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0 Introduction

There is, in the physical literature of the past decades - without mentioning the pioneering works of
Wigner for instance -, a deeply rooted belief that physical systems - macroscopic systems for statistical
physicists, quantum particles and fields for high energy physicists - could and should be classified
according to which group of symmetries act on them and how this group acts on them.

Let us just point at two very well-known examples : elementary particles on the (3 + 1)-dimensional
Minkowski space-time, and two-dimensional conformal field theory.

From the point of view of 'covariant quantization’, introduced at the time of Wigner, elementary
particles of relativistic quantum mechanics (of positive mass, say) may be described as irreducible
unitary representations of the Poincaré group ps ~ s0(3,1) x R, which is the semi-direct product of
the Lorentz group of rotations and relativistic boosts by space-time translations : that is to say, the
physical states of a particle of mass m > 0 and spin s € %N are in bijection with the states of the Hilbert
space corresponding to the associated irreducible representation of py4; the indices (m, s) characterizing
positive square mass representations come from the two Casimir of the enveloping algebra U(py).

This ’covariant quantization’ has been revisited by the school of Souriau in the 60’es and 70’es as
a particular case of geometric quantization; most importantly for us, the physicists J.-J. Lévy-Leblond
and C. Duval introduced the so-called Newton-Cartan manifolds (which provide the right geometric
frame for Newtonian mechanics, just as Lorentz manifolds do for relativistic mechanics) and applied
the tools of geometric quantization to construct wave equations in a geometric context.

Two-dimensional conformal field theory is an attempt at understanding the universal behaviour
of two-dimensional statistical systems at equilibrium and at the critical temperature, where they un-
dergo a second-order phase transition. Starting from the basic assumption of translational and rota-
tional invariance, together with the fundamental hypothesis (confirmed by the observation of the fractal
structure of the systems and the existence of long-range correlations, and made into a cornerstone of
renormalization-group theory) that scale invariance holds at criticality, one is ® naturally led to the idea
that invariance under the whole conformal group Conf(d) should also hold. This group is known to be
finite-dimensional as soon as the space dimension d is larger than or equal to three, so physicists became
very interested in dimension d = 2, where local conformal transformations are given by holomorphic or
anti-holomorphic functions. A systematic investigation of the theory of representations of the Virasoro
algebra (considered as a central extension of the algebra of infinitesimal holomorphic transformations)
in the 80’es led to introduce a class of physical models (called unitary minimal models), correspond-
ing to the unitary highest weight representations of the Virasoro algebra with central charge less than
one. Miraculously, covariance alone is enough to allow the computation of the statistic correlators — or
so-called 'n-point functions’ — for these highly constrained models.

We shall give here a tentative mathematical foundation (though very sketchy at present time, and
not pretending to have physical applications!) to closely related ideas, developed since the mid-nineties
(see short survey [17]), and applied to two related fields : strongly anisotropic critical systems and
out-of-equilibrium statistical physics (notably ageing phenomena). Theoretical studies and numerical
models coming from both fields have been developed, in which invariance under space rotations and
anisotropic dilations (t,r) — (e*t,e*r) (A € R) plays a central role. Here r € R? is considered as a space
coordinate and ¢t € R is (depending on the context) either the time coordinate or an extra (longitudinal,
say) space coordinate; the parameter z # 1 is called the anisotropy or dynamical exponent.

3for systems with sufficiently short-ranged interactions



We shall here restrict (at least most of the time) to the value z = 2. Then the simplest wave
equation invariant under translations, rotations and anisotropic dilations is the free Schrodinger equation
2MOp) = Agh, where Ay := Zle 9?2 is the Laplacian in spatial coordinates. So it is natural to believe
that this equation should play the same role as the Klein-Gordon equation in the study of relativistic
quantum particles, or the Laplace equation in conformal field theory, whose maximal group of Lie
symmetries is the conformal group; in other words, one may also say that we are looking for symmetry
groups arising naturally in a non-relativistic setting, while hoping that their representations might be
applied to a classification of non-relativistic systems, or, more or less equivalently, to (z = 2) anisotropic
systems.

This program, as we mentioned earlier in this introduction, was partially carried out by Duval,
Kiinzle and others through the 70’es and 80’es (see for instance [Duvl,Duv2,Duv3,Duv4]|). We shall
discuss it briefly in the first part and see how the maximal group of Lie symmetries of the Schrodinger
group, Schy, called the Schrdodinger group, appears in some sense as the natural substitute for the
conformal group in Newtonian mechanics. Unfortunately, it is finite-dimensional for every value of
d, and its unitary irreducible representations are well-understood and classified (see [27]), giving very
interesting though partial informations on two- and three-point functions in anisotropic and out-of-
equilibrium statistical physics at criticality that have been systematically pursued in the past ten years
of so (see [31, 32, 33, 15, 16, 2|) but relying on rather elementary mathematics, so this story could well
have stopped here short of further arguments.

Contrary to the conformal group though, which corresponds to a rather ’rigid’ riemannian or
Lorentzian geometry, the Schrodinger group is only one of the groups of symmetries that come out
of the much more ’flexible’” Newtonian geometry, with its loosely related time and space directions. In
particular (restricting here to one space dimension for simplicity, although there are straightforward
generalizations in higher dimension), there arises a new group SV, which will be our main object of
study, and that we shall call the Schrodinger-Virasoro group for reasons that will become clear shortly.
Its Lie algebra sv was originally introduced by M. Henkel in 1994 (see [14]) as a by-product of the
computation of n-point functions that are covariant under the action of the Schrodinger group. It is
given abstractly as

50 = (Ly)nez @ <Ym>me%+z © (My)pez (0.1)
with relations
[Lm Lp] = (n - p>Ln+p (0-2)
n
(L, Y] = (5 —m)Yoim, [Ln, Mp] = —pM, (0.3)
Yo, Yo ] = (m — m Y Mo s Y, M,| =0, [M,,M,] =0 (0.4)

(n,p € Z,m,m’ € 5+ Z). Denoting by Vect(S*) = (L,)nez the Lie algebra of vector fields on the circle
(with brackets [Ly, L,] = (n — p)L,1,), 50 may be viewed as a semi-direct product sv ~ Vect(S*) x b,
where h = <Ym)m€%+Z ® (M,)ez is a two-step nilpotent Lie algebra, isomorphic to F1 @ Fo as a
Vect(S!)-module (see Definition 1.3 for notations).

This articles aims at motivating the introduction of the sv-algebra and related objects, and at
studying them from a mathematical point of view. It is not an easy task to choose the best order of
exposition since, as usual in mathematics, the best motivation for introducing a new object is often
provided by what can be done with it, and also because the sv algebra actually appears in many contexts
(not only in the geometric approach chosen in this introduction), and it is actually a matter of taste to
decide which definition is most fundamental. Generally speaking, though, we shall be more concerned



with giving various definitions of sv in the two or three first parts, and with the study of sv proper and
its representations in the rest of the article.

Here is the plan of the article.

Chapter 1 will be devoted to a geometric introduction to sv and SV in the frame of Newton-Cartan
manifolds, as promised earlier in this introduction.

In Chapter 2, we shall prove that sch® = Lie(Sch?) appears as a real subalgebra of conf(d + 2)c,
extending results contained in a previous article of M. Henkel and one of the authors (see [31]). We
shall also give a 'no-go’ theorem proving that this embedding cannot be extended to sv.

In Chapter 3, we shall decompose sb as a sum of tensor density modules for Vect(S!). Introducing
its central extension §b ~ Vir x h which contains both the Virasoro algebra and the Schrodinger algebra
(hence its name!), we shall study its coadjoint action on its regular dual (sv)*. We shall also study the
action of sv on a certain space of Schrodinger-type operators and on some other spaces of operators
related to field equations.

In Chapter 4, we shall see that "half of sb’ can be interpreted as a Cartan prolongation & gk
with g_; ~ R? and g, three-dimensional solvable, and study the related co-induced representations by
analogy with the case of the algebra of formal vector fields on R, where this method leads to the tensor
density modules of the Virasoro representation theory.

Chapter 5 is devoted to a systematic study of deformations and central extensions of sv.

Finally, we shall study in Chapter 6 the Verma modules of sv and of some related algebras, and the
associated Kac determinant formulae.

Let us remark, for the sake of completeness, that we volontarily skipped a promising construction of
sv and a family of supersymmetric extensions of sv in terms of quotients of the Poisson algebra on the
torus or of the algebra of pseudo-differential operators on the line that appeared elsewhere (see [33]).
Also, representations of sv into vertex algebras have been investigated (see [34]).

1 Geometric definitions of sp

1.1 From Newtonian mechanics to the Schrodinger-Virasoro algebra

Everybody knows, since Einstein’s and Poincaré’s discoveries in the early twentieth century, that
Lorentzian geometry lies at the heart of relativistic mechanics; the geometric formalism makes it possible
to define the equations of general relativity in a coordinate-free, covariant way, in all generality.

Owing to the success of the theory of general relativity, it was natural that one should also think of
geometrizing Newtonian mechanics. This gap was filled in about half a century later, by several authors,
including J.-M. Lévy-Leblond, C. Duval, H.P. Kiinzle and others (see for instance [3, 21, 6, 7, 8, 9]),
leading to a geometric reformulation of Newtonian mechanics on the so-called Newton-Cartan manifolds,
and also to the discovery of new fundamental field equations for Newtonian particles.

Most Lie algebras and groups that will constitute our object of study in this article appear to be
closely related to the Newton-Cartan geometry. That is why - although we shall not produce any new
result in that particular field - we chose to give a very short introduction to Newton-Cartan geometry,
whose main objective is to lead as quickly as possible to a definition of the Schrodinger group and its
infinite-dimensional generalization, the Schrodinger-Virasoro group.



Definition 1.1

A Newton-Cartan manifold of dimension (d + 1) is a C* manifold M of dimension (d + 1) pro-
vided with a closed one-form T, a degenerate symmetric contravariant non-negative two-tensor Q €
Sym(T?M) with one-dimensional kernel generated by T and a connection V preserving T and Q.

A right choice of local coordinates makes it clear why these data provide the right framework for
Newtonian mechanics. Locally, one may put 7 = dt for a certain time coordinate ¢, and ) = Z?Zl 8%
for a choice of d space coordinate vector fields (r;) on the hyperplane orthogonal to dt. The standard
Newton-Cartan manifold is the flat manifold R x R? with coordinates (t,ry,...,74) and 7,Q given
globally by the above formulas.

The analogue of the Lie algebra of infinitesimal isometries in Riemannian or Lorentzian geometry
is here the Lie algebra of infinitesimal vector fields X preserving 7,¢) and V. In the case of the flat
manifold R x R?, it is equal to the well-known Lie algebra of Galilei transformations gal,, namely, can
be written

galy, = (X_1) & (Y_i%7Y§>1gigd ® (Rij)1<i<j<ds (1.1)
including the time and space translations X_; = —d,, Y*, = —0,,, the generators of motion with
. 2
constant speed Y1 = —td,, and rotations R;; = r;0,, — r;0,,.
2

It was recognized, mainly by Souriau, that (from the point of view of symplectic geometry) many
original features of classical mechanics stem from the existence of the two-cocycle ¢ € H?*(gal,, R) of
the Galilei Lie algebra defined by

(YY) =06y, i,j=1,....d (1.2)
2 2

leading to the definition of the mass as a central charge. We shall denote by g/E[d the centrally extended

Lie algebra. Its has a one-dimensional center, generated by My, and a modified Lie bracket such that

[Y{,Y?,] = 8, ;My, while all the other relations remain unmodified. Schur’s Lemma implies that the
2 2

generator M, is scalar on irreducible representations of gfa[/d; the next Proposition shows that it is
natural to call mass the value of M,.

Definition 1.2 The Schriodinger Lie algebra in d dimensions, denoted by scb,, is the Lie algebra
with generators . ‘
X717X07X17Y_117le (Z:Lad)a Rij (1§Z<j§d)7

isomorphic to the semi-direct product sl(2,R) x é;[d ~ (X 41, Xo, X7) X éa/[d, with the following choice
of relations for s((2,R)

(X0, X_1] = Xu, [Xo, Xa] = =X, [ X4, X 4] = 2X (1.3)

and an action of s[(2,R) on gal,; defined by

i nool, i1 (1 Lo _ .
[Xn,Y_%] = (§+§)Yn_%,[Xn,Y%] = (§_§)Yn+% (n=-1,0,1); (1.4)

Note that the generator M, remains central in the semi-direct product: hence, it still makes sense
to speak about the mass of an irreducible representation of sch,.
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The motivation for this definition (and also the reason for this name) lies in the following classical
Proposition.

We denote by A; = Zle 92 the usual Laplace operator on R%.

Proposition 1.1

1. (see [7]) The Lie algebra of projective (i.e. conserving geodesics) vector fields X on R x R such
that there exists a function X € C*°(R x RY) with

d d
Lyx(dt)y=Xdt, Lx(> 2)=-\> 03} (1.6)
i=1 i=1
15 generated by the vector fields
1
L,1 = —at, LO = —t(?t — 5 ;n@m L1 = —t28t — tZrﬁn

Y, = -0, Y = —t0,
2

2
RY =10, —1;0,,, 1<i<j<d (1.7)
that define a massless representation of the Schrodinger Lie algebra sch,.
2. (see [35]) Let M € C. The Lie algebra of differential operators X on R x RY, of order at most
one, preserving the space of solutions of the free Schrodinger equation

(2M8, — A = 0, (1.8)

that is, verifying

for every function ¥ such that (2M0; — Ag) = 0, gives a representation dw§/4 of mass —M of
the Schrodinger algebra sch,, with the following realization:

1 d 1 d
d”le/4(L—1> = -0, dﬂg/4(Lo) = —t@t—§ Zriam_17 dﬂg/4(L1) = —t28t—t2r,~8”—§/\/tr2—§t
drgs(Y:y) = =0y, drg, (Y1) = —t0,, — Mr;, drg,(Mo) = —M

drd (R7) = 10, — 1,0, 1<i<j<d. (1.9)

Let us mention, anticipating on Section 1.2, that realizing instead Lo by the operator —td, —
310, — X and Ly by —t%0, — t 3,10, — 3Mr? — 2Xt (A € R), leads to a family of represen-
tations dn¢ of sch,. This accounts for the parameter % in our definition of dr? /- The parameter A may
be interpreted physically as the scaling dimension of the field on which sch, acts, A = % for solutions of
the free Schrodinger equation in d space dimensions.

We shall also frequently use the realization d7{ of the Schrédinger algebra given by the Laplace
transform of the above generators with respect to the mass, which is formally equivalent to replacing
the parameter M in the above formulas by d;. This simple transformation leads to a representation d7{
of sch?; let us consider the particular case A = 0 for simplicity. Then , d7¢ := d7d gives a realization of
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sch? by vector fields on R%? with coordinates t,7; (i = 1,...,d) and ¢. Let us write the action of the
generators for further reference (see [31]):

. ~ 1
dx?(L_y) = —0;,d7* (L) = —t0; — 5 > 1y, dwl(Ly) = —t°0, — tzn .,

%

dﬁd(Yil) = —Grl,dﬁd(Yf) = —t@n — ’I"Z‘ac,dﬁ' (M()) = _8C
2 2
A7 (RY) = ri0y, —1;0,, 1<i<j<d (1.10)

So, according to the context, one may use either the representation by differential operators on
R+ of order one, or the representation by vector fields on R%2. Both points of view prove to be
convenient. We shall see later (see Section 1.2) that these representations extend to representations
of the Schrodinger-Virasoro algebra, and give a more intrinsic interpretation of this formal Laplace
transform.

Proposition 1.2.

The Lie algebra of vector fields X on R x R? - not necessarily preserving the connection - such that
equations (1.6) are verified is generated by the following set of transformations :

(i)
Ly=—f(t)o, — = f Z ri0., (Virasoro — like transformations)

(it)
Y, = —gi(t)9,, (time — dependent space translations)
(iii)

Rﬁij = —h(t)(ri0y, —1;0r,), 1 <i<j<d (time— dependent space rotations)

where f, gi, hij are arbitrary functions of t.

Proof. Put r = (ry,...,7q). Let X = f(t,r)0; + Z?Zl gi(t,7)0,, verifying the conditions of Propo-
sition 1.1. Then Lxdt = df is compatible with the first condition if f depends on time only, so A = f’
is also a function of time only. Hence

d
Lx (Z aﬁj) = =2) 0., ®0,9 0,
j=1

.3
= _2 Z a?”j ® 87‘jgj 8T‘j - 2 Z a?“j ® arjgi an'
j i#j
80 Op,9; = —0r,g; if i # j, which gives the time-dependent rotations, and 20,,g; = f' for j = 1,...,d,
which gives the Virasoro-like transformations and the time-dependent translations. [

Note that the Lie algebra of Proposition 1.1 (1), corresponds to f(t) = 1,t,t%, ¢;(t) = 1,¢ and
hij(t) = 1.

One easily sees that the Rﬁj generate the algebra of currents on so(d), while the Rﬁj and the
Y] generate together the algebra of currents on the Euclidean Lie algebra eucl(d) = so(d) x R?. The



transformations L generate a copy of the Lie algebra of tangent vector fields on R, denoted by Vect(R),
so one has
[Lys Lol = Lisg) (1.11)

where {f, g} = f'g — fg’. So this Lie algebra can be described algebraically as a semi-direct product
Vect(R) x eucl(d)g, where eucl(d)g stands for the Lie algebra of currents with values in eucl(d). In our
realization, it is embedded as a subalgebra of Vect(R x R?).

For both topological and algebraic reasons, we shall from now on compactify the the ¢ coordinate.
So we work now on S* x R? and Vect(R) x eucl(d)g is replaced by Vect(S?) x eucl(d) g1, where Vect(S?)
stands for the famous (centerless) Virasoro algebra.

It may be the right place to recall some well-known facts about the Virasoro algebra, that we shall
use throughout the article.

We represent an element of Vect(S') by the vector field f(2)9,, where f € C[z,27!] is a Laurent
polynomial. Vector field brackets [f(2)0,,9(2)0,] = (fg — f'g)0., may equivalently be rewritten in
the basis (I,)nez, ln = —2"710, (also called Fourier components), which yields [(,,, (,,] = (n — m)l, .
Notice the unusual choice of signs, justified (among other arguments) by the precedence of [14] on our
subject.

The Lie algebra Vect(S') has only one non-trivial central extension (see [12] or [18] for instance),
given by the so-called Virasoro cocycle ¢ € Z%(Vect(S'),R) defined by

c(f0:,90:) = . f"(2)g(z) dz, (1.12)

or, in Fourier components,
c(ln, ) = Ontmo(n + )n(n —1). (1.13)

The resulting centrally extended Lie algebra, called Virasoro algebra, will be denoted by vit.
The Lie algebra Vect(S') has a one-parameter family of representations Fy, A € R.
Definition 1.3.

