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OPERATOR SCALING STABLE RANDOM FIELDS
HERMINE BIERME, MARK M. MEERSCHAERT, AND HANS-PETER SCHEFFLER

ABSTRACT. A scalar valued random field {X (x)},cpa is called operator-scaling if
for some d x d matrix E with positive real parts of the eigenvalues and some H > 0
we have

(X (cPa)pepa " {H X (2)}pepe  for all ¢ > 0,

where 2 denotes equality of all finite-dimensional marginal distributions. We
present a moving average and a harmonizable representation of stable operator
scaling random fields by utilizing so called E-homogeneous functions ¢, satisfying
o(cPx) = cp(x). These fields also have stationary increments and are stochasti-
cally continuous. In the Gaussian case critical Holder-exponents and the Hausdorff-

dimension of the sample paths are also obtained.

1. INTRODUCTION

A scalar valued random field { X (x)},cga is called operator-scaling if for some d x d

matrix F with positive real parts of the eigenvalues and some H > 0 we have

(1.1) {X (")} yepa L {" X (2)}yepa  for all ¢ > 0,
where 2 denotes equality of all finite-dimensional marginal distributions. As usual
c? = exp(Elogc) where exp(A4) = > 12, ‘2—? is the matrix exponential. Note that if

E = I, the identity matrix, then ([[1]) is just the well-known self-similarity property
{X(cx)}1era Ld: {c X (x)},ere where one usually calls H the Hurst-index. See [[[T]
for an overview of self-similar processes in the one-dimensional case d = 1. Self-
similar processes are used in various fields of applications such as internet traffic

modelling [RJ], ground water modelling and mathematical finance, just to mention a

Q

few. Various examples can be found for instance in the books [[§ and []. A very
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important class of such fields or processes are the fractional stable fields and especially
the Lévy fractional Brownian field.

These fields have different definitions which are usually not equivalent. More pre-
cisely, for 0 < a < 2 let Z,(dy) be an independently scattered symmetric a-stable
(SaS) random measure on R? with Lebesgue control measure \? (see [BT] p. 121).

For 0 < H < 1 one defines the moving average representation by

(1.2 Xute) = [ (e =yl = g7 Zy(ay),

For W, (d¢) a complex isotropic Sa.S random measure with Lebesgue control measure

the harmonizable representation is given by

(1.3 Kule) = Re [ (e = 1) g1 17, ).

See [R]] for a comprehensive introduction to random integrals with respect to stable
measures. It follows from basic properties that { Xy (cx)},cra La {X (7))} pera as
well as {Xp(cx)},epa L.a {c" X7 (2)}yera. Moreover, both processes have stationary
increments, that is for any h € R? we have { Xy (z+h)— X (h)},epd L.d {Xu(x)}era
and similarly for {Xp(z)}sepe. Furthermore both fields are isotropic, that is
{Xu(Ax)} cra Ld: {X(x)}4era for any orthogonal matrix A. It is worth mention-
ing that if o < 2 the fields {Xp (2)}yepe and { Xy () }oepa defined in (£2) and (L3J),
respectively, are usually different. See [RI], Theorem 7.7.4 for the one-dimensional
case. However, in the Gaussian case o = 2, by computing the covariance function of
the fields, it follows that {Xz(2)},cpe and {Xp(2)},cre have the same law up to a
multiplicative constant and known as the Lévy fractional Brownian field.

Certain applications (see, e.g., [, B, BJ] and references therein) require that the
random field is anisotropic and satisfies a scaling relation. This scaling relation should
have different Hurst indices in different directions and these directions should not
necessarily be orthogonal. In the Gaussian case a prominent example of an anisotropic
random field is the fractional Brownian sheet {Bpy(z)},cre defined as follows: Let
O0<Hj<lforj=1,...,dandset H= (Hy,...,Hy). Define

d
Bur(e) = [ Tl = w7 = 717) Zad).
j=1
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See [{, [[4, B4] and the literature cited there for more information on these fields.
Then, if we set F = diag(H;",.. .,Hd_l), it follows by a simple computation that
{By(cf2)} pera La {cBy ()} sera s0 {Br(x)},era is operator scaling in the sense of
(L1). However, { By (x)},cre does not have stationary increments.

The purpose of this paper is to define two different classes of operator scaling stable
random fields (OSSRF) and analyze their basic properties. We present a moving
average representation as well as a harmonizable representation. Our constructions
are based on a class of E-homogeneous functions ¢ : R? — [0, 00) where ¢ is positive
on R\ {0} and ¢(cFz) = cp(x) for all z € R? and ¢ > 0. Such functions were studied
in detail in [[9], Chapter 5. It will turn out that the harmonizable representation
allows more flexibility in the class of possible functions ¢ in contrast to the moving
average representation which is more restrictive. However, in both cases the OSSRF's
satisfy ([.J]), have stationary increments and are continuous in probability. In the
Gaussian case a = 2 we show that there exists modifications of these fields which are
almost surely Holder-continuous of certain indices and we compute the Hausdorff-
dimension of the graph.

This paper is organized as follows: In section 2 we introduce the class of E-
homogeneous functions, derive some basic properties and provide important examples.
In section 3 we define and analyze a moving average representation of OSSRFs. Sec-
tion 4 is devoted to the harmonizable representation and its properties. Finally, in
the Gaussian case a = 2, we analyze the sample path properties of both the moving

average and the harmonizable representation of OSSRF's.

2. F-HOMOGENEOUS FUNCTIONS

Let E be a real d x d matrix with positive real parts of the eigenvalues 0 < a; <
as ... < ay, for p < d. Let us denote I' = R%\ {0}. It follows from Lemma 6.1.5 of
9 that there exists a norm || - ||o on R? such that for the unit sphere Sy = {r € R? :
|z]lo = 1} the mapping ¥ : (0,00) x Sop — I, U(r,0) = ¥ is a homeomorphism.
Moreover for any z € I' the function t +— |[[tFz||o is strictly increasing. Hence we
can write any x € I' uniquely as z = 7(x)¥I(x) for some radial part 7(z) > 0 and
some direction [(z) € Sy such that z — 7(z) and z — [(z) are continuous. Observe

that Sy = {x € R? : 7(x) = 1} is compact. Moreover we know that 7(z) — oo as
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x — oo and 7(z) — 0 as x — 0. Hence we can extend 7(-) continuously by setting
7(0) = 0. Note that further 7(—z) = 7(x) and I(—z) = —I(x). The following result
gives bounds on the growth rate of 7(x) in terms of the real parts of the eigenvalues

of F.

