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FRAGMENTATION AT HEIGHT ASSOCIATED TO LEVY PROCESSES

JEAN-FRANCOIS DELMAS

ABSTRACT. We consider the height process of a Lévy process with no negative jumps, and its
associated continuous tree representation. Using tools developed by Duquesne and Le Gall,
we construct a fragmentation process at height, which generalizes the fragmentation at
height of stable trees given by Miermont. In this more general framework, we recover that
the dislocation measures are the same as the dislocation measures of the fragmentation at
node introduced by Abraham and Delmas, up to a factor equal to the fragment size. We
also compute the asymptotic for the number of small fragments.

1. INTRODUCTION

In [[J] and [[J], Le Gall and Le Jan associated to a Lévy process with no negative jumps
that does not drift to infinity, X = (X, s > 0) with Laplace exponent 1, a continuous state
branching process (CSBP) and a Lévy continuous random tree (CRT) which keeps track of
the genealogy of the CSBP. The Lévy CRT can be coded by the so called height process,
H = (Hs,s > 0). Informally H, gives the distance (which can be understood as the number
of generations) between the individual labeled s and the root, 0, of the CRT. We can consider
the excursion of the process H above level ¢t > 0. Even if H is non Markov, there is a natural
way, we shall recall later, to define the distribution N of the excursion of H above 0 and
the local time of H at level ¢ under N. Let (o, 3;), ¢ € I, be the connected component of
the open set {s € [0,0]; H; > t} (H is lower semi-continuous), where o is the length of the
excursion of H under N. We denote by A(t) the non-increasing reordering of the sequence
(Bi — a4, € I), and define the fragmentation at height: (A(¢),¢ > 0).

A fragmentation process is a Markov process which describes how an object with given total
mass evolves as it breaks into several fragments randomly as time passes. Notice there may
be loss of mass but no creation. Those processes have been widely studied in the recent years,
see Bertoin [m] and references therein. To be more precise, the state space of a fragmentation
process is the set of the non-increasing sequences of masses with finite total mass

+o00
St= {52(81,52,...); s1>s82>--->0 and E(s):ZSk<+oo}.
k=1

If we denote by P, the law of a Sl-valued process A = (A(t),t > 0) starting at s =
(51,89,...) € S', we say that A is a fragmentation process if it is a Markov process such
that ¢ — X(A(¢)) is non-increasing and if it fulfills the fragmentation property: the law
of (A(t),t > 0) under P is the non-increasing reordering of the fragments of independent
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2 JEAN-FRANCOIS DELMAS

processes of respective laws P, o..),F(s,.0,.)s ---- In other words, each fragment after dis-
location behaves independently of the others, and its evolution depends only on its initial
mass. As a consequence, to describe the law of the fragmentation process with any initial
condition, it suffices to study the laws P, := P, ) for any r € (0, 4+00), i.e. the law of the
fragmentation process starting with a single mass r.

Theorem states that the fragmentation at height is indeed a fragmentation process.
This was already observed for the stable case ¥(X) = X%, « € (1,2], by Bertoin [f{] (o = 2)
and Miermont [[4] (« € (1,2)).

A fragmentation process is said to be self-similar of index « if, for any r > 0, the process
A under P, is distributed as the process (rA(r®t),t > 0) under P;. Bertoin [f] proved that
the law of a self-similar fragmentation is characterized by: the index of self-similarity «, an
erosion coefficient which corresponds to a rate of mass loss, and a dislocation measure v on
S' which describes sudden dislocations of a fragment of mass 1. The dislocation measure of
a fragment of size r, v, is given by [ F(s)v,(ds) =r* [ F(rs)v(ds).

In the stable cases ¥(\) = A\* «a € (1,2], the fragmentation is self-similar with index
—1 4+ 1/a and with a zero erosion coefficient. The authors computed in both cases the
dislocation measure and observed it is the same as the dislocation measure associated to the
fragmentation at “nodes” of the corresponding CRT see [B] and ] for a = 2, and [[§] for
a e (1,2).

For a general sub-critical or critical CRT, there is no more scaling property, and the
dislocation measure, which describes how a fragment of size r > 0 is cut in smaller pieces,
can’t be expressed as a nice function of the dislocation measure of a fragment of size 1. In
], the authors give the family of dislocation measures (v, > 0) for the fragmentation at
node of a general sub-critical or critical CRT. We set v = r~!v,. Theorem [.] state that
(v¥,r > 0) is the family of dislocation measures for the fragmentation at height, see also
Remark p.3. Intuitively v describes the way a mass r breaks in smaller pieces.

