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Abstract

We compute the complete topological expansion of the formal hermitian two-
matrix model. For this, we refine the previously formulated diagrammatic rules
for computing the % expansion of the nonmixed correlation functions and give a
new formulation of the spectral curve. We extend these rules obtaining a closed
formula for correlation functions in all orders of topological expansion. We then
integrate it to obtain the free energy in terms of residues on the associated
Riemann surface.

1 Introduction

Matrix models is a fascinating topic unifying many otherwise seemingly unrelated
disciplines, including integrable systems, conformal theories, topological expansion,
etc [33,[14]. However, only recently the understanding came that geometry itself plays
a crucial role in constructing perturbative solutions to matrix models. Dijkgraaf and
Vafa [I5] studies in the one-matrix model (1IMM), together with subsequent observa-
tions [28 4, 31),32] based on the idea of [B0] that topological hierarchies are encoded
already in the planar limit of the solutions to the Hermitian one-matrix model with
multiple-connected support of eigenvalues, led to understanding of a crucial role of the
corresponding spectral curve in constructing explicit solutions.

The first attempts of computing the subleading terms in the 1/N? expansion, where
based on loop equations [2,83], and allowed the authors of [3] to find the first few terms
of the expansion of the free energy, only in the 1-cut case of the 1-hermitean matrix
model.
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In the begining of the 2000’s, a geometrical approach, supported by using the
master loop equation, resulted in constructing solutions in the first subleading order
of the IMM in the mutlticut case [T9,T0,20,36].

Then, a Feynmann-like diagrammatic technique was invented in [I6], which allowed
to reformulate the loop equations themselves in a proper geometric way, and it became
possible to compute all correlation functions of the 1-MM to all orders in the 1/N?
expansion [I6]. However, the diagrammatic technique of [I6] could not be applied
directly to the expansion of the free energy. The topological expansion of the free
energy to all orders was found with a refined diagrammatic technique in [I1], where
the key ingredient was the homogenity property of the free energy to all orders.

In parallel, the hermitian two-matrix model (2MM) solutions have been obtained,
at early stages, in the planar limit of the 1/N-expansion [34,21]. It was however almost
immediately observed [B,18,21] that the 2MM solution in the planar limit enjoys the
same geometrical properties as the 1IMM solution; only the spectral curve becomes
an arbitrary algebraic curve, not just an hyperellitic curve arising in the 1MM case.
The subsequent progress was however hindered by that the corresponding master loop
equation in the 2MM case cannot immediately be expressed in terms of correlation
functions alone. Nevertheless, using the geometrical properties of this equation, the
solution in the first subleading order has been constructed [I9,20] on the base of
knowledge of Bergmann tau function on Hurwitz spaces. However, the general belief
arose that the 2MM case should not be very much different from the 1MM case, that
is, we expect to find all ingredients of the 1MM solution in the 2MM case. Next step
towards constructing the topological expansion of the 2MM was performed in [24],
where the first variant of the diagrammatic technique for the correlation functions in
the 2MM case was constructed. In the present paper we improve the technique of [24]
(actually effectively simplifying it) to accommodate the action of the loop insertion
operator. In fact, we demonstrate that the diagrammatic technique for the 2MM case
is even closer to the one in the 1IMM case that was before: in particular, we need only
three-valent vertices, and the additional operator H we need to obtain the free energy
turns out to be of the same origin as the one in the 1MM.

The paper is organized as follows. In Sec. 2, we collect all the definitions, algebraic-
geometrical notation, and facts about loop equations and filling fractions we need in
what follows. In Sec. 3, we provide a new formula for the spectral curve, which results
in the new diagrammatic rules formulated in Sec. 4. In the same section, we express
the action of the loop insertion operator in terms of our diagrammatic technique, which
makes the construction closed as regarding the nonmixed multipoint correlation func-
tions. We introduce the “integration” operator H in Sec. 5 and, using this operator,
present the diagrammatic technique that enables us to construct the complete topologi-
cal expansion for the 2MM to all orders except the subleading order. But for this latter,
the answer has been found in [20], so we eventually formulate a complete procedure
for constructing the topological expansion in the 2MM. In Appendix A, we extend our
technique to calculating the first mixed correlation function; higher mixed correlation
functions need further refining of this technique, which is beyond the scope of this
publication. In Appendix B, we prove the symmetricity of the free-energy expression
w.r.t. interchanging x and y variables, which is crucial for the proper integration of



the expression for the first mixed correlation function.

2 Definitions and algebraic-geometrical notation

2.1 Definition of the model

We study the formal two-matrix model [27] and compute the free energy F of this
model in the asymptotic %—expansion. The partition function Z is the formal matrix
integral

Z = / AMydMy e~ # TV (M) =MMs) o= (2-1)
HN XHN

where M; and M, are two N x N Hermitian matrices, dM; and dMs; are the products of
Lebesgue measures of the real components of M; and M, h = % is a formal expansion
parameter and V; and V5 are two polynomial potentials of respective degrees d; + 1

and dy + 1
di+1 do+1 7

12 k Uk k
Vi(x) = — , V = —y. 2-2
() 27 2(y) ;ky (2-2)
Formal integral means that it is computed order by order in powers of the t;’s (see
section or [22]). We consider polynomial potentials here only for simplicity of
notations, but it is clear that the whole method presented in this paper extends to
"rational potentials” (i.e. such that V] and VJ are rational functions), and we expect
it to extend to the whole semiclassical setting [6] including hard edges as well.

One can expand the free energy as well as all the correlation functions of this model
in a h series assuming h to the order of the reciprocal matrix size; this procedure is
customarily called the topological expansion pertaining to the fat-graph representation
for formal integrals ( [35,09,[14]).

The topological expansion of the Feynman diagrams series reads, in terms of the
free energy,

[e.9]

F=F(N Tt to, .. tarbifo o fgn) = Y RP2FO(T, ), (2-3)
h=0

We find a general formula for F®) for any positive integer h. Actually, we address
the problem for A > 2; the solutions for h = 0 ( [30,4]) and h = 1 ( [20]) are already
known.

2.2 Notations
2.2.1 Variable sets

We consider functions of many variables x1, xo, x3, . . ., or of a subset of those variables.
For this, we introduce the following notation:
Let K be a set of k integers:

K= <i17i27"'7ik>‘ (2_4)
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Let k = |K| denote the length (or cardinality) of K. For any j < |K]|, let K; denote
the set of all j—upples (i.e., subsets of length j) contained in K:

Kj={JCK ,|J=j} (2-5)

We define the following k—upple of complex numbers:
k
XK = (LL’Z'l,LL’Z'Q,...,SIIik) y dXK = Hdi(}j (2—6)
j=1

2.2.2 Resolvents

For given integers k and [, we define the resolvents:

| K| 1 |L] 1
Doi(xreyr) o= R <H Vi [It ,_M>
i=1 i 1oy ¥ 2/ conn
0

= —h?