Lemma 2.1. For any (small) 6 > 0 there exist constants Cy,...,Cy > 0 such that
for all ||z|lo <1 or all T(z) <1,

Cylallg ™ < r(x) < Callally™ ™,
and, for all ||z|lo > 1 or all 7(x) > 1,

-6
Csllzflg ™" < () < Cullflg ™.

Proof. We will only prove the first two inequalities. It follows from Theorem 2.2.4 of
[ that for any &' > 0 we have =% ||[t=#6||; — 0 as t — oo uniformly in ||]|o = 1.
Hence ||t 7|g := supyeg, [t 770]l0 < Ct=+% for all t > 1 and some constant C' > 0.
Equivalently ||s”|[o < Cs®~% for all s < 1. Since ||z]|o = HT(x)El(x)HO < |7 (x)®]lo <
Cr(z)m= we get 7(x) > Cyljzl|d/ ™, for 6 = —— — L if |jzflp < 1 which is

a1 —01 ay’

equivalent to 7(z) < 1.

Similarly we know that, for any & > 0, t=%~9||t?6|, — 0 as t — oo uniformly in
100 = 1. Therefore ||t¥]|y < Ct%»*® for all t > 1 or equivalently ||s~ ||, < Cs~%~?
for all s <1. But = 7(x)”I(z) and I(z) = 7(x)"Fz. Thus, 1 < ||r(z)~?|,||z||, and
HZL‘HO > C~'7r(x)»+ for all ||z)o < 1. Hence 7(z) < C’2||x||(1)/a”75 for 6 = i — ﬁ
and ||z|lo < 1. The proof is complete. O

The following results generalize some of the results in [[J], Chapter 1.A to our more

general case of exponents F.

Lemma 2.2. There exists a constant K > 1 such that for all x,y € R? we have
7(z +y) < K(r(z) +7(y)).

Proof. Observe that the set G = {(z,y) € R x R? : 7(x) + 7(y) = 1} is bounded
by Lemma P.1] and closed by continuity of 7. Hence G is a compact set. Thus the
continuous function (z,y) — 7(x + y) assumes a finite maximum K on G. Since
Sp x {0} C G, we have K > 1. Given any x,y € R? both not equal to zero we set
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s = (r(z) +7(y))"". Then, with 7(¢"z) = er(z) it follows that
T(x+y)=s"7(s"(x+ y)) = s7'7((s"z) + (s"y)).
But (s”z,s%y) € G since 7 (s¥z) + 7 (s”y) = s (7(z) + 7(y)) = 1. Therefore,
T(z+y) < Ks' = K(7(z) + 7(y))
and the proof is complete. O]

Now let ¢ = trace(E) and observe that by multivariable change of variables we
have \4(cE(B)) = c?\4(B) for all Borel sets B C R?, ¢ > 0, which can be written as
d(cfz) = ctdz. Let B(r,z) = {y € R?: 7(y — x) < r} denote the ball of radius r > 0
around z € R%. Then it is easy to see that B(r,z) = z + B(r,0) = z +r¥B(1,0) and
hence A (B(r,z)) = r9\%(B(1,0)). The following proposition provides an integration

in polar coordinates formula.

Proposition 2.3. There exists a unique finite Radon measure o on Sy such that for
all f € LY(R?, dx) we have

f(z)de = / f(rE0)o(dd) r" dr.
R4 0 So
The proof of Proposition P.3 is based on the following.

Lemma 2.4. If f : T' — C is continuous and f(rfx) = r=2f(z) for all v > 0 and
x € T, then there exists a constant g such that for all g € L* ((0, 00), rildr) we have
o dr

Flalo(ria)) da =y [ 9(r) -

R4 0

r

Proof. Let Ly : (0,00) — C be defined as

_flgr(a:)grl flx)de ifr<1.
Since f is continuous on I', from dominated convergence, L is continuous on (0, 1)U
(1,400). But X(B(r,0)) = r7A%(B(1,0)) implies that \({z € R? : 7(z) = r}) =0,
and it follows that L; is also continuous at point 1 and thus on (0, +00). Moreover,
for any r > 0 we have L;(r~') = —L;(r). When rs > 1 with r,s > 0 a change of

variables yields

L) = [ flayde= | fepstay= [ pwdy
1<7(z)<rs 1<7(sEy)<rs sTi<r(y)<r
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Let us assume for instance that 1 < s~ < r. Then, by continuity of L,

= dy — dy = Ly(r) — Ly(s™Y).
[:gﬂwgf@>y ‘Zgwggﬂy)y l[g@gsfﬂw y=Ly(r) = Ly(s™)

It follows using L(s™') = —Ly(s) that

(2.1) Ly(rs) = Ls(r)+ L(s).

Similarly we show that (2-]) holds for s7! <1 <r and s* < r < 1 and thus for all
rs > 1. Using again the fact that L;(r~) = —L(r), for all » > 0, (B-J)) is valid for all

r,s > 0. By continuity of L; it follows that L;(r) = Ls(e)logr. We set ;= Ly(e).
If g(r) = Ljap)(r) for some 0 < a < b we get

/‘f - l@@gf@wm=wa—Lxm

o dr
= ys(logh—loga) = uf/ g(r) —
0
The general result follows by taking linear combinations and limits of these functions

in the standard way. O
Proof of Proposition B-3. When f € C(Sy) define f on T' by f(z) = “1f (I(z)).
The function f satisfies the hypothesis of Lemma 4. If f > 0 then uf = Lj(e) =
flgr(x)ge 7(z)79f(I(z)) dz > 0. Moreover Haf = i, [1F, 5 = Hj+pg and the mapping

J = pf is continuous. Hence this mapping is a positive linear functional on C' (So)-

Therefore there exists a Radon measure o on Sy such that py= |, s, f(0) a(db).
If ¢, € C.((0,00)) we get from applying Lemma B4 with f and g(r) = rg;(r) that

» FU(x))gy(7(2)) dv = /Rd f(@)7(2)7:(r(2)) dz

= 1y /OO gi(r)r®dr
/ ; £(0) o(dO) gi(r)ritdr.

Since linear combinations of functions of the form f(I(x))gi(7(x)) are dense in
LY(R?, dx) the result follows. O

Corollary 2.5. Let 3 € R and suppose f : R? — C is measurable such that |f(z)| =
O(1(2)?). If B > —q then f is integrable near 0, and if 3 < —q then f is integrable

near infinity.
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We are now in position to define the class of E-homogeneous functions and a
important subclass needed in the moving average representation of OSSRFs. Let F
be a d x d matrix as above such that 0 < a; < --- < a, and for z € T let (7(z),(z))

be the polar coordinates associated to E, that is z = 7(z)"l(z).