We denote by Fy the representation of Vect(S') on C[z, 27! given by

0 2™ = (An—m)z""™ n,m e Z. (1.14)

An element of F, is naturally understood as a (—\)-density ¢(z)dz=*, acted by Vect(S?) as

f(2)0:.0(2)dz"" = (f¢' — Af'9)(2)d=. (1.15)

A

In the bases ¢, = —2"0, and a,, = z™dz"", one gets {,.a;, = (AN — Mm)ap1m-

Replacing formally ¢ by the compactified variable z in the formulas of Proposition 1.2, and putting
f(z) = —2" gi(z) = —2"F2 hyj(2) = —2", one gets a realization of Vect(S?) x eucl(d)s: as a Lie
subalgebra of Vect(S* x R) generated by L,, Y, R, (with integer indices n and p;; and half-integer

mny m;)

indices m;), with the following set of relations:

(L, Lp] = (= p) Lt

[Ln,Y;L] = (5 - m)Y777:+m7 [LmR}J] = _pRJ

n-+p



Vi, Y] = 0,[RY,YE = 8,0, — 6inYo s

m’ ~m/ prTm
-9

(R, RE) =0, RE, + 6uRI, — 6, RE — 0:xRY,, (1.16)

n-+p

With the above definitions, one sees immediately that, under the action of (L) fecoo(s1y > Vect(S b,
the (V!),e1 1,7 behave as elements of the module 7, while the (R4 ez and the (M,,)mez define
several coples of Fy.

The commutative Lie algebra generated by the Y’ has an infinite family of central extensions. If we
want to leave unchanged the action of Vect(S') on the Y;' and to extend the action of Vect(S!) to the
central charges, though, the most natural possibility (originally discovered by M. Henkel, see [14], by
extrapolating the relations (1.4) and (1.5) to integer or half-integer indices), containing sch, as a Lie
subalgebra, is the Lie algebra sv defined as follows.

Definition 1.4. We denote by sv? the Lie algebra with generators X,,, Y\, M,,, R (n € Z,m € %—i—Z)
and following relations (where n,p € Z,m,m’' € % +7Z):

(L Lp] = (= p) Lt

i n 7 17
[LTH Ym} = (2 )Yner? [LnaRpj} = _pRn+p
Y, Y2 ] = (m —m) My, [RE, YR = 6,0 Y5000 — i Yihey
Y My =0, [RY, M) =0, [M,,M,]=0
[RERE) = 6,5 RIL, + 60 RIN, — 6, R — 6,xRI, (1.17)

One sees immediately that sv? has a semi-direct product structure sv? ~ Vect(S') x b4, with
Vect(SY) >~ (Ly)nez and ¢ = (Y, mezi<a ® (Mp)pez @ (RE) mez1<icj<d-

Note that the Lie subalgebra (X1, Xo, X1,Y?,, Y R, My) C sv? is isomorphic to sch,;. So the
2 2
following Proposition gives a positive answer to a most natural question.
Proposition 1.3 (see [14]) The realization d7? of sch, (see (1.10)) extends to the following realiza-
tion di? of sv¢ as vector fields on S* x RI+!:

d

A7 (Lg) = —1(2)0: — S F'()(Y ridn) — 1 F(2,

=1
di'(Y,) = —g:(2)0y, — gi(2)ri0c
d’]}d(RZ]) = —k:ij(z)(m@rj — 7“]-0”)
d7(My,) = —h(2)0; (1.18)

Let us rewrite this action in Fourier components for completeness. In the following formulas, n € Z
while m € % + Z:

dﬁd(Ln) = —2"M9, — —(n+1)z ZT’ - (n+ 1)nz"" 17“20C

1 1 1
dﬁ'd(Ym) = —zm+58n — (m + §)Zm7§7“i(9<



di(RY) = —2"(riOp, — 10r,)
dz(M,) = —2"0; (1.19)

We shall restrict to the case d = 1 in the rest of the article and write sv for sv!, dr for dr!, b for
b', Y for Y}, Y,, for Y,} to simplify notations.

Then (as one sees immediately) s0 >~ (L,,)nez X (Yo, MP>m6%+Z,p€Z is generated by three fields, L, Y
and M, with commutators

n
[Lm LP] = (n - p)Ln—i-pv [Lm Ym] = (5 - m>Yn+ma [Lm Mp] = —pMpim

Y, Vi) = (10— 1) Miyses [Yis My] = 0, [Mi, M,] = 0 (1.20)

where n,p € Z,m,m’ € % +Z, and h = (Y, Mp)meéJrZ,peZ is a two-step nilpotent infinite dimensional
Lie algebra.

1.2 Integration of the Schrodinger-Virasoro algebra to a group

We let Diff(S!) be the group of orientation-preserving C*°-diffeomorphisms of the circle. Orientation
is important since we shall need to consider the square-root of the jacobian of the diffeomorphism (see
Proposition 1.5).

Theorem 1.4.

1. Let H = C>=(S') x C°°(S') be the product of two copies of the space of infinitely differentiable
functions on the circle, with its group structure modified as follows:

(042762).(061,51) = (041 + g, B+ B2 + %(0/1042 - 0410/2))- (1-21)

Then H is a Fréchet-Lie group which integrates §y.
2. Let SV = Diff(S1) x H be the group with semi-direct product given by
(L; (o, 3))-(0:0) = (¢5 (o, 3)) (1.22)

and )
(¢:0).(1; (o, 8)) = (¢5 ((¢)2 (a0 ¢), B 0 9)). (1.23)
Then SV is a Fréchet-Lie group which integrates sv.

Proof.

1. From Hamilton (see [13]), one easily sees that H is a Fréchet-Lie group, its underlying manifold
being the Fréchet space C°(S') x C*°(S!) itself.

One sees moreover that its group structure is unipotent.

By computing commutators

(a2, B2) (0, B1)(aa, Ba) Han, 1)~ = (0, 0y — ayavy) (1.24)

one recovers the formulas for the nilpotent Lie algebra b.

9



2. It is a well-known folk result that the Fréchet-Lie group Diff(S') integrates the Lie algebra Vect(S?)
(see Hamilton [13], or [12], chapter 4, for details). Here the group H is realized (as Diff(S!)-
module) as a product of modules of densities F 1 < Fo, hence the semi-direct product Diff (S') x H
integrates the semi-direct product Vect(S1) x b.

0

The representation dr, defined in Proposition 1.3, can be exponentiated into a representation of
SV, given in the following Proposition :

Proposition 1.5. (see [31])
1. Define 7 : SV — Diff(S' x R?) by

7(9; (o, B)) = 7(1; (e, B)).7 (95 0)
and

HE0)(.0) = (602 VIEE - 150,

Then 7 is a representation of SV.

2. The infinitesimal representation of 7 is equal to d.

Proof.

Point (a) may be checked by direct verification (note that the formulas were originally derived by
exponentiating the vector fields in the realization d7).

For (b), it is plainly enough to show that, for any f € C*°(S') and g,h € C*(R),

d

%|u:07~r(exp uly) = dm(Ly), —|u=oT(expuY,) = d7 (Y, ) |u o (expuMy,) = dw(My,).

du
Put ¢, = expuLy, so that --|,_o¢,(z) = f(z). Then

d

()i =

.
2
¢” 2 %Z ¢Z d ! 2 g

G~ (Tz‘(m)% ) ~uo ()

so the equality %]uzoﬁ(exp uLy) = di(Ly) holds. The two other equalities can be proved in a similar
way. [

Let us introduce another related representation, using the 'triangular’ structure of the representation
7. The action 7 : SV — Diff(S' x R?) can be projected onto an action 7 : SV — Diff(S! x R) by
"forgetting’ the coordinate (, since the way coordinates (¢,r) are transformed does not depend on (.
Note also that 7 acts by (time- and space- dependent) translations on the coordinate ¢, so one may
define a function @ : SV — C*(R?) with coordinates (¢,r) by

T(g)(t, 7, C) = (7(g)(L,7), C + Py(t, 7))

10



(independently of ¢ € R). This action may be further projected onto g1 : SV — Diff(S') by
"forgetting’ the second coordinate r this time, so

Ts1(0; (o, B)) = ¢
Proposition 1.6.

1. One has the relation
q)92091 (t7 7’) = (I)gl (tv T) + (I)gz (ﬁ-<g1)<t7 T))
In other words, ® is a trivial m-cocyle: ® € Z1(G, C=(R?)).

2. The application m : SV — Hom(C>®(S! x R),C>®(S! x R)) defined by

(@) (@)t r) = (7o 0 7l (1)) NPT g7 (g) (1, 1)

defines a representation of SV in C*°(S! x R).

Proof.
Straightforward. [J

Note that the function ® comes up naturally when considering projective representations of the
Schrodinger group in one space dimension Sch! ~ SL(2,R) x Galy, where Galy is the Lie group naturally
associated to gal, (see [27]).

Let us look at the associated infinitesimal representation. Introduce the function @' defined by
(X)) = L], _oP(expuX), X € s0. If now g = exp X, X € sv, then

L uomaexpuX)(9)(t,r) = (MP(X) + Ndrss (X)) (1) + dr(X)) 9(t, 1) (1.25)

so dmy(X) may be represented as the differential operator of order one
dr(X) + MP'(X) + A(d7s: (X)) (2).
So all this amounts to replacing formally d; by M in the formulas of Proposition 1.3 in the case

A = 0. Then, for any A,
dﬂ')\(Lf) = dﬂ'o(Lf) - )\f’, (126)

while dmy(Yy) = dmo(Y,) and dmy(M},) = dmo(My,).

Let us write explicitly the action of all generators, both for completeness and for future reference :

dma(Lg) = —F (00, — 3 (070, — 11" (M~ A1)
dm(Yy) = —9(0)0, — Mg (t)r

dﬂ')\(Mh) = —Mh(t) (127)

Remarks:
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1. One may check easily that one gets by restriction a representation 7, of the Schrodinger group
in one dimension Sch! whose infinitesimal representation coincides with (1.9). In particular,
T1/4lsent acts on the space of solutions of the free Schrédinger equation in one space dimension
(see Proposition 1.1).

2. Taking the Laplace transform of (1.27) with respect to M, one gets a realization dr, of sv as
differential operators of order one acting on functions of ¢, and (, extending the formulas of
Proposition 1.3 in the case d = 1.

1.3 About graduations and deformations of the Lie algebra sv

We shall say in this paragraph a little more on the algebraic structure of sv and introduce another
related Lie algebra tsv ("twisted Schridinger-Virasoro algebra’).

The reader may wonder why we chose half-integer indices for the field Y. The shift in the indices in
due to the fact that Y behaves as a (—%)—density, or, in other words, Y has conformal weight % under
the action of the Virasoro field L (see e.g. [18] or [4] for a mathematical introduction to conformal field
theory and its terminology).

Note in particular that, although its weight is a half-integer, Y is a bosonic field, which would
contradict spin-statistics theorem, were it not for the fact that Y is not meant to represent a relativistic
field (and also that we are in a one-dimensional context).

Nevertheless, as in the case of the double Ramond/Neveu-Schwarz superalgebra (see [19]), one may
define a "twisted” Schrodinger-Virasoro algebra tsv which is a priori equally interesting, and exhibits to
some respects quite different properties (see Chapter 5).

Definition 1.5.
Let tsv be the Lie algebra generated by (Ly, Yo, My)n.mpez with relations

Loy Ln] = (0 — M) Lsrs (L, Yin] = (g — )Y, [Lny Mp] = —mMpsm (1.28)

Yo, Yol = (n—m)Myym, Yo, My =0,[L,, Y] =0, (1.29)
where n,m are integers.

Notice that the relations are exactly the same as for sv (see equations (1.1)-(1.4)), except for the
values of the indices.

The simultaneous existence of two linearly independent graduations on sv or tsv sheds some light
on this ambiguity in the definition.

Definition 1.6. Let 01, resp. 02, be the graduations on sv or tsv defined by
(51<Ln> =n, 61<Ym) =m, 51(Mp) =p (130)

5a(Ln) = 1, 0a(Yy) = m — % 5y(M) = p—1 (1.31)

withn,pEZandeZor%—i—Z.

One immediately checks that both §; and d5 define graduations and that they are linearly indepen-
dent.
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Proposition 1.7. The graduation 01, defined either on sv or on tsv, is given by the inner derivation
61 = ad(—Xy), while 05 is an outer derivation, 0y € Z'(sv,s0) \ B'(sv,50) and §; € Z'(tsv, tsv) \
Bl(tsv, tsv).

Remark. As we shall see in Chapter 5, the space H'(sv,s0) or H!(tsv, tsv) of outer derivations
modulo inner derivations is three-dimensional, but only d, defines a graduation on the basis (L,,, Y, M,).

Proof.

The only non-trivial point is to prove that ds is not an inner derivation. Suppose (by absurd) that
dy = adX, X € sv or X € tsv (we treat both cases simultaneously). Then d2(My) = 0 since My is
central in sv and in tsv. Hence the contradiction.[]

Note that the graduation ds is given by the Lie action of the Euler vector field t0; + 70, + (J; in the
representation dr (see Proposition 1.3).

Let us introduce a natural deformation of sv, anticipating on Chapter 5 (we shall need the following
definition in paragraph 3.5, see Theorem 3.10, and chapter 5):

Definition 1.7

Let sv., € € R (resp. tsv.) be the Lie algebra generated by Ly, Y, M,, n,p € Z,m € % + 7 (resp.
m € Z), with relations

(1+¢)n

[Ln, L] = (n = m) Ly, [Ln, Yin] = ( 9

- m)Yn—‘rma [Lny Mm] = (6” - m)Mn+m

Yo, Vil = (0 — 1) M, [Yie, Mi] = 0, [Ln, Y;n] = 0, (1.32)

One checks immediately that this defines a Lie algebra, and that sv = sb,.

All these Lie algebras may be extended by using the trivial extension of the Virasoro cocycle of
Section 1.1, yielding Lie algebras denoted by sb, tsv, sv,, tsv..

2 About the conformal embedding of the Schrodinger algebra

2.1 The conformal embedding
The idea of embedding sch? into conf(d + 2)¢ comes naturally when considering the wave equation
(2iMO, — OP)p(M;t,r) =0 (2.1)

where M is viewed no longer as a parameter, but as a coordinate. Then the Fourier transform of the
wave function with respect to the mass

@Z;(C;t,r) = /R@ZJ(M;t,T)e_iMC dM (2.2)

satisfies the equation

(20c0; — 07)(C;t,7) =0 (2.3)
which is none but a zero mass Klein-Gordon equation on (d + 2)-dimensional space-time, put into
light-cone coordinates ((,t) = (z + y,z — y).

13



This simple idea has been developed in a previous article (see [31]) for d = 1, in which case sch;,
appears as a (non-trivial) maximal parabolic subalgebra of conf(d + 2) - which is no longer true when
d > 1. Let us here give an explicit embedding for any dimension d.

We need first to fix some notations. Consider the conformal algebra in its standard representation as
infinitesimal conformal transformations on R%*2 with coordinates (&1, ..., &42). Then there is a natural
basis of conf(d 4+ 2) made of (d + 2) translations P,, 1(d + 1)(d + 2) rotations M,,,, (d + 2) inversions
K, and the Euler operator D: in coordinates, one has

PN = afu

MM v = fuay - guau
d+2 d+2
v=1 v=1
d+2

D=> &0, (2.7)
v=1

Proposition 2.1.

The formulas

Y, = —25¢ /P, (2.8)
2
Y = —2726™ (Mo + iMas ) (2.9)
2
Rk = Mk (2.10)
X*l == ’i(Pd+2 - iPd+1) (211)
D i
XQ - —5 + §Md+27d+1 (212)
i :
X1 = _Z(Kd+2 + ZKdJrl) (213)
give an embedding of sch? into conf(d + 2)c.
Proof. Put
1 . T
= 5 (Eann +i6as2), € = 3 (€ +iar),ry = 22 (=1, d).
Then the previous definitions yield the representation d7$ ), of sch? (see (1.10)). O

2.2 Relations betwen sv and the Poisson algebra on 7*S! and ’no-go’ the-
orem

The relation betwen the Virasoro algebra and the Poisson algebra on 7*S* has been investigated in [26].
We shall consider more precisely the Lie algebra A(S') of smooth functions on 7*S' = T*S' \ S!, the

total space of the cotangent bundle with zero section removed, which are Laurent series on the fibers.
So A(S') = C*(S") @ R[,07!] and F € A(S!) is of the following form:

F(t,0,07") =) f(t)d",

kEZ
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with fi = 0 for large enough k. The Poisson bracket is defined as usual, following:

OF oG  0GOF

90 ot 00 ot

(The reader should not be afraid by notation 00 !). In terms of densities on the circle, one has the

{F>G}:

natural decomposition: A(S!) = @Fk @ H]:k> The Poisson bracket turns out to be homoge-
k0 k<0

neous with respect to that decomposition: {Fy, Fi} C Fryi_1, and more explicitly {f(x)d*, g(x)d'} =

(kfg — 1f g)0"+'~1. One recovers the usual formulae for the Lie bracket on F; = Vect(S!) and its

representations on modules of densities; one has as well the embedding of the semi-direct product

Vect(S1) x C>*(S') = F; x Fy as a Lie subalgebra of A(S'), representing differential operators of order

<1

Remark: One can also consider the subalgebra of A(S!), defined as C[z, 27| ® C[0,07']; it gives the
usual description of the Poisson algebra on the torus T2, sometimes denoted SU(oo). We also have to
consider half densities and developments into Laurent series in z and /z. Geometrically speaking, the
half densities can be described as spinors: let E be a vector bundle over S, square root of T*S%; in
other words one has F ® E = T*S!. Then the space of Laurent polynomials on the fibers of E (minus
the zero-section) is exactly the Poisson algebra A(S?) = C*(S1) @ C[0*/2,§~'/2]]. Moreover, one also
needs half-integer power series or polynomials in z as coefficients of the Laurent series in 0; one can
obtain the corresponding algebra globally, using the pull-back though the application S* — St defined
as z — 2°. R N

Finally one has obtained the subalgebra A(S') C A(S') generated by terms 29" where m and n are
either integers or half-integers. One can represent such generators as the points with coordinates (m,n)
in the plane R2.

So our algebra SV = Vect(S') x b, with b ~ F; 2 x Fy as a Vect(S')-module, can be naturally embedded

into A(S1),
L, L, Ly Ly Ly
Yi Y e (2.14)

M, M, M, M, M,

The above scheme represents pictorially the embedding. For the twisted Schrodinger-Virasoro alge-
bra, one considers the Y,, field with integer powers, or as described in the following scheme:

L_2 L_1 L() Ll L2
Y., Y, Yo Y1 Y,
M,Q Mfl Mo Ml M2



One can naturally ask whether this defines a Lie algebra embedding, just as in the case of Vect(S!) x
Fo. The answer is no:

Proposition 2.2. R
The natural vector space embedding sv — A(S') is not a Lie algebra homomorphism.

Proof: One sees immediately that on the one hand [Y,,, M,,] = 0 and [M,, M,,] = 0, while on the
other hand {Fi 5, Fo} C F_1/2 is in general non trivial. The vanishing of {Fy, o} which makes the
embedding of Vect(S!) x Fy as a Lie subalgebra possible was in some sense an accident. In fact, one
can show that from the image of the generators of sv and computing successive Poisson brackets, one
can generate all the F) with A < 0.

Let .Z(Sl)(l) =F1®F120F0 @ ILF,, it defines a Poisson subalgebra of ./T(Sl), and it is in fact the

AeZ <o
smallest possible Poisson algebra which contains the image of sv. Now, let A/(S\l)(g) = H Fi the
AeZ, <o

Poisson subalgebra of .Z(S 1) which contains only negative powers of d (its quantum analogue is known

as Volterra algebra of integral operators, see [12], chap. X). One easily sees that it is an ideal of ,T(S\l)(l),

-~

as a Lie algebra, but of course not an associative ideal; if one considers the quotient A(S?) )/ A(S") (),
then all the obstruction for the embedding to be a homomorphism disappears. So one has:

Proposition 2.3.

—

There exists a natural Lie algebra embedding of sv into the quotient A(Sl)(l)/ﬁ(Sl)(o). One can say

—

briefly that sv is a subquotient of the Poisson algebra A(S1).