0 oF
WVa(yr)  OValyr) OVi(k)) OVi(2x-1)  OVa(21)

+5\K|,15\L\,o N 0|K1,00/L],1

(2-7) Ty Y1
with the formal loop insertion operators
0 = j 0 0 = j 0
Vilw) 2 s, v 2 A >
We also introduce the polynomials in y:
. L Vi) - Vi0n) Tr
(@, y; 7)K)) == h <tr pa—a =Y 7[[1 tr g M1> : (2-9)

where the subscript conn denotes the connected component.
For convenience, we renormalize the two-point functions:

0|K1,20|L],0 N OJK,00|L],2

, =W , + 2-10
Wik L(Xk, Y1) = Wk, L) (XK, Y1) =) T —m)? (2-10)
and their polynomial correspondent:
up(w,y; 2x) = U@, y; k) — Oro(Va(y) — o). (2-11)
We consider the h%-expansions of the above quantities:
Wi, o (Xa, y2) = Y R wi (e, yi), (2-12)

h=0
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ug(z,y; k) = Z B2 u,(fh)(:)s, Y T). (2-13)
h=0

We also need the functions closely related to the algebraic structure of the problem:
Y(x) = Vi(z) — w(x) (2-14)

and
(2-15)

P(a,y) = h <tr Vi(x) — V{(M) Vily) — VQ/(M2)> |

x — M y— My

The latter function together with all its terms of h?-expansion, is a polynomial of
degree dy — 1 in x and dy — 1 in y.

2.2.3 The master loop equation

Among many different ways to solve matrix models [33], addressing the formal 2-matrix
model problem, we choose the so-called loop equations [34},[13] encoding the matrix
integral in (2=1]) to be invariant under special changes of variables. They correspond
to the generalization of the Virasoro constraints of the one-matrix model, i.e. the
We-algebra.

Considering a particular change of variables, we come to the master loop equa-
tion [19):

E(z,y) = (y — Y (x))uo(z,y) + h*us (z, y; z)

(2-16)

where
E(x,y) = (Vi(z) —y)(V3(y) —2) — P(z,y) + T (2-17)

is a polynomial in z and y defining the spectral curve.
Considering the 't Hooft expansion in orders of A2, for any h > 1, we have:

EM(x,y) = (y—Y(@)ud (z,y) + w0l (@)ud (z,y)
h—1
_ 0 _
(m) (h—m) (h—1)
+mz_:1w1,0 (x)UO (x7y)+a‘/l(z)u0 (Z’,y),
(2 — 18)

where E™(z,y) is the h’th term in the h%-expansion of the spectral curve E(x,).

2.2.4 Algebraic geometry notations

In this section, we recall the algebraic-geometrical pattern of our problem (see more
details in [24126],25]).
To leading order, the master loop equation ([2=I8) reduces to an algebraic equation

EO(z,Y(x)) =0 (2-19)



with £ (z,y) being a polynomial of degree d; + 1 in z and ds + 1 in .

We parameterize the algebraic curve E© (x,7) = 0 implied by (2=I9) by a running
point p on the corresponding compact Riemann surface £. We therefore define two
analytical meromorphic functions z(p) and y(p) on £ such that:

EOz,y)=0&3pef z=1a(p), y=yp). (2-20)

The functions z and y are not bijective. Indeed, since E®(x,y) has a degree d, + 1 in
y, it admits ds + 1 solutions for a given x; that is we have dy + 1 points p on £ such
that z(p) = x. Thus, the Riemann surface is made of dy + 1 z-sheets, or respectively,
of d; + 1 y-sheets. We then denote

wp) =z & p=pY(z) for j=0,...,ds, (2-21)

y(p) =y p=7p(z) for j=0,... d. (2-22)
Among the different z-sheets (resp.  y-sheet), there exists only one where

(D) ~ap)—oo Vi(@(p)) = 5755 +O0(2%(p)) (resp. 2(p) ~ym)—oo Va(y(p)) =575 +O W (p))).
We call it the physical sheet, and it bears the superscript 0.

Genus and cycles. The curve £ is a compact Riemann surface of finite genus
g < didy — 1' . We do not require g to be equal to dids — 1, that is, we allow double
points on the corresponding Riemann surface. We choose 2¢g canonical cycles as A;,
Bi,1=1,...,g, such that:

AZ’ N Aj - 0 5 Bz N Bj - 0 5 AZ N Bj == 52] (2-23)

Branch points. The z-branch points p,, a = 1,...,ds + 1 + 2g, are the zeroes
of the differential dz, respectively, the y-branch points v3, 3 =1,...,d; + 1 + 2g, are
the zeroes of dy. We assume here that all branch points are simple and distinct. Note
also that EZ(,O) (x(p),y(p)) vanishes (simple zeroes) at the branch points (it vanishes in
other points as well).

A branch point is a point where two sheets of the Riemann surface meet. If p is a
point on the Riemann surface near a branch point, there is another point p*, which we
note p, near the same branch point. In other words:

Vo dip#p such that z(p) ==z(p) and y(p) —p—p. ¥(p) (2-24)

Let us emphasize that the point p and the corresponding sheet, depend on which
branch point we are considering.

Bergmann kernel. On the Riemann surface £, we have a unique Abelian bilinear
differential B(p, q), with one double pole at p = ¢ such that

o _rp)dr(e) o ond v _ i
B(p’q)p—»q(x(p)—x(q))2+ﬁ t d Vv £€AiB(p,q) 0. (2-25)

IThis genus g must not be confused with the genus indicating the order of the topological expansion




It is symmetric,
B(p.q) = Blq,p), (2-26)

it can be expressed in terms of theta-functions [26l25)], and depends only on the complex
structure of €.

Abelian differential of the third kind.
On the Riemann surface &, there exists a unique Abelian differential of the third
kind dS,,(p), with two simple poles at p = ¢ and at p = r, such that

pP—q p—r

Res dS,,(p) =1 = — Res dS,,(p) and Vi % dS,-(p) = 0. (2-27)
A;

Notice that the Abelian differential of the third kind and the Bergmann kernel are
linked by

05, (p) = /g " Be.p) and B(p.q) = d, (dS,, (1)) (2-28)

where the contour of integration is a line from r to ¢, which does not cross any A or B
cycle.