We also compute the asymptotic of the number of small fragments at time ¢ (see [ and
[[Q] for results in the self-similar case). With a suitable renormalization, it converges to the
local time of the height process at level ¢, see Proposition [l.9 and Corollary [[.4 for the stable
case a € (1,2). We also characterize the law of this local time at level ¢ under P, in Lemma

The paper is organized as follows. In Section [|, we recall the definition and properties
of the height and exploration processes. In the very short Section P we state and prove the
fragmentation at height is indeed a fragmentation process. The number of small fragments
is studied in Section . And the dislocation measures are computed in Section [j.

2. NOTATIONS

We denote by B (R, ) the set of measurable non-negative functions defined on R. Let
M be the set of finite measures on Ry, endowed with the topology of weak convergence.
For p € My, we set H* = sup Supp (1) € [0,00] the supremum of its closed support. For

f € Be(Ry), we write (u, f) for [, f(x) pld).
Let v denote the Laplace exponent of X: E [e_)‘X’f} =M X\ > 0. We shall assume there
is no Brownian part, so that

B(N) = aoh + /

(df) [e_M 140,
(0,+50)
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with a9 > 0 and the Lévy measure 7 is a positive o-finite measure on (0,+00) such that
f(o o) (¢ A 0?7 (dl) < oo. Following [f], we shall also assume that X is of infinite variation

a.s. which implies that [ 1) ¢m(dl) = co. Notice those hypothesis are fulfilled in the stable
case: P(\) = A%, a € (1,2). For A > 1/e > 0, we have e —1 + \¢ > %)\61{5225}, which
implies that A1 ()\) > ag + f(2€ ooy ¢ m(df). We deduce that
A
—— =0.

(1) A

The so-called exploration process p = (p¢,t > 0) is an M y-valued cad-lag Markov process.
The height process at time ¢ is defined as the supremum of the closed support of p; (with
the convention that Hy = 0 if p; = 0). Informally, H; gives the distance (which can be
understood as the number of generations) between the individual labeled ¢ and the root, 0,
of the CRT. In some sense p;(dv) records the “number” of brothers, with labels larger than
t, of the ancestor of ¢ at generation v.

We recall the definition and properties of the exploration process which are given in [[[J],
[ and [{]. The results of this section are mainly extracted from [f].

Let I = (It,t > 0) be the infimum process of X, I; = info<s<; X5. We will also consider
for every 0 < s <t the infimum of X over [s, t]:

I = inf X,.
s<r<t

There exists a sequence (e,,n € N*) of positive real numbers decreasing to 0 s.t.

- 1 [t
H = hm — 1 s dS
K e /0 {(Xo<Ii+ex}

exists and is finite a.s. for all ¢ > 0.

The point 0 is regular for the Markov process X — I, —1I is the local time of X — I at 0 and
the right continuous inverse of —1I is a subordinator with Laplace exponent ¢, the inverse of
V: (p(z)) = ¢((z)) = x (see [J], chap. VII). Notice this subordinator has no drift thanks
to ([). Let m, denote the corresponding Lévy measure.

Let N be the associated excursion measure of the process X — I out of 0, and o = inf{t >
0; X; — I; = 0} be the length of the excursion of X — I under N. Under N, Xy = [ = 0. We
shall use (see Section 3.2.2. in [[]) that

(2) N[1 —e] = ¢(N).
In particular o is distributed under N according to the Lévy measure m,.
From section 1.2 in [fl], there exists a My valued process, ¥ = (p?,t > 0), called the
exploration process, such that :
A.s., for every t > 0, we have (p9,1) = X; — I, and the process p° is cad-lag.
The process (H? = HP? s > 0) taking values in [0, 0c] is lower semi-continuous.
For each t > 0, a.s. HY = Hj.
For every f € B4 (R4),

.= [ [fHD) dI},
[0,2]

or equivalently, with &, being the Dirac mass at =,
pidr) = Y (If = Xo-)dpo(dr).

0<s<t
Xs_<I}
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In the definition of the exploration process, as X starts from 0, we have py = 0 a.s. To
get the Markov property of p, we must define the process p started at any initial measure
p € My. For a € [0,(u,1)], we define the erased measure kqpu by

kap([0,7]) = p([0,7]) A (1) — @), for r > 0.

If a > (u, 1), we set ko = 0. In other words, the measure k,u is the measure p erased by
a mass a backward from H*.