Now a natural question arises: the conformal embedding of Schrodinger algebra described in para-
graph 3.1 yields sch; C conf(3)c, so one would like to extend the construction of sv as generalization
of schy, in order that it contain conf(3): we are looking for an hypothetic Lie algebra G making the
following diagram of embeddings complete:

sch, —  conf(3)

! ! (2.15)

50 — g

In the category of abstract Lie algebras, one has an obvious solution to this problem: simply take
the amalgamated sum of sv and conf(3) over sch;. Such a Lie algebra is defined though generators
and relations, and is generally untractable. We are looking here for a natural, geometrically defined
construction of such a G; we shall give some evidence of its non-existence, a kind of "no-go theorem”,
analogous to those well-known in gauge theory, for example? (see [20]).

4Simply recall that this theorem states that there doesn’t exist a common non-trivial extension containing both the
Poincaré group and the external gauge group.
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Let us consider the root diagram of conf(3) as drawn in [31]:

.W V+ oXl

Comparing with (2.14), one sees that the successive diagonal strips are contained in Fi, Fi /s, Fo re-
spectively. So the first idea might be to try to add F3,, and F5, as an infinite prolongation of the
supplementary part to sch, in conf(3), so that V_ — t71/209%/2 vV, — 12032 W — 92,

Unfortunately, this construction fails at once for two reasons: first, one doesn’t get the right brackets
for conf(3) with such a choice, and secondly the elements of Fy, A € {0, %, 1,3/2,2}, taken together
with their successive brackets generate the whole Poisson algebra .Z(S .

Another approach could be the following: take two copies of b, say b and h~ and consider the
semi direct product G = Vect(S?) x (ht @ h7), so that h™ extends the {Y_%,Y%, My} as in sv before,
and b~ extends {V_,V,,W}. Then G is obtained from density modules, but doesn’t extend conf(3),
but only a contraction of it: all the brackets between {Y_%, Vi, My} on one hand and {V_,V,, W} on
the other are vanishing. Now, we can try to deform G in order to obtain the right brackets for conf(3).
Let Y,F, M\ and Y, , M, be the generators of h™ and h~; we want to find coefficients a,,, such that
Y., Y] = apmLmyp defines a Lie bracket. So let us check Jacobi identity for (Ly,Y, Y, ). One
obtains (m — §)apnim + (N —m —p)apm + (P — 5 )apinm = 0. If one tries a,, = Ap + pm, one deduces
from this relation: nA(p — %) + nu(m — %) = 0 for every n € Z,p,m € 37Z, so obviously A = p = 0.

So our computations show there doesn’t exist a geometrically defined construction of G satisfying
the conditions of diagram (2.16). The two possible extensions of sch;, sv and conf(3) are shown to be
incompatible, and this is our "no-go” theorem.

3 On some natural representations of sv

We introduce in this chapter several natural representations of sv that split into two classes : the
(centrally extended) coadjoint action on the one hand; some apparently unrelated representations on
spaces of functions or differential operators that can actually all be obtained as particular cases of the
general coinduction method for sv (see chapter 4).

It is interesting by itself that the coadjoint action should not belong to the same family of represen-
tations as the others. We shall come back to this later on in this chapter.
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3.1 Coadjoint action of sv

Let us recall some facts about coadjoint actions of centrally extended Lie groups and algebras, referring
o [12], chapter 6, for details. So let G be a Lie group with Lie algebra g, and let us consider central
extensions of them, in the categories of groups and algebras respectively:

(1) —R—G—G—(1) (3.1)

0) —R—g—9—1(0) (3.2)

with g =Lie(G), the extension (3.2) representing the tangent spaces at the identity of the extension
(3.1) (see [12], II 6.1.1. for explicit formulas). Let C' € Z34(G,R) and ¢ € Z*(g,R) the respective
cocycles. We want to study the coadjoint action on the dual g* = g* x R. We shall denote by Ad* and
Ad the coadjoint actions of G and G respectively, and ad* and ad the coadjoint actions of g and g.
One then has the following formulas

Ad' (g, @)(u, A) = (Ad*(g)u + AO(g), \) (3.3)

and

ad (€, a)(u,A) = (Ad*(E)u + M(€),0) (3.4)

where © : G — g*and 6 : g — g* are the Souriau cocycles for differentiable and Lie algebra cohomologies
respectively; for 6 one has the following formula : (6(¢),n) = ¢(&,n). For details of the proof, as well as
"dictionaries” between the various cocycles, the reader is referred to [12], chapter 6.

Note that formulas (3.3) and (3.4) define affine actions of G and g respectively, different from their
coadjoint actions when A # 0. The actions on hyperplanes g5 = {(u,\) | v € g*} C g* with fixed second
coordinate will be denoted by ad} and Ad} respectively.

Here we shall consider the central extension sb of sv inherited from Virasoro algebra, defined by the
cocycle ¢ such that

¢(Ln, Lp) = bnypo n(n+1)(n — 1)
c(Ln,Ym) =c(Ln, M) = (Y, Yw) =0 (3.5)

(with n,p € Z and m,m’ € % + Z). Note that we shall prove in chapter 5 that this central extension is
universal (a more 'pedestrian’ proof was given in [14]).

As usual in infinite dimension, the algebraic dual of sv is untractable, so let us consider the regular
dual, consisting of sums of modules of densities of Vect(S") (see Definition 1.3): the dual module F}; is
identified with F_,_, through

(u(dz) ', f dz) = / (@) f(z) da. (3.6)
S1
So, in particular, Vect(S')* ~ F_,, and (as a Vect(S')-module)
S0 =F B F s & F (3.7)
s "o
we shall identify the element I’ = yodz? 4+ y1dx2 + yodx € sv* with the triple | v | € (C*(S1))3. In
72

other words,
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0 2
(| Ly + Y5 + Mf2> = Z/ (v fi)(2) d=. (3.8)
V2 i=0 /S5

The following Lemma describes the coadjoint representation of a Lie algebra that can be written as
a semi-direct product.

Lemma 3.1. Let s = 5y X 51 be a semi-direct product of two Lie algebra sy and si. Then the
coadjoint action of s on s* is given by

ad; (fo, f1)-(o.m) = (adg, (fo)yo — Gr-ms fi () +ad, (fi)m)

where by definition

<.]E1~717X0>56><50 = <fyl7 [X()? f1]>5’1‘><51
and )
<f(>)k(fyl)7X1>5’{><51 = <’717 [fO>X1]>5’1‘><51'

Proof. Straightforward.
Theorem 3.2.

The coadjoint action of sv on the affine hyperplane sv3 is given by the following formulas:

Yo o+ 2fo70 + fovo
ad*(Ly,) [ n | = fovl + 5 fom (3.9)
Y2 fovs + fore
Yo %’Ylf{ + %%ﬁ
ad"(Yy) | m | = 2%fi+tnh (3.10)
Y2 0
70 —Yafy
ad*<Mf2) 71 = 0 . (311)
Y2 0

Proof.
The action of Vect(S') C sv follows from the identification of sv3 with vir) & F_ s ®F1.

Applying the preceding Lemma, one gets now

Y0 } 0
(@d*(Yr)- | m | L) = =Y | M | Lno)
V2 V2
0

= ’Yl Y%hgﬁ-mf{)

/’Yl h6f1 hof{) dz
Sl
/S hqo ——71f1 %fl) dz;
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Yo 0
<ad*(Yf1>‘ g 7Yh1> = <ad};(yf1) M 7Yh1>

Y2 Y2
0
- _< M 7Mf{h1*f1h'1>
Y2

= _/51 Yo (fiha — fihy) dz
= /S1 hi(=272f1 — Y1) dz

and
Yo
<ad*(Yf1) 71 >Mh2> =0.

72
Hence the result for ad*(Y7,).

For the action of ad*(My,), one gets similarly

Yo 0
<ad*(Mf2)' M ’Lho> = _< gi! 7Mf§h0>
V2 V2

= —/ ’}/Qfého dz
g1
and

<ad*(Mf2)' 71 7Yh1> = <ad*(Mf2)' M 7Mh2> =0.

Hence the result for ad™(My,). O

One can now easily construct the coadjoint action of the group SV, which "integrates” the above
defined coadjoint action of sv; as usual in infinite dimension, such an action should not be taken for
granted and one has to construct it explicitly case by case. The result is given by the following.

Theorem 3.3.
The coadjoint action of SV on the affine hyperplane sv) is given by the following formulas:

Let (¢, o, B) € SV, then:

Yo AB(p) + (o 0 #)(#)
Ad*(p) [ m | =] (mo 90)(90’)5 (3.12)
Y2 ( Y2 © 80)
. Yo Yo + %710/ + %a + ’}/Qﬁ/ — %(30/2 + aa” ) — 272 a — 77203
Ad (aa 5) ! = Y1+ 2’)/204/ + ’YéOé (313)

72 72
Proof:
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The first part (3.12) is easily deduced from the natural action of Diff(S*) on sb} = vit i ®F_3,BF_;.
Here ©(p) denotes the Schwarzian derivative of ¢. Let’s only recall that it is the Souriau cocycle in
H'(Vect(S1), vit*) associated to Bott-Virasoro cocycle in H?(Diff(S') , R), referring to [12], Chap. IV
, VI for details.

The problem of computing the coadjoint action of (o, 3) € H can be split into two pieces; the
coadjoint action of H on h* is readily computed and one finds:

it (7)< (7 e
2 V2

The most delicate part is to compute the part of coadjoint action of («, ) € H coming from the
adjoint action on Vect(S?), by using:

o Yo
<Ad*(aaﬁ) 4t 7f8> = < At 7Ad(a7ﬁ)_1(f87070)>'
2 Y2

One can now use conjugation in the group SV and one finds

A A | o a? : "
Ad<a7ﬁ)_l<fa>070): (faafa/ _§Oéfafﬁ —f-i(fO//Oé—FfEOéOZ _%f —fOz2—|—f§O./O[ ))
Now, using integration by part, one finds easily the formula (3.13) above. 0

3.2 Action of sv on the affine space of Schrodinger operators

The next three sections aim at generalizing an idea that appeared at a crossroads between projective
geometry, integrable systems and the theory of representations of Diff (S'). We shall, to our own regret,
give some new insights on SV from the latter point of view exclusively, leaving aside other aspects of
a figure that will hopefully soon emerge.

Let 0 = % be the derivation operator on the torus T = [0,2n]. A Hill operator is by definition a
second order operator on T of the form £, := 9? + u, u € C*®(T). Let 7, be the representation of
Diff(S') on the space of (—\)-densities Fy (see Definition 1.3). One identifies the vector spaces C*°(T)
and F) in the natural way, by associating to f € C*(T) the density fdz=*. Then, for any couple
(A, ) € R?, one has an action II, , of Diff(S') on the space of differential operators on T through the
left-and-right action

I (@) : D — my(¢) o Do W“(gb)_l,

with corresponding infinitesimal action
dlly . (¢) : D — dm\(¢) o D — D o dm,(¢).

For a particular choice of A, y, namely, A = —%, = %, this representation preserves the affine space

of Hill operators; more precisely,

7 572(8) 0 (0% + u) oma(6) ™ = 0 + (&) ) + 50(6) (3.14)
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where © stands for the Schwarzian derivative. In other words, u transforms as an element of viri

2
(see section 3.1). One may also - taking an opposite point of view - say that Hill operators define a
Diff (5")-equivariant morphism from 1 into F_s.

This program may be completed for actions of SV on several affine spaces of differential operators.
This will lead us to introduce several representations of SV that may all be obtained by the general
method of coinduction (see Chapter 4). Quite remarkably, when one thinks of the analogy with the case
of the action of Diff(S!) on Hill operators, the coadjoint action of SV on sb* does not appear in this
context, and morerover cannot be obtained by the coinduction method, as one concludes easily from
the formulas of Chapter 4 (see Theorem 4.2).

Definition 3.1. Let S'™ be the vector space of second order operators on R? defined by
D€ S"™ & D=h@2MO,— %) +V(rt), hVeCR?

and S/ C S the affine subspace of 'Schrodinger operators’ given by the hyperplane h = 1.

In other words, an element of $%/7 is the sum of the free Schrédinger operator Ag = 2M0; — 92 and
of a potential V.

The following theorem proves that there is a natural family of actions of the group SV on the space
S'" . more precisely, for every A € R, and g € SV, there is a ’scaling function’ F, , € C*(S*) such
that

T(9) (Do + V)ma(9) ™" = Fya(t)(Do + V) (3.15)
where V, , € C*(R?) is a 'transformed potential” depending on g and on A (see Section 1.2, Proposition
1.6 and commentaries thereafter for the definition of 7). Taking the infinitesimal representation of sv
instead, this is equivalent to demanding that the ’adjoint’ action of dmy(sv) preserve S namely

[d’/T)\(X),AO—i-V](t,T) = fX,)\<t)(A0+VX7)\), X € sv (316)

for a certain infinitesimal ’scaling’ function fx  and with a transformed potential Vi j.

We shall actually prove that this last property even characterizes in some sense the differential
operators of order one that belong to dm,(sv).

Theorem 3.4.

1. The Lie algebra of differential operators of order one X on R? preserving the space S, i.e., such
that
[X,Slm] C Slzn

is equal to the image of sv by the representation dmy (modulo the addition to X of operators of
multiplication by an arbitrary function of t).

2. The action of dmy;1/4(s9) on the free Schrodinger operator Ag is given by

/ M2 n 1
[dmsi1a(Ly), Do) = /Ao + Tf 2+ 2MAf (3.17)
[dmai1/a(Yy), Ao] = 2M?rg" (3.18)
[d?TA+1/4(Mh), Ao] = 2M2h/ (319)
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Proof.

Let X = f0, + g0, + h preserving the space S"": this is equivalent to the existence of two functions
o(t,r), V(t,r) such that [X, Ag] = ¢(Ag+ V). It is clear that [h, Spn] C Sin if h is a function of ¢ only.

By considerations of degree, one must then have [X, 0,] = a(t,7)0, + b(t,r), hence f is a function of
t only. Then

[90,,2M08, — 0%] = —2M,g0, + 20,90> + 02 ¢0, (3.21)
[h, —0?] = 20,h0, + O*h (3.22)
s0, necessarily,
fr=209g=~¢

and
(2MO, — 0%)g = —20,.h.
By putting together these relations, one gets points 1 and 2 simultaneously. [

Using a left-and-right action of sv that combines dm) and dmy, one gets a new family of represen-
tations doy of sv which map the affine space S%7 into differential operators of order zero (that is to
say, into functions) :

Proposition 3.5.
Let doy : sb — Hom(S8" 8" defined by the left-and-right infinitesimal action

doy(X) : D — dmyz(X) oD — Dodm(X).
Then doy is a representation of sv and doy(sv)(S*/) C C=(R?).

Proof.

Let X7, Xs € sv, and put d7si(X;) = fi(t), i = 1,2: then, with a slight abuse of notations,
dU)\(Xi) = ad dﬂ)\(XZ) + fll, SO

[dox(X1),dox(Xs)] = [ad(dma(X1)) + f1, ad(dmr(X2)) + f3] (3.23)
= ad dm\([X1, Xa) + ([dma(X1), fo(8)] — [dma(X2), f1(1)]) - (3.24)

Now ad dm) commutes with operators of multiplication by any function of time g(t) if X € b, and
[dma(Ly), ()] = [f (1), g(t)] = f(t)g'(2)

so as a general rule

[dma(Xi), g(t)] = fi(t)g,(t)'

Hence
[doa(X1),dor(X2)] = ad dmy([X1, Xo]) + (f1(0) f2(£) — f2(8) f1 (1)) (3.25)
= ad dm\([X1, Xo]) + (fifs — fof1)' (1) (3.26)
= dg)\([Xl,XQ]). (327)

By the preceding Theorem, it is now clear that doy(sv) sends S/ into differential operators of
order zero. [J
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Remark: choosing \ = i leads to a representation of Sch® preserving the kernel of A (as already
known from Proposition 1.1). So, in some sense, A = i is the 'best’ choice.

Clearly, the (affine) subspace ng C 847 of Schrodinger operators with potentials that are at most
quadratic in r, that is,

D€ 84 & D =2M0, — &+ go(t)r* + g1 ()7 + g2(t)

is mapped into potentials of the same form under doy(SV).

Let us use the same vector notation for elements of S%];f and for potentials that are at most quadratic

9o
in r (what is precisely meant will be clearly seen from the context): set D = | g1 |, respectively
92
9o
V=| g1 | for D=2Ag+go(t)r?+g1(t)r+ga(t) € S%J;f, respectively V (t,7) = go(t)r®+g1(t)r+go(t) €
g2
C>(R?). Then one can give an explicit formula for the action of doy on S 1,
Proposition 3.6.
9o
1. Let D=| ¢ | € 8% and fo, f1, f» € C®(R). Then the following formulas hold:
92 -

_TMQ o+ 2fog0 + fogy
doxii/a(Lg,)(D) = — fogy + %f(l)gl (3.28)

Jogz + fog2 — 2MA g

0
doxi1/a(Yp)(D) = — | 2figo — 2M? [} (3:29)
Jig1
0

dosrjs(Mp)(D) = [ 0 (3.30)

2MC

2. Consider the restriction of doy 4 to Vect(S') C sv. Then do/a|veet(s1)y acts diagonally on the 3-
9o
vectors | g1 | and its restriction to the subspaces S™7 = {Ag+g(t)r' | g € C®(R)}, i = 0,1,2,
g2
is equal to the coadjoint action of Vect(S') on the affine hyperplane vity, (i = 2), and to the
usual action of Vect(S') on F_z/9 =~ Fljy (when i =1), respectively on F_y > Fg (wheni=0).
Taking A # 0 leads to an affine term proportional to f§ on the third coordinate, corresponding to
the non-trivial affine cocycle in H'(Vect(S'), F_1).

In other words, if one identifies S%/ with sv* by
- 4

go 2
(o |.(h fi )= / (6:)(2) dz,
g2 B i=0 /5
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then the restriction of doy 4 to Vect(S') is equal to the restriction of the coadjoint action of 50 on svf.
4

But mind that doy /4 is not equal to the coadjoint action of sv.

Proof. Point 2 is more or less obvious, and we shall only give some of the computations for the
ﬁI'St one. One has [d’YT)\+1/4(LfO>,A0] = féAo — % 6”7’2 + QM)\f(/),, [d7T>\+1/4(LfO),gg(t)] = —fo(t>gé(t),

[dmss1/a(Lyy), 1 (B)r] = —(fo(£)g5 (1) +5.£6()g1 (D)7, [dmasaya(Lyy ), 9o (£)r] = = (fo(t)g0(E) +fo(£)go (£))r?,

doxi1ja(Ly,)(D) = —fo.D + [dmsiaja(Ly, ), D]
2

! ! 1! / 3 ! M " ! !
= —(fogs + Jog2 — 2M>\fo) - (f091 + éfogl)r - (7 o 1+ 2f090 + fogo)T2~

Hence the result for doyy1/4(Ly,). The other computations are similar though somewhat simpler. [J
This representation is easily integrated to a representation o of the group SV. We let ©(¢) =
" 1/ 2
¢’ _ 8 <¢—) (¢ € Diff(S')) be the Schwarzian of the function ¢.