Definition 2.6. Let ¢ : R? — C be any function. We say that ¢ is E-homogeneous
if p(cfz) = cp(z) for all ¢ >0 and z € T

It follows that an E-homogeneous function ¢ is completely determined by its values
on Sy, since p(x) = p(7(x)Fl(x)) = 7(x)p(l(x)). Observe that if ¢ is E-homogeneous
and continuous with positive values on I', then

(2.2) M, = Ieré%i{(p(e) > 0 and m, = min ©(0) > 0.

Moreover by continuity we necessarily have ¢(0) = 0.

Definition 2.7. Let 3 > 0. A continuous function ¢ : R? — [0, 00) is called (3, E)-
admissible, if p(x) > 0 for all  # 0 and for any 0 < A < B there exists a positive
constant C' > 0 such that, for A < ||y|| < B,

T(z) < 1= oz +y) —ey)| < Cr(x)’.

Remark 2.8. If a continuous function ¢ : RY — [0, 00) is positive and Lipschitz on
[, that is [o(x) — ¢(y)| < C||lx — y||o for z,y € T', then ¢ is (3, F)-admissible for all
B < a; by Lemma P.].

Remark 2.9. If ¢ is (3, E)-admissible then 3 < a;. In fact, if R =V, & --- @V, is
the spectral decomposition of R? with respect to E (see [[], Chapter 2 for details),
by restricting the argument of the proof of Lemma to the space V; on can show
that for any ¢ > 0 there exists a constant C' > 0 such that 7(z) < CHJ:H(I)/OLF5 for
all z € V; with ||z||p < 1. Then, if for some fixed nonzero v € V; we consider the
function ¢ — ¢(tu) we get for & = 3§ that |p(tu + su) — @(su)| < C|t[*/4~° for all
small ¢ and s bounded away from zero and infinity. If one would have § > a1, one
could chose § > 0 such that §/a; — d; > 1 and hence there would exist a constant
K > 0 such that p(tu) = K for all t # 0. But since ¢ is continuous and ¢(0) = 0

this is impossible.
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Remark 2.10. In general the exponent E of a homogeneous function ¢ is not unique.
It is easy to check that ¢(x) — oo as ||z|]| — oo, and then Theorem 5.2.13 in [[J]
implies that the set of possible exponents is F + T'S(¢) where E is any exponent,
S(p) is the set of symmetries of ¢, and T'S(y) is the tangent space at the identity.
Here we say that A is a symmetry of ¢ if p(Az) = p(x) for all x € RY. The
symmetries S(p) form a Lie group, and the tangent space consists of all derivatives
2'(0) of smooth curves z(t) on S(p) for which x(0) = I the identity. For example, if
¢ is rotationally invariant then S(¢) is the orthogonal group and T'S(y) is the linear
space of skew-symmetric matrices. Although exponents are not unique, Theorem
5.2.14 in [I9] shows that every exponent E of a homogeneous function ¢ has the
same real spectrum 0 < a; < --- < a, and induces the same spectral decomposition
RY=V,®...®V,, since these structural components describe the growth properties
of the homogeneous function. In particular, the function r — o(rz) grows like /%

for any nonzero x € V;, see Section 5.3 in [[J] for more details.

We conclude this section by examples of (3, E)-admissible, F-homogeneous func-
tions ¢ : R? — [0, 00) used in Theorem B.I] below to define a moving average repre-
sentation of OSSRFs { X, (2)},cra. Let us denote < .,. > the standard inner product
on R? and E! the transpose of any d x d-matrix E with respect to this inner product.
The following class of examples is inspired by the log-characteristic function of a full
operator stable law on R?. See [ for details.

Theorem 2.11. Assume E is a real d x d-matrix such that the real parts of the
eigenvalues satisfy 1/2 < a1 < ay... < a, forp < d. Assume M(d) is a finite

measure on the unit sphere Sy corresponding to E such that
span{rEtG cr>0,0€ supp(M)} =R%
Then
o(z) = / /00(1 — cos((x,rEtG))) d_;* M (d6)
So J0 r

is a continuous, E-homogeneous function such that ¢(x) > 0 for all x € I'. Moreover
v is (0, E)-admissible for f < min (al, ‘“) ifay <land =1 ifa; > 1.

o
Proof. Let a; > 1/2 denote the smallest real part of the eigenvalues of E. Since
E and E' have the same eigenvalues, it follows from Theorem 2.2.4 of [IJ that
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for any 0§ > 0 there exists a constant C' > 0 such that |[r#'0||, < Cr®= for all
0 <r <1andé6, €Sy Therefore, from dominated convergence, ¢ is well-defined
and continuous on R%. Moreover we have p(z) > 0 and ¢(z) = 0 implies z = 0.
A simple change of variable shows that p(c”r) = cp(x) for all ¢ > 0 and 2 € R?.
It remains to show that ¢ is (3, F)-admissible. Using the trigonometric identity
cos(a) — cos(b) = —2sin((a + b)/2) sin((a — b)/2) we have for any z,y € R? that

(2.3) Jo(z +y) - |<2/50/

First, let us assume that a; > 1, then an upper bound of (R.3) is given by

/SO/ sm er0>>

which is finite because a; > 1, using |||y < Cr® = for all 0 <~ < 1 and 6, € Sp,

dr

7‘2

sm x+2y, E9>) in<<x’gEt9>>

M(dh).

dr = M(an),

and elementary estimates. Moreover writing # = 7(2)¥I(z) a change of variables

yields to

2/50/000)5111(@) I\ 1(do) = 27 (a [S/ sm i 9>) fZM(de)

which proves that ¢ is 1-admissible.
Let us now consider the case where a; < 1. Choose 0 > 0 small enough. On one
hand, for » < 1, one can find C' > 0 such that

42y, 770N . s (x, P .

sin (200N G (DO < 0 (o + o) or
On the other hand, it follows from Theorem 2.2.4 of that one can find C' > 0
such that [|[r?'0)o < Cro*® for all » > 1 and 6 € Sy. Thus, for v < min (1,%),
using |sin(u)| < |u|7, one can find C' > 0 such that
2y,r'0 =g

Sin(%) sm(M) ’ < O3S,

2 2
Therefore, by substituting these upper bounds into the right-hand side of (B.J) and
integrating, for some constant C' > 0 we have shown that |¢(z +vy) — p(y)| < Oz}
for all ||z]lo <1 and A < ||y|lo < B.