Given a branch point u,, and a point ¢ in the vicinity of u,, we introduce the
following notation:

B0 = [ "B(ep). (2-20)

where now, the integration path is chosen as the shortest path between ¢ and @, i.e. a
path which lies in a small vicinity of p,. That definition differs from the one above. If
the branchpoint p, is surrounded by contour 4;, we have:

AEsa(p) = dS,alv) + § Br.© (2-30)
B;

The main property of that dE, z(p), is that it vanishes at ¢ =g, i.e. it vanishes at the

branch point ji,.

Correlation functions on the Riemann surface

Given the algebraic curve, we see that we can redefine the correlation functions
[@-12) and (2-13) more precisely. Indeed, they are defined only as formal series as their
arguments xx and y, tend to infinity. The loop equations show that these formal series
are in fact algebraic functions and hence have a finite radius of convergency, with cuts
beyond the radius. As functions of the x and y variables, they are multivalued.

If instead of writing them as functions of x or y, we write them as functions on the
Riemann surface, they become monovalued. This is the reason why we prefer to in-
troduce the following notation for the correlation functions, as meromophic differential
forms on the Riemann surface:

Wik 12/(Pr, dr) == wik|z/(2(Px), y(az))dz(pr)dy(az), (2-31)

and
Uik|(p, v; Px) := x| (z(p), y; 2(PK) )dz (P ), (2-32)
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where p;’s and ¢;’s are points on the surface £ whose images x(p;) or y(g;) are complex
numbers. y is a complex number.

Remark 2.1 The interpretation of those correlation functions as generating series for the
moments < [[; Tr Mf 11 j Tr Méj >, corresponds to the situation where all p;’s are in the
x-physical sheet, in a vicinity of co,, and all ¢;’s are in the y-physical sheet in a vicinity of
00y .

2 point function
It is well known ( see for instance [1,B0,29,5,28,19,21]) that, to leading order, the
2-point function Wy is the Bergmann kernel:

Wio (p.q) = B(p.q) (2-33)
The non-renormalized 2 point function:

dz(p)dz(q)

Wao(p.q) = Wao(p.q) — ) — 2(9))

(2-34)
is finite at p = ¢.

2.3 Loop equations and fixed filling fractions

We have showed that to leading order, the 1-point function Y (z) obeys an algebraic

equation (2=19):
EO(z,Y(x)) =0, (2-35)

where

EO(z,y) = (V{(z) —y)(Va(y) —2) = PO(z,y) + T (2-36)

But so far we have not discussed how to determine the polynomial P (z, y).
As this was extensively discussed in the literature, we only briefly summarize it
below.

We need dydy — 1 equations to fix the dyds — 1 unknown coefficients of P(®). Those
additional dids; — 1 equations do not come from any loop equation, so we need an
independent hypothesis related to the precise definition of our matrix model. In a
sense, loop equations express the invariance of the integral under reparameterizations,
independently on the integration paths. Additional equations are those that depend
on the choice of integration path.

For arbitrary integration paths, the A expansion may not exist. The choice of
integration method we use in this paper, corresponds to the so-called formal matrix
model, with fixed filling fractions.

We consider here the problem of a formal matrix model, i.e. the one represented by
the formal power series expansion of a matrix integral, where the non-quadratic terms
in the potentials V; and V; are treated as perturbations near quadratic potentials. Such



a perturbative expansion can be performed only near local extrema of V; ()4 V5 (y)—xy,
i.e. near the points (&;,n;), i =1,...,d;ds, such that

Vf(@) =1n; and Vé(m) =& (2-37)

which has in general d;ds solutions. Therefore, perturbative expansion can be per-
formed near matrices of the form:

- ' ny no Ndydg

Ml = dlag (é-lv cee 7517527 s 7527 s 7£d1d27 cee 7£d1d2)7 (2_38)
ni ng Ndydg

N r . ’ N\ /7 N\ / .

My = dlag (nla s M M2y o525 - Ndady s - - - 777d1d2)> (2_39)

such that Zf:fz n; = N. The perturbative integral is computed by writing M; =
M, + M, and My = My + 6M,, by expanding higher order terms (cubic and higher) in
0M; and dM;, and by treating quadratic terms in 0 M; and M, as gaussian integrals.

In other words, a formal integral can be computed as soon as we have chosen a
vacuum around which to make a perturbative expansion. The choice of a vacuum is
equivalent to choosing a partition of N into dyds parts:

didz

> ni=N. (2-40)

It is easy to see that if we truncate the perturbative expansion to any finite order,
we have:

> dr = L tr 1_dz = —n;, (2-41)

20m C; xTr — M1

1
— tr
2im Je, < x— M,
where C; is a small direct circle around the point ; in the complex plane. And thus:

1
i 1, wyo(x)de = —n;h = —e;. (2-42)

%

If we do not truncate to a finite order, all functions become algebraic, with cuts, and
the contours C; are then enhanced to finite contours around the cuts, and up to a
redefinition of the contours, the filling fractions are the A-cycle integrals. We define:

1 1
— ——— ¢ zdy=¢ 2-43
2% yax 2% iff Yy=ce€ ( )

We call ¢;’s the filling fractions, and they are given new parameters (moduli) of the
model. In what follows, we consider them to be independent of the potential or on any
other parameter. Let us notice that the such defined ¢;’s are not necessarily of the form
n;/N with n; a positive integer, but they can be arbitrary complex numbers, provided

that:
> e=t=Nnh (2-44)



In particular, since all correlation functions wy o(z1, . . ., zx) are obtained by deriva-
tion of wy o with respect to the potential V;, we have:

1
— wio(z1, ..., 25)dry = 0. (2-45)
20w J 4,

Eq.(2=23) together with the large x and y behaviors, suffices for determining com-
pletely all the coefficients of the polynomial E© (x,7), and thus the leading large N
resolvents wy o(x) and w1 (y).

Remark 2.2 It is easy to see that if we truncate the perturbative gaussian integral to
any finite order, the result is a polynomial in 1/N?2, and thus, formal matrix models always
have a 1/N? expansion. This comes from the fact that, to any finite order, the perturbative
gaussian integral is the generating function for counting discrete surfaces made of a finite
bounded number of polygons, thus having a maximal Euler characteristic (power of N).

Remark 2.3 We emphasize again the formality of our model: in principle, the A-cycles do
not necessarily lie in the physical sheet, so we would need additional assumptions to segregate
physically meaningful models. Recall that the ¢;’s can be arbitrary complex numbers.