For v, u € My, and p with compact support, we define the concatenation [u,v] € My of
the two measures by:

([ V), £ = (. f) + (v, f(HP + 1)), f € By(Ry).

Eventually, we set for every u € My and every t > 0,

pr = [k_r,m, p7).

We say that p = (p,t > 0) is the process p started at py = p, and write P, for its law. We
set Hy = H”*. The process p is cad-lag and strong Markov.

2.1. Poisson decomposition. Let P}, denote the law of p started at p and killed when it
reaches 0. We decompose the path of p under P, according to excursions of the total mass
of p above its minimum, see Section 4.2.3 in [J. More precisely let (a;,(;),i € I be the
excursion intervals of the process X — I away from 0 under P),. For every ¢ € I, we define
h; = H,, and p' by the formula pi = p(()aﬂrt)/\ﬁi or equivalently [k,lai,u,pi] = Plai+)ng;- We
recall Lemma 4.2.4. of [f].

Lemma 2.1. Let p € My. The point measure Zé(hi7pi) is under P}, a Poisson point
el
measure with intensity u(dr)N[dp].

Let (L, s > 0,t > 0) be the local time of the height process under N at level ¢ > 0 at time
s> 0: Lt = lim._ % fos 1ficH, <t4e)dr in L'-norm. The local time is jointly measurable in
(s,t), non-decreasing and continuous in s (see Proposition 1.3.3 in [f]).

Consider the right-continuous inverse of the time spent by the height process under level
t: 7L = inf{r > 0; [ L1, <4y dv > s}, and set p = (ps,5 > 0) where g = pz. Recall L} is
measurable with respect to p thanks to Proposition 1.3.3 in [f].

Notice the set {s € [0,0]; Hs; > t} is open since H is lower semi-continuous. Let (o, 3;),
i € I; be the excursion of H (or p) above level ¢. Notice that I; = ) if sup{ Hs, s € [0,0]} < t.
If Iy # 0, we define p* such that [pa,, 0] = P(a;+t)r8, and o = B; — «; the duration of the
excursion p’. By Proposition 1.3.1 in [f]] and standard excursion theory, we have the next
Lemma.

Lemma 2.2. Under N, the point measure ) ;.1 0, is, conditionally on Lt (or on p) a
Poisson point measure with intensity Lt N[dp].

2.2. The dual process and representation formula. We shall need the M ¢-valued pro-
cess 1 = (n,t > 0) defined by

ne(dr) = g (Xs — I})opm, (dr).
0<s<t
X, <I$
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The process 7 is the dual process of p under N (see Corollary 3.1.6 in [[]). Let Ay = X;— X,
s > 0, be the jumps of X. We write (recall Ay, = X — X )

ke(dr) = pi(dr) + n(dr) = Z Agdp, (dr).

0<s<t
Xs_<It

We recall the Poisson representation of (p,n) under N. Let N (dx df du) be a Poisson point
measure on [0, +00)3 with intensity

dx b (dl) 1o 41 (u)du.

For every a > 0, let us denote by M, the law of the pair (uq,v,) of finite measures on R
defined by: for f € B4 (Ry)

(s ) = [ (do dedu) g (ot ),
(Va, f) = /./\/'(dac dl du)1p g (x)0(1 — u) f(x).

We eventually set M = f0+°° da =% M,. For every non-negative measurable function F on
M?Z, we have

3) 8| [ | = [ oataan )

where o = inf{s > 0;ps; = 0} denotes the length of the excursion. Let ¢ > 0. For every
non-negative measurable function F' on My, we have

(@) | [ Fe azt| = e [raiananr.

3. THE FRAGMENTATION AT HEIGHT

We keep notations introduced for Lemma P.7 in section R.]. We define at time ¢ the
fragmentation process at height, A(t) € S!, as the sequence (¢,i € I;) ranked in non-
increasing order (if I; is empty or finite, this sequence is completed by zeroes). If needed, we
write AP(t) for A(t) to stress that the fragmentation process is built from p.

Let 7, be the distribution of ¢ under N. By decomposing the measure N w.r.t. the distri-
bution of o, we get that N[dp] = f(O,oo) 7« (dr)N,[dp], where (N,,r € (0,00)) is a measurable
family of probability measures on the set of excursions of the exploration process such that
N,[oc = r] = 1 for m(dr)-a.e. r > 0. From standard excursion theory, we have the next
Lemma.

Lemma 3.1. Let t > 0. The random wvariables (p;,i € It) are, conditionally on the o-
field generated by (Hs N t,s € [0,0]) and ((ay, ;)i € It), independent and p* is distributed
according to Nyi[dp].