¢ 2\ ¢
Proposition 3.7.
90
Let D= | g | € S/, then
g2
Oat1/4(P; (a,0))D = oxy1/4(1; (a, b)) ors1/a(¢;0) D (3.31)
(¢/)-(90 © 0) = 40(9)
ox1/a(9;1).D = (¢)2(g109) ) (3.32)
@' (g2 0 ¢) — QMA%
90
oxt1/4(1; (a,0)).D = g1 — 2ago + 2M*a” (3.33)

g2 — agy + a’go + M?(2V — ad”)
defines a representation of SV that integrates do, and maps the affine space Sg;f into itself.

In other words, elements of ng define an SV -equivariant morphism from Hy into Hxy1, where
Hy, respectively Hay1, is the space C™(R?) of functions of t,r that are at most quadratic in r, equipped
with the action Ty, respectively myy1 (see 1.27).

Proof.

Put SV = G x H. Then the restrictions o|g and o]y define representations (this is a classical result
for the first action, and may be checked by direct computation for the second one). The associated
infinitesimal representation of sv is easily seen to be equal to do. [

In particular, the orbit of the free Schrodinger operator Ay is given by the remarkable formula

—4-6(¢) 0
O')\+1/4(¢; (CL, b))AQ = 2M2a” + A 0 . s (334)
M2(2 — aa”) —2M%

mixing a third-order cocycle with coefficient M? which extends the Schwarzian cocycle ¢ — ©O(¢)

with a second-order cocyle with coefficient —2 M\ which extends the well-known cocycle ¢ — % in
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H'(Vect(S'), F_1). The following paragraph shows that all affine cocycles of sv with coefficients in the

(linear) representation space ngzf are of this form.

3.3 Affine cocycles of sv and SV on the space of Schrodinger operators

The representations of groups and Lie algebras described above are of affine type; if one has linear
representations of the group G and Lie algebra G on a module M, one can deform these representations
into affine ones, using the following construction.

Let C': G — M (resp ¢ : G — M) be a l-cocycle in Zj;; (G, M) (resp Z'(G, M)); it defines an
affine action of G' (resp G) by deforming the linear action as follows:

g*xm=gm+ C(g)

Exm=Em+ c(§)

respectively. Here the dot indicates the original linear action and * the affine action. One deduces
from the formulas given in propositions 3.5 and 3.6 that the above representations are of this type; the
first cohomology of SV (resp sv) with coefficients in the module ng (equipped with the linear action)
classifies all the affine deformations of the action, up to isomorphism. They are given by the following
theorem:

Theorem 3.8.
The degree-one cohomology of the group SV (resp Lie algebra sv) with coefficients in the module ng
(equipped with the linear action) is two-dimensional and can be represented by the following cocycles:

—39(¢)
- for SV: Ci(p, (a,b)) = 2a"
20 — aad”
0
CQ(¢7 <a7 b)) = 0
QS//
1 "
2.0
2
- for sv : ci(Ly + Yy +My,) = —2f{/’
—2f,
0
co(Lpy + Yy +Mp)=1 0
Jo

(one easily recognizes that Cy and ¢y correspond to the representations given in prop.3.7 and prop.3.6
respectively. )

Proof: One shall first make the computations for the Lie algebra and then try to integrate explic-
itly; here, the "heuristical” version of Van-Est theorem, generalized to the infinite-dimensional case,
guarantees the isomorphism between the H'! groups for SV and sv (see [12], chapter IV).
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So let us compute H'(sv, M) ~ H'(G x b, M) for M = SZ (equipped with the linear action). Let
¢:G xbh— M be a cocycle and set ¢ = ¢ + ¢’ where ¢ = ¢|g and ¢’ = ¢|y. One has ¢ € Z'(G, M)
and ¢’ € Z'(h, M), and these two cocycles are linked together by the compatibility relation

(X, a]) = X.("(@) + a.(d (X)) =0 (3.35)

As a G-module, M = F_o & F_3/o & F_1, so one determines easily that H'(G, F_5) and H'(G, F_1)
are one-dimensional, generated by Ly — f(l)ﬁdasQ and Ly — f(l)/dx respectively, and H*(G, F_3/2) =0
(see [12], chapter IV). One can now readily compute the 1-cohomology of the nilpotent part h; one
easily remarks that the linear action on S%/ is defined as follows:

Yo 0
(Yfl + Mf2> . 7 = 2f1v
V2 fim

Direct computation shows that there are several cocycles, but compatibility condition (3.35) destroys
all of them but one:

0
C/,(Yfl + Mfz) - f{/
f

The compatibility condition gives

1 1"’
"([Lyy, Yy, + Mp,]) — Ly, ("(Y, + Mp,)) = —5/1fo

On the other hand one finds:

"

/ fO O 1"
(Y, + My,).(c (Lyg,)) = (Y, + My,) . ]9/ = | 2fify
0
0

Hence the result, with the right proportionality coefficients, and one obtains the formula for ¢;.

One also remarks that the term with fé’dx disappears through the action of b, so it will induce an
independent generator in H'(sv, S¥7), precisely c,.

Finally the cocycles C; and Cy in H'(SV, S?;f ) are not so hard to compute, once we have determined

the action of H on ng , which is unipotent as follows:

Yo Yo
(a,b). | m | =1 1+ 2a%
Y2 Yo + a1 — a*yo

O

3.4 Action on Dirac-Lévy-Leblond operators

Lévy-Leblond introduced in [21] a matrix differential operator Dy on R+ (with coordinates t, 7y, ..., 7q4)
Ag
of order one, similar to the Dirac operator, whose square is equal to —Ay ® Id = —
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for Ag = 2M9, — Zle (93 So, in some sense, Dy is a square-root of the free Schrodinger operator, just
as the Dirac operator is a square-root of the D’Alembertian. The group of Lie invariance of Dy has been
studied in [35], it is isomorphic to Sch? with a realization different but close to that of Proposition 1.1.

Let us restrict to the case d = 1 (see [32] for details). Then Dy acts on spinors, or couples of

functions ( 21 ) of two variables t,r, and may be written as
2
0, —2M
Dy = ( 9, o, > ) (3.36)

One checks immediately that D3 = —Ay ® Id.

From the explicit realization of sch on spinors (see [32]), one may easily guess a realization of s
that extends the action of sch, and, more interestingly perhaps, acts on an affine space D%/ of Dirac-
Lévy-Leblond operators with potential, in the same spirit as in the previous section. More precisely,
one has the following theorem (we need to introduce some notations first).

Definition 3.2.
Let D' be the vector space of first order matriz operators on R? defined by

0 0

lin o

) , h,V € C®(R?
and D7, D%’;f be the affine subspaces of D" such that

DEW“@D=%+< ¥ 0)

Vi(r,t) 0
0 0
DeDY < D=Dy+ .
=2 0 G(O)r* + gi(t)r + g2(t) 0
, , . 0 0 . 9
We shall call Dirac potential a matrix of the form Virt) 0 ) with V e C*(R?).

Definition 3.3.

Let dng (A € C) be the infinitesimal representation of so on the space HS ~ (C°°(R2))? with
coordinates t,r, defined by

d5(Ly) = (~F(00 — 5 (0o, — TMJ"(0)) ©1d
_ﬂﬂ®(A_ZA+i)—%ﬂ@w®(?8); (3.37)

W) = (a0 - MmpOnei- oo (] ) (3.38)

dn(My) = —MF(t) @ Id. (3.39)

Theorem 3.9.
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1. Let do : so — Hom(D'", D'") defined by the left-and-right infinitesimal action
do(X): D — dr{(X)o D — Dodri(X).

Then do maps D%};f into the vector space of Dirac potentials.

0 0
2. If one represents the Dirac potential V = or, indifferently, the
/ P P < go(t)r* + g1 (t)r + ga(t) 0 ) 4 Y
90
Dirac operator Do+ V', by the vector | g1 |, then the action of do on D‘;’;f 15 given by the same
92

formula as in Proposition 3.6, except for the affine terms (with coefficient proportional to M or

M?) that should all be divided by 2M.

We shall skip the proof (in the same spirit as Theorem 3.4, Proposition 3.5 and Proposition 3.6)
which presents no difficulty, partly for lack of space, partly because the action on Dirac operators doesn’t
give anything new by comparison with the case of Schrodinger operators.

Note that, as in the previous section, one may define a ’shifted” action
don(X): D — dn§,(X) oD — Dodnf .(X) (3.40)
2
which will only modify the coefficients of the affine cocycles.

As a concluding remark of these two sections, let us emphasize two points:

—contrary to the case of the Hill operators, there is a free parameter X in the left-and-right actions
on the affine space of Schrédinger or Dirac operators;

—looking at the differences of indices between the left action and the right action, one may consider
somehow that Schrodinger operators are of order one, while Dirac operators are of order %! (recall the
3 1

difference of indices was 2 = 5 — (—35) in the case of the Hill operators, which was the signature of

operators of order 2 — see [5]).

So Schrédinger operators are somehow reminiscent of the operators 0 + u of order one on the line,
which intertwine F) with Fj,, for any value of A\. The case of the Dirac operators, on the other hand,
has no counterpart whatsoever for differential operators on the line.

3.5 About multi-diagonal differential operators and some Virasoro-solvable
Lie algebras

The original remark that prompted the introduction of multi-diagonal differential operators in our
context (see below for a definition) was the following. Consider the space R? with coordinates r,t,( as
in Chapter 1. We introduce the two-dimensional Dirac operator

~ (09, —20
Dy = < o b, > (3.41)

zl € (C=(R3))? - the reader will have noticed that Dy can be obtained from the
2

Dirac-Lévy-Leblond operator Dy of section 3.3 by taking a formal Laplace transform with respect to
the mass. The kernel of Dy is given by the equations of motion obtained from the Lagrangian density

(42(0rpr — 20c2) — 41 (01 — Oyp2)) dt dr dC.

acting on spinors
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Let d7] be the Laplace transform with respect to M of the infinitesimal representation of sv given
2

in Definition 3.3. Then dn{(sch) preserves the space of solutions of the equation 150 ( zl ) = 0,
2 2

b1, P2 € C(R3). Now, by computing Dy (dﬁ?(X) < zl )) for X € sv and ( zl ) in the kernel of
2 2 2

507 l' Clearly appeals (dO lt') that lf one ¢ 1 ¢l ’ D ( 1( ) ( : >)
2 ¢2
@Z) = d’]Té(X) (

1 1 )
also satisfies
o O2

the same constraint d¢i; = 0. One may realize this constraint by adding to the Lagrangian density
the Lagrange multiplier term (hO;¢1 — hdc¢1) dt dr d(. The new equations of motion read then

for every X € sv, and, what is more, the transformed spinor

—h/2
\Y 9252 :0, with
—h
20 0, O
V= 20, 0, |. (3.42)
20,

This is our main example of a multi-diagonal differential operator. Quite generally, we shall call
multi-diagonal a function- or operator-valued matrix M = (M, ;)o<i j<a—1 such that M; ; = M,y ;4 for
every admissible triple of indices 7, j, k. So M is defined for instance by the d independent coefficients
Moo, ..., My, ..., Moq—1, with My ; located on the j-shifted diagonal.

An obvious generalization in d dimensions leads to the following definition.

Definition 3.4.

Let V? be the d x d matriz differential operator of order one, acting on d-uples of functions H =
ho

: on RY with coordinates t = (tg, ..., tq 1), given by
ha—1
Oy y Oy -+ Oy O
0 e 8t1
Ve = : - : (3.43)
atd—z
0 e 0 0, ,
So V% is upper-triangular, with coefficients V;{j = 014915 © < J. The kernel of V% is defined by a
system of equations linking hg, ..., hg_1. The set of differential operators of order one of the form
d—1
X=X +A=0_ fit)o,)@Id+A, A= (\) € Matsa(C*(R?)) (3.44)
i=0

preserving the equation V¢H = 0 forms a Lie algebra, much too large for our purpose.

Suppose now (this is a very restrictive condition) that A = diag(\, ..., A¢—1) is diagonal. Since

V4 is an operator with constant coefficients, [X;, V] has no term of zero order, whereas [A, V]
AiOy

ivj -

imivarr — On_iq Ay (i < j) does have terms of zero order in general. One possibility to solve this
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constraint, motivated by the preceding examples (see for instance the representation dmy of (1.27),
with M replaced by 0;), but also by the theory of scaling in statistical physics (see commentary
following Proposition 1.1.), is to impose A; = Xi(tg), i = 0,...,d — 2, and A\g_; = 0. Since [X, VI
is of first order, preserving KerV? is equivalent to a relation of the type [X, VY] = AV? with A =
A(X) € Matxq(C*(R%)). Then the matrix operator [X;, V9] is upper-triangular, and multi-diagonal,
so this must also hold for AV? — [A, V9. By looking successively at the coefficients of 9, , , on the

[-shifted diagonals, [ = 0,...,d — 1, one sees easily that A must also be upper-triangular and multi-
diagonal, and that one must have \;(to) — A\iy1(t0) = A(tp) for a certain function A independent of i,
(d—1)A
so A = \ . Also, denoting by ag = Ao, ..., aq—1 = Ag,a—1 the coefficients of the
0

first line of the matrix A, one obtains :
O, fi =0 (i>7); (3.45)
apg = atofo + (d — 1))\ = 8t1f1 + (d — 2))\ = ...= (9td71fd,1; (346)
a; = 0t0fl- - 8t1fi+1 - ... = (9,5[171.71]‘}1,1 (Z - 1, e 7d - 1) (347)

In particular, fy depends only on t,.

From all these considerations follows quite naturally the following definition. We let Ay € Mat g4(R)
d—1

be the diagonal matrix Ag =

Lemma 3.10.
Let md? (¢ € R) be the set of differential operators of order one of the type

d—1
X = (fo(t())ato + Z f,(t)@tl) X Id — €f6(t0) (29 AO (348)
=1

preserving KerV4,
Then mo. forms a Lie algebra.
Proof.
Let X be the Lie algebra of vector fields X of the form

X=X1+Xo= <fo t0) Oy, + Zf% ) @Id+ A, A =diag(\)izo. a1 € Matgxa(C®(RY))

preserving KerV?. Then the set {Y = S>00 fi(t)d, | 3\ € Matagxa(C®(RY)), Y + A € X} of the
differential parts of order one of the elements of X forms a Lie algebra, say X;. Define

d—1

Xf:_{ZfZ 0, —efo(t) @ Mo | Y filt)dy, € X1}

=0
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Let Y = (O fi(t)0y,) @ Id —ef§(t) @ Ao, Z = (D 9:(t)0r,) @ 1d — g (t) ® Ay be two elements of Xf: then
Y, Z] = ((fogo — f090)(t0)0s, + . ..) ® Id — €( fogo — fo90)'(to) ® Ag

belongs to X, so Xf forms a Lie algebra. Finally, md? is the Lie subalgebra of X consisting of all
differential operators preserving KerV<.
O

It is quite possible to give a family of generators and relations for mo?. The surprising fact, though,
is the following : for d > 4, one finds by solving the equations that f{ is necessarily zero if € # 0 (see
proof of Theorem 3.11). So in any case, the only Lie algebra that deserves to be considered for d > 4
is mog.

The algebras md? (d = 2,3), mod (d > 4) are semi-direct products of a Lie subalgebra isomorphic
to Vect(S!), with generators

LS«? = (—fo(to)dy, +...) ®1d — e fy(to) @ Ag

and commutators [L;g), L_S,?] = LE%LO_ fogl with a nilpotent Lie algebra consisting of all generators with

coefficient of 0, vanishing. When d = 2,3, one retrieves realizations of the familiar Lie algebras

Vect(S!) x Fiy. and sv..

Theorem 3.11. (structure of md?).

1. (case d=2). Putt=ty,r=t;: then md? = <L§co), L‘gl))f’gecw(sl) with
1
L;O) =(—f®)0r — (14+e)f'(t)rd,) @Id+ef'(t) ® ( 0 ) , (3.49)
LY = —g(t)0,. (3.50)

It is isomorphic to Vect(S') x Fi..

2. (case d =3). Putt=tg,r =11,( = ty: then md3 = <L§c0), Lgl), Lgf))f’g’hecw(sl) with

2
1+

L;O) = (—f(t)at — (I+e)f'(t)ro, — |(1+2e) f'(t)¢ + Tgf"(t)TQ] 84) @Id+ef'(t)® 1
0
(3.51)
LY = —g()0, = g'(t)rd;, (3.52)
L' = —h(t)o. (3.53)

The Lie algebra obtained by taking the modes

L, = Ligll, Yo = L;ln)+1+sy Mp = Lg)+1+2s (3-54)

is isomorphic to 019 (see Definition 1.7). In particular, the differential parts give three inde-

pendent copies of the representation dw of sv when ¢ = —%.

3. (case e = 0,d > 2) Then md? ~ Vect(S') ® R[n]/n? is generated by the

d—i—k

d—1—k
. . 1 1 o
Lék) = —g(t(])atk - Z g(z)(to)tﬁ 1 <Etlati+k + m Z tjﬁtm.%l) s g c C (Sl) (355)

=1

k=0,...,d— 1, with commutators [Léi), ng)] = Léz;ﬁ)gh, ifi+75<d—1,0 else.
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Proof.
Let X = ( fo(to)d, + 51 fi(1), ) @Id+efj(t)@ Ao : aset of necessary and sufficient conditions

for X to be in md?¢ has been given before Lemma 3.10, namely
8tz.fj =0if ¢ >j,

(1 + €(d — 1))f6(t0) = atlfl(tg,tl) + €(d — Q)fé(to) = ...= atd_lfd_l(to, ce ,td_l)
and

Gtofi — 8t1f2-+1 —_- ... = atd—i—lfd—l (Z — 1, P ,d— 1)

Solving successively these equations yields

filto, .. t) =L+ fito) - ti + f(to, .. tiy), i>1; (3.56)

ti—1
ko, timn) = 0 (o) - tiny + (14 ) £/ (%) / tdtiy + [P (o, .. tio); (3.57)
0

At the next step, the relation 9y, fo = 0y, f3 yields the equation

(1+28) fy (to) - t2 + (1) (to) - 1+ 21+ ) f5'(to) - 1+ () (to) = (1 + &) fi (to) - ta + Doy f1 (to, 1)

which has no solution as soon as € # 0 and fj # 0. So, as we mentioned without proof before the
theorem, the most interesting case is ¢ = 0 when d > 4.

The previous computations completely solve the cases d = 2 and d = 3. So let us suppose that
d>4and e=0.

Then, by solving the next equations, one sees by induction that fy,..., f;_1 may be expressed in
terms of d arbitrary functions of ¢y, namely, fo = [0] 1[1], 2[2], ce C[ld__ll], and that generators satisfying

fim = 0 for every i # k, k fixed, are necessarily of the form

d—1-k

[k] (tO 8tk + Z Gk+j tO) cee 7tj)atk+]-

7j=1

for functions gy, that may be expressed in terms of f and its derivatives.

k)

One may then easily check that L e is of this form and satisfies the conditions for being in mo,

so we have proved that the L . k=0,. — 1, f € C>(S"), generate mdZ.
All there remains to be done is to check for commutators. Since LY is homogeneous of degree —
for the Euler-type operator ZZ;(l) ktj0y,, one necessarily has [Ly), Léj )] = L(CZZL] + g for a certain function

C' (depending on f and g) of the time-coordinate ty. One gets immediately [LSCO), L( )] Lo

Next
I'g—fg'"
(supposing [ > 0), since

== EX9)0, — (¢ (to)ti + F(to, -, t1-1))0y, +
=0

where E?(g),i=0,...,l —1 do not depend on ;, and
LELZ) == —h(to)atl + ... y
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one gets [Lgo),Lng)] = (gh' — ¢g'h)(to)0y, + ..., sO [Lgo),Lg)] = Lél’)h—gh" Considering now k,l > 0, then
one has

-1
LE) = =" EfHg)0,,, — (W (to)ti + Ff(to, ... ti1)0y,,
=0

where E¥(g), i =0,...,1 — 1, do not depend on ¢;, and a similar formula for L,(f), which give together
the right formula for [Lgk), Lg)].
OJ

Let us come back to the original motivation, that is, finding new representations of sv arising in a
geometric context. Denote by dr®?) the realization of sv given in Theorem 3.11.