Remark 2.4 We have d;dy non vanishing contour integrals, but they are not all indepen-
dent. Their sum can be deformed as a contour around oco. Thus, we only have dids — 1
independent non vanishing contour integrals, and thus the maximal genus of our curve is
dido — 1. The number of independent filling fractions is dyds — 1, due to the constraint on
their sum.

Double points The Riemann surface £ may have double points.
A point p € £ is a double point iff:

Jq # p, 2(p) = x(q) and y(p) = y(q). (2-46)

Double points are such that both derivatives E, and E, vanish, and thus the curve has
two tangents at such points. The differential forms dz and dy do not vanish at double
points.

We need an extra asumption to deal with double points.

We may consider that in the framework of the perturbative gaussian matrix integral
seen above, double points correspond to vanishing filling fractions ¢; = 0. Thus:

%UJL()(SL’)dSL’ =0 (2-47)
c
where C is a contour which encircles the double point. In other words, we make the
assumption that the resolvent has no residue at double points, to all orders in the
h expansion. We will see below that this vanishing residue condition is sufficient to
ensure that correlation functions never have poles at double points.

Another reason to make that assumption is based on the Krichever formula [30],
which involves summation only over branch-points and not over double points.
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3 A new formula for the spectral curve
The 't Hooft expansion of the master loop equation (2=I8), links correlation functions
of genus h to correlation functions of lower genus. The knowledge of the LHS E(z,y)

would then give a way of deriving the whole topological expansion of the W k| .
From the definition of the surface £, one derives the leading term as:

dy
EO(x(p),ylq)) = —tg41 ¥ H(i’f(P) — (39 (y)))

= —tuer x [[(wla) —y(p7 @) (3-1)

Actually, not only the leading term, but the whole function admits such a product
structure:

Theorem 3.1 The functions E(x,y) and Uy(p,y) can be written:

d2

B((p).y) = ~Tay” <H<y - Vi(a(p) +nTx ﬁ>> ”

1=0

(3-2)

and

7 b d2 ! 1 b}
Uo(p,y) = —tay 11 <£[1(y —Vi(z(p)) + A Tr w)> - (3-3)

where the quotes ” (.)” mean that when we expand into cumulants, each time we find
a 2-point function Wy, we replace it by we o = Wap + m as in (2=11).

In other words, E(x,y) is the (dy + 1)—point correlation function, with all points
corresponding to the same x in all the dy + 1 sheets, and Uy(p,y) is the dy-point
correlation function, with all points corresponding to the same x(p) in all sheets but
the same as p.
proof:

We prove this theorem by showing that the two sides of the equalities (B=2) and
[B=3) are defined by the same recursion relations.

We let E(x(p), y) and Uy(p, y) be defined by the respective RHS of ([B=2) and B=3).
Consider their topological expansions:

E(w,y) =Y W'E"(zy) and Uo(p,y) = WU (x(p)y)  (3-49)
h=0 h=0

By expanding in cumulants (connected parts), one can observe that:
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EM(zp)y) = (y—y®)U" 0y) + W )T (v, y)
h—1

+3 W)U (py) +
m=1

o
0"V (p,y),

_9
Vi (x(p))
(3-5)

which has exactly the same form as ([2=I5).

Obviously we have EO) (z,y) = E©(z,y) and U (p,y) = U (p, y).

Let us now show that, given E®(z,y), [=I8) admits unique solution. For this,
assume that we know E®~=D(z,y) and U™ (p,y) for all m < h — 1 and prove that
[=IX) allows computing E® (z,y) and Uéh) (p,y).

Consider [Z=IR) for p = ¢* and y = y(p) for any i = 0...dy. It reads

E™ (x(p =Y WU W) + W&( )U(h Dot y('):p'). (3-6)

By the recursion hypothesis, one knows the RHS totally, so one knows the LHS. This
gives the value of E® (x,5) for dy + 1 values of y. Because E™(z,y) is a polynomial in
y of degree ds, an interpolation formula gives its value for any y. It remains to compute
Uéh) (p,y) which is straightforward due to (2=1F)).

Thus, because E®(z,y) and E™®(z,y) obey the same equations with the same
initial condition, we conclude that E® (z,y) = E® (z,y) for any h.

O

4 Diagrammatic rules for the correlation functions:
new insight.

Using loop equations, two of the authors have derived two sets of diagrammatic rules
allowing to compute any Wk| o as residues on the Riemann surface [24]. One of these
theories involved only cubic vertices but presented the disadvantage of using explicitly
the auxiliary functions U|k|, whereas the second one involved only the Wk ¢’s but
expressed it through vertices of valence up to ds.

In this section, we present new diagrammatic rules composed of cubic vertices and
involving only W’s whose arguments are in the vicinity of the branch points. They are
much simpler than all the preceding ones.

From (B=2)) and the definition ([2=I1) of E(z,y), we obtain the following equation:

~fa” (TIE(y = Vi) + hTr o)) = (Vi) — 20) (Vi (@ (p)) — )

—P(z(p),y) + 1.
(4-1)
Recall that P(x,y) is a polynomial both in y (of degree dy — 1) and in .
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The large y expansion of the LHS reads
do 1
a3 <’in S ) o

- Z S <(hTr ﬁ - V{(fv(p))) X

i=0 j#i

T ghT; m - Vl'(ff(p))) > 7 yda=1
LO(y"?),

(4-2)
and the large y expansion of the RHS yields:

=y (ta, = ta, 1 Vi (2(p)) — a1 Q2 (p))y™ ™" + O(y™7),

where Q(x(p)) is a polynomial in z of degree d; — 1.

ng do+1
- td2+1 Yy 2

e Equating the coefficient of y? gives

da
YY) = Vi) -

tdg-i—l

Y

which is a polynomial in z(p). Expanded to order h, this means that
da
S Wil ) =0 forh>1
1,0 \P ) = orn = 1.
Applying the loop insertion operator to =) we get:

09, dx(p)dz(q)
ZWN PL0) =000 ) ()

which can also be written:

Wao(p',q) + Z Wao(p’,q) = 0.

J#i
e Equating the coefficient of y%2~! gives
2 tdg tdz 1
= Z Y(p ) + PPwao(p', ) = Vi (x(p) 7= + 7— + Q(z(p))
Z;ﬁj 0 tdg-i—l tdz-i—l

where

0t~ (e )= O

13

(4-3)

(4-4)

(4-5)

(4-7)



is a polynomial in = of degree d; — 1. Using (=) and ([H=0) we get:

da ~ ~ 2
SOV 4 Tl ) = Vi) - 22 4 () < 2Q(alp)  (+10
=0 da+1 do+1

Expanding this equation in A, we obtain for A > 1

2% y(p >W1’s< )da(p) -
= > S G () £ T (4, )+ 2Q (a(p)) dar(p)

(4-11)

We consider this equation when p is near a branch point p,, multiply it by 5 1 d(E)P_”;(%),

take the residues when p — p, and sum over all the branch points. Notlce that
L9850 5o finite at p =P, i.e. it has no poles at branch points.