Since by Lemma P] ||z|lo < C7(x)“~° for 7(x) < 1, the assertion follows with

B =~(a; —9). O
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The following result gives a constructive description of a large class of continuous,

admissible F-homogeneous functions.

Corollary 2.12. Let 6,...,0; be any basis of RY, let 0 < A\ < --- < A\g and
Ci,...,Cq > 0. Choose a d x d matriz E such that E'0; = X\;0; for j = 1,...,d.
Then for any p > 0, if p < 2X; the function

d

o) = (Gl 030) "

J=1

is a continuous E-homogeneous and (3, E')-admissible function for < min ()\1, pi—;)
if M < pand 3=pif A\ > p.

Proof. First observe that since 770, = r%i6; it follows that (c”z) = cp(x). Moreover
¢ is continuous. Let B > A > 0, since y +— E;l:l Cil{y,0;)|P/% is continuous and
positive on I', by the mean value theorem, for A < ||y|| < B and ||z|| < A/2, one can
find C' > 0 such that

d d
(24) ez +y) =y < C!Z Cil(w + 1,017 = Cily, 0,)°|.
J=1 j=1

Hence it remains to show that the right hand side of (R.4) is (5, F)-admissible. Let
M = 2?21 7€, for suitable v; > 0, where 4 denotes the dirac mass in 6. Let us
define for z € R,

Y(z) = /s /000(1 — cos((z,r/PE 9))) %M(d@),

which is well defined since p < 2)\;. Moreover, by Theorem R.11, ¢ is (3, (1/p)E)-
admissible for § < min (%, i—;) if \y < pand § =11if \y > p. Let 7,(x) denote
the radial part with respect to (1/p)E. Then uniqueness implies that the radial part
7(x) with respect to E is given by 7(z) = 7,(z)"?. Hence 1 is (3, E)-admissible for

ﬁ<min<)\1,p;‘—;) if A < pand f=pif A > p.
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. t .
Moreover, since r(1/0F 0; = r’\J/PHj we get

d 0
vw) =30 [ (1= cos(r . 0))

dr

r2

d 00
_ Z % (/0 (1 . COS(S))S—(p/>\J')—1 ds> |(x, 9j>|p/)‘j

i=1 "
d
=Gl 0,
7j=1

This completes the proof. O

3. MOVING AVERAGE REPRESENTATION

In this section we consider a moving average representation of OSSRF's and derive
its basic properties. We first give sufficient conditions such that the integral repre-
sentation exists. More precisely, for 0 < o < 2 we consider Z,(dy) an independently
scattered SaS random measure on R? with Lebesgue control measure \%. Then we
define a moving average representation of OSSRF's using the basic fact that a random
integral [., f(y) Za(dy) exists if and only if [, [f(y)|*dy < occ.

Throughout this section we fix a real d x d matrix £ with 0 < a1 < -+ < q,
denoting the real parts of the eigenvalues of E. As before, let ¢ = trace(FE).

Theorem 3.1. Let 3 > 0. Let ¢ : R — [0,00) be an E-homogeneous, (3, E)-
admissible function. Then for any 0 < a < 2 and any 0 < H < 3 the random field

BY  Xlw) = [ (o= = o)) Zuldy) o e R

exists and is stochastically continuous.

Proof. Let us recall that X, (x) exists if and only if

Fo(z) = /Rd oz — )1 — p(—y) 0/

Let us assume that H € (0,3). Observe that by (B.4) and the fact that ¢ is E-
homogeneous, ¢(z) < M,7(z) and ¢(z) > my7(2) for all z # 0. Fix any = € I
Then,

dy < 0.

oz —y) T — p(—y)H-v/

<Ol -y () ).
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But for any R > 0 it follows from Corollary P.§ that fT(y)<RT(y)°‘H_q dy < oo if
H > 0. Moreover, by Lemma R4 {y : 7(x —y) < R} C{y: 7(y) < K(R+7(z))} and
hence, by a change of variable we obtain using Corollary P.J again that, if H > 0

/ T(z —y)*"ldy = / T(y)* " idy < / T(y)*" 1 dy < 0.
T(Y)<R T(x—y)<R T(y) <K (R+7(x))

It remains to show that for some R = R(x) > 0 we have

(3.2) / -

Observe that for 7(y) > R, ¢(y) > 0, so we can write

H—q/a H—q/a

dy < o0.

o(r+y) — ()

el +y) = (W) (o) "z + o) "y))) = eW)e () "z +y) "y),

since ¢ is E-homogeneous. Moreover ¢ ((y)~Fy) = 1 and since ¢ is (3, E) admissi-
ble, one can find C' > 0 such that

_ _ _ I6] _
o () "z + o(y)Py) = 1| < C7 (ely) "z)" = Cop(y) 7 ()"
Hence by the mean value theorem applied to the function t~%* near t = 1, one can
find Cy > 0 such that

‘s@(af +y) v — p(y) /e g

H—q/a H—q/a _ 1’

= o(y) lole(y) Pz + o(y)"y)

< Ciply) P9 (@)
for all 7(y) > R, where R > 0 is chosen sufficiently large so that Cip(y) 7 ()" < 1/2
for all 7(y) > R. But ¢(y)?=8-9* < Cyr(y)¥ =9/ and by Corollary P.J we know
that [ o T(y) =¥ dy < co if H < 3. This allows to conclude that I'%(z) is
finite for all z € R% Let us now show that X, is stochastically continuous. Since
X, is a SasS field, it follows from Proposition 3.5.1 in [R1]] that X, is stochastically

continuous if and only if, for all z, € R,

I

By a change a variables, this holds if and only if

p(wo+x — Y)Y — p(zg — )" dy —0 asz—0.

(3.3) IS(r) =0 asz—0.