Definition 3.5

Let dr¥ be the infinitesimal representation of sv on the space HY ~ (C*°(R?))? with coordinates
t,r, defined by

-1
. L, /
dp(Ly) = (—f(t)@t - §f (t)r&,> @Id+ f'(t) ® —3 (3.58)
0
010 1 001
+ —f'tre 0 1 |+7 ftr* e 00 |; (3.59)
0 0
010 0 01
dp(Yy) = —f(t)0, @ Id+ f'(t) ® 01 |+ft)re 00 |; (3.60)
0 0
001
dp(My) = f'(t) ® 00 ]. (3.61)
0
Proposition 3.12.
For every X € sv, dn¥V(X) oV — Vodr®0(X) = 0.
Proof.
1
Let X € sv; put dr®%(X) = —(fo(t)0; + fu(t,1)0, + falt,7,¢)0) @ 1d — fi(t) ® 3

0

The computations preceding Lemma 3.10 prove that [dr®?(X), V] = A(X)V?, A(X) being the
upper-triangular, multi-diagonal matrix defined by

A(X)op = Oc fa, A(X)oq = 0rfa, A(X)o2 = O fo

Hence one has

o O

+ %f”’(t)

B
—
t~
&H

S—
I

[\

i
P
~
S—
o
O = O
O O =
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010 001
A(Yy) =¢'(t) 0 1 | +rg"(t) 00 [,
0 0
and
0 0 1
A(My) = f'(t) ® 00
0
Hence the result.
O
Remark.
Consider the affine space
Jgo 91 G2
HYT ={V + g 91 | | 90.91.92 € C(S" x R?)}.
90

Then one may define an infinitesimal left-and-right action do of sv on ’Havf ! by putting
do(X)(V+V)=dr¥(X)o (V+ V)= (V+V)odr®(X),

but the action is simply linear this time, since dr¥ o V = V o dr®%(X). So this action is not very
interesting and doesn’t give anything new.

4 Cartan’s prolongation and generalized modules of tensor
densities.

4.1 The Lie algebra sv as a Cartan prolongation

As in the case of vector fields on the circle, it is natural, starting from the representation dr of sv given
by formula (1.18), to consider the subalgebra fsv C sv made up of the vector fields with polynomial
coefficients. Recall from Definition 1.6 that the outer derivation 9, of sv is defined by

5a(Ln) = 1, 65(Yin) = m — % (M) =n—1 (neZ,me % + 7). (41)

and that d, is simply obtained from the Lie action of the Euler operator t9; + r0, 4+ (0, in the repre-
sentation dw. The Lie subalgebra fsv is given more abstractly, using ds, as

fso = ;2 50 (4.2)
where sv;, = {X € 50 | 05(X) = kX} = <Lk,Yk+%, Mp1) is the eigenspace of do corresponding to the
eigenvalue k € Z.

Note in particular that so_; = (L_q, Y;%, My) is commutative, generated by the infinitesimal trans-
lations 0y, 0, O¢ in the vector field representation, and that gy = <L0,Y%,M1> = (Lo) X (Y%,Ml) is
solvable.

Theorem 4.1.
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The Lie algebra fsv is isomorphic to the Cartan prolongation of sv_1®svg where so_; ~ (X 1, Y_%, M)
and svy ~ <X0, Y%, M1>

Proof.

Let sv, (n = 1,2,...) the n-th level vector space obtained from Cartan’s construction, so that the
Cartan prolongation of sv_; @ svg is equal to the Lie algebra sv_; ®svy® @,>19,. It will be enough, to

establish the required isomorphism, to prove the following. Consider the representation dn of sv. Then
the space b, defined through induction on n by

h_1 = 7(5071) = <at, O, 8c> (43)

bo = (s0g) = (0, + %r@r, 10, + 1, 10;) (4.4)

Berr = {X € X | [X,51] CThi}, (kK >0) (4.5)
)

(where X} is the space of vector fields with polynomial coefficients of degree k) is equal to w(sv,,) for
any n > 1.

So assume that X = f(t,r, ()0, + g(t,7,{)0, + h(t,r, ()0, satisfies

1 1
[(X,b_4] C w(sv,) = ("0, + i(n + 1)t"ro, + Z(n + Dnt" 20, "0, + (n+ 1)t"rd, t" 71 0;). (4.6)

In the following lines, C}, Cy, C3 are undetermined constants. Then (by comparing the coefficients
of 815)
f(ta T, C) = Cltn+2’

By inspection of the coefficients of 0,., one gets then
C
Brg(t,r,C) = 71(71 +1)(n + 2)t"r + Cy(n + 2)t"H

SO
ot,7,C) = L+ D+ G2 4 G, )

with an unknown polynomial G(r, (). But

(X, Y_%] = <%( +2)t" 4+ 9,G(r, C)) 0, mod 0O

so 0,G(r,() = 0.
Finally, by comparing the coefficients of 0., one gets
1
(X, L 1] = (n+2)Ci[t" 10, + 5(n + 1)t"rd,] + Co(n + 2)t"10, + d;h O;

S0
Oih(t,r,¢) = %(n +2)(n 4+ D)nt" 12 + Co(n + 2)(n + 1)t"r + Cs(n + 2)t"

whence o
ht,r,¢) = Zl<” +2)(n + 1)t"r% + Co(n + 2)t"r 4+ C5t™2 + H(r, )

where H(r,() is an unknown polynomial. Also
(X, Y_1] = %(n + 2)t"1o, + %(n +2)(n + Dt"rd; + Co(n + 2)t" 0 + 0, H(r, )0,
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so H = H(() does not depend on r; finally

Yoy - Q) | Q)

soG=H=0.
O

Remark : by modifying slightly the definition of sv,, one gets related Lie algebras. For instance,
substituting L§ := —t0, — (1 + €)rd, — (1 4 2¢)(0, for Ly leads to the 'polynomial part’ of v, (see
Theorem 3.11 for an explicit realization of vy o.).

4.2 Coinduced representations of sv

In order to classify 'reasonable’ representations of the Virasoro algebra, V. G. Kac made the follow-
ing conjecture: the Harish-Chandra representations, those for which ¢, acts semi-simply with finite-
dimensional eigenspaces, are either higher- (or lower-) weight modules, or tensor density modules. As
proved in [22] and [23], one has essentially two types of Harish-Chandra representations of the Virasoro
algebra :

- Verma modules which are induced to vir from a character of vity = (Lo, L1, ...), zero on the subal-
gebra vits; = (L4, ...), and quotients of degenerate Verma modules (see Section 6 for a generalization
in our case);

- tensor modules of formal densities which are coinduced to the subalgebra of formal or polynomial
vector fields Vect(S')s_1 = (L_1, Lo, ...) from a character of Vect(S')sq that is zero on the subalgebra
Vect(S')>1. These modules extend naturally to representations of Vect(S').

We shall generalize in this paragraph this second type of representations to the case of sv. Note that
although we have two natural graduations on sv, the one given by the structure of Cartan prolongation
is most adapted here since sb_; is commutative (see [1]).

Let dp be a representation of svyg = (Lo, Y%, M) into a vector space H,. Then dp can be trivially
extended to sv = ®;>050; by setting dp(D_;.,59;) = 0. Let fsv = @;>_159; C sv be the subalgebra of
‘formal’ vector fields: in the representation dm, the image of fsv is the subset of vector fields that are
polynomial in the time coordinate.

Let us now define the representation of fsv coinduced from dp.
Definition 4.1.
The p-formal density module (7:(,), dp) is the coinduced module

H, = Homys,)(U(fsv), H,) (4.7)
= {¢: U(jsv) — H, linear | p(UsV) = dp(Up).¢(V), Up € Usp,,V € U(fs0)}}  (4.8)

with the natural action of U(fsv) on the right

(dp(U).¢)(V) = o(VU), U,V €U(fsv). (4.9)

By Poincaré-Birkhoff-Witt’s theorem, this space can be identified with

Hom(U(sv,) \ U(fsv), H,) ~ Hom(Sym(sv_,), H,)
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(linear applications from the symmetric algebra on sv_; into H,), and this last space is in turn isomor-
phic with the space H, ® R|[[t,r, (]] of H,-valued functions of ¢,r, {, through the application

H, @ R[[t,r,¢]] — Hom(Sym(sv_1),H,) (4.10)
F(t,r,¢() — ¢r: (U — duF|i=or=0,c=0) (4.11)

where 9y stands for the product derivative 9;; yx 3 = (=0, (—0,)*(—=0;)" (note our choice of signs!).
2

We shall really be interested in the action of fsv on functions F'(¢,r, () that we shall denote by do,,
or do for short.

The above morphisms allow one to compute the action of fsv on monomials through the equality

(73 % l—f) ormogmalda(C0-F) = 00001,V 1) (112
(—1)i+hH ‘
= W¢F(L{1Yf%MéX), X € fsv. (4.13)

In particular,

01080 =0 r—coldo (L 1) F) = ~ 0 050k s—o oo F
so do(L_y).F = —0,F; similarly, da(Y_%).F = —0,F and do(My).F = —0.F.

So one may assume that X € sv, : by Poincaré-Birkhoff-Witt’s theorem, L’ Y*, M}X can be
2

rewritten as U + V with
U € svolU(fsv)

and
V=WV, Vi€eU(svy), Vo €U(so_q).

Then ¢r(U) = 0 by definition of H,, and ¢(V) may easily be computed as ¢p(V) = dp(V1) @
aV2 ’tZO,T:O,C:OF.
Theorem 4.2.

Let f € R[t], the coinduced representation dp is given by the action of the following matrixz differential
operators on functions:

L) = (=00 = 300, = L00°0; ) 0T, + £l Lo) + 3 (Ol + £ 0o

(4
dp(Yy) = (= f()0: — f/(t)rde) @ Ids, + f'(t)dp(Y1) + f"(t)r dp(M); (4.
dp(My) = —f(t)0; ® Ids, + f'(t) dp(M). (4

Proof.
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One easily checks that these formulas define a representation of fsv. Since (L_1,Y_ 1 Moy, Ly, L1, L)

generated fsb as a Lie algebra, it is sufficient to check the above formulas for Lg, Ly, Ly (they are
obviously correct for L_q, Y_% , My).

Note first that M, is central in fsv, so
OL(do(X).F) = do(X).(0LF).

Hence it will be enough to compute the action on monomials of the form t/r7! @ v, v € H,.
We shall give a detailed proof since the computations in U(fsv) are rather involved.

Let us first compute do(Lg) : one has
(=0 (=0)*li=o.r—0(do(Lo)-F) = ¢p(L,Y", Lo)
) E .
= ¢F(LJ—1LOY_I€% - §L]—1Y_k%)

= ¢F(L0L{1Y_]€% -+ g)L{1Y_k%)
= 4L (-0 (-0 ~ (j + )(-0) (-0, | F(0)

SO
1
dU(Lo) = —tét — 57“& + dp(Lo)

Next,

O(LLY L) = (L, LaYr, — kLYY 4 @LJ YEP20y)
= O((=2 Lol + 50 = DELHYE) = ke(Yy L1 YY)
+ gke(LLYE) + @qﬁ(LLY_’“;Mw

= [(=2)(=0,)" (=0 "dp(Lo) + (5 = 1)(=0,)" (=0 "" = k(=0 (=0,)" " dp(Y})

k(k—1)

+k(=0y T (=0 = 5

0c(=0,)! (=0,)**] F(0)

hence the result for do(Ly).
Finally,

3
. 2 . .
= O((=3j L1 L5 +35(5 — DLoL'y” = (5 — D = L)Y

; ; k(k—1
S YH L) = (L1 LoY*, — (2 )
2 2

KL, Ys Y 43 L MY*T?)

— SRRV YR 4 - DIRYE) + Sk = DOORLL YA — ML YR
= [B3G = Ddp(Lo)(=0)* = 1 = 1)(j = 2)(=0)*)(=0,)"
= (= 24dp(Y) (-0 (=0 + 5 — )0 (-0,)")

3

+ k(k = D(dp(M) (=0 (=0,)"* + jOc(=0:) ™ (=0,)*)IF (0).
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Hence
do(Ly) = —t30, — gt%ar — gtﬁag + 3t%dp(Lo) + thT dp(Y1) + grQ dp(M).

0

Let us see how all actions defined in Chapter 3 (except for the coadjoint action!) derive from this
construction.

Example 1. Take H,, = R, dp\(Lo) = —A, dp,\(Y%) = dp\(M;) = 0 (A € R). Then dpy = dmy
(see second remark following Proposition 1.6 for a definition of d7).

Example 2. The linear part of the infinitesimal action on the affine space of Schrédinger operators
(see Proposition 3.4) is given by the restriction of djp_; to functions of the type go(t)r* + g1(t)r + ga(t).

Example 3. Take H,, = R? dpy(Lo) = < 1/4 14 ) —\d, dpA(Y%) =— < (1) 8 ) , dpa(My) =

0. Then the infinitesimal representation dn{ of Definition 3.3 (associated with the action on Dirac
operators) is equal to dpy (up to a Laplace transform in the mass).

Example 4. (action on multi-diagonal matrix differential operators) Take H, = R?, dp(Lo) =

—1
-3 , dp(Y%) = dp(M;) = 0 on the one hand,;
0
-1 010
HO’ = R37 dp(LO) = _% ) dp(Y%) = 0 1
0 0
0 01
and dp(M,) = 0 0 | on the other. Then dr®% = dj and dr¥ = d& (see Proposition 3.11 in
0

Section 3.4).

The fact that the coadjoint action cannot be obtained by this construction follows easily by com-
paring the formula for the action of the Y and M generators of Theorem 3.2 and Theorem 4.2: the
second derivative f” does not appear in ad*(Y}), while it does in dp(Yy) for any representation p such
that dp(My) # 0; if dp(M;) = 0, then, on the contrary, there’s no way to account for the first derivative
f"in ad™(My).

Remark: The problem of classifying all coinduced representations is hence reduced to the problem of
classifying the representations dp of the Lie algebra (X, Y% , M;). Thisis a priori an untractable problem
(due to the non-semi-simplicity of this Lie algebra), even if one is satisfied with finite-dimensional
representations. An interesting class of examples (to which examples 1 through 4 belong) is provided
by extending a (finite-dimensional, say) representation dp of the (ax + b)-type Lie algebra (X, Y%> to
(Xo, Y%, M) by putting dp(M;) = clp(Y%)2. In particular, one may consider the spin s-representation do
of 5[(2, R), restrict it to the Borel subalgebra considered as (X, Y%), ‘twist it by putting do? := do+\Id
and extend it to (X, Y% , M) as we just explained.
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5 Cohomology of sv and tsv and applications to central ex-
tensions and deformations

Cohomological computations for Lie algebras are mainly motivated by the search for deformations and
central extensions. We concentrate on tsv in the first three paragraphs of this section, because the
generators of tsv bear integer indices, which is more natural for computations. The main theorem is
Theorem 5.1 in paragraph 5.1, which classifies all deformations of tsv; Theorem 5.5 shows that all the
infinitesimal deformations obtained in paragraph 5.1 give rise to genuine deformations. One particularly
interesting family of deformations is provided by the Lie algebras tsvy (A € R), which were introduced
in Definition 1.7. We compute their central extensions in paragraph 5.2, and compute in paragraph
5.3 their deformations in the particular case A = 1, for which tsb; is the tensor product of Vect(S?)
with a nilpotent associative and commutative algebra. Finally, in paragraph 5.4, we come back to the
original Schrodinger-Virasoro algebra and compute its deformations, as well as the central extensions
of the family of deformed Lie algebras sv,.

5.1 Classifying deformations of tsv

We shall be interested in the classification of all formal deformations of tsv, following the now classical
scheme of Nijenhuis and Richardson: deformation of a Lie algebra G means that one has a formal
family of Lie brackets on G, denoted |, ];, inducing a Lie algebra structure on the extended Lie algebra

g ® E[[t]] = G][t]]. As well-known, one has to study the cohomology of G with coefficients in the adjoint
k

representation; degree-two cohomology H?(G,G) classifies the infinitesimal deformations (the terms
of order one in the expected formal deformations) and H3(G,G) contains the potential obstructions
to a further prolongation of the deformations. So we shall naturally begin with the computation of
H?(tsv, tsv) (as usual, we shall consider only local cochains, equivalently given by differential operators,
or polynomial in the modes):

Theorem 5.1
One has dim H?(tsv, tsv) = 3. A set of generators is provided by the cohomology classes of the cocycles
c1,Co and c3, defined as follows in terms of modes (the missing components of the cocycles are meant to

vanish):
C1 (LTU Ym) - _%Yn+m7 Cl(Lm Mn) - _nMn+m
02(Ln7 Ym) - Yn—i—m CZ(Lna Mm) = 2Mn+m

CB(Lna Lm) = (m - n>Mn+m

Remarks:
1. The cocycle ¢; gives rise to the family of Lie algebras tsv. described in Definition 1.7.
2. The cocycle ¢3 can be described globally as c3 : Vect(S1) x Vect(S!) — Fy given by

I g
g

This cocycle appeared in [10] and has been used in a different context in [12].

C3(faa ga) =

Before entering the technicalities of the proof, we shall indicate precisely, for the comfort of the
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reader, some cohomological results on G = Vect(S') which will be extensively used in the sequel.

Proposition 5.2. (see [10], or [12], chap. IV for a more elementary approach)

(1) Invg(F\® F,) = 0 unless p = —1 — X and F,, = F}; then Invg(Fy ® F3) is one-dimensional,
generated by the identity mapping.

(2) H(G,FAx@F,) =0 if \# 1 —p and X or u are not integers.
(1) and (2) can be immediately deduced from [10], theorem 2.3.5 p. 136-137.

(8) Let Wi be the Lie algebra of formal vector fields on the line, its cohomology represents the algebraic
part of the cohomology of G = Vect(S') (see again [10], theorem 2.4.12). Then H (W1, Hom(Fy, Fy))
is one-dimensional, generated by the cocycle (f0,adz=) — f'adz=> (cocycle I in [10], p. 138).

(4) Invariant antisymmetric bilinear operators Fyx F,, — F, between densities have been determined
by P. Grozman (see [11], p. 280).
They are of the following type:

(a) the Poisson bracket for v =X+ pu— 1, defined by
{fda™ gda™"} = (\fg' — puf'g)da 170

(b) the following three exceptional brackets :
Fij2 X Fij2 — F_1 given by (fal/Qagal/Q) - %(fgu - Qf”)d:c;
Fo x Fo — F_z given by (f,g9) — (f'g — g [ )da®;
and an operator Faj3 x Foys — F_s called the Grozman bracket (see [11], p 274).

3

Proof of Theorem 5.1.

We shall use standard techniques in Lie algebra cohomology; the proof will be rather technical, but
without specific difficulties. Let us fix the notations: set tsv = G x h where G = Vect(S?) and b is the
nilpotent part of tsv.

