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THE ZECKENDORF EXPANSION OF POLYNOMIAL
SEQUENCES

MICHAEL DRMOTA AND WOLFGANG STEINER*

ABSTRACT. In the first part of the paper we prove that the Zeckendorf sum-of-
digits function sz(n) and similarly defined functions evaluated on polynomial
sequences of positive integers or primes satisfy a central limit theorem. We
also prove that the Zeckendorf expansion and the g-ary expansions of integers
are asymptotically independent.

1. INTRODUCTION

Let ¢ > 2 be an integer. Then a real-valued function f defined on the non-
negative integers is called g-additive if f satisfies

F(0)=0 and f(n) =3 flegr(n)d").

k>0

where €, 1(n) € {0,1,...,¢ — 1} are the digits in the g-ary expansion

n= Z eqr(n)g”

k>0

of the integer n > 0. For example, the sum-of-digits function

sq(n) = Z €q,k(n)

J=0

is a g-additive function. The distribution behaviour of g-additive functions has been
discussed by several authors (starting most probably with M. Mendes France [[Lg]
and H. Delange [, see also Coquet [}, Dumont and Thomas [[L0], [LT]], Manstavicius
, and [E] for a list of further references). Most papers deal with the average
value or the distribution of g-additive function. There are, however, also laws of
the iterated logarithm and more generally a Strassen law for the sum of digits
function due to Manstavicius [I7. (It seems to be difficult to generalize such a
law to the Zeckendorf sum-of-digits function since a corresponding Fundamental
Lemma seems to be out of reach at the moment, even the generalization to a joint
law of two g-ary sum-of-digits function is not obvious, see [§.)

The most general central limit theorem for g-additive functions f is due to
Manstavicius [1], where the distribution of the values f(n) (0 <n < N) is consid-
ered. In this paper we are interested in the distribution of f(P(n)) (0 < n < N),
where P(z) is an integer polynomial. Here the best known result is due to Bassily

This research was supported by the Austrian Science Foundation FWF, grant S8302-MAT.
*Department of Geometry, Technische Universitdt Wien, Wiedner Hauptstrafie 8-10/113, A-
1040 Wien, Austria.

1



2 MICHAEL DRMOTA AND WOLFGANG STEINER

and Katai [[[l.' (Here and in the sequel ®(z) denotes the distribution function of
the standard normal law.)

Theorem 1. Let f be a q-additive function such that f(bg®) = O (1) as k — oo
and b € {0,...,q —1}. Assume that % — o0 as N — oo for some n > 0

and let P(n) be a polynomial with integer coefficients, degree r and positive leading
term. Then, as N — oo,

%#{n<N‘f(P(”))_MQ(NT) <$} — ®(z)

Dy(N™)

e F(P() — My(N7)

1 P(p)) — My(NT

W(N)#{pGP,p<N‘ DelNT) <x}%@(z),
where
[logq N] [logq N]
My(N) = Z Hk,q> Dq(N)2 = Z U%,q
k=0 k=0

and

1 K 1 g1
Fk.q = ;Z fod"), iy = ;Z F2(04") — 1 -
b=0 b=0

This result relies on the fact that suitably modified centralized moments con-
verge.

The main purpose of this paper is to extend this result to certain G-ary digital
expansions. Let a > 1 be an integer and the sequence G = (Gy)r>0 be defined by
the linear recurrence

Gr =aGi_1 + Gi_a, Go=1, Gy =a+1.
Now every integer n > 0 has a unique digital expansion
n = Z eG,k(n)Gk
k>0
with integer digits 0 < eg x(n) < a provided that
J
Z €G,k(n)Gk < Gj+1
k=0
for all j > 0 (which means that egr—1(n) = 0 if egx(n) = a). A special case
of these expansions is the Zeckendorf expansion where a = 1 and the Gy are the

Fibonacci numbers.
A function f is said to be G-additive, if

£(0)=0 and f(n)=>_ flecr(n)Gs).
k>0
Alternatively we have
F) = 3 fulecn(n)),
k>0
where fi(b) := f(bGy).

IThis theorem was only stated (and proved) for n = % However, a short inspection of the

proof shows that n > 0 is sufficient.
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First we will prove the following theorem concerning the distribution of the
sequence f(n), 0 < n < N. The proof essentially relies on the fact that the possible
G-ary digital expansions can be represented by a Markov chain. Note that the
sequence G, is also given by

ala+1) ., a-1 1\*
1.1 - - =
(1.1) Gy, 21 @ 5T ( ) ,

where « is the positive root of the characteristic polynomial of the linear recurrence

x(z) =2* —ar — 1.

Theorem 2. Let G be as above, [ a G-additive function such that fi(b) = O (1)
as k — oo for b € {0,...,a}. Then, for all n > 0, the expected value of f(n),
0 <n < N, is given by

(1.2) By =~ > f(n) = M(N) + O ((log N)"),
n<N
where
(log, N] o a—1 1
M(N) = Ma(N) = 1;) e with g = 21 ;fk(b) + mfk(a)-
Furthermore, set
[log, N] )
D(NY = Da(N)? = Y o
4,k=0
with
a—1
o _ ) IO el -k =k
Jk = o
(7$)‘j | Mmin(j,k)ﬁmax(j,k) Zf.] 7é ka
where

a2

a—1
By, = _QQLH bz:fk(b) + aQ—ka(a)-
=1

Assume further that there exists a constant ¢ > 0 such that O'](f])c >c for all k> 0.

Then, as N — oo,

(1.3) %#{H<N‘%<x}e@(z)
and
(1.4) %7; (%)h - /Z 2" do(z)

for all positive integers h.

(L.3) has been shown by Drmota [f] for strongly G-additive functions f, i.e.
fn) =" flen(n)).

k>0
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Furthermore, it should be noted that (B) provides an asymptotic relation for the
variance, too, however, without an error term:

(1.5) Vn = % > (f(n) = Ex)* ~ D(N).

n<N

We will use Theorem E and a method similar to Bassily and Katai’s to prove
Theorem E

Theorem 3. Let G, f be as in Theorem @ and P(n) a polynomial with integer
coefficients, degree r and positive leading term. Then, as N — oo,

(1.6) %# {n<N f(P(”Z))(Nf‘f(NT) <z} — ®(x)
and
1 F(P(p)) — M(N") B
(1.7) 7r(N)#{p<N‘ DV <x} D(x).
and
1 f(P(n) = M(N"\" [
O G I A
1 F(Pp) = MNTN® e
V) < DVY) ) [t o

p<N
for all positive integers h, if we set f(P(n)) = —f(—P(n)) for P(n) <0.

Note that definition of f(P(n)) for P(n) < 0 has no influence on the result,
because the number of non-negative integers n with P(n) < 0 is negligible.

Our next results concern the indepence of different digital expansions. For ex-
ample, in [E] the following property is shown. Suppose that ¢;, g2 are two coprime
integers and f1, f2 q1- resp. go-additive functions satisfying the assumptions of The-
orem EI Then we have, as N — oo,

1 fi(n) = My,(N)

" {” R N0

i.e. the distribution of the pairs (f1(n), f2(n)), 0 < n < N, can be considered as
independent.

We will extend this property to our more general situation.