2 y(p)—v(P)
ﬁet us first compute the LHS:

Y Re dEpﬁ(Q) _ ( )WI’(‘)) )+ y(P )WIO(_) +Y, #ppy(p)w@(pi)}
o e ] y(p) — y(@)
4B, 5(a) [y)WE ) + v )]
) Za:pfi?i y(p) —y()
5 e 0 PO D00 )
o The _ y(p) —y(p)
AB,5(a) [y)W1E (o) — s ()]

y(p) — y(p)
= Z%‘zsadE ()WIO()

p
— prie}i dS,.(q Wl 0 ( ) —dSp,0(q) Wl(,}(L)) ()
- Z Res dSj,o(a) (W13 () = W5 (7))
— Z pfiis dS, . 2W1(}6 Z Wl o (
P'#p.p
h
— 2 Z p%ii dSy.o(q) Wl(,O) ()

R Res dS),(q) W W% (p)

2@7T2,<%W10 ]{ j{Wf’é ]{ (7))

_ ~2 Res dSy.0(q) Wi (p)

14



= 2 (q)
(4—12)

Let us compute the RHS in a similar way. It reads

dEpp() & (h=1), ¢
Zfﬁua <>>dx<p>[;<w #57)

" Z Wi WG )) + 20 (@(p)de(p)?]

o —y@))dz(p>[ 00 *ZW PV

ldE 5(q) D
= 2 Res 2 PP (p,p) + wim W (h=m)
;pﬂw (y(p) — y(p))dz(p) [ Z O )]
(4 13)
Thus we have, for h > 1:
—(h—1)

Way " (p,p) + S W (W™ (p))

(y(p) — y(D))dx(p)

Using properties (=H) and (B=1), this last equation can be changed into (we add
terms which don’t have poles at branch points, and thus whose resiudes vanish):

AW .) + S0 Wi W™ ()
priia W) —v(7)dr(0)

This is the case k = 0 of the following theorem (proved below by recursively applying
the loop insertion operator 0/0V}):

3dE
Wl(ﬁ))(q) _ priisa 30 Ep5(q)( (4-14)

(4-15)

Theorem:
(h) — % p?(
Wiiiold,pe) = — > o Respoy, W) —y(®) dz(p) Wk+1 0 (P P px)+
h—m
+ ngW]—i-lO( J) 1§+1 jO(papK—J)> ;
(4-16)
which can be diagrammatically represented by

= * (4-17)

15



where a sphere with h holes and k legs is the k-point function to order h W,gh), and
the arrow means the following integration:

1d£¢q
p—>—< Z Res e );Z)SL’ @ (4-18)

p—’ﬂa

This equation is a recursion relation, whose initial condition is given by [2=33), i.e

——{:::>——‘ = Pp——04 = B@.9). (4-19)
proof:

We have already proved theorem (E=IH)) for £ = 0. Let us now show that the rule
(E=18) is compatible with the derivation wrt the potential V.

One preliminary needed formula is the action of the loop insertion operator on the
function y(p). It is well known (see for exemple [19]) that:

Oy(p) .\ _Blr)
i) ) T )

First, the action of the loop insertion operator on the Bergmann kernel gives [24]:

0B(p,q) B dE¢¢(q) B(p, §)B(E,r)
r o D D 7 SR PR )
S e LB [P é p.OB(E ) + B DBE )]

E—tia 2 I3
«

y(&) —y(€)) du(€)

(4-20)

(4—21)

Note that this corresponds exactly to the conjecture for k =1 and h = 0.
By integrating this expression with respect to p, we obtain the action on the arrowed
edges:

9dE,5(9) 1dEz(q) [dE,5(§) B(&, 1) + B(r, §)dE,5(§)]

WVi(a(r) = 2 8 (v — () de(e) |

where ¢, p and r are outside the integration contour.
There is one last quantity to evaluate, corresponding to the vertices:

9 1 — Br) =B, )
STAG (y<p> y(ﬁ)) ) = ) =y Pdalp) (4-23)

Let us now interpret diagrammatically these relations.
Eq. (B=ZI) represents the action of the loop insertion operator on the non arrowed

edges:
/ 5 i
(4-24)
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In order to interpret ([B=22), one has to move the point p inside the integration
contour for &. For this purpose, let us consider the action of the loop operator on the
dEq7(p) 1 . _—
vertex, dz(r) i m(r Z Res g—pa =5 Gary@na - 1t gives the contribution

qu,i(p) B(ﬁv"‘)_B(qm)
2o RES ¢—a =5 @)y @ () (4-25)

dE () dE,4(&)B(E,r)+dEy 4(&)B(E )
+2 2 Resgop, Resey, OB ENEE 2@ -y@)dr)

where ¢ lies outside the integration contour for £&. We move the integration contour for
¢ in the second term so that ¢ lies inside. One has poles only when £ — ¢ and £ — @
which can be written

Res Res = Res Res — Res Res — Res Res . (4-26)

q—pa E— o E—=la q—Ha  q—Ha §—4q q—pa E—7

These contributions cancel totally the first term in (#=2H). Thus one finally obtains:

0 o dE, 7 (p) 1 _
“ ) S Z SR T2 (5@ - v(@)de)
— Res Res dEff(p) qu,ﬁ(E)B(£7 T) + qu,ﬁ(g)B(Ev T)
— t—pa a—ma 2(y(€) — y(€))dx(€) 2(y(@) — y(q))dz(q) ’

(4 27)

which corresponds to adding one leg to the vertex:

0
) gty & L &+

This ensures that the theorem is true. [J
Therefore we have the following diagrammatic rules:

NV

N
le

NV

PAN

Theorem 4.1 The k + 1 point function to order h, W,ﬁ’fl s the sum over all possible
diagrams obtained as follows:

e choose one of the variables, say p1 as the root.

e draw all rooted skeleton binary trees (i.e. trees with vertices of valence < 3) with
k — 1+ 2h edges. Draw arrows going from root to leaves, that puts a partial
ordering on vertices. A vertex V| preceeds Vs if there is an oriented path from Vi
to Vs, and a vertex always preceeds itself.

e add, in all possible ways, k non arrowed edges ending at the point py, ..., Pri1,
so that each vertex has valence < 3.

e complete the diagrams in all possible ways with h non arrowed edges joining 2
comparable (with the partial ordering of the tree) vertices, so as to get diagrams
with valence 3 only.