One can consider the exact sequence
0—bh—Gxh—G—0 (5.1)
as a short exact sequence of G x h modules, thus inducing a long exact sequence in cohomology:
- — H'(tsv,G) — H*(tsv, h) — H?*(tsv, tsv) — H*(tsv,G) — H*(tsv,h) — ---  (5.2)
So we shall consider H*(tsv,G) and H*(tsv, h) separately.

Lemma 5.3:
H*(tsv,G) =0 for «x =0,1,2.

Proof of Lemma 5.3:

One uses the Hochschild-Serre spectral sequence associated with the exact sequence (5.1). Let
us remark first that H*(G, H*(h,G)) = H*(G, H*(h) ® G) since h acts trivially on G. So one has to
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understand H*(h) in low dimensions; let us consider the exact sequence 0 — n — h — y — 0,
where n = [h, h]. As G-modules, these algebras are density modules, more precisely n = Fy and y = Fio.
So H'(h) = y* = F_3» as a G-module. Let us recall that, as a module on itself, G = F;. One gets:
EPY = H?(G,G) = 0 as well-known (see [10]),

E2171 = H1<g7H1(h) ® g) = Hl(gaffS/Q ®fl)

The determination of cohomologies of Vect(S') with coefficients in tensor products of modules of den-
sities has been done by Fuks (see [10], chap. 2, thm 2.3.5, or Proposition 5.2 (2) above), in this case
everything vanishes and Ey' = 0.

One has now to compute H2(h) in order to get E* = Invg(H?(h) ® G). We shall use the decom-
position of cochains on b induced by its splitting into vector subspaces: h =n@y. So C'(h) = n* O y*
and C%(h) = A*n* @ A%y* ® y* An*. The coboundary 9 is induced by the only non-vanishing part
0 : n* — A%y* which is dual to the bracket A’y — n. So the cohomological complex splits into three
subcomplexes and one deduces the following exact sequences:

O—>n*i>A2y*—>M1—>O
0 — My — An* 9, Ay @n*
0— My — y*"An* i>A3y*
3
and H?(h) = M;®Mo®Mj3. One can then easily deduce the invariants Invg(H*(h)®G) = @ Invg(M;®

i=1
G) from the cohomological exact sequences associated with the above short exact sequences. One has:

0 — Invg(My ® G) — Invg(A*n* @ G) =0

and
0 — Invg(M3; ® G) — Invg(y" An*®G) =0

from Proposition 5.2;

- — Invg(A*y* ® G) — Invg(M, ® G) — HY(G,n* ® G) BLN HY G Ny ®@G) — ---

From the same proposition, one gets Invg(A?y* ® G) = 0 and we shall see later (see the last part
of the proof) that 9, is an isomorphism. So Invg(H?(h) ® G) = 0 and EY* = 0. The same argument
shows that Eg’l = 0, which ends the proof of the lemma.

O

From the long exact sequence (5.2) one has now: H*(tsv, tsv) = H*(tsv, b) for x = 0,1,2. We shall
compute H*(tsv, ) by using the Hochschild-Serre spectral sequence once more; there are three terms
to compute.

1. First E5° = H*(G, H°(h, b)), but H°(h,h) = Z(h) = n = Fy as G-module. So E;° = H*(G, F,)
[y
g

n) M, +m. Hence we have found one of the classes announced in the theorem.

which is one-dimensional, given by c3(f0, g0) = , or in terms of modes ¢3(Ly,, Ly,) = (m —

2. One must now compute Ey' = H'(G, H'(h,5)). The following lemma will be useful for this
purpose, and also for the last part of the proof.
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Lemma 5.4 (identification of H'(h,h) as a G-module).
The space H'(b,b) splits into the direct sum of two G-modules H'(h,b) = Hy @& Hy such that

1. ITLUgHQ = O, Hl<g,H2) = 0,‘
2. InvgH; is one-dimensional, generated by the ‘constant multiplication’ cocycle | defined by

W(Y,) =Y, I(M,)=2M, (5.3)

3. HYG,H,) is two-dimensional, generated by two cocycles ci,co defined by

c1(f0,g0"?) = f g%, c1(f0,9) =2fg

and
c2(f0,g0"?) = fgd'?,  ca(f0,9) = 2fg.

4. H*(G,H,) is one-dimensional, generated by the cocycle cio defined by

Cl2(fav ga7 h81/2) = f J h‘al/27 Cl2(fau 987 h) =2 ff’ gg/

g h

Proof of lemma 5.4:
We shall split the cochains according to the decomposition h =y & n. Set C1(h, h) = C; & Cs, where:

Ci=menoy ey C=0ney oy @n).
So one readily obtains the splitting H'(h, h) = H; & Hs where
0—H — (Wen)e@ly oy - A% @n

0—y-Ly@n— Hy—0

0 being the coboundary on the space of cochains on h with coefficients into itself. Its non vanishing
pieces in degrees 0, 1 and 2 are the following ones: y —— y*®n, n*®n — A2y*@n, y*@y — A2y*@n.
We can now describe the second exact sequence in terms of densities as follows:

O —>f1/2 —>f_3/2®f0 —>H2 —>0 (54)

From Proposition 5.2, one has Invg(F_3» @ Fo) = 0 as well as H(G, Fij2) = 0, for i = 0,1,2,
and H'(G,F_32 ® Fy) = 0. So the long exact sequence in cohomology associated with (5.3) gives
I’rwg(Hz) =0 and Hl(g,Hg) = 0.

For H;, one has to analyse the cocycles by direct computation. So let [ € Cy given by I(Y},) =
an(k)Ynak, (M) = b,(k)M,,. The cocycle conditions are given by:

NYn,Yo) =U(m—n)M,1m) =Y - U(Y)+ Y, - 1(Y,)=0
for all (n,m) € Z2. So identifying the term in M, ., %, one obtains:
(m —n)bpim(k) = (m —n+k)ay,(k) — (n —m + k)a, (k)
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SO by (k) = am(k) + an(k) + 2= (an (k) — an(k)) = f(n,m, k).

-n

One can now determine the a,(k), remarking that the function f(n,m, k) depends only on k and (n+m).
One then obtains that a,(k) must be affine in n so:

an (k) = nA(k) + p(k)

bo(k) = nA(k) + kA(k) + 2u(k)
So, as a vector space H; is isomorphic to @ C(A(k)) @ C(u(k)), two copies of an infinite direct sum
k k

of a numerable family of one-dimensional vector spaces.

Now we have to compute the action of G on H;; let L, € G, one has

(Ly - D(Yn) = ((n— g)anﬂv(k) —(n+k-— g)an(k))YnerJrk
= (0o = WACK) = (FAR) + kpu(k)) ) Yapi

So if one sets (L, - 1)(Y,) = (n(L, - N (k+p) + (Lp - ) (k + p))Yoiprk
one obtains:

(Lo Nk +1) = (0= FAK)
(L~ )k + ) = ~2A(K) + k()

Finally, H; appears as an extension of modules of densities of the following type:
0 — Fy — Hy — F1 — 0, in which F; corresponds to @C(,u(k’)) and F; to @(C()\(k))
k k

There is a non-trivial extension cocycle y in Eaty(Fi, Fy) = H (G, Hom(Fy, Fo)), given by v(f9)(g0) =
f"g: this cocycle corresponds to the term in p? in the above formula. In any case one has a long exact
sequence in cohomology

e Hz(g7f0> — H’L(g;Hl) — Hz(g7f‘1) — Hi+1(gaf0) —

As well-known, H*(G,F,) = H*(G,G) is trivial, and finally H*(G, Fy) is isomorphic to H (G, H;). In
particular H%(G,H,) = H°(G,F,) is one-dimensional, given by the constants; a scalar u induces an
invariant cocycle as [(Y,,) = pY,, (M,) = 2uM,.

Moreover, H' (G, Fy) has dimension 2: it is generated by the cocycles ¢, and ¢, defined by ¢, (f9) = f’
and Co(f0) = f respectively. So one obtains two generators of H*(G,H;) given by

c1(f0,90"%) = ['90'%,  ai(f0.9) =2f"g
and
c2(f0,90'%) = f90'%,  ea(f0,9) = 2fg
respectively.
Finally H*(G, Fy) is one-dimensional, with the cup-product ¢;2 of ¢; and ¢, as generator (see [10],
p. 177), 50 T1a(f0, g0) = ‘ L
H?*(G, H,):

, and one deduces the formula for the corresponding cocycle ¢ in

hOY2,  c1a(f0, 90, h) =2 fg

g h

ClQ(fav gaa hal/2> = ’ ff/ 5/
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This finishes the proof of Lemma 5.4. 0

So, from Lemma 5.4, we have computed Ezl’1 = HY(G,H'(h,h)); it is two-dimensional, generated
by ¢1 and ¢y, while earlier we had H2(G, H%(h,h)) = E3°, a one-dimensional vector space generated by
c3. We have to check now that these cohomology classes shall not disappear in the spectral sequence;
the only potentially non-vanishing differentials are Ey' — E3° and Ey' — E3°. One has Ey° =
H3(G,b) = H3(G,n) = H3(G,Fy) = 0 (see [10] p. 177); here we consider only local cohomology), then
Ey' is one-dimensional determined by the constant multiplication (see above) and direct verification
shows that Eg R E22 ¥ vanishes. So we have just proved that the cocycles ¢q, ¢s and c3 defined in the
theorem represent genuinely non-trivial cohomology classes in H?(ts, tsv).

3. In order to finish the proof, we still have to prove that there does not exist any other
non-trivial class in the last piece of the Hochschild-Serre spectral sequence. We shall thus prove that
ES’Q = InvgH?(h,h) = 0 As in the proofs of the previous lemmas, we shall use decompositions of the
cohomological complex of h with coefficients into itself as sums of G-modules.

The space of adjoint cochains C2(h, ) will split into six subspaces according to the vector space
decomposition h = y & n. So we can as well split the cohomological complex

C'(h,5) -2 C*(h,h) 2 C3(h, b)

into its components, and the coboundary operators will as well split into different components, as we
already explained. So one obtains the following families of exact sequences of G-modules:

(" @)@ (' ©y) > A% ®n — A — 0 (5.5)

O—>K—>(A2y*®y)@(n*/\y*®y)LA?’y*@n
0—n"®y—> K — Ay — 0 (5.6)
0— As —w Ay @y -5 (A% @y)® (" AAY) ®n
0— A — A2 @n -5 (0 AAZY) @1
0—>A5—>A2n*®yi>(n*/\Azy*)®y@(A2n*/\y*)®n

The restrictions of coboundary operators are still denoted by 0, and the other arrows are either inclusions
5

of subspaces or projections onto quotients. So one has H?(h,h) = @Ai, and our result will follow

from InvgA; = 0, + = 1,...5. For the last three sequences, the resiﬂt1 follows immediately from the
cohomology long exact sequence by using Invg(n* Ay* ®@y) =0, InvgA’n*@n =0, InugA*n* @y = 0:
there results are deduced from those of Grozman, recalled in Proposition 5.2. (Note that the obviously
G-invariant maps n ® n — n and n ® y — y are not antisymmetric!) So one has InvgA; = 0 for
1=3,4,5.

An analogous argument will work for K, since Invg A*y* @ y = 0 and Invg(n* A y*) ® y = 0 from
the same results. So the long exact sequence associated with the short sequence (5.5) above will give:

0 — Invg(K) — Invg(Ay) — H (G, n* @)

One has H'(G,n* @ y) = H'(G, F_1 ® Fi,2) = 0 (see Proposition 5.2). So Invg(As) = 0.
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For A;, we shall require a much more subtle argument. First of all, the sequence (5.4) can be split
into two short exact sequences:

0—H — I e Yy — B—0
O—>B—>A2y*®n—>A1 — 0.
Let us consider the long exact sequence associated with the first one:
0 — InvgH1 — Invg(n* @n) & Invg(y* @ y) — InvgB — - - -

: %Hl(gJ}_{l) —>H1(g,n*®n)@H1(g,y*®y) —>H1<g7B) —
- — H*(G, H1) — H*(G,n" @n)® H*(G,y" ®@y) — H*(G,B) — -+

The case of H'(G,Hy), i = 0,1,2 has been treated in Lemma 5.4, and analogous techniques can be
used to study H(G,n* @ n) and H'(G,y* @ y) for i = 0,1,2. The cohomology classes come from the
inclusion Fy C n*®n, y*®y or Hy, and from the well-known computation of H*(G, Fy) (Remark: using
the results of Fuks [10], chap 2, one should keep in mind the fact that he computes cohomologies for
W1, the formal part of G = Vect(S!). To get the cohomologies for Vect(S') one has to add the classes
of differentiable order 0 (or ”topological” classes), this is the reason for the occurrence of ¢y in Lemma
5.4).

So HY(G,H,) = H(G,n*®n) = H(G,y*®y), i =0, 1,2, and the maps on the modules are naturally
defined through the injection H; — (n*®@n)® (y* @y): each generator of H(G, H1), i = 0,1,2,, say e,
will give (e, —e) in the corresponding component of H (G, (n* ®n) & (y* ®y)). So InvgB and H*(G, B)
are one-dimensional and H'(G, B) is two-dimensional.

Now we can examine the long exact sequence associated with:

O—>Bi>A2y*®n—>A1—>O,

which is:
0 — InvgB 2z, InvgN*y* @ n — InvgA; — HY(G, B) — HY(G,A’*y* @n) — - -

The generator of InvgB comes from the identity map n — n, and Invg A?y* @ n is generated by the
bracket y A y — n, so 9" is an isomorphism in this case. So one has

00— ITLUgAl e Hl(g,B) ﬂ Hl(gaA2y* & Il)

The result will follow from the fact that this §* is also an isomorphism. The two generators in H'(G, B)
come from the corresponding ones in H(G,n* ® n) ® H*(G,y* ® y), modulo the classes coming from
H'(G,H,); so these generators can be described in terms of Yoneda extensions, since H (G, F; @ Fy) =
Extg(Fo, Fo), as well as HY(G, Ff)y @ Fija) = Btg(Fije, Fiye).

Let us write this extension as 0 — Fy — E — Fy — 0; the action on F can be given in terms
of modes as follows:

ei(fm gb) - (afn—i-a + NGp4n, bgb+n>

or
ei(fm gb) - (afn+a + Gb+n, bgb+n)-
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The images of these classes in H'(G, A>y* ® n) are represented by the extensions obtained through a
pull-back

0 — Fo — E — Fo — 0
I 1 Tl
0O — F ———> FE ———> A2JT1/2 — 0
where [ , | denotes the mapping given by the Lie bracket A%F; /2 — JFo. One can easily check that

these extensions are non-trivial, so finally 0* is injective and Invg(A;) = 0, which finishes the proof of
EY? = InvgH?(b,h) = 0 and the proof of Theorem 5.1.
O

Theorem 5.1 implies that we have three independent infinitesimal deformations of tsv, defined by
the cocycles ¢, ¢o and c3, so the most general infinitesimal deformation of tsv is of the following form:

[ ’ ])\,,u,u:[ ) ]+)\01+M02+V03.

In order to study further deformations of this bracket, one has to compute the Richardson-Nijenhuis
brackets of ¢;, ¢ and c3 in H3(tsv,tsp). One can compute directly using our explicit formulas and
finds [c;, ¢;] = 0 in H?(tsv, tsv) for i, j = 1,2,3; and even better, the bracket of the cocycles themselves
vanish, not only their cohomology classes. So one has the

Theorem 5.5.

The bracket |, |auwv =1, | +Ac1 4+ pee +ves where [, ] is the Lie bracket on tsv and ¢;, i = 1,2,3 the
cocycles given in Theorem 5.1, defines a three-parameter family of Lie algebra brackets on tsv.

For the sake of completeness, we give below the full formulas in terms of modes:

[LN7 Lm])\,u,y - <m - n)LnJ,-m + V(m - n)Mn+m

n o An

[Lna Ym])\,u,u - (m - 5 - 7 + ,U)Yn—i—m

[Ln, Mm]A,u,V = (m — An+ 2u) My m

[Ym Ym] = (n - m)Mn+m
All other terms are vanishing.

The term with cocycle 3 has already been considered in a slightly different context in [12]. The term
with ¢, induces only a small change in the action on bh: the modules F;/, and Fy are changed into Fi 5,
and Fy, (see [10], p.127), the bracket on h being fixed. This is nothing but a reparametrization of the
generators in the module,and for integer values of p, the Lie algebra given by [, Jo 0 is isomorphic to
the original one.

We shall focus in the sequel on the term proportional to ¢;, and denote by tsv) the one-parameter
family of Lie algebra structures on tsv given by [, |x = [, ]r00, in coherence with Definition 1.7.
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Inspection of the above formulas shows that tsv, is a semi-direct product Vect(S 1) X b where by is a

deformation of b as a Vect(S!)-module; one has by = Fiin @ Fy, and the bracket Fiia X Fia — Fy
2 2 2

is the usual one, induced by the Poisson bracket on the torus.

Now, as a by-product of the above computations, we shall determine explicitly H'(tsv, tsv).

Theorem 5.6.
H'(tsv, tsv) is three-dimensional, generated by the following cocycles, given in terms of modes by:

ci(Ly) =M, (L) =nM,

(Y,) =Y,  I(M,)=2M,.

The cocycle | already appeared in Chapter one, when we discussed the derivations of tsv; with the
notations of Definition 1.6 one has | = 2(dy — 01).

Proof:

From Lemma 5.3 above, one has H!(ts0,G) = 0, and so H'(tsv, tsv) = H'(tsv,h). One is led to
compute the H' of a semi-direct product, as already done in paragraph 3.3. The space H'(tsv, ) is
made from two parts H'(G,h) and H'(h,h) satisfying the compatibility condition as in Theorem 3.8:

o([X, a]) = [X, ¢(a)] = —[a, ¢(X)]

for X € G and o € h.

The result is then easily deduced from the previous computations : H*(G,h) = H'(G,n) is generated
by fO0 — f and f0 — f’, which correspond in the mode decomposition to the cocycles ¢; and cp. As
a corollary, one has [, ¢(X)] = 0 for X € G and a € h. Hence the compatibility condition reduces to
c([X, a]) = [X, c¢(a)] and thus ¢ € InvgH'(h,h). It can now be deduced from Lemma 5.4 above, that
the latter space is one-dimensional, generated by (.

We shall now determine the central charges of tsvy; the computation will shed light on some excep-
tional values of A, corresponding to interesting particular cases.

5.2 Computation of H?(tsvy, R)

We shall again make use of the exact sequence decomposition 0 — by — tsvy, — G — 0, and
classify the cocycles with respect to their "type” along this decomposition; trivial coefficients will make

computations much easier than in the above case. First of all, 0 — H?*(G,R) -, H?*(tsvy,R) is an
injection. So the Virasoro class ¢ € H?(Vect(S'),R) always survives in H?(tsvy, R).

For b, let us use once again the decomposition 0 — ny, — hy — y» — 0 where ny = [hy, h,].
One has: H'(G, H' (b)) = H'(G,y3) = H'(G, Fios) = H'G. F_js).

The cohomologies of degree one of Vect(S') with coefficients in densities are known (see [10], Theorem
2.4.12): the space H'(G, .7:_(%)) is trivial, except for the three exceptional cases A = —3, —1, 1:

H'(G, Fy) is generated by the cocycles fO — f and fO0 — f';

H'(G, F_,) is generated by the cocycle f0 — fdu;

H'(G,F_,) is generated by the cocycle f0 — f" (dx)?, corresponding to the ”Souriau cocycle”
associated to the central charge of the Virasoro algebra (see [12], chapter IV).
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In terms of modes, the corresponding cocycles are given by:

c1(Ly, Yon) =00 0, ca(Ly, Yen) = ndl,,, for A = —3;
c(Ly,Yy) = n?00,,, for X\ = —1;
c(Ly,Yy) =n?00,,, for X =1.