For m,(dr)-a.c., let P, denote the law of A under N,, and let Py be the law of the constant
process equal to (0,...) € St.

Theorem 3.2. For ,(dr)-a.e., under P,., the process A is a St-valued fragmentation process.
More precisely, A is Markov and satisfy the fragmentation property: the law under P, of the
process (A(t + t'),t' > 0) conditionally on A(t) = (A;,i € N*) is given by the decreasing
reordering of independent processes of respective law Py,, 1 € N*.



6 JEAN-FRANCOIS DELMAS

Proof. Notice that (A(s),s € [0,t]) is measurable w.r.t. the o-field generated by (H, At,u €
[0,0]) and ((v,B;),% € It). Using notations of Lemma B.1], for ¢ > 0, A?(t + t') is the
non-increasing reordering of (A”"(t'),i € I;). The Markov property and the fragmentation
property are consequences of Lemma B.1]. O

4. NUMBER OF SMALL FRAGMENTS

For the fragmentation at height, it is easy to give the asymptotic of the number of small
fragments. We keep notations introduced for Lemma R.J. Let N.(t) be the number of
fragments at time ¢ of size bigger or equal to € > 0 and M,(¢) the total mass of the fragments
less or equal than e:

Ne(t) = Z 1{0i26} and Me(t) = Zojl{aige}'
1€l I

For t > 0, we write 7. (t) = m.((t,00)) and ¢(t) = f(o p T (dr).

Lemma 4.1. We have lim._o7.(g) = 0o and lim._o L ¢(e) = cc.
Proof. We deduce from ([l) that
(5) lim ¢(\) = oo.

A—00

Notice ¢(N) = f(O,oo)(l — e ), (dr) to obtain the first part of the Lemma.
The second limit is more involved. We have Ay’ (\) = aO)‘+f(O,oo) Ar(1—e=)r(dr). Since
for all z > 0,
ef—l4+zrx<z(l-e%< 2(671—1+$),
we deduce that ¥(X) < AY'(A) < 2¢p(N). And we get that for z > 0,

(6) 5 6(z) < w0/ (x) < 6(x).

The next part of the proof is inspired by a Theorem of Haan and Stadtmiiller (see [§] p.118).
We have

¢'(\) = /(O,oo) e N, (dr) = / e " p(u/N) du.

(0,00)
Since the function ¢ is non-decreasing, we have for z > 0
g SN = [ e eu/N) duz e o)),
(2,00)

We have for any x > 0,
1
il < &
o) <00

< /(0,:1:) e “p(u/N) du +/ e “o(u/N) du

(z,00)

<plz/N)1—e™") +/ e " e2 ¢/ (A)2) du

(2,00)

< (/) + 3602 e,
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where we used (f]) for the first inequality, the fact that ¢ is non-decreasing for the first
term and ([]) for the second term of the third inequality, and (f]) again for the last. With
x = 61n(2), we get

where we used that ¢’ is non-increasing for the last 1nequahty Using (f)), we deduce that

x
Xo(1/) 2 58N ) > So(/a).
The last part of the Lemma is then a consequence of (fj). O

Proposition 4.2. Let t > 0. We have that, conditionally on L%, N.(t) is a Poisson ran-
dom variable with mean 7.(e)LY. Furthermore, there exists a sequence of positive numbers,
(en,m > 1), decreasing towards 0, such that, for all t > 0, we have N-a.e.

an (t) an(t) t

oo Ta(en) | meoo p(en) | C

We can replace the sequence (¢,,n > 1) by any sequence in some particular case (see for
example Corollary [£.4). Those results extend [[L(] for the fragmentation at height.

Proof. Recall N[o > ¢] = T.(¢). Since conditionally on L, >7,.; 6, is under N a Poisson
point measure with intensity 7.(¢)L!, (see Lemma B.3), we deduce that conditionally on L,
N.(t) is a Poisson random variable with mean 7. (¢)L..

Since lim. | 74 (€) = oo, there exists a sequence (e,,,n > 1) decreasing towards 0 such that

(-2 1] - sy v 2 (25 - )

is N-a.e. finite. This implies that N-a.e. lim —
n—00 Ty (5n)

Since conditionally on L!, Y icr, 0 1,0, 1s under N a Poisson point measure with intensity
7. (e)LL (see Lemma R.9), we deduce that for A > 0, & > 0,

N |:ef>\ME(t) ‘Lta] _ o Lb Jo.0 m(dr) (1—e?)