17



o At each vertex, mark one leg with a dot, in all possible inequivalent ways. In
general there are 2 possibilities at each vertex, except if the 2 branches coming
out of the vertex are symetric (either 1 non-oriented edge, or 2 identical subgraphs
with no external legs). Fach inequivalent diagram is counted exactly once (this is
the standard way of computing symmetry factors).

e assign to each such diagram a value obtained as follows: each non-arrowed edge
is a Bergmann kernel, a residue of the form {G-18) is computed at each vertex,
where the q variable corresponds to the marked edge. The ordering for computing
residues is given by the arrows, from leaves to root.

Notice that those rules are extremely similar to those first found for the 1-matrix
model in [16,24)1T]. The 1-MM is merely the reduction of those rules to the case of
an hyperelliptical surfaces.

5 Topological expansion of the free energy

In order to find the topological expansion of the free energy, one has to ”integrate
wrt the potential V;” the expansion of the one point function. First let us define the
H, and H, operators corresponding respectively to the ”"inverse” of the loop insertion
operator aivl and aivz'

5.1 The H operators

We define the operators H, and H, such that, for any meromorphic differential form
¢, one has

H,.¢:= Igoems Vi(z) ¢ — Pioeys (Va(y) —xy)<b+T/°°y¢+Z6i fg(j) (5-1)

and
Hy9 = Res Va(y) 6 = Res () a0+ T [ 6= ef o (62
Note that
(H, + Hy).9 = Res xy.¢ (5-3)

Note that if ¢ = df is an exact differential, we have:

H,.df = — Res fydx : H,.df = — Res fuzdy. (5-4)

00,00y 00,00y

We now compute the action of H, on the two-point function on the Bergmann
kernel B(p,q) (in this computation H, acts on the variable p), that is

H,.B(p,q) = Res Vi(z(p)) B(p,q) — ljfys (Va(y(p)) — zy) B(p, q)
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+T/ooy B(p,q) + 26 fg B(p,q).

(5-5) -

We integrate by parts the residues at infinities. Provided that B(p,q) = d,dS,.(q),

that V/(2(p)) — y(p) ~ =5 as p — oo, and that V;(y(p)) — x(p) ~ - as p — 00, we

3 z(p) y(p)
can write

HoBlpa) = = Res —sda(p) dS,.(a) = Res ylp)de(r) dS,fa)
R () 00)+ T, (0) + 3 f B0
5-9)

Finally, the Riemann bilinear identities [25,26] associated to the fixed filling fractions
conditions give

Hx.B(p.q) = TdSw,o(q) — Res y(p)dr(p) dSyo(q) — Res y(p)d(p) dSy.(q)

TS, 0(0) + TSy, (@) + 3 6 § B0
i B

= R;es y(p)dx dS, .(q)
1

5 Zﬁ y(p)dz(p) fg B(p,q) + % ;iiy(p)dw(p) %4 B(p.q)

T

+3 e B

= —ylg)dx(q). (5-7)

That is:
H;.B(.,q) = —y(q)dz(q). (5-8)

Remark 5.1 The leading order of the free energy is already known [4]:
Yy
270 = Res (Vi(z) + Va(y) — zy) ydx + T][m ydzr + Z € }1{ ydx

= Res (Vi(z) + Va(y) — zy) ajdy—l-T]fQ :Edy—Zeij(I{ xdy.
Oy OQy ‘ B»L
(5-9)

In other terms, one has

2FO) = H,(ydz) (5-10)

5.2 Finding the free energy

Theorem 5.1 For any h we have :

(1 —2n)W) = H, W) (5-11)
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Notice that this is already proven for h = 0.
proof:

Let us study how H, acts on the diagrams composing Wz(,%). By symmetry, one can
consider that H, acts on the leaf of the diagram?. Two different configurations can
occur.

If the leaf is linked to an innermost vertex, one has to compute

E,7(¢)Hy-B(r,.)B(r,p) f(p) 3 o $Err(@)y(r) B(r,p) f(p)
Zﬁia y(F) y(r))dx(r) ;Eua 2((y(r) — y(r))

Otherwise, H, acts on B(r,.) where there is an arrow going out of the vertex
corresponding to the integration of r:

4B, #(q)dE,(r)y(F) £ ()
A=2 R D R oo v s O

By moving the integration contours so that r lies inside the contour of p, one keeps
only the contributions when r — p and r — p, that is

N e BB )y ()
A= ) R R S ) W) — ) de ()
(

_ Z Res dEp@((])f(p) ) (5_14)

The same diagram with H, acting on B(T, .) gives the same contribution and cancels
the % factor.
Diagrammatically, this reads

HX HX
+ =— %—( (5-15)
q r q r P
and
HX
= 0. (5-16)
q—>— r P

2The diagrams composing W2( 0) have two external legs, one root with an arrow and one leaf which
is a Bergmann kernel.
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Thus, because there are 2h — 1 arrowed edges composing any graph contributing to
Wl(h), one has:

0
h
qu‘Wé,O)(pv Q) = Hl‘q av( )WIO( )
= —(2h—-1)W (). (5-17)
O
Beside, we have the following property:

Lemma 5.1 For any h # 1:

H, Wi (g) — H, W5l (a) = 0 (5-18)

whose rather technical proof is found in appendix B.

Corollary 5.1 One easily derive from this theorem that for any h # 1, the free energy
can be written as

@—%WW_—HWN— Hwh,

(5-19)

up to an integration constant which does not depend on Vi or V.

5.3 Dependence on other parameters

Now, with the explicit dependence of the free energy on the potentials Vi and V,
in hands, one is interested in the dependence in the other momenta, i.e. the filling
fractions ¢; and the temperature 7.