The most delicate part is the investigation of the term ES? = InvgH?(h,) (this refers of course to
the Hochschild-Serre spectral sequence associated to the above decomposition). For H?(h,) we shall
use the same short exact sequences as for b in the proof of Lemma 5.3:

0 — Kerd — A% -5 A%y% An
0 — Kerd — yy Anj 2, Ay,
0 — n} — Ay — Cokerd — 0
(where n, stands for ny divided out by the space of constant functions). One readily shows that for the
first two sequences one has InvgKerd = 0. The third one is more complicated; the cohomology exact
sequence yields:
0 — InvgCokerd — H*(G,n}) — HY(G, \y5) — - - -
The same result as above (see [10], Theorem 2.4.12) shows that:

HY(G,n}) = Hl(g,f(_l_,\)) =0unless A =1,-1,0,

and one then has to investigate case by case; set ¢(Y,,Y,) = ap(52+q for the potential cochains on y,.
For each n one has the relation:

(ady,c)(Yy, Yq) = (¢ = p)y(Ln)(Mpiq) =0 (5.6)

for some 1-cocycle v : G — nj}, and for all (p,q) such that n+p+ ¢ = 0; if Y(L,) (M) = bpdo s
one obtains in terms of modes, using a, = —a_p:

14+ A

(p+q) (T) (ap — aq) +qa, — pag — (q _p)b*(pﬂ) =0

Let us now check the different cases of non-vanishing terms in H'(G, n}).

For A =1 one has b, = n®, and one deduces a, = p°.

For A = —1 there are two possible cases b, = n or b, = 1, the above equation gives

qa, — pag = (q — p)(a(p +q) + B);

the only possible solution would be to set a, constant, but this is not consistent with a, = —a_,. For
A = 0, one gets b, = n? and the equation gives

(pT—i—q) (ap + ag) + qa, — pag — (¢ —p)(p+q)* =0

One easily checks that there are no solutions.
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Finally, one gets a new cocycle generating an independent class in H?(tsb;, R), given by the formulas:

C(Ym Ym) = n35n+m’
C(L’m Mm) = n35n+m

Let us summarize our results:

Theorem 5.7.
For A # —3,—1,1, H?*(tsvy,R) ~ R is generated by the Virasoro cocycle.

For A\ = —3,—1, H*(tsv,R) ~ R? is generated by the Virasoro cocycle and an independent cocycle of
the form c(Ly,Yy,) =00, for A= =3 or ¢(L,,Y,,) =n?8°,  for A= —1.

n+m n+m
For A\ = 1, H*(tsvy,R) ~ R3 is generated by the Virasoro cocycle and the two independent cocycles ¢
and ¢y defined by (all other components vanishing)

C1 (Lna Ym) = n350

n+m?

co(Ln, M) = ca(Yy, Vi) = 000

n+m

Remark : The isomorphism H?(sby, R) ~ R has already been proved in [14]. As we shall see in
paragraph 5.4, generally speaking, local cocycles may be carried over from tsv to sv or from sv to tsv
without any difficulty.

Let us look more carefully at the A = 1 case. One has that h; = F; & F; with the obvious bracket
Fi1 x Fi — Fi; so, algebraically, h; = Vect(S') ® eR[e]/(e®> = 0). One deduces immediately that
tsb; = Vect(S') ® R[e]/(e® = 0); so the cohomological result for tsb; can be easily reinterpreted. Let
f-0 and g.0 be two elements in Vect(S')@R[e]/(e3 = 0), and compute the Virasoro cocycle ¢(f.0, g.0) =
fsl f;”gadt as a truncated polynominal in e; one has f. = fo +¢efi1 +&%fy and g. = go + €91 + €2g3 so
finally:

(1.0, 9.0) = / P godt + / Fl g+ £ go)dt + & / gt g+ f2 g0)et.
S1 S

Sl

In other terms: c(f.0,g.0) = co(f.0, g.0) + ec1(f.0, g-0) + €2ca(f.0, g-.0). One can easily identify the
¢;, 1 =0,1,2 with the cocycles defined in the above theorem, using a decomposition into modes. This
situation can be described by a universal central extension

0 — R® — ts0; — Vect(S") @ R[e]/(¢* = 0) — 0
and the formulas of the cocycles show that €sv; is isomorphic to Vir ®Rle]/(¢* = 0)

Remarks:

1. Cohomologies of Lie algebra of type Vect(S?) ® A, where A is an associative and commutative
R
algebra (the Lie bracket being as usual given by [f0 ® a, g0 ® b] = (fg — gf )0 @ ab), have been

studied by C. Sah and collaborators (see [29]). Their result is: H? (Vect(S h ® A | = A where
R

A" = Homg(A,R); all cocycles are given by the Virasoro cocycle composed with the linear form
on A. The isomorphism H?(tsv;, R) ~ R? (see Theorem 5.7) could have been deduced from this
general theorem.
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2. One can obtain various generalisations of our algebra b as nilpotent Lie algebras with Vect(S!)-like
brackets, such as

Yo, Yl = (m—n)M,m (5.7)

by using the same scheme. Let A be an artinian ring quotient of some polynomial ring R[¢y, .. ., t,]

and Ay C A its maximal ideal; then Vect(S?!) ® Ap is a nilpotent Lie algebra whose successive
R

brackets are of the same type (5.7). One could speak of a ”virasorization” of nilpotent Lie algebras.
Explicit examples are provided in the subsection 3.5 about multi-diagonal operators of the present
article.

3. It is interesting in itself to look at how the dimension of H?(tsvy,R) varies under deformations.
For generic values of A, this dimension is equal to one, and it increases for some exceptional values
of \; one can consider this as an example of so called "Fuks principle” in infinite dimension:
deformations can decrease the rank of cohomologies but never increase it.

4. Analogous Lie algebra structures, of the ”Virasoro-tensorized” kind, have been considered in a
quite different context in algebraic topology by Tamanoi, see [30].

5.3 About deformations of tsv;

We must consider the local cochains C}; (tsvy, tsvy). The Lie algebra tso; admits a graduation mod 3 by
the degree of polynomial in €, the Lie bracket obviously respects this graduation; this graduation induces
on the space of local cochains a graduation by weight, and C};.(tsvy, tsv;) splits into direct sum of sub-
complexes of homogeneous weight denoted by Cf; (tsvy, tsv;),). Moreover, as classical in computations
for Virasoro algebra, one can use the adjoint action of the zero mode Ly (corresponding geometrically
to the Euler field z%) to reduce cohomology computations to the subcomplexes Cy, (tsvq, tsv1) () of
cochains which are homogeneous of weight 0 with respect to ad Ly (see e.g. [12], chapter IV).

We can use the graduation in € and consider homogeneous cochains with respect to that graduation.
Here is what one gets, according to the weight:

e weight 1: one has cocycles of the form
(Lyp,Ym) = (m—n)M,1m, c¢(Ln, Ly) = (m—n)Y,1m
but if b(L,) =Y, then ¢ = 0b.

e weight 0: all cocycles are coboundaries, using the well-known result H*(Vect(S), Vect(S?)) = 0.
e weight -1: one has to consider cochains of the following from

(Yo, M) = a(m —n) M,y

(Yo, Yn) =b(m—n)Y,im

c(Ly, My,) =e(m —n)Ypim

c(Ly,Yy) =d(m —n)Lyym

and check that dc = 0. It readily gives e = d = 0.
If one sets ¢(Y,,) = aL, and ¢(M,,) = (Y, then

Yy, M) = (a + B)(m — n)Mpim
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(Yo, M) = 2o — B)(m — n)Yim
So all these cocycles are cohomologically trivial,

e weight -2: set

(Yo, My,) = a(m —n)Y,im
c(M,, My,) = B(m —n) M1
(L, My,) =~v(m —n)Lpym

Coboundary conditions give v = « and § = v + «, but if ¢(M,,) = L, then

O¢(M,,, M) = (m —n)Y,im
(Y, My,) =2(m —n) My,
0¢(Ly, M) = (m —n) Ly,

e weight -3: we find for this case the only surviving cocycle.
One readily checks that C' € C; (tsvq, tsv,)(_3)(0) defined by

loc
C(Y,, M) = (m —n)Lpim

C(Mp, Mp,) = (m —n)Yoim

is a cocycle and cannot be a coboundary.

We can describe the cocycle C above more pleasantly by a global formula: let f. = fo+¢ef; +&2f, and
g = go + €g1 + €%go, with f;, g; elements of Vect(S!). The bracket [, ] of tsv; is then the following:

2
[fE’gE] = Z Z [fi’gi] or (feg; - gaf;)|83:07

k=0 i+j=Fk
and the deformed bracket [ , | + pC will be [f., 9., = (fegl — 9=fL)|c3=u. So we have found that
dim Hz(tﬁbl,tﬁbl) =1.

In order to construct deformations, we still have to check for the Nijenhuis-Richardson bracket [C, C]
in C3(tsvy, tsv;). The only possibly non-vanishing term is:

[07 C](Mm Mn? Mp) = Z C(C(Mm va )7 Mp) = Z (m - n>C(Yn+mu Mp)
(eycl) (eycl)
Y =+ = ) Ly =0
(cyel)

So there does not exist any obstruction and we have obtained a genuine deformation. We summarize
all these results in the following

Proposition 5.8.
There exists a one-parameter deformation of the Lie algebra tsvy, as tsvy, = Vect(S') @ Rle]/(cs—y)-
This deformation in the only one possible, up to isomorphism.
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If one is interested in central charges, the above-mentioned theorem of C. Sah and al., see [29], shows
that dim H?(tsv, ,, R) = R* and the universal central extension t/s\tlw is isomorphic to Vir @Re]/ (3=
We did not do the computations, but we conjecture that tsv, , is rigid, the ring R[e]/(zs—,) being more
generic than Rle]/(.s—). More generally, it could be interesting to study systematically Lie algebras
of type Vect(S') ® A where A is a commutative ring, their geometric interpretation being ” Virasoro
current algebras”.

5.4 Coming back to the original Schrodinger-Virasoro algebra

The previous results concern the twisted Schrodinger-Virasoro algebra generated by the modes (Ly,, Y, M,,)
for (n,m,p) € Z3, which make computations easier and allows direct application of Fuks’ techniques.
The ”actual” Schrodinger-Virasoro algebra is generated by the modes (L, Y,,, M) for (n,p) € Z* but
m € Z+ % Yet Theorem 5.1 and Theorem 5.5 on deformations of tsv are also valid for sv: one has dim
H?(sb,50) = 3 with the same cocycles ¢y, ¢y, ¢3, since these do not allow ’parity-changing’ terms such
as LxY — MorY xY — Y for instance (the (L, M)-generators being considered as ’even’ and the

Y -generators as 'odd’).

But the computation of H?(svy,R) will yield very different results compared to Theorem 5.7, since
‘parity’ is not conserved for all the cocycles we found, so we shall start all over again. Let us use the
adjoint action of Ly to simplify computations : all cohomologies are generated by cocycles ¢ such that
adLg . ¢ =0, i.e. such that ¢(Ag, B;) =0 for k+1# 0, A and B being L,Y or M. So, for non-trivial
cocycles, one must have ¢(Y,,, L,) = 0,¢(Y,,, M,,) = 0 for all Y,,, L,, M,, ; in H?(sv,,R), terms of the type
H'(G, H'(by)) will automatically vanish. The Virasoro class in H?(G,R) will always survive, and one
has to check what happens with the terms of type InvgH?(h,). As in the proof of Lemma 5.3, the only
possibilities come from the short exact sequence:

0 — n} — Ay} — Cokerd — 0

which induces: 0 — InvgCokerd — H'(G,n%) — H'(G, A?y}) and one obtains the same equation
(5.6) as above:

(adp,c)(Yp, Yy) + (¢ — p)y(Ln)(Mpiy) = 0

If ¢(Y,,Y,) = a,d". ,, the equation gives:

ptq’

A+1
2

A ) b yen(p — 25 0) — (0= )1 (La) (My) = 0

_ap(]) + 5

One finds two exceptional cases with non-trivial solutions:

o for A =1, a, =p® and ¢(L,, M,,) = n®dy,,, gives a two-cocycle, very much analogous to the

Vect(S') ® Rle]/(-s0) case, except that one has no term in ¢(L,,Y,).

o for A = —3, if v = 0, the above equation gives pa, = (p + n)a,+, for every p and n. So a, = % is
a solution, and one sees why this solution was not available in the twisted case.

Let us summarize:

Proposition 5.9. The space H?(svy,R) is one-dimensional, generated by the Virasoro cocycle, save
for two exceptional values of X\, for which one has one more independent cocycle, denoted by cy, with
the following non-vanishing components:
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o for\=1: (Y, Y,) =p*d°

p+q

and ¢1(L,, M,) = p*8?

p+q’

0
o forA=-3: (Y, Y,)= ez,

p

Remark: The latter case is the most surprising one, since it contradicts the well-established dogma
asserting that only local classes are interesting. This principle of locality has its roots in quantum
field theory (see e.g [20] for basic principles of axiomatic field theory); its mathematical status has its
foundations in the famous theorem of J. Peetre, asserting that local mappings are given by differential
operators, so — in terms of modes — the coefficients are polynomial in n. Moreover, there is a general
theorem in the theory of cohomology of Lie algebras of vector fields (see [10]) which states that continous
cohomology is in general multiplicatively generated by local cochains, called diagonal in [10]. Here our
cocycle contains an anti-derivative, so there could be applications in integrable systems, considered as
Hamiltonian systems, the symplectic manifold given by the dual of (usually centrally extended) infinite
dimensional Lie algebras (see for example [12], Chapters VI and X).

6 Verma modules of sv and Kac determinants

6.1 Introduction

There are a priori infinitely many ways to define Verma modules on sv, corresponding to the two natural
graduations: one of them (called degree and denote by deg in the following) corresponds to the adjoint
action of Lo, so that deg(X,) = —n for X = L, Y or M; it is given by —¢; in the notation of Definition
1.6. The other one, corresponding to the graduation of the Cartan prolongation (see Section 4.1), is
given by the outer derivation do. The action of both graduations is diagonal on the generators (X,,);
the subalgebra of weight 0 is two-dimensional abelian, generated by Ly and My, in the former case, and
three-dimensional solvable, generated by Ly, Y%, M; in the latter case.

Since Verma modules are usually defined by inducing a character of an abelian subalgebra to the
whole Lie algebra (although this is by no means necessary), we shall forget altogether the graduation
given by s in this section and consider representations of sv that are induced from (Lg, My).

Let sv,) = {Z € sv | adLo.Z = nZ} (n € %Z), S050 = Dn>059(n), 59<0 = PnoSY(n), Sb<p =
S0 @ 5v(g). Define Cp, = C¢p (h, u € C) to be the character of sv(g) = (Lo, My) such that Lyp = hi,
Moy = wp. Following the usual definition of Verma modules (see [19] or [24]), we extend Cy, ,, trivially
to sb<o by putting svy.9) = 0 and call V}, , the induction of the representation C; , to sv:

Vh,u = U(EU) ®U(5U§0) (Ch#. (6.1)
Take notice that with this choice of signs, negative degree elements X,,,Y,, M, (n > 0) applied to ¥

yield zero.

The Verma module V}, , is positively graded through the natural extension of deg from g to U(g),
namely, we put (Vi .)m) = Vi) = U(5950) ) @ Ch .

There exists exactly one bilinear form ( | ) (called the contravariant Hermitian form or, as we
shall also say, ’scalar product’, although it is neither necessarily positive nor even necessarily non-

degenerate) on Vy, , such that (¢ | ¥) =1 and X} = X_,, n € 3Z (X = L,Y or M), where the star
means taking the adjoint with respect to the bilinear form (see [19]). For the contravariant Hermitian
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form, (Vi) | Vi) = 0 if j # k. It is well-known that the module V), , is indecomposable and possesses
a unique maximal proper sub-representation Ky, ,, which is actually the kernel of Hermitian form, and
such that the quotient module V, ,/K}, ,, is irreducible.

Hence, in order to determine if V}, , is irreducible, and find the irreducible quotient representation
if it is not, one is naturally led to the computation of the Kac determinants, by which we mean the
determinants of the Hermitian form restricted to V) X V() for each n.

Let us introduce some useful notations for partitions.

Definition 6.1. A partition A = (a',a?,...) of degree n = deg(A) € N* is an ordered set a',a?,. ..
of non-negative integers such that 2121 iat = n.

A partition can be represented as a Young tableau: one associates to A a set of vertical stacks of
boxes put side by side, with (from left to right) a' stacks of height 1, a? stacks of height 2, and so on.

The width wid(A) of the tableau is equal to Y, a.

By convention, we shall say that there is exactly one partition of degree 0, denoted by (), and such
that wid(0) = 0.

Now any partition A defines elements of U(sv), namely, let us put X4 = X1 X4 (X stands
here for L or M) and Y4 =YY% . so that deg(X~4) = deg(A) and
2 2

1, . 1
Y™ =) (i— 2)A" = deg(A) — ~wid(4
deg(Y™7) ;(@ 5 A" = deg(A) — Swid(4)
(we shall also call this expression the shifted degree of A, and write it &éé(A))

Definition 6.2. We denote by P(n) (resp. P(n)) the set of partitions of degree (resp. shifted
degree) n.

By Poincaré-Birkhoff-Witt’s theorem (PBW for short), V) is generated by the vectors
Z = X~ AY~BM~C1 where A, B, C range among all partitions such that deg(A)+deg(B)+deg(C) = n.
On this basis of V), that we shall call in the sequel the PBW basis at degree n, it is possible to define
three partial graduations, namely, deg; (Z) = deg(A), HEQY(Z) = agé(B) and deg,,(Z) = deg(C).

It is then of course easy to express the dimension of Vi, as a (finite) sum of products of the partition
function p of number theory, but we do not know how to simplify this (rather complicated) expression,
so it is of practically no use. Let us rather write the set of above generators for degree n = 0, %, 1,%
and 2:

Vo) = (¥)
Viay = (Y_14)
Vay = (Mo1v), (Y230, Lav))
Vigy = (MaY_s), (V2,0 Y 39, L Y_19))
Vo) = (M2, M_gp), (MoaY? 90, ML), (Y4, Yoo Yosy), X Y200, Xoog), X209)). (6:2)

The elements of these Poincaré-Birkhoff-Witt bases have been written in the M -order and separated
into blocks (see below paragraph 6.3 for a definition of these terms).
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The Kac determinants are quite easy to compute in the above bases at degree 0, %, L If{z1,..., Zaimo,) }
is the PBW basis at degree n, put

Afln = det((xi |I’j>)i,j:1,...,dim(vn) .

Note that A does not depend on the ordering of the elements of the basis {1, ..., Zamw,)}
Then

AP =1
AY = (Y_14,Y_ 1)) = p
2 2 2
0 0
A =det | 0 21> p | =—2u"
w2k

For higher degrees, straigthforward computations become quickly dull: even at degree 2, one gets a
9 x 9 determinant, to be compared with the simple 2 x 2-determinant that one gets when computing
the Kac determinant of the Virasoro algebra at level 2.

The essential idea for calculating this determinant at degree n is to find two permutations o, 7 of
the set of elements of the basis, x1,...,Z4im(v,), in such a way that the matrix ((z,|7s,))ij=1,.p be
upper-triangular. Then the Kac determinant Af’, as computed in the basis {21, ..., Zaim,)}, is equal
(up to a sign) to the product of diagonal elements of that matrix, which leads finally to the following
theorem.