<z (i= 1,2)} — O(z1)P(22),

Theorem 4. Suppose that f1, fo are two functions satisfying one of the following
conditions.

e (i) q1,q2 > 2 are two positive coprime integers and f1, fo qi1- resp. qa-
additive functions satisfying the assumptions of Theorem E Furthermore
set M;(N) := My, (N) and D;(N) := Dy, (N) (i =1,2).

e (ii) ¢ > 2 is an integer and fi(n) a g-additive function satisfying the as-
sumptions of Theoreml]. a > 1 is an integer and fa(n) is a G-additive func-
tion satisfying the assumptions of Theorem E Furthermore set M1(N) :=
My(N), Di(N) := Dy(N) and Ma(N) := Mg(N), Da(N) := Dg(N).

2
o (iii) aj,aa > 1 are two different integers such that Zéii
2

G =(Gj)j>0 and H = (H,;);>0 the corresponding linear recurrent se-
quences, and f1, fo G- resp. H-additive functions satisfying the assumptions

is irrational,
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of Theorem B Furthermore set My(N) := Ma(N), Di(N) := Dg(N) and
MQ(N) = MH(N), DQ(N) = DH(N)

Let Py(x), Px(x) be two polynomials with integer coefficients, degrees r1,r2 and pos-
itive leading term. Then, as N — oo,

fi(Pi(n)) — Mi(N"*)

(1.8) %#{n<N

< x; (Z = 1,2)} — (I)(.Tl)q)(l'g)

and
(1.9) ﬁ# {p <N fi(Pi(fgz(]_Vf\f(N”) <z (i= 1,2)} — O(21)P(22).

The paper is organized in the following way. Section 2 is devoted to the proof
of Theorem E Section 3 provides a plan of the proof of Theorem E Sections 4-6
collect some preliminaries which are needed for the proof of Theorem E in Section 7.
Finally, the proof of Theorem H is presented in Section 8.

2. PROOF OF THEOREM
Our aim is to study the distribution behaviour of f(n), 0 < n < N, i.e. the
random variable Yy defined by

PrYy <z]:= %#{n < N: f(n) <z}

If we define (i, n by

Pr{(in < 2] := %#{n < N: fr(exg(n)) <z}
and g, v by

Pri&. v = 0] = %#{n<N:ek(n):b} (be0,...,a}),

then we obviously have

Yn=> Gun=>_ fulén)

k>0 k>0

ie. Yy is a (weighted) sum of & n. Therefore, we will first have a detailed look
at §k,v. It turns out that & ¢, constitutes an almost stationary Markov chain, as
the next lemma shows. We want to mention that this fact is also a consequence
of results from Dumont and Thomas [E, E] In our case this is a quite simple
observation. Therefore we decided to present a short proof of this fact, too. This
procedure is simpler and shorter than introducing the notation of , E] and to
specialize afterwards.

Lemma 1. For fized j, the random variables (§k,q;)o<k<j—1 form a Markov chain

with
(2.1) Pr[fk,gj = 1] = Pr[fkgj = 2] == PI'[Ek,Gj =a— 1],
(22) Pr[Si1,6, = 1ska, = bl =+ = Prléei1,6, = a — kg, = b,

(2.3) Pr(éii1,6; =bléke, =1l = = Pr[éii1.6, = blékc, =a —1],
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(for all j,k,b) and

Pr[§k+1,Gj = 0] Pr[fk,G]‘ = 0]
(2.4) Prl¢et1,c; =11 | = Prj | Prléec, =1] |,
Priépi1,q, = Pré.q; = a
where
a—1)(a+1 a
%"‘O(azu 1k>) ( ;(1+ ) +O(a2<: k)) +1 +O(a2<: k))
Poj= a1+ 9 (50=7) o +(9(a2(] ) —+O(a2(] 7) |
T 0o (zz0=m) 0 0

with initial states

Prl¢yq, = 0] = —2 l+(9<i>
; (0%

and

a+1 o2

Pr[So.c; = 1] =Pr[So.¢; =2] = --- = Pr[ég, = a] = L Lo <L> .

Remark. The matrices Py, ; are no transition matrices of a Markov process, but they
describe transition matrices in view of the relations (R.1)-(p-J). However, it turned
out to be easier to work with 3 x 3-matrices instead of (a + 1) x (a + 1)-matrices.

Proof. A sequence (€;);>0 of non-negative integers is a G-ary digital expansion of

an integer n, if and only if ¢; < a for alli > 0, ¢,1 = 0 if ¢, = a and ¢; # 0 only
for a finite number of 4 (cf. e.g. Grabner and Tichy ) Let

Bj = {(60,...,€j_1) L€ S a, €1 = 0 iféi = a}
be the set of G-ary digital expansions for n < G;. Then

Pr[fkycj = b] = é#{(eo, .. .,Ejfl) c Bj L€ = b}
J

and it can be easily seen that (R.1]) holds. For k = 0, even Pr[,c, = a] is equal to

Pr(éo.c; = 1].
We have
#{(60, .. .,Ejfl) c Bj l€g = 0} = #{(60, .. .,Ejfl) c Bj TE€j—1 = 0},
because we can take a block (0,€1,...,€;-1) of the set on the left side of the equa-

tion, shift it to the left, set e;_; = 0 and get a one-one correspondence to the blocks
on the right side. Therefore

o —a 41 -7
Pr[éog. :0] _ ijl _ B ad—1 — D+_(_a) j+1 _ l+(9 (L)
> Gj O‘T#aﬂ — 7_0(51_‘_1 (—a)*j (6% 042]

Since the other probabilities Pr[£o,c, = b], 1 < b < a, are equal, we have

Priépe, = 1] = = Priéo, = a] = %(1 CPrite, =0)= —— 10 (L) .

a+1 a2
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Now we show that we have a Markov chain.

Priéei1,c, = brev1lée,q; = bk, -, €0,q; = bo]
Prléii1,¢; = brr1, éra; = bks -+, &0,a; = bo)
Pr[fk,gj = bk, ce ,fQ,Gj = bo]
_ #{leo, ... e65-1) €Bji(eo,. .., exq1) = (bo, ..., brs1)}
- #{(eo,...,€j-1) € Bj: (€0y- .. €5) = (bo,...,bk)}
ety 61) €Bjp_1t €pp1 = bpga}
B #{(ek,...,€j—1) € Bj_k : € = by}
 Priéoc, v =bit1] Gj_p—1
- Prliboe, =bk Gimr
where the third equation is valid only if (bg,...,bkt+1) € Bria. Otherwise the

probability is 0 (for bxt1 = a, br # 0, (bo,...,br) € Biy1) or undefined (for
(bo, ... ,bk) & Biy1). If the probability is defined, we thus have

Pri¢ei1,c, = bev1léh.c; = bk, ..., &0.q; = bo] = Pr[&ri1,6; = ber1lér,a, = bil

with the probabilities

1 1
Pr[éii1,¢, = 0/éha, =0] = > +0 ( » ) ;

a+1 1
Prléii1,6, =0k, =c]=—5+ 0O ( : ) (1<c<a),

Pr(éii1,6; = blérc, = 0] =

Pr[§k+17Gj = b|§k,G]‘ = C] =

Pr[§k+17Gj = a’|§k,Gj = C] =

Similarly to (2.1]), (P-2) and (.3) are easy to see. Hence

Pr(Sei1c, = b = Prlseiia, =bléka, = dPrléa, = d
c=0

=Pr[§k+1,6; = blék.c; = 0IPr[ék,c, = 0]+ Pr(éit1,6, = blék,c; = alPr[§kc;, = d]
+ (a’ - 1)Pr[§k+1,Gj - b|§k,G]‘ = 1]Pr[§k,G]‘ = 1]

and the transition from & g, to &ry1,c, is entirely determined by (@) O

Corollary 1. The probability distribution of §.q, is given by

1
Pr[ékc, =0 =p, + O (m)

with
5;;_11 ifb=0
=4 &y fl<b<a-—1
1

if b= a.
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Proof. Let P denote the matrix obtained by neglecting the O (ﬁ) terms in

the matrix Py ;. The eigenvalues of P are 1, 0 and 7% and the eigenvector to the

t
eigenvalue 1 with pg+ (a — 1)p1 + p, = 1 is (fz—trll, T az;ﬂ) . 0

Lemma [l| suggests to approximate the digital distribution by a stationary Markov
chain (X, k > 0), with (stationary) probability distribution Pr[X; = b] = ps,
0 < b < a, and transition matrix P, i.e.