Zn>1 1/7(en) < co. Since N

Poisson point measure properties yield

N [Mg(t)]Lf,] = Lf,/ r.(dr) = p(e)LL

(0s¢)

N[MLPIL] = NDLOIL + 2 [ o),

(0,e)
We deduce that

|-y

As lim._pe/¢(g) = 0 (see Lemma [[.]), we can use similar arguments as those used for N, (t)
to end the proof. Eventually, notice one can choose the sequence (g,,n > 1) such that the
two limits in the Proposition hold simultaneously. (]

Jog ) e fog ) e

pe)? T 7 w(e)?

| -
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Remark 4.3. As lim._ge/p(g) = 0 (see Lemma [L.1), we have

lim T (dr) (1 — e A/9E)y = ),
e—0 (0,00)

This implies that from the above proof

¢ lim T (dr) (1 — e AT/

lim N [ Me0/e@ |10 ] =750 0e) _ A
e—0

This implies that conditionally on L, M.(t)/p(g) converges in probability to L! as € goes
down to 0. Notice also that conditionally on L, N.(t)/7.(g) converges in probability to L!
as € goes down to 0.

We consider the stable case 1(\) = A*. We have 7,(dr) = (aI'(1 — o~ 1))" =17V dr,
—1

To(e) = T(1 —a D~ le7 Ve and ¢(e) = <(a - Dra - a_1)> el=o"" There is a version

of (N;,7 > 0) such that for all » > 0 we have N, [F((Xs,s € [0,7]))] = Nl[F((’I“l/aXS/T,S €

[0,7]))] for any non-negative measurable function F' defined on the set of cad-lag paths. For
the next Corollary, see also general results from [I].

Corollary 4.4. Let ¥(\) = X%, for a € (1,2). Lett > 0. We have, under N or Ny, that
conditionally on L', N.(t) is a Poisson random variable with mean T'(1 — o~ 1)~ te1/aLt .
Furthermore, for allt > 0, we have N-a.e. or Nj-a.s.
t

S| 7 | _ Ly

;I_)I%E /aNE(t) = ;I_)I%(Oé — 1)€a Me(t) = m
Proof. Tt is enough to check that we can replace the sequence (,,,n > 1) in Proposition .9
by any sequences. Notice that &, = n=2% n > 1, satisfies > n>11/7(en) < oo. From the
proof of Proposition [, we get that N-a.e. or Nj-a.s., limy, 00 7 2N,-24 (t) = L /T(1—a™ ).

Since N.(t) is a non-increasing function of &, we get that for any ¢ € [(n + 1)72% n™=2], we
have ) ( 2
n -2 1 n+1 —2
mn Nn—Qa (t) S 3 /aNg(t) S T(TL + 1) N(n+1)—2a (t)
Hence we deduce that N-a.e. or Nj-a.s., lim. . ge'/*N.(t) = L% /T(1 — a~!). The proof for
M_(t) is similar, as M_(t) is a non-decreasing function of ¢. O

The next Lemma characterizes the law of LY under N,. (Recall [ F(r,p) m.(dr)N,[dp] =
N[F (s, p)].)

Lemma 4.5. Let A > 0 and v > 0. Let w(t) = N [e*)“’ (1—6*%3)], fort > 0 and

w(0) = 7. Then w belongs to C*(R.), is non-increasing, such that lim; o w(t) = 0 and
solves

W(t) = A= p(6(N) +w(t), t>0.
Remark 4.6. For the a-stable case, we can characterize the law of LY under Ny. Scaling prop-
_ _ qtg-1
erties yield the processes rl/o‘Xs/r, rl-o 1Hs/r, rl/o‘ps/r(d(u rl-o 1)) and (rl/aLZ}"T e >
0) are distributed as the processes Xs, H, ps(du) and (L%, t > 0). We deduce from the defi-
nition of w in Lemma [L.H that

1 J _ _~nl/a tr(_1+a71)
d 1-1/a ,—Ar 1— yri/ @ LY — ).
ol'(1—a1) /(O,oo) o ‘ Bje wit)
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And this is enough to characterize the law of L! under Ny, for all ¢ > 0.
Proof of Lemma [.4. We first consider for A > 0,y > 0 and ¢t > 0

v(t) =N {1 - efAJM’Lf’] .