Theorem 6.2.

The Kac determinant A2 is given (up to a non-zero constant) by

A — MZogjgn > Beh()) (U)id(B)'i'Q >o<i<n—; P(M—I=1) (X acp() Wid(A))) (6.3)

where p(k) := #P (k) is the usual partition function.
The same formula holds for the central extension of sv.

The proof is technical but conceptually easy, depending essentially on the fact that h contains a
central subalgebra, namely (M,,),ez, that is a module of tensor densities for the action of the Virasoro
algebra. This fact implies that, in the course of the computations, the (L, M )-generators decouple from
the other generators (see Lemma 6.6).

As a matter of fact, we shall need on our way to compute the Kac determinants for the subalgebra
(L, M) nez =~ Vect(Sh) x Fy or Vir X Fy. The result is very similar and encaptures, so we think, the
main characteristics of the Kac determinants of Lie algebras Vect(S!) x € or Vir x £ such that ¢ contains
in its center a module of tensor densities. A contrario, the very first computations for the deformations
and central extensions of Vect(S') x Fy obtained through the cohomology spaces H?(Vect(S'), Fo)
and H?(Vect(S')xFy, C) (denoting by x any deformed product) show that the Kac determinants look
completely different as soon as the image of (M, ),ez is not central any more in €.

We state the result for Vir x Fy as follows.

Theorem 6.1 Let Vir, be the Virasoro algebra with central charge C € R and V' =V, , = U((Vir. X
Fo)o) Qu((VirexFo) <o) Chyu C Vi be the Verma module representation of Vir, x Fq induced from the
character Cy, ,,, with the graduation naturally inherited from that of V4 ,.
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Then the Kac determinant (computed in the PBW bases) AV of Vi at degree n is equal (up to
a positive constant) to

AVirexFo (_Udim(%)/f Lo<icn P0=0)(EZ acp iy wid(A)) (6.4)

It does not depend on C.

6.2 Kac determinant formula for Vir x F

We first need to introduce a few notations and define two different orderings for the PBW bases of

Vir®.7:0.

Definition 6.3. Let A, B be two partitions of n € N*. One says that A is finer than B, and write
A =X B, if A can be gotten from B by a finite number of transformations B — --- — D — D' — ... A

where ' ' ‘ '
D"=D'+(C" (1 # p), D? =D"—1,

C = (C") being a non-trivial partition of degree p.

Graphically, this means that the Young tableau of A is obtained from the Young tableau of B by
splitting some of the stacks of boxes into several stacks.

The relation =< gives a partial order on the set of partitions of fixed degree n, with smallest element

(1,1,...,1) and largest element the trivial partition (n). One chooses arbitrarily, for every degree n, a
total ordering < of P(n) compatible with <, i.e. such that (A < B) = (A < B).
Definition 6.4. If A is a partition, then X* := (X~4)* is given by X4 = ... X{2 XM (where X

stands for L or M ).

Let n € N. By Poincaré-Birkhoff-Witt’s theorem, the L=4M~¢ (A partition of degree p, C' partition
of degree q, p,q > 0, p+ ¢ = n) form a basis B’ of V), the subspace of V' made up of the vectors of
degree n.

We now give two different orderings of the set B’, that we call horizontal ordering (or M-ordering)
and vertical ordering (or L-ordering). For the horizontal ordering, we proceed as follows:

-we split B’ into (n + 1) blocks By, ..., B, such that

B = (L~ M~y | deg(4) = j,deg(C) = n — j}; (6.5)

-we split each block B into sub-blocks B . (also called j-sub-blocks if one wants to be more explicit)
such that C' runs among the set of partitions of n — j in the increasing order chosen above, and

o= LM | deg(A) =}

-finally, inside each sub-block B}VC, we take the elements L™4M ¢ A€ P;, in the decreasing order.

For the vertical ordering, we split B’ into blocks
By = {L"M "% | deg(A) =n — j,deg(C) = j},

each of these blocks into sub-blocks g; 4 Where A runs among all partitions of n — j in the increasing

order, and take the elements L= M~¢ ¢ [33 4 according to the decreasing order of the partitions C' of
degree j.
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As one easily checks, L= M4 is at the same place in the vertical ordering as L=4M~¢ in the
horizontal ordering. Note that the vertical ordering can also be obtained by reversing the horizontal
ordering. Yet we maintain the separate definitions both for clarity and because these definitions will
be extended in the next paragraph to the case of sv, where there is no simple relation between the two
orderings.

Roughly speaking, one may say that, for the horizontal ordering, the degree in M decreases from
one block to the next one, the (M C)Cep(n_j) are chosen in the increasing order inside each block, and
then the L# are chosen in the decreasing order inside each sub-block; the vertical ordering is defined in
exactly the same way, except that L and M are exchanged.

We shall compute the Kac determinant A/, := AV™0 relative to B’ by representing it as
A, =+tdet A, AL = ((H;|Vi))ig (6.6)

where the (H;); € B’ are chosen in the horizontal order and the (V;); € B’ in the vertical order.
The following facts are clear from the above definitions:

— the horizontal and vertical blocks B, g; (j fixed) and sub-blocks B -, ~§',c (7, C fixed) have same
size, so one has matrix diagonal blocks and sub-blocks;

— diagonal elements are of the form (L=4M~Cy | L=C M~44);

— define sub-diagonal elements to be the (H|V), H € B,V € B; such that i > j; then deg, (V) <
deg, (H);

— define j-sub-sub-diagonal elements (or simply sub-sub-diagonal elements if one doesn’t need to be
very definite) to be the (H|V), H € B}, V € B, with Cy > C;. Then deg, (V) = degy,(H) =n —j
and H = LM~V = L=%2M~42 for certain partitions A;, Ay of degree j;

— define (j, O)-sub’-diagonal elements to be the (H|V), H,V € Bj, such that H = L= M~°,V =
LM~ with A; > A,.

Then the set of sub-diagonal elements is the union of the matrix blocks situated under the diagonal;
the set of j-sub-sub-diagonal elements is the union of the matrix sub-blocks situated under the diagonal
of the j-th matrix diagonal blocks; the set of (j, C')-sub3-diagonal elements is the union of the elements
situated under the diagonal of the (j, C')-diagonal sub-block. All these elements together form the set
of lower-diagonal elements of the matrix A;,.

Elementary computations show that

with horizontal ordering (M ~1e, L™14));

2 2 2u(1+2h)  6h  4h(2h+1)
0 2u 3u 4dh +¢/2 6h

A, = 0 0 > 3u 2u(1 4 2h)
0 0 0 21 2/
0 0 0 0 2012

with horizontal ordering ((M2 1), M_ot)), (L_1M_1v), (L_9t, L* 1)) (the blocks being separated by
parentheses). Note that the Kac determinant of Vir. at level 2 appears as the top rightmost 2 x 2
upper-diagonal block of A), and hence does not play any role in the computation of Al .
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So A}, A}, are upper-diagonal matrices, with diagonal elements that are (up to a coefficient) simply
powers of . More specifically, A] = —det A} = —p? and Al, = det A, = 165,

The essential technical lemmas for the proof of Theorem 6.1 and Theorem 6.2 are Lemma 6.1 and
Lemma 6.2, which show, roughly speaking, how to move the M’s through the L’s.

Lemma 6.1

Let A, C' be two partitions of degree n. Then:

(i) If AL C, then (L= | M~%¢) = 0.
(ii) If A = C, then
(L | M%) = a. g™ 4@ (6.7)

for a certain positive constant a depending only on A and C'.

Proof of Lemma 6.1

We use induction on n. Take A = (a;),C' = (¢;) of degree n, then

(L4 M~CY) = (¢ | (H L?f) <ﬁ Mi@») ).

=00 j=1

We shall compute (L~4)|M~%) by moving successively to the left the M_;’s, then the M_5’s and so
on, and taking care of the commutators that show up in the process.

e Suppose ¢; > 0. By commuting M_; with the L’s, there appear terms of two types (modulo
positive constants) :

- either of type

k+1 1 00
(| (H Lz“) (LM LT Loy (I me)w),
=00 i=k—1 =2

with aj, + af = a; — 1 (by commuting with Ly, k > 2). But this is zero since transfering M, (of
negative degree 1 — k) to the right through the L’s can only lower its degree.

- or of type

2 [e%e)
(| (H Li-“) (LY Mo Ly )M ([ ] M),

=00 =2
with @} + a] = a; — 1 (by commuting with L;). Since the central element M, = p can be taken
out of the brackets, we may compute this as p times a scalar product between two elements of
degree n — 1. Removing one M_; and one L_; means removing the leftmost column of the Young
tableaux C' and A. Call C’, A’ the new tableaux: it is clear that A £ C' = A’ £ C'. So we may

conclude by induction.

e Suppose that all ¢; = ... = ¢;_; = 0 and ¢; > 0. Then, by similar arguments, one sees that all
potentially non-zero terms appearing on the way (while moving M_; to the left) are of the form

| HL YMETH [ M),

tj
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S i(a; —a) = j, with a defined by

1
(H(adLi>ai_a;> . M_j = OéMo.

=00

Without computing « explicitly, it is clear that e > 0. On the Young tableaux, this corresponds
to removing one stack of height j from C and (a; — a}) stacks of height i (i = 0o,...,1) from A.

1

Once again, A £ C' = A’ £ C". So one may conclude by induction.

O
Lemma 6.2.

Let Ay, Ay, C1, Cy be partitions such that deg Ay + deg C = deg Ay + deg Cy. Then :
(i)
(LM | LM ) = 0
if deg Ay < deg As.
(ii) If deg Ay = deg A,, then
(LM | LM M) = (L™ M=) (M2 L 114p). (6.8)

Remark. The central argument in this Lemma can be trivially generalized (just by using the fact
that the M’s are central in h) in a form that will be used again and again in the next section : namely,

(6 | ULSVLAWM =) =0 (U,V,W € U(h))

if deg(C) > deg(Cy).
Proof.

Putting all generators on one side, one gets
(L™ M~ | LM M) = (i | ML L™ My,

Assume that deg(A;) < deg(As) (so that deg(Cs) < deg(Ch)). Let us move M~ to the left and
consider the successive commutators with the L’s: it is easy to see that one gets (apart from the
trivially commuted term M=% L=41) a sum of terms of the type M~C1L~41 with

deg(C1) + deg(A}) = deg(Cy) + deg(Ar), deg(Cy) > deg(Ch), deg(A}) < deg(Ay).
Now comes the central argument : let us commute M1 through L. It yields terms of the type
MgM = M L with deg(Cy) — deg(C}) = deg(Ch) + deg(Cy") — deg(CY).

If CY # 0, then M ~& commutes with M#2 and gives 0 when set against (1; so one may assume
C7 = (. But this is impossible, since it would imply

deg(CY") = deg(C) — deg(CY) — deg(Cy) (6.9)
< deg(Cy) — deg(Cy) (even < if deg(Cy) < deg(Ch)) (6.10)
<o (6.11)
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So
(LC M2 | LA MC1g) = (§ | MALO MO L),

What’s more, the above argument applied to M~ instead of M1, shows that

(0] M (LEMONL ) = (5 | A O L)L) =0
if deg(Cs) < deg(Cy). So (i) holds and one may assume that deg(A;) = deg(Az), deg(Ch) = deg(Cs)
in the sequel.

Now move M42? to the right: the same argument proves that
(6 | MPLOM L) = (| (LMY (MAX ).
But M42L~41 has degree 0, so

(W | (LEM™OY ML) = (@ | LM Cy) (e | M2 L™Hy) (6.12)
= (L% | MmOy (M 2y | L™y, (6.13)

Corollary 6.3.

The matriz A, is upper-diagonal.

Proof.

Lower-diagonal elements come in three classes: let us give an argument for each class.

By Lemma 6.2, (i), sub-diagonal elements are zero.

Consider a j-sub-sub-diagonal element (L =2 M ~42¢) | L=41 M ~C14)) with deg(C}) = deg(Cs) = n—j,
deg(A;) = deg(As), Cy > Cy. Then, by Lemma 6.2., (ii), and Lemma 6.1, (i),

<L—CQM—A2¢ | L—AlM—Cl¢> _ <L—C2¢ | M_Cl¢><M_A2¢ | L—A1¢> = 0.

Finally, consider a (C, j)-sub3-diagonal element (L=¢M~42¢) | L=4 M=) with A; > Ay. By the
same arguments, this is zero. [J

Proof of Theorem 6.1

By Corollary 6.3, one has
dim(V})

A = (150D T (AL

i=1
By Lemma 6.2 (ii) and Lemma 6.1 (ii), the diagonal elements of A/ are equal (up to a positive constant)
to p to a certain power. Now the total power of i is equal to

Z Z Z (wid(A) + wid(C)) = 2 Z p(n —j) Z wid(A) | . (6.14)

0<j<n AeP(j) CeP(n—j) 0<i<n AeP(3)
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6.3 Kac determinant formula for sv

Letn € %N . We shall define in this case also a horizontal ordering (also called M -ordering) and a vertical
ordering (also called L-ordering) of the Poincaré-Birkhoff-Witt basis B = {L=4Y " BM =%y | deg(A) +

deg(B) + deg(C) = n} of V.

The M -ordering is defined as follows (note that blocks and sub-blocks are defined more or less as in
the preceding sub-section):

— split B into (n + 1)-blocks By, . .., B, such that B; = {L= Y PM~C%) € B| deg(C) =n — j};

— split each block B; into sub-blocks Bj¢ such that Bjc = {L™YPM~%y) € B}, with C running
among the set of partitions of n — 7 in the increasing order;

— split each sub—block,l’z’ic into sub?-blocks Bjc,. (for decreasing r) with L=4Y " BM~C € B;c,
LAY ~BM~¢ € Bjc and deg(B) = k;

— split each sub?-block Bjc, into sub3-blocks Bjcxp where B runs among all partitions of shifted

degree £ (in any randomly chosen order);

— finally, order the elements L=4Y ~BM =Sy of Bjc.p (A € P(n—deg(C) — agg/(B)) =P(j—K)) so
that the A’s appear in the decreasing order.

Then the L-ordering is chosen in such a way that L=Y~BM~4 appears vertically in the same place
as L=Y "BM~C in the M-ordering. From formula (6.2) giving the M-ordering of V), it is clear that
the L-ordering is not the opposite of the M-ordering.

These two orderings define as in paragraph 6.2 a block matrix 4, whose determinant is equal to
+AP,

We shall need three preliminary lemmas.

Lemma 6.4.

Let B = (bj), B' = (b}) be two partitions with same shifted degree: then

(Y Py | Y PY) =bpp [H(b»!(?j - 1)”1 e, (6.15)

Jj=1

Proof.

Consider the sub-module W C V generated by the Y~FM =@y (P,Q partitions). Then, inside
this module, and as long as vacuum expectation values (¢ | Y, _ 1y Yo, o %)1/1> are concerned,
the (Y_(j_ 1, Y, %) can be considered as independent couples of creation/annihilation operators with
[Y(j_%),Y_(j_%)] = (2§ — 1)My. Namely, other commutators [Yy,Y;] with k& + 1 # 0 yield (k — )My,
which commutes with all other generators Y’s and M’s and gives 0 when applied to ) or ¢( according
to the sign of k + [. The result now follows for instance by an easy application of Wick’s theorem, or

by induction. [
Lemma 6.5.

Let By, By, C1, Cy be partitions such that Cy # 0 or Cy # (). Then
(Y- P M~ | Y M%y) = 0.
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Proof. Obvious (the M*®’s are central in the subalgebra h C sv and can thus be commuted freely
with the Y’s and the M’s; set against (¢ or ¥) according to the sign of their degree, they give zero). [

Lemma 6.6.

Let Ay, Ay, By, By, C1, Cy be partitions such that deg( A1) +deg(By)+deg(Ch) = deg(Az) +deg(Bs) +
deg(Cy). Then
(1) If deg(Ay) < deg(A2) or deg(Cy) < deg(Ch), then

(L=C2y =B =42 | [~y =Brp—Cryp) = 0.

(11) If deg(A;) = deg(Az) and deg(Cy) = deg(Cy), then

(LY =Bap Az | LAy~ Cg) = (V- Bry | Y By (Mg | L)L | M),

Proof of Lemma 6.6.

(i) is a direct consequence of the remark following Lemma 6.2. So we may assume that deg(A4;) =
deg(As) and deg(Cy) = deg(Cs). Using the hypothesis deg(A;) = deg(As), we may choose this time to
move L~ to the left in the expression (¢ | MA2Y P2 [C2 [ =Ny =Bi )f=Cry)) . Commuting L= through
L% and YP2, one obtains terms of the type

<,¢} | MA2 (L—A’lyBéLCé)Y—BlM—CIQ/])’

with deg(A) < deg(A;), and (deg(A)) = deg(A1)) = (A} = Ay, B, = By, C, = (). So, by the Remark
following Lemma 6.2,

(L=C2y =B~ | =0y " Brpy=Crp) = (3 | MA2Y B2 [C2 [~y =B =) (6.16)
(| YB2LO N2 [~ Ay =B pp=Cyp) (6.17)
= (¢ ML) | YPLRY P M=), (6.18)

Moving L to the right in the same way leads to (ii), thanks to the hypothesis deg(C}) = deg(Cy)
this time. [

Corollary 6.7.
The matriz A, is upper-diagonal.
Proof.

Lower-diagonal elements f = (L=C2Y ~B2 M 42y | L=41Y ~B1 M~C19)) come this time in five classes.
Let us treat each class separately.

By Lemma 6.6 (i), sub-diagonal elements (characterized by deg(Cs) < deg(C)) are zero.

Next, j-sub-diagonal elements (characterized by deg(Cy) = deg(Cy) = n — j, Cy > () are also
zero: namely, the hypothesis deg(C;) = deg(Cs) gives as in the proof of Lemma 6.6.

fo= (0| MY Lo Ly Py (6.19)
= (| LOM-O) g | MBY LAY Py (6.20)
= 0 (by Lemma 6.1). (6.21)
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Now (j, C)-sub®-diagonal elements (characterized by C; = Cy := C, aé_g/(Bg) < dfgg/(Bl)) are again
zero because, as we have just proved,

=@ LM )y | MY P L=y =Py)
and this time (¢ | MA2Y B2 [ =41y =Biy)) = ( since

deg(A;) = j — deg(B)) < j — deg(B,) = deg(As).

Finally, (jC, r)-sub*-diagonal elements (with C; = Cy = C, deg B; = deg By, deg A; = deg As,
By # By) are 0 by Lemma 6.6 (ii) and Lemma 6.4 since (Y ~P2¢ | Y=B1¢)) = 0, and (jC, kB)-sub’-
diagonal elements (such that By = By but Ay < A;) are 0 by Lemma 6.6 (ii) and Lemma 6.1. (i) since
(M~425 | L1y = 0. O

Proof of Theorem 6.2
dim(V(y))

By Corollary 6.7., A2 = £]][._; (A,)i- By Lemma 6.6. (ii), Lemma 6.1 (ii) and Lemma
6.4., the diagonal element (L=CY"BM -4y | L=AYBM~%)) is equal (up to a positive constant) to
pridAFwid(B)+wid(C) 56 (see proof of Theorem 6.1) A% = ¢, u® (¢, non-zero constant, a, € N) with

a, = Z Z (Wid(B)—i-a;%j),

0<j<n Bep(j)

where al, ; 1s the power of p appearing in AXi_r]"Xf . Hence the final result. [
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