1
Pr[XkJrl = 0|Xk = O] = a,
1
Pr[XkH:ka:c]:o‘;; (1<ec<a)
1
2.5 Pr[Xiy1 = b| X = 0] = 1<b<
25)  PrlXua=HX=0= —= (<b<a)
1
Pr(Xpi 1 =bXp=¢ =— (1<b<a-1,1<c<a),
o

Pr(Xii11 =a|lXp=¢ =0 (1<c<a).

The next lemma shows how we can quantify this approximation for finite dimen-
sional distributions.

Lemma 2. For every h > 1 and integers 0 < k1 < ko < --- < kp, < j we have

a2 min(ky,j—kr)

1
Pr(ée,,c;, = b1, o, &hn,a; = On] = Gy ok br b + O (7)

for all by, ... by € {0,... ,a}, where

Proof. For 0 < k < < j we have
PyjPeyrj Py =P7F+0 (ofz(j*l))
and consequently
(2.6) Pri¢q, = boléra, = bi] = Pr[X; = bo| X, = b1] + O (a—2<j—z>) .

Since

Priée, . q; = b1, &y .a; = bn
=Pré,.q;, = nlér,_1,c; = bn-1]Pr[&r, 1 .a; = ba—1|ky_n.q; = br—2] -+~
o Pr[ér, 6, = 02/8k 6, = bi]Préy, 6, = b1,

we just have to apply (@) and Corollary m and the lemma follows. O
The case of general N is very similar.

Lemma 3. The probability distribution of {g, N for G; < N < G4 with j > k is
given by

(2.7) Pr(¢y,n = 0] = Pr[§.g; = b + O (ajlk)

for allb € {0,...,a}.



THE ZECKENDORF EXPANSION OF POLYNOMIAL SEQUENCES 9
Furthermore, the joint distribution for 0 < k1 < ko < --- < kp < j is given by

1
Pr[«fkl,N =bq,... ,fkh’N = bh] = Pr[fkl,gj =bq,... 7§kh7Gj = bh] +O ( )

ad—kn

for allby,... by € {0,...,a}.

J
Proof. For N = Y ¢;G;, we have
i=0

3

J
{7’L < N} = {7’L < GjGj}U ({n < Gj_lGj_1}+€jGj) U---u ({n < GoGo}—f—Z GiGi>.
=1
Therefore

1
Pr[«fk,N = b] :N (#{n < GjGj | €L — b} + #{n < Gj_lGj_l | € = b} + -
k—1

iGi ifep=0b
+#{n < €x11Gry1 | e =b} + zZ:O ‘ e )

0 otherwise

1
~5 (G Pritu, =81+ + g Gpeg Py =)

1
o <NGW])
1
:JPrEkﬁﬁ ::H‘+(9 EE:E )
where we have used
1 .
Pr[fkgj = b] = Pr[fk,gjil = b] + 0O (W> for k <j-—1.

A similar reasoning can be done for the joint distribution, e.g. we have for
l<k<y:
1 J
(28) Prlgn=b&n=c= > @GiPrltee, =b&.a, =

i=k+1
- -1
— Gy if g = .
L) X aGPrige =d+ ZE:OQ ponase ifep =0
N ) =it 0 otherwise
0 otherwise
Thus, we can proceed in the same way. (I

We now turn to the derivation of Exy = EYy , i.e. to the proof of (B), the first
part of Theorem [ Since

J
Yy = Z Ck,N
k=0

for N < Gj41, the expected value of Yy is given by

7 B
EYy=Y EGny=Y Eln+0(logN)"),
k=0 k=A
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where
(2.9) A =[(log N)"] and B = [log, N]— [(log N)"]

and n > 0 is a sufficiently small number (to be chosen in the sequel). Furthermore,
we have

~ 1
EC.N = ZPr[fk,N =b]fe(b) = px + O <m> ;

b=0
which implies
1
EYy =+ ;Vf(n) = M(N)+ O ((logN)").

It seems that the variance Var Yy cannot be treated in a similar (easy) way. There-
fore, we use some additional assumptions and present a proof of (B) together with

the distributional result (L.d).

The above calculation indicates that we just have to concentrate on digits €x(n)
with A < k < B (defined in (R.9)). The reason is that we obtain uniform estimates
for this range. The following lemma is a direct consequence of Lemmata E and .
Note that it is not necessary to assume that kq,...,k, are ordered and that they
are distinct.

Lemma 4. For every h > 1 and for every A > 0 we have
1 1
<N ) = by () = 1) = i+ O ()
uniformly for all integers
A§k1;k27"'7kh SB

(where A, B are defined in with an arbitrary n > 0) and
b1,ba,...,bp € {0,1,...,a}, where

This observation causes that we have to truncate the given function f(n) and
have to consider

Fn) =" filer) = f(n) + O ((log N)").
k=A

In order to finish the proof of Theorem E it is (luckily) enough to prove
f(n) — M(N)

DY) <x}%@(z),

(2.10) %# {n <N

where
B B
MN) =3 e DN = 37 o,
k=A jk=A
This is due to the following lemma and (R.11)).
Lemma 5. Suppose that D(N)/(log N)7 — oo for some 7 > /2. Then we have

%#{n < Nlif(n)p_(zjv\f(m < x} — (x)
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for all x € R if and only if

%#{nmv‘_fi(”)mm <:c} — B(2)

D(N)
for all x € R.
Furthermore, if for all h >0
1 <7<n> —M(N))h R
N n<N D(N> /_OO

then we also have
1 (f(”) “4(“)>h / h

and conversely.

Proof. We consider the three (sequences of) random variables

_ SO - M) _ () - M) _ f()—M(@®)
XN - ) YN - — ) ZN - — .
D(N) D(N) D(N)
Suppose first that the limiting distribution of X is Gaussian and that all moments
converge. Since

D

fim 20 4
N D)

and Yy = XN% the same is true for Yy.

Further, we know that

lim HYN - ZNHoo =0.
N—o0

Thus, it immediately follows that the limiting distribution of Zy is the same as
that of Yy and that all moments of Zx converge to the same limits as the moments
of YN

It is also clear that the converse implications are valid. This completes the proof
of Lemma ﬂ O

Therefore it is sufficient to show that the moments

1 f(n) = M(N
A(N) =+ )3 (f( )E(N)( ))

n<N

h

converge to the corresponding moments of the normal law. We will do this in two
steps. First we prove a central limit theorem (with convergence of moments) for
the exact Markov process and then we compare these moments to those of f(n),
i.e. (IL4). Obviously the proof (L.9) of Theorem [ is completed then.

The next lemma provides a central limit theorem for Y fr(X}), where X}, is the
stationary Markov process defined by (2.9).