But ¢ is continuous on R? so

oz — )9/ — p(—y)9/* -0 asz—0
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for almost every y € RY. Moreover, arguing as above, as soon as 7(z) < 1, for suitable
R > 0, one can find C' > 0 such that

H—q/a H—q/a “

—o(~y)
< C(T(y)* 1Ly <r iy (y) + 7)) v (Y))

o(r —y)

where 15(y) denotes the indicator function of a set B. Then (B.J) holds using domi-
nated convergence.
This concludes the proof. ([l

Corollary 3.2. Under the conditions of Theorem [3.1, the random field { X, ()}, cra

has the following properties:

(a) operator scaling, that is, for any ¢ > 0,

f.d.
(3.4) {ch(CEx)}xeRd = {CHXw(x)}xeRd-
(b) stationary increments, that is, for any h € R?,
f.d.
(3.5) {Xo(z +h) — Xo(h) }oere = {Xop(2) }oera-

Proof. We will only prove part (a). The proof of part (b) is left to the reader. Fix
any zy,...,T, € RY Then (B4) follows if we can show that for any #1,...,t, € R

we have

m d m
Z th@(CExj> =M Z th@(xj)-
i j=1

By a change of variable together with ¢(cfz) = cp(x) and the fact that Z,(cFdz) £
ci*Z,(dz) we get

D X (P ) = / Dt (@(CE%- — y) e — (=) O‘) Zo(dy)

j=1 RE j=1

m

4 e /Rd th (w(CE(% _ gyttt _ (p(_cEz)H—q/a) Zo(dz2)

= Z t; Xp(x;)
j=1

and the proof is complete. O]
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Remark 3.3. Theorem B.1 and Corollary B.J include the following classical isotropic
random fields as special cases. Assume ¢(z) = ||z|| and F = I, the identity matrix.

Observe that ¢ is an E-homogeneous, (1, F)-admissible function. Then

Xola) = [ (e =yl = ") Z(dy)

Especially, if @ = 2, then { X, ()} ,cra is known as the Lévy fractional Brownian field.
Note that in this case, for any 0 < a < 2 equation (B-4) reduces to the well-known
self-similarity property {X,(cx)},cpd Ld: {c" X ()} ere. Moreover our results also
include the well known one-dimensional case d = 1 of linear fractional stable motions

and especially the fractional Brownian motion when o = 2.

4. HARMONIZABLE REPRESENTATION

In this section we consider an harmonizable representation of OSSRFs and derive
its basic properties. We first give necessary and sufficient conditions such that the
integral representation exists and yields a stochastically continuous field. For 0 <
a < 2, let W, (d€) be a complex isotropic Sa.S random measure with Lebesgue control
measure (see [BI] p. 281).

Throughout this section we fix a real d x d matrix £ with 0 < a1 < -+ < @,
denoting the real parts of the eigenvalues of F. As before, let ¢ = trace(FE).

Theorem 4.1. Let v : R? — [0,00) be a continuous, E'-homogeneous function such
that ¥(x) # 0 for x # 0. Then for any 0 < a < 2 the random field

(4.1) Xy(x) = Re/

(<= = 1) (&) W (dg) @ € R
Rd

exists and is stochastically continuous if and only if H € (0,a4).
Proof. Let us recall that X, (z) exists if and only if

I'9(z) = 5 |4 — 1] (&) ™1 d¢ < +o0.
Let us assume that H € (0,a;). By integration in polar coordinates for E' given by

Proposition B3,

%@:Aﬁ@

ei<x,7"Et9> B 1‘“,,,—0411—11/}(9)—0411—11 o(db) dr.
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For § € (0, H — ay), by considering the cases r > 1 and 0 < r < 1 separately and
using the same spectral bounds on the growth of ||| as in the proof of Lemma 2],
one can find C' > 0 such that

. t [0}
gi<ar® o> _ 1) < C(1+ ||2]|*) min (@9 1),

Moreover, since v is continuous with positive values on the sphere Sy, and hence

bounded away from zero,
Y(0) "1 (dh) < oo.
So

This allows us to conclude that I'j(z) is finite for all x € R?. Let us show now that X,
is stochastically continuous. Since X, is a SaS field, it is stochastically continuous

if and only if, for all 2y € R,

I

that is, equivalently,

(== = 1) = (0 1) [ 0 e~ 0 asw =0

(4.2) [(r) =0 asx — 0.

It is straightforward to see that (f.3) holds for H € (0, a;), using dominated conver-
gence and the upper bound computed above.
Conversely, let us assume that X, exists and that it is stochastically continuous. Let
us remark that in this case I'}(z) exists for all 2 € R? and satisfies, for all A > 0
Pi()\EfL‘) = )\O‘Hl"i(x).

Let us fix any z € R? with 2 # 0 and let us notice that I'}(x) # 0. Since X, is
stochastically continuous, by (E3)

)\O{HF%CL’) —0 asA—0,

which implies that H > 0.
Let us now prove that H < a;.

First case: Assume that a; is an eigenvalue of E. Then there exist §; € R? such that
161]] = 1 and E6; = a,6,. Therefore

< 01,750 > =11 < 6,,0 > | < Cro.

i<t o> _ 1‘04 rm T hp(0) 1 0 (d6) dr,

with



16 HERMINE BIERME, MARK M. MEERSCHAERT, AND HANS-PETER SCHEFFLER

Then, for r < (%)l/al,

’ei<91,7’Et9> . 1’ _ Q}Sin (< 017TEt0 >)’ > 27“a1| < 01,9 > |
2 - T ’

and hence
1/aq

(JL
6 > - / ‘ < 00,0 S| r=o =01y ()01 =0 5(dg) g
T 0 So

Since v is positive on the sphere Sy,

|< 01,0 >|“ ()" 15(df) > 0,
So

and then I'j(0,) < +oo implies that H < a;.
Second case: Assume that a; is not an eigenvalue of E. Then there exists b; € R such
that \; = ay + ib; and \; are complex eigenvalues of . One can find 0;,v, € R?,
with [|61]] = [|[y1]| = 1 such that

rP0, = 1 (cos (bylogr)f;, + sin (b logr) 1)

Py = 1" (—sin (b logr) 6; + cos (b logr)V1) .
Then it can be shown using the inequality |¢* — 1] > |w|/7 for |w| < 7 that a lower

bound of I'}(61) + I'{}(71) is given by

()"
L / (|<7501,0 >|" + |< rP7,0 >|7) r=e"=1p(0) """ o (db) dr-.
e 0 So
Observe that for a,b > 0 we have a® + b* > (a® + b*)*/2. Therefore
« « a/
< rE0,0>[" + |<rFn,0>" = (|< 0,0 > + < 15,0 >[) i

> o (1< 0y,0 >2 + |< 3,0 >[)) 7

Then we conclude as in the first case that H < a;. The proof is complete. U

Corollary 4.2. Under the conditions of Theorem [[.1, the random field { Xy ()} cra

has the following properties:

(a) operator scaling, that is, for any ¢ > 0,

(4.3 {(X(P2) }aeme 2 { Xy ()} e

(b) stationary increments, that is, for any h € R?,

(4.4) {(Xy(@ + h) = Xp(h) Y aera = {Xo (@) }aene
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Proof. Let us recall that by corollary 6.3.2 of [R1], for f € L%(R?), the characteristic
function of the random variable Y = Re [, f(y)Wa(dy) is given by