Notice that o = > ., o' 4+ &, where & = foo 1¢p,< ds is the duration of the excursion
of p (defined in Section R.1]) under N. From Lemma PR.24, we get that by conditioning with
respect to p,

v(t) =N [1 ~ oMo Yae<ty ds—Lg(7+N[1,e—Ao])} ‘
We consider the additive functional of p given by
dAs = Ny, <y ds + (v + ¢(N))dL.
We get

v(t)=N[l-e ] =N [/00 e~ (Ar=As) dAs] :

Then we can replace e~ (4o =4s) by its optional projection B = E7, [e_A”]. Thanks to Lemma
.2, we can replace A, in B by Ao +~L%. Using notations introduced for Lemma P.1], we have
under EY that o = 3, o' (where o' is the length of the excursion p*) and L, = Y, ; Ltng; ,
where L‘;i is the local time at level a at time s of the exploration process p*. Notice that

H, <t dA -a.e. From Lemma P.1], we get

B = e_fps(du)N[l_e_/\a_ﬂ/Lg_u] — o= [ ps(du)o(t—u)
Eventually, we have

vu):fﬂi/ae_f““m”“_wdAs
0
_ )\/t da 6= o~ Johda [ du [ ) Er(de)[1—emv(tmD)ue]
0
+ (v +(N)e —aot 7fgdmf01 duf(oyoo)Zw(dé)[lfe*”(t*z)“z]

_ )\/ da e fo dmfo du Y (v(t—z)u) +(7+¢( ))e—fgdg;foldu ' (v(t—z)u)

_ Y(u(t—z)) _ Y (v(z))
‘A/d“ehd T 4y + () e

gz Le@)

Lt gy (@)
(8) :A/ da o Ja 5 +(y+ d(\))e = Jo dz Py ,
0

where we used formulas () and (f]) for the second equality and the convention £#22% =

Y/(00) = oo for the fourth. Notice that for all ¢ > 0, (§) implies
v(t) < X4y 4+ d(N).

We set v(0) = v + ¢(A). Since the function ¢ — v(t) is locally bounded and measurable, we
deduce from (f) that v is continuous and even of class C!(R,). By differentiation w.r.t. t,
we get
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Since f¢(>\) dv/(A —1(v)) = oo and v'(0) < 0, it is easy to check that v is decreasing and
lim; o0 v(t) = ¢()). Then notice that w(t) = v(t) — N[1 — e™*?] = v(t) — $(\) to conclude.
The case A = 0 is similar. The case v = 0 is immediate. O

5. DISLOCATION MEASURES

For s € (0,0), let 0% be the size (i.e. the Lebesgue measure) of the fragment at time ¢
which contains s:

o
s,t __
o —/0 du l{H[u,s]>t}’

where Hj, o = min{H,;r € [s Au,s V u]}. We consider a tagged fragment. More precisely,
let s* € [0, 0] be, conditionally on o, chosen uniformly and independently of p. The process
(07, t > 0) is a non-increasing process. Let 7, the set of its jumping times. Notice there is a
jump at time t if and only if there is a node of the CRT at level t for s*, which is equivalent to
say that xg«({t}) > 0. Let 2(t) = (z1(t),...) € S' be the sequence of the Lebesgue measures
for the different fragments coming from the fragmentation at time ¢ of the tagged fragment.
In particular, we have "2 z;(t) = ot~

Let S be a subordinator with Laplace index ¢. Denote by (AS;,t > 0) its jumps. Let
the measure on Ry x S such that for any non-negative measurable function, F, on Ry x S,

9) /(0,+oo)xsi F(r,x)pu(dr,dx) = /W(dv)E[F(Sv, (AS,,t < v))],

where (AS;,t < v) has to be understood as the family of jumps of the subordinator up to
time v ranked in non-increasing order. Intuitively, p is the law of St and the jumps of S
up to time 7', where T" and S are independent, and T is distributed according to the infinite
measure 7. Recall 7, is the “distribution” of o under N (this is the Lévy measure associated
to the Laplace exponent ¢). From Theorem 9.1 in [, we have that p(dr, dz) is absolutely
continuous with respect to m.(dr), and more precisely

ru(dr, dx) = vp(dz)m, (dr),

where (v, > 0) is the measurable family of dislocation measures of the fragmentation at
nodes introduced in [[l]. Let (v,r > 0) defined by rv}(dz) = v,(dx) for r > 0, so that

(10) p(dr,dx) = v:(dz)m(dr).

We refer to [[L1]] for the definition of intensity of a random point measure. Recall o5 is
the size of the fragment at time ¢ which contains s, and s* is uniform on [0, o].