Lemma 6. Suppose that there exists a constant ¢ > 0 such that O’§2j) > ¢ for all
7 > 0. Then we have

(2.11) D(N)*>1logN,  D(N)?>>logN
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and the sums of the random variables fr,(Xy) satisfy a central limit theorem. More
precisely
S ea J1(X) = M(N)

DY) = N(0,1)

and for all h > 0 we have, as N — oo,

E <ZkB—A Fr(X) M(N)>h - /OO 2" dB(z).

D(N) .

Proof. Let
P(z,A) :=Pr[X;41 € Al Xy = 7]

(which does not depend on k) denote the transition function of the Markov chain
(Xk, k Z 0) and

Bi=1- sup |P($15A)_P($25A)|

z1,22,A

its ergodicity coefficient. If the fj are injective on {0, ..., a}, then (fi(Xx),k > 0) is
a Markov chain with ergodicity coefficient 3 and we get, by Lemma 2 of Dobrusin [@]
and with Var f;,(Xj) = a,(ﬁ])c >,

Var - fu(Xi) 2 7o5(s' = s+ 1)5.
k=s

If some of the f; are not injective, we get the same result by considering injec-
tive functions f which tend to fz. Since D(N)? = Var Qozgo“ N] fx(Xx) and
D(N)2 = Var Y7, fx(Xy), this proves ([2.11) if 3 is positive.

Suppose 3 = 0. Then there exist z1,29 € {0,...,a} and a set A such that
P(x1,A) =0 and P(z2, A) = 1, because P(x, A) attains just finitely many values.
We have P(z,{0}) > 0 for all . Hence, if 0 € A, we get a contradiction to
P(x1,A) =0 and, if 0 ¢ A, we get a contradiction to P(z2, A) = 1. Therefore we
have 8 > 0.

For each h > 2, the moments E|fx(X%)|" are jointly bounded because of
fx(b) = O (1). Hence, if the fj, are injective, all conditions of Theorem 4 of Lifsic [[[]
are satisfied and we have convergence of (absolute) moments to those of the normal
distribution. An inspection of LifSic’ proof shows that, as above, this is valid for
non-injective fi too. (I

Now we are able to compare the moments of f(n) and 3 fr(X%).
Lemma 7. For every h > 1 and every A > 0 we have

1 Fn) - T(NV)\" B () — )" 1
v ) ‘E< D) +0 (ognyr)
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Proof. We have

= L _ T ) —
= Agk;khgogb;w N <N )= b () = b T [ Rt
and
o (SE X - M) )
D(N)

" fr(b) —
= Z Z Pr[Xklzbl""’th:bh]HT'
Agkl ..... kh SB OSbl ..... bhga 1=1 ( )
By Lemmata E and E, these expressions are equal up to an error term
O ((1og N )h/ Q’A). Since A can be chosen arbitrarily, the lemma is proved. ([

3. PLAN OF THE PROOF OF THEOREM [

We set M, D and f as in Theorem | with the only difference B := [rlog, N] — A
(A = [(log N)"]). Then an argument similar to Lemma [ shows that it is enough

to prove
1 J(P(n)) — M(N")
N# {n<N‘ DIV <x} — O(x)
and
! JPE) =MW _ Y
7r(N)#{p<N DIV <x} D(x).

In fact, we prove that the centralized moments

1 F(P(n)) — M(N™)\"
nw) = 3 (12 o)

n<N
and

1 F(P(p)) — MI(NT)\"
Ch(N)w<N>Z< D) )

p<N
converge (for N — oo0) by comparing them to A (N"). By proceeding as in the
proof of Lemma ﬂ and by using the following lemma, it follows that for each fixed
integer h > 0, BR(N) — Ap(N") — 0 and Cp(N) — Ap(N") - 0 as N — oco. (Of
course, this proves Theorem E We just have to replace Lemma @ by the following
property.)

Lemma 8 (Main Lemma). Let P(n) be an integer polynomial of degree r > 1 and
positive leading term. Then for every h > 1 and for every A > 0 we have

%#{n < N | e, (P(n)) =b1,... €6, (P(n) =bn} = Qry,...kp.br,...on+O ((loglN))‘)
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and
ﬁ#{p <N [ er, (P(p)) = b1, €x, (P(D)) = bn} = @iy ot bt +O <M>

uniformly for all integers
(log N)" < ky,ka, ..., kn <log, N" — (log N)"
and b1,ba, ..., b, €{0,1,...,a}. (The qiy,... ky.bv,...by GTe as in Lemma . )

It turns out that this lemma can be proved similarly to that of Bassily and
Katai [ﬂ], i.e. with help of exponential sums. The only difficulty is to get a nice
condition for extracting the digits e;(n) without using greedy algorithms. This
problem is solved in the next section with help of a proper tiling of the unit square.
Section ﬂ provides proper estimates for exponential sums. These are the two main
ingredients of the proof which is then completed in Sections f] and [

4. TILINGS

The aim of this section is to provide proper tilings of the plane corresponding
to our digital expansions in order to get an analogue to g-ary expansions where we
have

W e () ef)

if (z) denotes the fractional part of x.

For our expansions, we will have to take into account the values of <m>

and <W> By taking just one value into account, there are overlaps and we
cannot get something like ([i.1) or ([.9).

Proposition 1. Let Ay, 0 < b < a, denote rectangles in the plane R? defined as
the convex hull of the following corners:

o a? a+1 a—1 1 o
Ay | ——5—, 55— 1 - —
0 < a2+1’a2+1)’ (0.1), <a2+1’ a2+1)’ <a2—|—1’ 042—i-1>7
b—Da+1 a?—a+b ba+1 o> —a+b+1
Ab: ) ) ) )
a?+1 a?+1 a?+1 a?+1
b+Da+1 a-b-1 ba+1 a-—b
— — b 1,...,a—1

A o —a  aw o —a+1 a? (1,0) o? 1
“\Na24+17a2+1)° a?2+1 "a2+41) V777 \a24+1 ad3+a?)’

Then these rectangles induce a periodic tiling of the plane with periods Z X 7., i.e.
they constitute a partition of the unit square modulo 1. Their slopes are (a,1),
(—=1,a) and their areas are Xa(Ap) = pp, b = 0,...,a, with py as in Corollary ﬂ
Furthermore, if €x(n) = b then

(4.2) <<ak(a”+ 1)> , <ak+1(’; y >) € (A4 mod 1) + O (a™) .
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Essentially, this proposition says that there is an analogue to () for G-ary
expansions with a small error of order O (a‘k) for the k-th digit. We want to

remark that Farinole considered a very similar question.

Remark. The rectangles A, modulo 1 constitute a Markov partition of the toral
automorphism with matrix

a 1

1 0)°

Ezample. Before proving the proposition, we illustrate the example a = 3:

O (1,1)

which looks like follows in R?/Z2:

(0,1) (1,1)
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Proof of Proposition I] Suppose that n is given by n = > €;G;. Then we have
i + P L+ V+o
" N, 1¢ € € ... il
ak(a+1) Mlazrr T Paz a1 Tt e ak

1

SRR o) i SR I L o) qt0
— € € €p_q ——— R
TR FaZr1 M a2 ak

- o ()

with the abbreviations

z = eppa(—a) e (—a)

-1 -2
Y=€p—10¢  +e€p20 T+

where we have used ([L.1) and that 2507 — -5 (—a)™7 is an integer for all j > 0
(see (5.9)). Similarly we get

—a? 1
_on N\ _[=@rtadty\ (1)
aFtl(a+1) a? +1 ak
By Rényi [E], we know that (ex—1, €x—2,...) < (€,_1,€k_q,--.) (lexicographically)
implies
10 M e 0ot <o e a4

Hence, if €, < a, then y is bounded by

0<y<aa '4aa®+aa "+ ---=1

and by
0<y<aa?4aa*+aa 0+ . .=a!

if e = a. Similarly, x is bounded by

r<a?+aat+aa 04 .. =at
for all €, by

x> —aa t—aa 3 —aga 0t —...=—1
for €, = 0 and by

T > f(a—l)ofl—aa_?’faoff’f...:a—l 1

for e > 0.