(4.5) E (&) = exp(—co|t|“/ |f(y)|o‘dy) where ¢y = —/ (cos )% db.
R4 27T 0

Hence, for any 1,...,2, € R? the finite dimensional characteristic function of
(Xy(x1), ..., Xp(xm)) is given by

E(exp(iitjxw@j))) - exp(—Co /Rd

for any t1,...,t, € R. Thus, for any ¢ > 0, by a change of variable v = ¢®'¢ in the

S (e — 1) ey g,
j=1

integral of the right side, since v is an £* homogeneous function, we get
E(exp (z Z th¢(cExj))> = E(exp (z Z tchXw(:Ej)> ) ,
j=1 j=1
which proves (a). Furthermore, for any A € R? and x € R?, we have that

Xl ) = Xy(o) = Re [ e (o5 1)) 10w (df)

Hence :
E(exp (l ti (Xy(x; +h)— Xw(%))))
j=1
_ exp(—co /Rd gtj€i<h’£> (ei<xj,£> _ 1) ‘aw@)faqudf)
_ E(exp (iitjxw(:cj)»,
j=1
proving (b). -

Remark 4.3. In the Gaussian case, the covariance function of the random field X, (x)
defined by the moving average representation (B.1]) can be computed by an argument
similar to Proposition 8.1.4 of 1. Let oj = E[(X,(0))?] for any unit vector 0,
and define 7(x) and /(x) as before so that x = 7(z)F¢(z). Using Corollary
(a) it follows that E[(X,(2))’] = 7(2)*"07,y, and then we can use the fact that
2X,(2) Xy (y) = Xp(2)? + Xu(y)? — (Xp(x) — X,(y))? to conclude that

(4.6) E[X,(2)X,(y)] = 3 [T(ﬂf)ZHU?(x) + T(y)QHU?(y) —7(z - y)QHag(x—y)] :
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In the isotropic case discussed in Remark B.3 we have 7(z) = ||z|| and ¢(x) = z/||z||,
and a change of variables in (B.1]) shows that o7 = o2 is the same for any unit vector,
using the fact that p(Rx) = ¢(x) for any orthogonal linear transformation R in
this case. Then ([1.6) reduces to the familiar autocovariance function for a fractional
Gaussian random field. A similar argument shows that the autocovariance function

of the random field defined by the harmonizable representation (f.]]) is given by

(4.7) E [Xy(2) Xy (y)] = 5 [T@)QHW?@) + T(?/)QHW?(y) —7(z - y)Qle%(x—y)}

where wj = E[(X,(0))?]. For the isotropic case, where ([£])) reduces to the harmo-
nizable representation ([.J) for a fractional Gaussian field, we again note that wj is
constant over the unit sphere. Since a mean zero Gaussian random field is determined
by its autocovariance function, we recover the well-known fact that the moving aver-
age and harmonizable representations of the fractional Gaussian random field differ
by at most a constant factor. It does not seem possible to extend this argument to
the general case of operator scaling Gaussian random fields, since it would be difficult
to compare 03 to wg in this case. Hence there remains an interesting open question
under which relationship between the functions ¢ and v in the Gaussian case the
moving average representation of Theorem B.1] and the harmonizable representation

of Theorem [ are equivalent.

Remark 4.4. Many random fields occurring in applications have Hurst indices that
vary with coordinate [, §]. Consider a random field satisfying ([[Z]]), and suppose
that the matrix E has an eigenvector e with associated real eigenvalue A. Then it

follows from ([L.1]) that the stochastic process r — X(re) is self-similar with
{X(c*re)}rer L.d {c"X(re)}er forall ¢ >0,

so that the Hurst index of this process is H/\. If E has a basis of eigenvectors with
distinct real eigenvalues, then the projections of this random field onto the eigenvector
directions yield processes with different Hurst indices in each coordinate. This also
shows that the usual methods for estimating the Hurst index, such as rescaled range
analysis [ and dispersional analysis [[], can also be applied to estimate the scaling
indices of the operator scaling random field from data, once the proper coordinates
are established. Estimating these coordinate directions from data is an interesting

open question. In some practical applications, these coordinates are known from
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the problem setup. For example, in a groundwater aquifer the coordinates of the
hydraulic conductivity field are thought to correspond to the vertical, the direction
of horizontal mean flow, and the horizontal direction perpendicular to the mean flow
[. In fractured rock, the scaling coordinates of the transmissivity field correspond
to the main fracture orientations, and are usually not mutually perpendicular [27].
Similarly, in material science, the crack fronts determine the natural coordinates [P].
We caution, however, that estimating the Hurst index in the wrong (non-eigenvalue)
coordinates is likely to be misleading, because in those directions the field is not
self-similar. Finally, we note that the parameters E, H in ([LJ]) are not unique. If
(D) holds, then we also have {X(c”'z)} Ld: {cX(z)} where E' = (1/H)FE, so that
the Hurst indices of the random field are the ratio of H and the eigenvalues of F, as
already noted. Furthermore, the exponents of an admissible function are not unique,
because of possible symmetries, as discussed previously in Remark P.10. Hence the
Hurst index of each component is really an estimate of H/a; where 0 < a; < --- < a,
is the real spectrum of F, and these indices, as well as the coordinate system in which

they pertain, are the same for any choice of H and F.

We have already seen that the OSSRFs, defined by a moving average or a harmo-
nizable representation were stochastically continuous. In the next section we show

that in the Gaussian case a = 2 one can get Holder regularity for the sample paths.

5. GAUSSIAN OSSRFs

In this section, we are interested in the smoothness of the sample paths of Gaussian
OSSRFs given by Theorem B.]] or Theorem [L.1], respectively. Moreover we compute
the box- and the Hausdorff-dimension of the graph of OSSRF's in these cases. We fol-
low the terminology used in [§]. Using their definition of the Holder critical exponent

of a random process (Definition 5) we state the following definition.

Definition 5.1. Let v € (0,1). A random field {X(x)},cpae is said to have Holder

critical exponent v whenever it satisfies the following two properties:

(a) for any s € (0,7), the sample paths of X satisfy almost surely a uniform

Holder condition of order s on any compact set, that is for any compact set
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K C R?, there exists a positive random variable A such that
| X (2) — X(y)| < Allx —y||® forall z,y € K.

(b) for any s € (v, 1), almost surely the sample paths of X fail to satisfy any

uniform Holder condition of order s.