Theorem 5.1. The intensity of the random point measure ZteTs* 5t7m(t)(dt,dx) s given by
1{05*,t—>0}dt I/O.s*,t— (dm)

Remark 5.2. For the a-stable case, 1)(\) = A%, a € (1,2), we deduce from Corollary 9.3 in [fl],
that the fragmentation at height is a self-similar fragmentation with index o' — 1, and with
the same dislocation measure vf as for the fragmentation at node (1 in Corollary 9.3 ).
This result was proved by Miermont [[4], see also [[[§]. This result was previously observed
by Bertoin [ff] for the case a = 2 (in this case the exploration process is a reflected Brownian
motion).

The rest of this section is devoted to the proof of Theorem p.], which is based on the next
three lemmas. For a function G defined on S', G((AS;,t < r)) has to been understood as
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the function G evaluated on the sequence (AS;,t < r) ranked in non-increasing order and
eventually completed by zeroes if this sequence is finite.

Lemma 5.3. Let g € By (R) and G a measurable non-negative function defined on S*. We
have

N|oe™ Y gt)G(=z(t)| = /R dt g(t) e ' (¢W) / pldr, dz) r e G(a).

te?;* (O,OO)XSl

Proof. For t € T,«, the quantity o° '~ is the Lebesgue measure of {u € [0,0]; Hys+) > t}.
From the property of the height process, the set {u € [0,0];H[u’5*] > t} is open and can
be written as the union of (ay,3;), i € I;. We write 0° = 3; — a;. Notice that z(t) is the
sequence (0,7 € I;) ranked in non-increasing order. Let I,” (resp. I; ) the subset of I; of
indexes such that a; > s* (resp. 3; < s*). Notice the sequence (o?,i € I;) is the union of
o tand (ofi € I UI).

Notice that a jump of ¢°"* happens only is there is a node at height ¢ in the ancestor line
of s*. This is equivalent to say that ks ({t}) > 0. In particular, we have

. kg (dt) P

(1) Y gG@) = Y gt)G((e'i€ 1)) :/ — 3y 9()G((0" i € It)),

S tikgr ({t1)>0 o ks ({t})
with the convention that x(dr)/k({r}) =0 if k({r}) = 0. We first consider

(12) J=N|e /00 ds /000 :S(({i?) g(t) e P! K< Z 501-) ,

S
ielul;

where K is a non-negative measurable function defined on the set of o-measures on (0, 00).

The next computations are similar to those in Section 9.3 of [fl].

0t _ s st s 0t _ ro st
We set 077 = fo du 1{H[u,s]<t}’ o = fo du l{H[u,s]>t}’ oy = fs du 1{H[u,s]<t}’ oL =

[7 du 1¢m,, ,>ty- Notice that
c=o""+ Z 0i+ai’t+ait+ Z Ui—i-a?r’t.
i€l il
We write Ky (p) = K(u) e M#la) where Iy(z) = z for € R4. In the integral in ([J), we
can replace

_ _ s,t _ 0,t s,t_ 0,t _ s,t
e Ao—po K( Z 5(71) —¢ Ao ()\“FP)U? )\0'+ (>\+p)0'+ K}\( Z (50_1' —|— Z (50_1>
iclul; i€l il

by its optional projection

a0t st -2 71 du—(Mp) [T 1 d
B=e - ~OP R e Jo Lg <y du=OFp) Jo" Lyg >3 CKA( Y doi 1)

iEIt,+

)

0,u
Y ker Oklgng<tys Jo L >000 = Yper orlinsty and Yicp, 0o = Ypepp,— 0, Then
we deduce from Lemma P.1] and (), that

with ¢/ = > i1, 0gi- Using notations introduced for Lemma R, we have [ Lim,,, <tydu =

B = ¢ o2 = Op)r =pa(0:0)6(N)=ps (106 O+P) | (P + 1),
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where P is under P a Poisson point measure with intensity ps({t})N[do] = ps({t})m.(do). B
time reversibility (see Corollary 3.1.6 in [J]), we get

LT )
J‘N[/o ds/o (1))
E[KA(P + )]

N[ (({i?) alt)e

B[K\ (P + ),

A2 —(A4p)o ™" = ps ((0,0))$(N)—ps ((£,00))$(A+p)

iely 6ai:|

Ao —(A4p)o} =5 ((0,6))$(N)—ns ((£,00))d(A+p)

’— ,i|’
_Zielt7+ 501

where P’ is under P a Poisson point measure with intensity 7({¢t})m(dr). Using similar
computation as above, we get