If we put these limits into ((z+€’“+y)a —o’zteity

a?+1 ’ a?+1
for Ap. It is now an easy exercise that (the interiors of) these rectangles are pair-
wisely disjoint (and situated as in the example) and that they induce a periodic
tiling in R? with periods Z2. (]

), we obtain the given corners

5. EXPONENTIAL SUMS

In order to prove the Main Lemma we have to study exponential sums of the

form g
1
— P
P (a +1 (n))
n<N

and
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where
mina miz2

ak1 akl +1

Mhp,1 mhp,2

§= PR

with integers m; ; (1 <i < h,1<j <2)and e(z) := e*™*, as usual.

17

Lemma 9. Let m;;, i € {1,...,h},j € {1,2} be integers with |m; ;| < (log N)°

for alli,j and
(log N)" < ky <kg <--- <kp<log, N" — (logN)"
for arbitrary constants § > 0, n > 0. Then, if S # 0,

(log N)"'

QT < |8| < o (g N)”
for all ' <n.
Proof. Clearly we have
1) 4 ’
S < (IOgN) < (IOgN) < af(logN)" ]
Oékl a(log N)n

For the lower bound, we first remark that o is given by

(5.1) of =Gha+ Gy,

where the sequence (G';);>o is defined by Gy =0, G} =1 and G = aG’;_; + G

for j > 2. Therefore we have

. mlﬁlak’l_kl"'lerLgakh_kl +"'+mh,104+mh,2 B AO{+B

akntl okntl
with
A= ml,lG;gh_kH_l + ml,zG%h_kl +-o+mpa
and
B=m11G}, , +m12Gy, 1+ Fmag
We have

|(Aa + B)(Aa™! — B)| = |A? —aAB - B?| > 1
if A#0or B # 0 and
Aa!' — B < (log N)°
because G is given by

« ; «

(5.2) G = j_ (—a)™

P
(cf. (LL1)). Hence

a(log N)T’,

1
|S] > s >
(log N)oakn NT

-2

O

The next two lemmata are adapted from Lemma 6.2 and Theorem 10 of Hua [[L4].
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Lemma 10. Let P(n) be a polynomial of degree r with leading coefficient 8. For
every 7o > 0, we have a 7 > 0 such that

N7"(logN)" < 8 < (logN)~7

implies

1 — T

~ D e(P(n)) =0 ((logN)™™)

n<N
as N — oo.
Lemma 11. Let P(n) be as in Lemma [[4. For every 7o > 0, we have a 7 > 0 such
that
N7"(log N)" < B < (logN)™"

implies

;§3§34P@»:cwmgNrm»
p<N

as N — oo.
Note that we can apply these two lemmas for 8 = S/(a+ 1) with S # 0 for any
choice of 7 > 0 since
a1 M” < (log N)~7.

Lemma E can be deduced for r > 12 from Theorem I in Chapter VI of Vino-
gradov [RJ] because of

1 0
B==+— with6<1, (logN)" <q<N"(logN)™".
q q

if g € [%, qu1] For general r, the two lemmata can be proved by replacing g by % in
2

the proofs of Lemma 6.2 and Theorem 10 of Hua and using the following lemma.
Lemma 12.
F+(5]

1 1 1
min (U, ——— | < U + = log =,
2 ( 2wwn) 3 %3

n=F+1
where ||z|| = min((x), 1 — (z)).

Proof. In each of the intervals [mﬂ, (m + 1)6) and (1 —(m+ 1B, 1 - mﬂ},

0<m< %[%], we have at most one {nf3}. Therefore

F+[5]

. 1
5, min (Vg7 <2

n=F+1

Nf=

(5] 1

1 1
min (U, — | < U + < log —
< 2mﬂ) 5%%5

m=0

2Unfortunately we could not find a direct reference for Lemmata E and EI
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6. THE BOUNDARY OF THE TILINGS

Lemma 13. Let P(x) be an arbitrary polynomial of degree r and A > 0. Set

s o= ((0). (o) e}

Fra(8) i= # {p <N ‘ <<akifp+) 1)> <ak+]13((f>+ 1>>) € Uh(A) } |

where

1 1
Up(A) = {(ml +y1— —y2, 22+ —y1 + y2>
o «

(0 Ay denotes the boundary of Ap.) Let (log N)" < k < log, N"— (log N)" for some
(fited) n > 0 and \ an arbitrary positive constant. Then, uniformly in k, we have

Eirp(A) < AN + N(log N)~*, Fi.p(A) < Am(N) 4+ N(log N)=*

A
(:CI;:EQ) € aAb; |yl| < 532 = 132} .

Proof. We use discrepancies to prove this lemma. The isotropic discrepancy Jy of

the points (21,1,21,2),..., (N1, 2N 2) in R? is defined by
| X
JN = sup |— xc({xn1}, {zn, — X2(C)],
N s an:; ({zna} {zn2}) — A2(C)

where the supremum is taken over all convex subsets C of T? = R?/Z?. Tt can be
estimated by the normal discrepancy Dy which is defined by

ZXI {zna} {zn2}) = Xa(D)],

Dy = sup

where the supremum is taken over all 2-dimensional intervals I of T?:

Dy < Jy < (8V2+1)\/Dy

(see Theorem 1.12 of Drmota and Tichy [g]).
To get an estimate for Dy we use the following version of Erdés-Turan-Koksma’s
inequality:

1 1 1 1
Dy <€ —+ Z min( , , )
M s [ma|’ [ma|” [mima|
(ml,mQ) cZ \(0,0) :
[mal, [m2| < M

N

1

— E e(m1Zn,1 + maxn2)|,
n=1

where M is an arbitrary positive integer (and § = +00) (cf. Theorem 1.21 of m).

We set (xn,lazn,Q) = (ajl:()gzl); aj+1:1)((7;)-|-1)) and M = (1OgN)2)\. Then we have,

since Up(A) is the union of 4 convex subsets and the conditions of Lemmata [] and

[Ld hold,

Erp(A) < 4InN+Xa(Uy(A))N <

N , -
Tog ) (o8 (log N)*)" N(log N)™™/* + AN.

Similarly we get, with Lemma @,

Fip(A) < + (log(log N)Q)‘)2 N(log N)~™/2 4 An(N).

N
(log N)*

We can choose 19 > 2\ and the inequalities are proved. (I
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7. PROOF OF MAIN LEMMA

For b € {0,...,a} let gp(x,y) be a function periodic mod 1, defined explicitly in
[0,1] > [0, 1] by
if (:Cl,:CQ) € A \ 0Ay
if (:Cl,:CQ) € 04,
otherwise

op(x1,22) =

Ow= =

Its Fourier expansion Y Y ¢m,.m, (b)e(miz1 + maxs) is given by

c0,0(b) = A2(As),

E |det((x1 — Y1, %2 — ¥2)) (4, )P (ar.0) |

Cm1,mzb= " ’ > e(—mixr1—mox2),

; (@1,72) [T —2milma(er —y1) + ma(2 —y2)) (=mi1—msz)
SUEDIE e

where V' (Ap) denotes the set of vertices of the rectangle A, and T'(x1,x2) the set
of vertices adjacent to (z1,z2) € V(4;) (cf. Drmota [i], Lemma 1). This can be
bounded by (cf. Lemma 2 of Drmota [|f])

1
|C’m17m2 (b)|2 < Z H 2
(z1,22)EV (Ap) (y1,y2)EDN(z1,22) (1 * |m1 (zl N yl) * m2(z2 N y2)|)
1
(7.1) <

(1 fma + Fma|)” (14 |z — Fma)”

1 1
< min (1, ~—2) min (1, ~—2)
my my

uniformly for all (mq,mg), where the constants implied by < only depend on A
and My :=mq + émg, Mo = My — éml.