For a Gaussian random field X a well known result links the Holder regularity of
the sample paths x — X (z,w) to those of the quadratic mean. Let us recall this
property when the field also has stationary increments. We refer to [JJ] Theorem 8.3.2
and Theorem 3.3.2 for a detailed proof.

Proposition 5.2. Let {X (2)},cra be a Gaussian random field with stationary incre-

ments. Let v € (0,1) and assume that
vy =sup {s > 0;E ((X(x) = X(0))*) = oo ([l2l*) } -

Then, for any s € (0,7), any continuous version of X satisfies almost surely a uniform

Holder condition of order s on any compact set.

If moreover
v =inf {s > 0; |lz[|** = ojz)—0 (E (X (z) — X(O))Q))} ;

then any continuous version of X admits v as the Holder critical exponent.

The previous definition and proposition are given in [§] for random processes (d = 1)
in order to study regularity properties of a field along straight lines. More precisely,
when { X (x)},cgra is a random field, it is also interesting to study the Holder regularity
of the process { X (xg + tu)}ier, for rop € R? and u a unit vector. This will provide
some additional directional regularity information. For {X(x)}, cre with stationary

increments, one only has to consider {X (tu)}cr for all directions u. Let us recall
Definition 6 of [{].

Definition 5.3. Let { X (2)},cre with stationary increments and let u be any direction
of the unit sphere. If the process {X(tu)};cg has Holder critical exponent y(u) we

say that X admits y(u) as directional regularity in direction w.

Let us investigate these properties for the Gaussian OSSRF's given by Theorem
or Theorem [.1], respectively. Throughout this section we fix a real d x d matrix F

with 0 < a; < --- < a, denoting the real parts of the eigenvalues of E. Following



OPERATOR SCALING STABLE FIELDS 21

[, Section 2.1, let Vi, ..., V, be the spectral decomposition of R? with respect to
E. Fori=1,...,p, let us denote

Wi=Vio...aeV,

and Wy = {0}. Observe that E|y, has a; < --- < a; as real parts of the eigenvalues.
As before let ¢ = trace(F).

Theorem 5.4. Let o : R — [0,00) be an E-homogeneous, (3, E)-admissible func-
tion. For 0 < H < 3 let X, be the moving average Gaussian OSSRF given by The-
orem [B.1. Moreover let ¢ : R — [0,00) be a continuous E'-homogeneous function
with Y(x) > 0 for all x # 0. For 0 < H < a; let Xy be the harmonizable Gaussian
OSSRF given by Theorem [[.4. Then any continuous version of X, and X, respec-
tively, admits H/a, as Hélder critical exponent. Moreover, for any i =1,...,p, for
any direction w € W;\W,;_1, the fields X, and X, admit H/a; as directional reqularity

i direction .

Proof. Let x € R%. With a little abuse of notation we write X,y to indicate that
we either consider X, or X,. Observe that X,,,(0) = 0 and in order to apply

Proposition p.2 we define
- /212
Ja (@ = )92 — p(—y) 92" dy

L% (@) = B (Xp/(2)?) = 5 (<a
w0/ ( o/ ) 4fRd sin? (< 2,§>) ?ﬁ(f)*w*qdf
Using polar coordinates with respect to F| it is straightforward to see that
(5.1) % p(t) = 7(2)* Ty (U(2)),
where for all # € S,
(5.2) 0<m<T2,,(0) <M,

since Fi sy 18 continuous and positive on the compact set Sy.

For any i = 1,...,p let us fix u € W; \ W,;_y. Since the spaces Vi,...,V, are
E-invariant and the real parts of the eigenvalues of E|yy, are a; < -+ < qa; it follows
as in the proof of Lemma .1 by considering the space W; instead of R?, that for any
small § > 0 there exists a constant Cy = Cy(u) > 0 such that 7(tu) < Colt|V/%~ for
any |t| < 1. Furthermore, observe that if we write u = w; + u;_1 with u; € V; and
;1 € Wi_1 we have u; # 0. Writing tu = 7(tu)?l(tu) and I(tu) = [;(tu) + [;_1(tu)
with I;(tu) € V; and [;_;(tu) € W;_y, it follows from the E-invariance of the spectral
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decomposition that tu; = 7(tu)¥l;(tu) with [;(tu) # 0. Since we have £ = E\®---®E,

where every real part of the eigenvalues of F; equals a; we conclude

[tlull = 7 (t) "Lt || = [ (ta) Lt || < [l ()= 1) < O (tu)®=°

for any [t| < 1 using the fact that ||/;(tu)| < Cj for any [t| < 1 and some C3 > 0.
Hence there exists a constant C; = C(u) > 0 such that 7(tu) > Cy|t|'/%*9 for any
|t| < 1. Therefore we have shown that for all directions u € W; \ W,;_; and any small
0 > 0 there exist constants C7,Cy > 0, such that

(5.3) Cy[t)V4+0 < 7(tu) < Cyt|Y4 =% for all |t < 1.

In view of (B.)), (6.2) and (£.J) we therefore get that for any direction v € W; \ W;_;
and any § > 0 there exist constants Cy,Cy > 0 such that Cy[t[*/“+* < T2 (tu) <
Cy|t|*1/%i=9 for |¢t| < 1, which by Proposition F-3 shows that X, admits H/a; as
directional regularity in direction wu.

It follows from this that for any s € (H/a,,1) almost surely the sample paths of
X,y fail to satisfy any uniform Holder condition of order s, since H/a, is the Hélder
critical exponent of X/, in any direction of W, \ W,_;. Finally, in view of (B.J]),
(b-3) and Lemma . we know that for any ¢ > 0 there exists a constant C' > 0 such
that T2, () < O||x[|*""/*=* for [[z]| <1 and hence by Proposition f.7 it follows that
any continuous version of X, satisfies almost surely a uniform Holder condition of

order s < H/a, on any compact set. This concludes the proof. O]

Having described the Holder regularity of Gaussian OSSRF's, a natural question
that arises is to determine the box- and the Hausdorff-dimensions of their graphs on
a compact set. We refer to Falconer [[J] for the definitions and properties of box-
and the Hausdorff-dimension. Let us fix a compact set X C R?. For a random field
X on R? we consider G(X)(w) = {(x, X(2)(w));z € K} the graph of a realization
of this field over the compact K. We will denote dimyG(X), resp dimpG(X), the
Hausdorff-dimension and the box-dimension of G(X), respectively.

