in the [0,1] case.
Let us choose a function:

K:X?>R
(z,2") = K(z,2").

We take m' =1 and:
O1(z) = (K (,.))

then the obtained estimator has the form of a SVM:

where the set of i such that &; # 0 is expected to be small. Note that we do not need
to assume that K(.,.) is a Mercer’s kernel as usual with SVM. Moreover, we can
extend the method to the case where we have several kernels Ky, ..., K,y by taking:

O (2) = (K1(2,.), ooy Ko (2,.)) -

The estimator becomes:
m’ N
Fle) =" Ki(Xi,x).

=11:=1

<

Note that a widely used kernel is the gaussian kernel; let 6(.,.) be a distance on X
and Y1, ..., Ym: > 0 then we put:

Ki(z,2') = exp (—'yk52(:c,:c/)) .

For example, if X = R and X\ is the Lebesque measure then hypothesis H(oo) is
obviously satisfied with the gaussian kernel with

Cir=cip=1—=
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4.3. Back to the histogram. In the case of the histogram, fi(.) = 14,(.) can
take only two values: 0 and 1. Remember that Dy = A(Ag). So:

1

[{i: X, €A} ~
i N Br.1 €
inf _ ) _

Ar)Br

Remember that, for any x > 0:

-1
(1—}—35)721—1—71;—1—%302

and so:

o™ (e, Br1) > ax (

s)}v[l_ﬁm(l—dek)' N [1_(5);].

2m 2N | Difra 2m

2m
log X
B:{Ql,ogzg{gi Vi —1}.
log 2

Now, we take the grid:

Remark that, for any 3 in:

1N
"2/ Dy,
there is some b € B such that § < b < 243, and so:
1 ~ 1
inf L [ ENN Br,1(1 — &y Dy) N e\~
b)) > (—) 1- 2k - 1—(—) :
ok (& 0) 2 dn (50 { ON D261

This allows us to choose whatever value for 3 1 in

o]

Let us choose:

e ET -
P = ar Dy (1 — 6 Dy)

that is allowed for N large enough. So we have:

o™ (e, Br1) > an (%)ﬁ - \/akpka — Dy {(%) ¥ _ 1}

With the union bound term (over the grid B) we obtain:

inf 510g2
« T N
()

1 1

A clog2  \ " A ) elog2 "

> g <72 1 & N ) — | &k Dy(1 — &3 Dy) <72 1 & N ) -1
mlog 77 mlog 75

:dk—

~ . 2mlog%
QeDy(1 — akDi)log —rogy ) (log 2™
N N )

remark that we have this time the ”real” variance term of 1 4, (X):

A N it X; €A it X; €A
arDr(1 — aDy) = 1 - k}|(1_|{ : k}|)_
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4.4. Another simple example: the Haar basis. Let us assume that X = [0, 1].
Let (¢, 1) be a father wavelet and the associated mother wavelet, and:

bin(x) =2z + k)
for k € {0,...,27 — 1} = S; (note that the wavelet basis is non-normalized here).
Here, we use the Haar wavelets, with:

p(x) = 1p,1)(2)
d(@) =1pp4y(2) =1
For the sake of simplicity, let us write:
Yo1k(z) = p(x)

for k € {0} = S_1. By an obvious adaptation of our notations, let us put @; ; the
coefficient associated to 1, :

1
bRl

_ P r(X)
Ak = —F 5 — = Pj(X),
J f’l/)2,k J
remark that condition H(co) is satisfied with D, = 277 and C;r = 1. In this
particular setting, note that @_; ¢ = 1 is known, so the associated confidence

interval is just {1}. Moreover, here 1, »(X) can take only three values: —1, 0 and

1. Let us put:
1
=¥ 2 0x
i=1

Remark that in this case we have:

—Zlog( w], (X ))

So we have:

Sup(s 5)
B N — Nexp [% [¢,1(X)?] log (1 — ]{5]—22) 1P [1h;1(X)] log (%) B 1ogN%}
- Dy B2
and:

mf(E B)

Nexp [1P [ (X)?] log (1= ) + 4P [ (X)) log (1) - 5] - v
N DBk

5. SIMULATIONS

5.1. Description of the example. We assume that we observe X; fori € {1,..., N}
with N = 210 = 1024, where the variables X; € [0,1] C R are i.i.d. from a distribu-
tion with an unknown density f with respect to the Lebesgue measure. The goal
is to estimate f.