T N[ / ds / {} eﬁs((oyt)ﬁb()\)Hs((tvoo))¢>(>\+p)E[K)\(p”)]}
t )

where P” is under P a Poisson point measure with intensity xs({t})m(do). We write f(r) for
E[K,(P")], where P is under P a Poisson point measure with intensity rm,(do). Thanks
to the Poisson representation of (), using notation N'(dx,dl,du) =, 6x, ¢, ;> We get

J=TF |:/ da e~ Z € ) Zxk<xi £k¢(>\)_2a2xj>xi £J¢(>\+p):|

0 z;<a

= /OO dae “*E {Z g() f(4;) e @i ] en(dl) [1—e=¢*N)]—(a—a;) [ tm(de) [lezd’o”rp)}]
0

z;<a

r;<a

:/ da E [Z g(wi) f (L) e (@ >><Hz>w'<¢><x+p>>}

/ da / w(de) / dz 19 () g(z) F(£) =¥ @A)~ (a=2)0' (@(x+)
0,00)

__ v —t' 6\ [ g
w<¢<A+p>>/ dt g(t)e ] et 100,

On the other side, let (AS;,t > 0) be the jumps of a subordinator S = (S, ¢ > 0) with
Laplace exponent ¢ and Lévy measure m,. Standard computations yield for r > 0,

E |:e>\Sr ZASte_pAStK( Z 5A5u)] =E [Z AS, e~ P) AStK Z NS ]

t<r u<rut t<r u<ru#t

— [/w*(dﬁ)ée()‘ﬂ’ ] [ (> das.) }

u<r
=r¢' (A +p)f(r),
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as 3., 0As, is a Poisson measure with intensity r.(dv). Notice that ¢/ = ¢~V = 1/¢' 0 ¢
to conclude from ([[J) that

(13) N |e* /00 ds /000 IZS(({i?) g(t) e P K< Z 501')

:/ dt g(t)e_w/(‘b()‘))/ﬂ(dr)E e_)‘S*ZASte_pAStK( Z 6AS,)
0

t<r u<ru#t

Eventually from monotone class Theorem, we get

e o [ s e )
_ /0 ™ gt glt) et 60D / r(dr)E [S, ¢ G(AS,,u<1)].

Then we deduce from ([]) that

oo N I e V@) [ 1(drE S, oS <),
N [oe 3 a6@0)| = [ it [ e [s, < Gas,u <))

tE’Z;*

where we used that the tag s* is chosen uniformly on [0,0]. We conclude by using the
definition (f]) of the measure p. O

Lemma 5.4. Let H € By(R;), t >0, A > 0. We have
(14) N [O‘ e H(US*’t_)l{US*,t_>O}} = ¢ (W) / m(dr) re N H(r).
(0,00)

Proof. Notice that ¢!~ > 0 if and only if Hy > ¢t N-a.e. Let p > 0. We have

N |:0_e_)\0—_p03*,t— 1{05*,t—>0}:| = N [e_AU/O dS e_pas’t_ 1{H5>t}:| .

Similar computations as in the proof of Lemme f.d yield

N[oe 77y gy =N [ /O ds o= rs (006N —rs (10000 p) 1 {HSN}}
= |:/0 da e—®0a e—Equ €k¢(A)_Za21j2t£j¢(A+p) 1{a>t}]

_ / % da et (@) (- (5(\+p))
t
1 (V)

(oA +p))’
where we used the Poisson representation of (f) and notation N (dz, d?, du) =", 6, 4,4, for
the second equality. Since f(opo) T (dr) e~ AP = (X + p) and ¢/ = 1/9 0 ¢, the Lemma
is proved for H(zx) = e ¥ and all p > 0. We use the monotone class Theorem to end the
proof. O
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Lemma 5.5. We have m,(dr)-a.e.

15 N | Y g0)G@)| =N, [ / G e [ viewatao) G<w>].

tE’Z;*

Proof. As a direct consequence of Lemma .3, Lemma p.4 with H(r) = [q, v}(dz)G(x) and
(L0), we have for A > 0,

N|oe™ Y g(t)G(=(t)| =N [aem /R

tE’Z;*

dt g(t)l{(,s*,t>0}/u:;s*yt (dz) G(x)} .

+

As Laplace transforms characterize measures, and since the distribution of ¢ under N is given
by 7., we easily get the Lemma. O

From the definition of intensity measure (see [L1]]), Lemma .5 readily implies Theorem
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