It is a well understood fact that directional regularity implies information about
the Hausdorff-dimension of the field in that direction. See e.g. [[], Chapter 8. As an

immediate corollary to Theorem p.4 we get:
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Corollary 5.5. Under the assumptions of Theorem Pp.4 we have for allt =1,...,p
and all directions uw € W; \ W;_; that

dimp{(t, Xy p(tu)) : t € [0,1]} =2 - H/a;, a.s.

Proof. The result is a direct consequence of Theorem [.4 and the Corollary on page
204 of ], using the fact that ¢t — X, /4(tu) is a f = H/a;-index process and that
2—p<1/Gfor0<p<1. O

Our next result investigates the global box- and Hausdorff-dimension of Gaussian

OSSRFs.

Theorem 5.6. Under the assumptions of Theorem [5.4, for any continuous version

of X, and Xy, almost surely
dimH Q(X¢/¢) = dimg Q(X¢/¢) =d+1-— H/ap.

Proof. Let us choose a continuous version of X, /. From Theorem p.4), for any s <
H/a,, the sample paths of X/, satisfy almost surely a uniform Holder condition of

order s on K. Thus by a d-dimensional version of Corollary 11.2 of [I3], we have
dimyG(X,p) < dimpG(Xyy) <d+1—s, as.
where dimg denotes the upper box-dimension. Therefore
dimyG (X, ) < dimpG (X)) <d+1— H/a,, as.

and it remains to show that a.s. dimyG(X,/y) > d+1— H/a,. Since the lower box
dimension satisfies dimgG(X,/,) > dimyG(X, /) the proof is then complete.

We follow the same kind of ideas developed in [f] and [fl]. Let s > 1. Following the
same argument as in Theorem 16.2 of [[J], in view of the Frostman criterion (Theorem
4.13 (a) in [[Z)), if one proves that the integral I

= /K G [«wa(x) — X ()* + llv — yHQ)_S/Q] dz dy,

is finite, then almost surely dimyG(Xy/y) > s.

As before, let Vi, ..., V, denote the spectral decomposition of R? with respect to F
and let W; = V; + - -+ V;. We will choose an inner-product (-, ) on R? which makes
these spaces mutually orthogonal and use the norm ||z|| = (z,z)"/2. Since all norms

on R? are equivalent, this entails no loss of generality.
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Since by assumption s > 1, the function (¢2 4+ 1)7%/2 is in L'(R) and its Fourier
transform, denoted by fs, is not only in L>(R) but also in L!'(R). Then we can write,

using Fourier-inversion (fundamental lemma in [f)

1 .
2 1—5/2:_/ thstdt.
€+ 1= o [
It follows that

—s/2
E | (Xp(@) = Xopu @)+ llz = y1?) "]
1 - G R )
= —lr— s || Te—y] Hdt
o=l [ 5 (e ) 0

1 ,ﬁE(Xso/w(z)*X(p/w(y))Q)
- —Hl‘ - yH_S/ e ? le—yl|2 f (t)dt,
2 R s

since X,y is Gaussian. Then, as f, € L*(R), one can find C' > 0 such that
—s/2
E | (X (@) = Xopulw))? + llz = y?) "]

< Olle— ol (B [(Xp(e) ~ Xopuw)])

Cm™ |z —y||'*r(z —y)~",

A

according to (B.1) and (B.3) and using the fact that X, has stationary increments.
Let us choose A > 0 such that K C {z € R% ||z|| < A/2}. Then for some constant
C>0

Asc/ ][5 (),
lz||<A

as long as the integral in the right hand side is bounded.
If p=1, by Lemma R.1], for 6 > 0, one can find C' > 0 such that, for ||z|| < A4,

7(x) " < O],

and hence I is finite as soon as s <d+1— H/a, — 6.

If p > 2 let us write x = x,+y for some x, € V, and y € W,_; and write z = 7(z)F1(x)
with [(x) € Sp. Decompose l(z) = I,(x) + 0 with [,(z) € V, and § € W,_;. By the
direct sum decomposition we see that z, = 7(x)¥l,(z) and y = 7(x)¥6. Moreover,
since V,, and W,,_; are orthogonal in the chosen inner product it follows that ||z| < A

implies both ||z, < A and |ly|| < A in the associated norm. In view of the proof of
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Lemma P.1], restricted to the spaces V,, and W,_1, respectively, it follows that for any
d > 0 and some constants Cy,Cy > 0, if ||z|| < A then

lzpll < Crr(2)™° and [|ly]| < Cor(2)™~°.
Then one can find ¢ > 0 such that
7(2)" 2 cfla ||/ and 7(x)" > cl|y|| /et
and thus
T(2)" 2 /2 (|| |7/ + |y | 1*?)

Hence, for any § > 0
1/2-5/2 a a -1
A T I e 1 e (N e P L
llzpll<A JlylI<A

Let k = dim V,, and observe that in the present case 1 < k < d — 1. By using polar

coordinates for both V,, and W,_;, for some constant C' > 0 we have I, < C'J; where
A A
J, = / / (u2 1 02)1/275/2 (uH/ap+5 i UH/a1+5)*1 WF 108 1F du do.
o Jo
The change of variables u = tv yields

A pA/v
J, = / / UdfsfH/ap75<t2 + 1)1/273/2 (tH/ap+5 + UH/alfH/ap)—l tk:fl dt dv
0 0

A 400
0 0

Since % < 1 < k, the second term is bounded as soon as s > k+ 1 — H/a, — ¢,

whereas the first one is finite whenever s < d +1 — H/a, — 6. Thus, for all § > 0
small enough, it follows that almost surely dimyG(X,,y) > d+1— H/a, — 0 and
the proof is complete. O

Remark 5.7. As pointed out in the introduction, the fractional Brownian sheet
{By(z)},era is operator scaling with £ = diag(aq, ..., ay) where o; = 1/H;, in fact
{Bu(cP1)},cpa 1< {cBg(2)}4era, but does not have stationary increments. By The-
orem 1.1 of [f] we know that dimy G(By) = dimp G(By) = d+1—min(a; ', ..., a;").
Now let X/, be our Gaussian OSSRF's considered above. It follows from operator

scaling, that
1 fd.
{Xw/w@HEx)}xeRd = {cXo/p(2) boera
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too, and that a; = a;/H, 1 =1,...,p are the real parts of the eigenvalues of (1/H)E.

Hence Theorem p.6 can be reformulated as
dimy G(Xy/y) = dimp G(Xyp) = d+ 1 —min(a; ', ... &)

in complete similarity to the result in [J]. Hence we have constructed operator scaling
Gaussian random fields with the same box- and Hausdorfl-dimension as the fractional

Brownian sheet, but our fields have additionally stationary increments.
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