For (small) A > 0 we consider the function

1 1 1
Py(x1,22) 1= Az wp(x1 + 21 — o2 T2 + A + 2z2)dz1dzs.

The Fourier expansion > > dim, .m,(b)e(miz1 + maoz2) of this function is given
by

(e(™42) —e(—=™32)) (e(™42) —e(~"32))

747T2ﬁ’l,1ﬁ12A2

dmy,ma (b) = Cmy ms (D)
if (mq,m2) # (0,0) and
do,o(b) = 0070(1)) = )\Q(Ab)

Hence
1 1 1 1
2 in{l, —, —— inl1, — ——
(7 ) |dm1,m2(b)| << mln( ’ |T7’L1|, Aﬁl%) mln( 9 |’):);L2|’ Aﬁl%)
and
(7.3) iy ma (D) = €y my (0) (1 4+ O (MIA?)) (14 O (M3A%))

as m; A — 0.
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It is clear that 0 < ¢y(x1,22) < 1 for every pair (21, z2) and that

1 if (21, m2) € Ay \ Up(A)
Po(a1, 22) = { 0 if (z1,20) & AZ U Ubb(A)

We define
F(($1,1,$1,2), c (%,1,%,2)) =y, (T11,%1,2) - - Yo, (Th,1, Th,2)
and

o= ((aers wetors) - (e o))

We set

Y1 =#{n < N|e, (P(n)) =b1,... e, (P(n)) =bp}

Yp =P < N[ e, (P(p)) = b1, .. ex, (P(p)) = bn}
and get, with ([.9) and Lemma [L3,

Si— ) tP(n)

n<N

< Ek1,b1 (A) +ee Ekhabh (A)’

So— Y HPM))| < Fry oy (A) + -+ 4 Fry 0, (),

n<N

for A greater than the error terms O (a™%) = O (a=(1eN)") of (£2).

t
) .7 1 1 1 1

Furthermore, set V := (akl (T aFF g ) " aFr(atl)” a’vh+1(a+1)) and let

M be the set of vectors M = (ml,l, M1,2, -+, Mh1, mh72) with integer entries m; ;.

Then we have
t(n) = Z Tve(MVn),

MeMm
where
Tv = dm1,17m1,2 (bl) . 'dmh,hmh,z (bh)

and
(7.4) dtPn)= > Tm Y e(MVP(n)),

n<N MeM  n<N

S HPp) = > Tm Y e(MVP(p)).

p<N MeM p<N

If |m; j| < (log N)? for all 4, j, Lemmata [ and [[Q provide
> e(MVP(n)) < N(logN)~™,
n<N

if MV # 0. Lemma @ provides a similar result for primes. Since (m;1,m;z2) —
(M,1,M42) is, up to a constant, an orthogonal transformation, we have

1 1 1 1
min (1, ~—) min (1, ~—) < min (1, —) min (1, —)
|mi,1| |mi,2| |mi,1| |mi,2|
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and, with (@),

h [(log N)?*] 1 1
MeM:|m; j|<(log N)2% i=1m; 1,m; 2=—[(log N)29] |mz,1| |mz,2|
[(10g N)?*] . Y .
< Z min (1, ﬁ) min (1, ﬁ) < (log(log N)*)™".
m1,ma=—[(log )] " "
For the M with |m; ;| > (log N)? for some i, j, we get similarly
~ ) - _ 2h—1
> s (> ) (S (hs))
MEeM:Fi,j with [m; ;|>(log N)?2% m=[(log N)27] m=1
2h—1 _
1 1 (log(log N)?)2h—1
———[log— + A
< log M)A (Og AT ) €T (ogNy

if we set A = (log N)~%. Therefore we have
(75)  Li=N Y Tm+0 (N(log N)~™/2 4 N(log N)*‘W)
MeM:MV=0

(and a similar expression for ¥5). Since the main term depends on A, we want to
replace T by

Tl/\/I = Cmy1,m12 (bl) < Cmyp 1m0 (bh)

Hence we have to estimate the difference Y i vi.nveo(Tv — Tyy)-
By (F.3), we have

(7.6) Tv = Ty (1 +0 (n}%xmfﬁjﬁ)) .
First assume |m; ;| < (log N)%/2 for all i, 5. Then we obtain from ([7.4) and (f.1)

> |Tha — Tl < > | Tl (log N)~°
MeM:|m; ;|<(log N)é/2 MeM:|m; j|<(log N)5/2

((log Ny3/2) \ >

< Z - (log N)~° <

m=1

(log(log N)S/Q) o
(log N)?

< (log N)™%/2,

and it remains to estimate the sum of the Ty and T3, with |m; ;| > (log N)%/? for
some ¢, 7 which satisfy MV =0, i.e.

(7.7) m11Gl, _py 1+ m12Gy, gk, o Fmag = 0,

(7.8) leG;%,kl + ml,ngh,kl,l +--tmpe =

This is done by the following lemma, where only one of the equations is needed.
Lemma 14. We have

H
1 s
(7.9) > T min (1, ﬁ) < (log )31
m
1=1

%
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where Y denotes the sum over all integer solutions (ma,...,my) of the linear
equation
(7.10) yimy + -+ yg—1mp—1 +mg =0,

(with integers v; # 0) such that |m;| > (log N)/? for some i. The constant implied
by < does not depend on the ;.

Proof. First we remark that m; = 0 for some ¢ reduces the problem to a smaller
one. For H = 1 (as well as for H = 2), the lemma is trivial. Hence we assume
H > 1 and m; # 0 for all 1.

For every choice of (mq,...,mpg_1), let mpyg be the corresponding solution of
(F-10). First we sum up over all choices with |mg| > |my ...mg_1|"/H-D* and
obtain

Z;<2H—1i... i 1 1
|m1mH| - mi .

T
oMmg—
mi=1 mup—1=1 H-1 (m1 ...mH_l)(H*I)Z

oo H-1
=9H-1 <Z %) .

1
m—1Mm (H—1)2

If we consider only |m;| > (log N)%/2 for some i < H — 1, we have thus
1 S
S
|m1 e mH|

For |mp| > (log N)%/2 and |m;| < (log N)%/2 for i < H — 1, we get
og 3?2\ 7! 57211
Z 1 < o1 1 1 < (log(log N)°/2)
|my...mu| — m (log N)9/2 (log N)9/2

m=1

It remains to estimate the sum over the choices (mq,...,mpy_1) with
(H-1)? w1 = . .
Imu| <|mi...mpg_1] . Lo.g., assume |yymi| = maxi<;<mg—1|yimil.
Then we have

(7.11) | < Jyimy .. yH—amp | 07 < [yymy|EE
and
|yama + -+ +yg_1mE_1| € [|’Ylm1| - |’Y1m1|ﬁ, lyima| + |’Ylm1|ﬁ} .
We split the possible range of |yams| into
I = (0, Jmal = byuma | =270 and Jy = (| = [ F2/E D, |

For Js, we obtain

H-2
1 2 H-T 4
R Sk Sa~ e
mailyamal € el 2l | = |5 fyma [T
Summing up over all such (myq, ..., my) with [m;| > (log N)%/? for some i, we get
(7.13)

2H—1 " I s
(log [y ]) =2 < 2" (log N) ~ 717

1

ma:|yima|>(log N)?/2 |m1||71m1 | e
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Thus it suffices to consider mg with |yamg| € I from now on. This implies

1 1
[ysms+ - +yg—1mu—1] € ||yima + yame| — [yima [T, [yima 4+ yama| 4 [yimal H*I}

with
H—2
[vam1 + yama| > |yima|E-T.