Here, we will use three methods. The first estimation method will be a multiple
kernel estimator obtained by the algorithm described previously, the second one a
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thresholded wavelets estimate also obtained by this algorithm, and we will compare
both estimators to a thresholded wavelet estimate as given by Donoho, Johnstone,
Kerkyacharian and Picard [E]

5.2. The estimators.

5.2.1. Hard-thresholded wavelet estimator. We first use a classical hard-thresholded
wavelet estimator.
In the case of the Haar basis (see subsection [£.4), we take:

1
CAYjJC = QJN ij’k(Xi)-
j=1
For a given k > 0 and J € IN, we take:

J
FrQ) =20 " agal(lagel > sty n)tn(-)
j=—1keS;
where:
tj,N = .

N
Actually, we must choose J in such a way that:

27~
Here, we choose Kk = 0.7 and J = 7.
5.2.2. Wawvelet estimators with our algorithm. We also use the same family of func-

tions, and we apply our thresholding method, with bounds given in subsection Q
So we take:

m =27 =128.

We use an asymptotic version of our confidence intervals inspired by our theo-
retical confidence intervals:

ajk € |G k£

where Vj 1, is the estimated variance of ¥; (X):

N 2

N
1 1
Vik === [0in(Xi) = = > ¥ x(Xn)
N < N
=1 h=1

Let us remark that the union bound are always ”pessimistic”, and that we use
a union bound argument over all the m models despite only a few of them are
effectively used in the estimator. So, we propose to actually use the individual
confidence interval for each model, replacing: the log ng by log %

5.2.3. Multliple estimator. Finally, we use the kernel estimator described in section
E, with function K:

Kj(u,v) = exp [-2% (u — v)?]
with n = N and j € {1,...,h = 6}. We add the constant function 1 to the family.

Here again we use the individuals confidence intervals, and the asymptotic ver-
sion of this intervals.
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FIGURE 1. Values of ¢; and ¢; in the fonction Blocks(.).
1 1 2 3 4 5 6 7 8 9 10 |11
Ci 4 -5 |3 —4 |5 4.2 | =211 43 | =31 2.1 | —4.2
t; 0.10] 0.13| 0.15| 0.23| 0.25| 0.40| 0.44| 0.65| 0.76| 0.78| 0.81

FIGURE 2. Results of the experiments. For each experiment, we
give the mean distance of the estimator the the density (d?(., f)).

Function standard  thresh- | thresh. wav. with | multiple kernel
f() olded wavelets our method

Doppler 0.104 0.127 0.083
HeaviSine | 0.071 0.066 0.040

Blocks 0.110 0.142 0.121

5.3. Experiments and results. The simulations were realized with the R soft-
ware [[L].

For the experiments, we use the following functions f that are some variations
of the functions used by Donoho and Johnstone for experiments on wavelets, for
example in [§] (actually, these functions were used as regression functions, so the
modification was to add them a constant in order to ensure they take nonnegative
values):

27 (1
Doppler(t) = 1+ 24/t(1 — t) sin % where v = 0.05
v

1
HeaviSine(t) = 1.5 + 1 [4 sindnt — sgn(t — 0.3) — sgn(0.72 — t)}

L
Blocks(t) = 1.05 + 1 ; cillt, 400y (1)
where sgn(t) is the sign of ¢ (say —1 if ¢ <0 and +1 otherwise). The values of the
¢; and t; are given in figure 1.
We consider 3 experiments (for the three density functions), we choose e=10%,
repeat each experiment 20 times; the results are reported in figure 2. We also give
some illustrations (figure 3, 4 and 5).
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FiGURE 3. Experiment 1, f = Doppler. Up-left: true regression
function (true). Down-left: SVM (f). Up-right: wavelet estimate with

our algorithm (ondelrel). Down-right: ”classical” wavelet estimate
(ondelseu).
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FIGURE 4. Experiment 2, f = HeaviSine and o0 = 0.3.
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FI1GURE 5. Experiment 3, f = Blocks and o = 0.3.
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