The definitions of the filling fractions implies that

where the du;’s denote the normalized holomorphic differential on cycles A;. This
allows to check that the derivation wrt the filling fractions is compatible with our
diagrammatic rules through

0B(p, q
- d 5-21
P | St Bl isto) (5-21)
which generalizes to
ow " n)
W) = Wi 5-22)
In the same fashion, one derives
Wiy (p) _ [
% = / Wi (v, q). (5-23)



5.4 Scaling equation

For the sake of completeness and in order to interpret the formula found for the free en-
ergy, one has to consider a slightly more general model, in which the coupling constant
between the two matrices is not fixed, i.e. we consider the partition function

7 = / dM,dM, e—%Tr (Vi(M1)+Va(Mo)—kM M) _ —F (5_24>
HNXHN

where x is an arbitrary non vanishing coupling constant.
One can easily obtain this model by rescaling our momenta:

te - 1 T
th— 2 > 2L and T — —. (5-25)
K K K
After this redefinition of the parameters, all the results presented in this paper
remain valid® and one obtains

(2 —20)FW = —~H W) + f(T, e, ), (5-26)

with

H,.¢ := Igoes Vi(z) ¢ — Pioes (Va(y) — kxy) ¢ + T/

S+ € ]{ K2 (5-27)

00z i B;
Now, define
_ H,W ()
(hy — 72710\ -
Vh#1 F 5 on (5-28)
Eq. (B222) and (B=23) give
oo HWEG)
6@- 6@- "
OH, oW (p)
(- n e
= - W)
(5 — 29) Z
That is to say
5 == W) wa e —— [Tl (5-30)
On the other hand, by definition
d ~ ~
L gFW™) oF )
t = Res Vi(z(p)) =———. 5-31

3Note that the diagrammatic rules remain the same, only the Riemann surface is affected by this
rescaling.
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Which leads to
oF )
St = — Res Vi(z(p)) W18 (). (5-32)

k=1

One can also derive

S0 Va(y(p)) OHe Wi ()

k = — S
—1 8tk Oy (2 - 2h

= Res a(y(®)W{(p).
(5 —33)

The last identity uses the property (B=3)) of the H operators.
There is one additive momentum that one has to consider now, which gives

()
o __ Res x(p)y(p)Wo.(p) (5-34)

81% Oy

Thus, putting everything together, for any set of filling fractions ¢;, any coupling
constant £ and any temperature 7', F® fulfills the homogenous equation

dtl (I YA ) gF®™  gE®) oF ™
2 -2 F™ =) "¢ i+ T i
( Zk ;kﬁtk T T ok +zi:€ 9,
~ (5-35)
Hence, F'" is our final answer for the free energy:
_ 1 1
F0) = g — H,wh = 55 W (5-36)

2h — 2 1.0y~ op —

Remark 5.2 One can note that (B=33]) is nothing but saying that rescaling the expansion

parameter h is equivalent to rescaling all the other momenta in the same way:

oF OF
o_h—+ tk——l—z For +T—+:—e— Zelae, (5-37)

5.5 Explicit computation of the free energy: diagrammatic
rules

The equation (B=36]) allows to compute any term in the expansion of the free energy, but
the first correction to the leading order, using diagrammatic rules. For this purpose,

23



one just introduce a new bi-valent vertex corresponding to the action of the H, operator
on the root of the diagrams composing the one point functions. One represent it,

R —3 J; y(©)dz(¢)
q =2 R ) @t

(5-38)

Using this new vertex, one obtains the h’th order correction to the free energy by
considering the sum of the diagrams contributing to Wl(fg) where the ingoing arrow is
replaced by this new bi-valent vertex.

Remark 5.3 We must remind that this technic does not give the first order correction.
Nevertheless this particular correction has already been computed in the literature [20].

6 Conclusion

In this paper, we have obtained a closed expression for the complete expansion of the
free energy of the formal hermitian two-matrix model as residues on the spectral curve
giving an answer to one of the problems left undone in [24]. On the way, we also
refined the diagrammatic rules used to compute non-mixed correlation functions. We
particularly exhibit that these functions actually only depend on what happens near
the branch points. The link with the diagrammatic technique of [I6] for the 1MM looks
also more evident.

Nevertheless, there still remain many different problems one should address from
this starting point. In this paper, we begin the computation of correlation functions
mixing traces in M; and traces in M,, but the general case does not seem as simple
for the moment. In the same way, using the result of [I7], one would like to compute
the expansion of mixed traces.

This natural generalization of diagrammatic techniques from the 1IMM to the 2MM
also points out that the study of the chain of matrices [21] would give a more general
knowledge of the link between algebraic geometry and matrix models.

Let us also mention that we have considered here only polynomial potentials, but
it is clear that the whole method should extend easily to the more general class of
semi-classical potentials [6[7], whose loop equations are very similar [23]. The 1-MM
with hard edges was already treated in [I2].

Another extension of this problem is to compute the 1/N expansion of random
matrix models for non-hermitian matrices. This problem is already partialy addressed
in [36,37,88], but a diagrammatic technique has not been found yet.

Finally, as we already mentioned it, solving the formal model is different from
solving the physical problem corresponding to a convergent integral and constrained
filling fractions lowering the energy. This problem, which is expected to be similar
to [§ is not addressed for the moment and should give a natural complement to this
work.
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Appendix A Computation of W,{E}?

In this section, we compute a new set of correlation functions including one trace in
Ms. In other words, we compute all the W,Sﬁ)’s. More precisely, we explain how the
diagrammatic rules are modified when one changes one trace

1 1
Trw — Tr OETA (1-1)

We do not give explicit formulas for all the W,y;) with [ > 1. This problem will be
addressed in another work.

A.1 Examples

In order to give some idea of the result, let us review some already known functions [T9,
5,30).

A.1.1 2-point functions
0 0 0
Wz(,o) (p.q) = Wo(,z) (p.q) = _Wl(,l) (p,q) = B(p,q) (1-2)

A.1.2 3-point functions

W?E,OO) (pl,P2>P3 Z qfiua B(p1, qgﬁ(zgil,yq()j(pg, q) (1'3)
B(p1,¢)B(p2, ) B3, a) . Bp1,0) B2, 9)B(ps, )
Wadlonpeps) = =3 Res = aa) BT de@)dy()
(1-4)
proof:
Wai(p1,pe,q) = m(wl,l(pl,q))dy( )dx(p1)dx(p2)
3} dz(q)

_W(wﬂ](ph Q> dy(q) )dy( )dx(pl)dx(]h)

. Wao(p1,q) Wiai(p2, )
- W3,0(plap27Q) + dx(q) dq dy(q)
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W1,1(p2,Q) Wz,o(phCI)
() d‘I< 42(q) )

. W2,0(p17 Q)Wl,l(m’ q)
= _W3,O(plap27q) ‘l'dq dx(q)dy(q) )
(1-5)

O

A.2 General case

Theorem A.1 For any |K|+h>1

VV‘([QJQDM -+ 5 Pk, q) + W/](]?)H_L()(pla <oy Pk q) = dqf(h)(p17 -+ s Pk, q) (1_6)

where f™ (py, ..., pr,q) is obtained from the diagrams composing VV‘(;;T’O(pl, .o k) by
cutting any of its propagator as follows:

1
pl p2 - m pl q q p2 (1—7)
and
< 1 <
P T woaw T 49 ' e
proof:

VV|(I}(L)"1(pK, q) can be obtained by differentiating VV‘(;;T’O(pK) wrt Va(y(q)). So one has

to know the action of 8%.2 on the diagrammatic rules.
One can reexpress the 3-point function of ([I=)) as

9 B(S,p)B(S,Q)) .

0
Wty 0P = o)y D) ( dx(3)dy(s) (1-9)

This can be graphically represented by

0 0

o) " a - G P b
o (dx<s>dy<s> P s s a ) |
(1-10)
On the other hand, by integration, this implies that
0 N o Eaal0) [0, (@) Bla.s) + B(s,7)dE, (o)
Wy @ = 2 Re 2(y(@) — y(a))da(a)

< dE,1(q)dE,,(b)B(a,s)
— a—pa b—a (y(b) — y(a))(z(b) — z(a))
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Thus the derivative wrt V5 of the first vertex, m > o Resp #f()))dx(p)
gives:

dBa,a(q)[dE, (@) B(a,s)+ B(s,3)dE, 5(a)]
=20 25 Res o, Resay, T Ve TG .
_ Ep 5 a,s _
20 Respop, Resas Resyq 2(§/(b>—y<a>>(m<b> 2(@) (W) —yP)dz(p) (1-12)

dE,5(q) 8
+2 0 ReSposie = 5000 GO0 ED

where p lies outside the integration contour for a. Note that all the derivations have
been performed by keeping the z’s fixed.

Moving the integration contours so that p lies inside gives a contribution that cancels
the last terms and one obtains

dE, p(a) N 5 dE, ()
ST Do RS psps TG ) = avl(:c(snz Res p—pie 355 —w(r PR
_ B(s.q _ dBppls) ¢
ds (d:c(s iy 2o RS p—na 3540 >>d:c<p>)
(1-13)

This graphically reads:

) )
Va(y(s)) q > - G

Vi (x(s))

s (da:<s>1dy<s> a s s )

(1—14)
These two relations prove straightforwardly the theorem. [

Remark A.1 For |[K| = 1, one can go further in the description of Wl(ﬁ)(pl,pz) +

Wz(’%) (p1,p2). Indeed, the graphs obtained by cutting the propagators of W1(,f(L)) (p1) have no
pole when p; — po except when one cuts the root of the graph, in which case it gives the

contribution %W&) (p2), that is to say:
W (01, p2) + Wi (p1,p2) = —dy, {Mwl(}(l)) (p2) + f(plapz)} ; (1-15)
’ ’ dx(p2)dy(p2)

where f(p1,p2) has no pole as p; — po.

Appendix B Symmetry of the free energy under the
exchange of x and y

For h #£ 1

h h h
qu'Wl(ﬂ) (q) - qu'WO(,l)( ) (prl Hyp2 Hyp2 prl) Wl(,l) (plapZ) (2_1)

The only terms that contributes in the exchange of H, and H, come from the
integration contours around oo, and ooy, i.e.

A = (Hmm Hypz Hypg Hmpl ) Wl 1) (pl ) p2)
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= — Res Res Vi(a(p)(Vi(z(p2)) — x(p2)y(p2)) Wi (p1, p2)

P1— 00z p2—P1

— Res Res Va(y(p2))(Va(y(p1)) — 2(p1)y(p1) )W (p1, p2).

P1—00y p2—P1
(2-2)

On the other hand, one knows from remark ([=IH), that

B(plap2)

Wl(ﬁ)(plapz) = —Wég)(phpz) — dp, {m

W (p2) + £, p2)} L (2-3)

where f(p1, p2) has no pole when py — p;. Note that WZ(,}(L)) (p1, p2) do not have pole
when py, — p; either.

Thus, the only non vanishing terms in ([2=2) come from d,, {%Wl o (p2)}
This reads

Res py e, ReS s, Vi (0(01)) (Vi(2(p2)) = 2(p2)y(p2)dps { o s Wi (p2) }
Yy

(
R R V- V- — d B(p1,p2) W(h)
+ Respy oo, Respyp, Va(y(p2)) (Va(y(p1)) — 2(p1)y(P1))dpe { Zoipayazions Wio (P2)

(2-4)
We now evaluate these residues by part and obtain that
A= - e Vil [ (0D 0D 0
/ (h)
— Res (Va(y(p)) = 2(p)y(p))d, ‘é(y(gl)(glo( )] .
(2-5)
Another integration by part can be written
A _ + pP_{ng VI (x(p)) (Vi(z(p)) — y(p;;?;(p) — x(p)dy(p) Wl(g) )
! (h)
+ Res (Vy(y(p)dy(p) — =(p)dy(p) — y(p)dz(p)) % (y(zzc)(gl’o )
(2-6)

Knowing that V{(2(p)) — y(p) ~ ;i when p — oo, and Vi(y(p)) — 2(p) ~ ;05

when p — 00, and that the other factors do not have poles at infinities, one can fina 11
write that

H

Ypo

- H

Ypo

Hy, )W (01,ps) = —  Res  a(@u(@)Wil(g).  (2-7)

q— Oz , OOy

(H

Tpy

Let us now show that the RHS vanishes by looking precisely at the form of Wl(,%) (q).
Because it comes from a vertex, (B=If), with moving the integration contour, implies
that

2 Res :E(q)y(q)Wl(fg)(q) = —QZqPiiiI(Q)y(Q)Wl(z)(Q)

00 , OOy
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= —ZZ Res Res

q—Ha p—Hg ( p)

:‘
,_.

x | Wig Y p.p) + ZW WY m)(p)] :
(2-138)

Now we move one more time the integration contour and clearly segregate the case
when p and ¢ are near the same branch point.

2(q)y(q)dE, 5(q)
2 Res quqW(h)q = — Res Res —
2o, H @y @Wio(a) a;ﬂ p=nea—ns (y(p) — y(p))dx(p)
h—1
< | Wae Vo, p) + Y W W™ ()| -
m=1

P— o = P q—Ha P—4q,4q

—Z {Res Res — Res Res}

(2-9)

One can see that the integrand has no pole as ¢ approaches a branch point. Thus
one keeps only

h—1
3 R e |V 0 S W) 10

We finally perform the integration and get

T
L

2 Res 2(q)y(@W ) (g) = Z Res

Oz , Py q—’ﬂa

[ Wil o)+ W W™ (p)

3
Il

QED.
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