We split the possible range of |ysmg| into
J3 = (|71m1 + yama| — [yima [ FD yymy + yomo| + |71m1|(H_3)/(H_1)}
and I3 = (0,2]yymq]] \ Js. Similarly to (F.19), we obtain
1 8
Y et
mz:|yzms|E€J3 3 |71m1| et

and the sum over these (my,...,mg) can be estimated as in (7.13). For all other
ms, we have

H-3
[y ima + yama + y3ma| > |yima |71

We can proceed inductively and in the only remaining case we would have
1
[vimy + -+ yg_1mp—1| > |yma|TT
which contradicts ([T.1T). Thus the lemma is proved. O

We apply Lemma @ for (@) with H = 2h — 1. Multiplying each term of the
sum in (7.9) by min(1,1/|mp 2|) (where my 2 is determined by ([.§)), gives

— 95 _
> Tyg < (log N) ™ 5G-1)?
MeM:MV=0,3i,5:|m; ;| >(log N)3/2

and the same estimate for Tpg.
Hence

s
Z T = Q§€1,...,kh,b1,...,bh +0 ((log N) 8(’”’”2) ;
MeM:MV=0

where

/ _ /
iy ... kp,by,..by — E T
MeM:MV=0

Together with ([.H), we obtain
S1=Na@  kpibrin T O (N(logN)_’\) ;

if we choose 79 = 2\ and § = 8(h — 1)\
The result does not depend on the choice of the polynomial P(n). If we set
P(n) = n, Lemma [ implies
Q;cl,...,kh,bl,...,bh = Gk1,....kn,b1,....bp -

Similarly we get

Yo = 7(N)Gky,...knprsson + O (N(log N) ™) .

Remark. In the case h = 1 we have MV = 0 only for (mi,mg2) = (0,0) and
c0,0(b) = X2(Ap) = Pb = qrp-
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8. PROOF OF THEOREM [

In order to prove independence of different digital expansions we can proceed es-
sentially along the same lines as for the proof of Theorem E We just have to replace
the Main Lemma (Lemma [§) by the following three (main) lemmas (corresponding

to the three parts of Theorem [i) which imply
1o 7y (TP = TN B (1 (TolPew) = NN
v I Di(N7) ) I (N%( Du(N7) ) ) !

n<N (=1 =1

and the corresponding statement for primes. Therefore the twodimensional mo-
ments converge to those of the twodimensional normal law and Theorem f is proved.

Lemma 15. Let g1, 2 be two positive coprime integers and Py(x), Pa(x) two inte-
ger polynomials of degrees r1 resp. ro with positive leading terms. Then for every
hi,he > 1 and for every A > 0 we have

1
N#{n <N | €q1,k1 (Pl(n)) =b,.. -5 €q1,kn, (Pl(n)) = bn,,
€q2,l1 (P2 (TL)) = Cly o5 €qa,lp, (P2 (TL)) = Ch2}

1
_ _—h1 _—ho
=6 *O(aogw)

#{p <N | 61117k1(P1(p)) = bla o €q1,kn, (Pl(p)) = bhu

€q2,01 (Pg(p)) =C1y- -5 €qa,lp, (PQ(p)) = Chz}

1
__ _—hy _—hs
S0 +O((low)

and
1
m(N)

uniformly for all integers
(log N)T <ky <hko <-- <kp <nr log,, N — (log N)",
(logN) "<l <lg<- - <lp, < r2log,, N — (log N),

and by, ba, ... bp, €{0,1,...,q1 — 1} resp. c1,¢2,...,¢n, € {0,1,...,q2 — 1}.

Lemma 16. Let ¢ > 2 and a > 1 be two integers and Pi(x), Pa(x) two inte-
ger polynomials of degrees r1 resp. To with positive leading terms. Then for every
hi,he > 1 and for every A > 0 we have

1

N#{n <N | €q,k1 (Pl(n)) =b1,... s €q,kn,y (Pl(n)) = bn,,

a1, (P2(n)) = c1,... €61, (P2(n)) = cp, }

1
_
A (o)
and
1
m#{P <N | €qk, (Pr(p)) = b1,y o5 €qky, (P1(P)) = bay,

€G,h (P2 (p)) =C1y -, €G I, (Pz(p)) = Chg}
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uniformly for all integers
(logN)" <ky <ky<--<kp <19 log, N — (log N7,

(logN)" <y <lpg <+ <lp, <r3log, N — (log N)",
and by, by, ... by, € {0,1,...,9—1} resp. c1,¢a,...,cn, €{0,1,...,a}.
a%+4
a§+4
G = (G;) and H = (Hj) denote the corresponding second order recurrent sequences.
Furthermore, let Py(x), Pa2(x) be two integer polynomials of degrees r1 resp. ro with
positive leading terms. Then for every hy,hs > 1 and for every A > 0 we have

is irrational and let

Lemma 17. Let aj,as > 1 be two integers such that

%#{n < N egk (Pr(n)) =0b1,....eqk,, (P1(n)) = bn,,
emp, (Pe(n)) = c1,...,emu,, (P2(n)) = cn, }

(e) (H) 1
- qk17~~~akhlab11---abhl qll7-~~alh27017'“70h2 +0 ((logN)/\>

and
—w(i\f)#{p <N ear, (Pi(p) =b1,...,€a .k, (Pr(p)) = by,

emn, (Pa(p)) =c1,. .. em,, (Pa(p)) = cn, }

_ (H) 1
- qkl ..... khlvbl ..... bhl qll ..... lhgvcl ..... ChZ + O (W)

uniformly for all integers
(logN)" < k1 < kg < -+ < kp, <r1log, N — (log N)",

(logN)" <1y <lp < -+ <lp, <rplog,, N — (logN)",
and by, by, ... by, € {0,1,...,a1} resp. c1,¢2,...,¢chy, €{0,1,...,a2}.

The proofs of these lemmas run along the same lines as the previous Main Lemma
(compare also with [fl] and []). We have to consider sums of the type

Z T‘]\/IITII\/[2 Z e(MlVlPl(n) —+ MQVQPQ(TL))
M;,Ms n<N

(cf. (@), where, in the g-ary case, My, V, and T, are defined by
M, = (mgaa R m;f[)), V= (q7k1+1’ ) qikhﬁrl)’ T, = dm(lz)ﬁqf (b1)-- dmgf) qe (be)
: e

with
m(b+1
0 = ) P o) — e
2mim 2mimA

Especially, if r1 # ry, then the proof is straightforward and very similar to that of
Proposition 1 in [ﬂ] The reason is that there are no cancellations in the leading
coefficient of the polynomial M;V1P;(n) + MyVaPe(n) and consequently one can
directly apply Lemmata [L(J and El in order to estimate the corresponding exponen-
tial sums.

Therefore we concentrate on the case r; = r5. Here we have to adapt certain
properties.
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Lemma 18. Suppose that q1,q2 > 2 are coprime integers and cy,co,r positive
integers. For arbitrary (but fized) integers hy, ho let my) (1 <j<hg te{l,2})

be satisfying mge) Z 0 mod g and |m§€)| < (log N)?, where 6 > 0 is any given
constant. Set

14 J4
o i
Se = cee w0
k41 Ky, +1
d, q,

Then, for
(log N)" < k:%e) < k:ge) << k,(li) <log, N" — (log N)"
we uniformly have
gUos M)
Nr
for all given 0 < n' < n, where ¢ = max{q,q2}.

& |e181 + €28,| < g~ (o8 N)”

This lemma is implicitly contained in the proof of Proposition 2 of [E], the state-
ment of which is that of Lemma E for r = 1. However, by using Lemmata E, DI
(which have not been used in this generality in [f) and [L§, Lemma [1F follows as
Proposition 2 of [f.

Lemma 19. Let ¢ > 2 and a > 1 be two integers and ci1,co,r positive integers.
For arbitrary (but fized) integers hy, ha, let mg-l)
mgl) # 0mod ¢ and |m§1)| < (log N)? and let mf]) (1 <i< hg, je{1,2}) be

integers satisfying |m£72j)| < (log N)°, where 6 > 0 is any given constant. Let

(1 <j < hy) be integers satisfying

(1) (1)
m m
Su=—mn e S
qt1 qgm
and (2) (2
(2) (2) 2 2
mi1 my2 My, ho,2
=ttt e e
a1 okt o h2 « h2Jr
Then, for
(log N)T < k;l) < kél) << k,gll) <log, N" — (log N)"
and for

(log N)7 < k?) < kéQ) << k,(i) <log, N" — (log N)"

we uniformly have

Sz
+1

glloz V)"

N7

< —(log N)n/

151 + ¢ ‘<<q
o

for all given 0 <7’ <n.

Proof. The upper bound is trivial. Thus, we concentrate on the lower bound. We
have, with (5.1]) and o*(a + 1) = Gy + Gj_1,

S g S, am® 2 (Th§2)a n mgz))
= + =
€191 + ¢ o ka)

a+l  k+1 G

q Fioy 1
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with integers m(1) m§2), m;” and therefore S = 0 if and only if the equations

N L (2) kWY
clm(l)Gk@) +ch§ )q mth =
hg T1
- (1) 2 (2) kY41
cm Gk<z>+ch2 qm =0
ho

hold. Since (G, Gi+1) = 1 for all k, we obtain qk211)+1|clm(1) and hence ¢|m™) (for
sufficiently large k:,(lll)) which is not possible for m,(lll) # 0 mod gq.

Hence we may assume S # 0. In order to get a lower bound for S, we use Baker’s
theorem (see [R1]) saying that for non-zero algebraic numbers oy, aa, . . ., a, and
integers by, ba, . .., b, we have either

by by _
o' ot =1

or
ol waly — 1] = exp (-0,

where
U = 20nH32p3n+6qn+2(1 1 log d)(log B + logd) log A; - - -log A,
with d = [Q(aq ..., apn) : Q),
B =max{2, |b1|, |ba|, ..., |bnl}

and real numbers Ay, As, ..., A, > e with log A; > h(a;), where h(-) denotes the
absolute logarithmic height.

Set ¢ = n/(h1+h2—1). Then there exists an integer K with 0 < K < hy + hy — 2
such that for all j, ¢

A0

¢
1T k/’J( ) ¢ |(log N)Re, (log N)(KH)E) .

So fix K with this property. First suppose kj(f?l — k]@ < (log N)X¢ for all j,¢. Then
we have log [inM| < (log N)*¢, log |ﬁ11(-2)| < (log N)%¢ and we can apply Baker’s
theorem for r = 6 with a1 = ¢, az = o, az = ), ay = T?L?)Oé + mf), as = —cq,
ag=caf(a+1) and by =~k —1, b0 = k{2 +1, b3 =bs =1, by = bs = —1 and
obtain

—cﬂh(l)(a + 1)ak222)+1

ea(miPa +my?)g

1] > ¢~ Closmax(ki) ki) log [ | log | | +]mg?|)

ki +1

for a certain constant C' > 0. Of course, this implies

@

151 = max (g7 a7HE) emeromion v tos e, (08T

Z TN
for some constant ¢ > 0 and all 7 > 0.
Otherwise we have some sq, s such that kzﬁ)l — k:y) < (log N)KE for all j < s

and k:gf)ﬂ - kgf) > (log N)E+D= Here we get by Baker’s theorem, as above,

(1) 1) (2) (2)
— m m c m m
S :=c + N (15)1 + 2 (21)71 NI 5(22)2
gk 1 ks +1 a+ 1\ kP +1 ok

q
> max (q—kgll) , a—kgi)) efcloglogN(log N)Ke
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and can estimate S — S by
1S -S| < (log N)° (ffkgll)*(log MRS 4 o 7(1°gN)(K+1)5) '

Hence we have

|S| > max (q—kgll) , a—kg?) (efclog log N (log N)¥¢ o) ((lOg N)Sef log(min(g,«))(log N)(K+1)E))

o, (log N)”
>

O

a%+4
a§+4
G = (G;) and H = (H;) denote the corresponding second order recurrent sequences
o
(1 <7 < hy j,0 €{1,2}) be integers satisfying |m§éj)| < (log N)® (where 6 > 0 is
any given constant) such that

Lemma 20. Let ai,a2 > 1 be two integers such that 18 irrational, let

and c1,c2,7 be positive integers. For arbitrary (but fized) integers hq, ho let m

1 1 1 1
miy - mi My M)
1= o T oo Tt o T o, 70
a1 ok + o h o ’11Jr
and
2 2 2 2
. mg,% mg,% m§12)71 mglz),Q
S2 1= A L@ T w@ T T @
™ ofi Tt o h2 (0% h2+
Then, for

(log N)" < k%“) < k/’y) <-e < k:,(fl) <log,, N" — (log N)"
we uniformly have

o log N’

NT

Sh So

~(log N)"'
ap +1 te as +1

< |

‘<<oz

for all given 0 <’ <n, where a = max{ay, as}.
Proof. Again we can concentrate on the lower bound and have
Sy S c1 (mgl)al + mgl)) Co (m?)ag + 7’?152))

+c = +
a; +1 20&2 +1 G a1 + Gk_(l) H Qo + Hk(z)
hy ho

S::q

k41 k2 41

2

The assumption that 4/ Z;ii is irrational ensures as ¢ Q(aq). Hence S is zero if
2

and only if the equations

Clmgl)Hk%)HJrC?mgQ)Gkiffﬂ =0
Clmél)Hkﬁ)H+C2m§Z)Gk§ff =0
— 0

. (1 (2
C11My )szz) + camy )Gkif)
2 1
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hold. Then we must have e.g.

o omeCia g G
my’ = —my — = 1My
C1 Hk%)-i-l szll)
. . ¢
and Gk211)+1|m§1) because of (Gk,‘fl)Jrl’Gkﬁfl)) = 1. With |m§j)| < (log N)? we get
M =0 and thus mi) =m{? =mlP =5, =5, =0.
Hence S # 0 and the lower bound is obtained similarly to Lemma @ O

Acknowledgement: The authors are grateful to an anonymous referee for his
careful reading of a previous version of this paper and for many valuable suggestions
to improve the presentation and the proofs.
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