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Abstract
In this paper, we prove a weighted Sobolev inequality and a Hardy inequality on manifolds with
nonnegative Ricci curvature satisfying an inverse doubling volume condition. It enables us to obtain
rigidity results for Ricci flat manifolds.

Introduction

Since the eighties and particularly ], it is well known that Ricci flat manifolds with maximal
volume growth enjoy nice rigidity properties. Indeed, if M™, n > 4, is such a manifold, with curvature
tensor R, there exists a constant € such that M is flat as soon as fM |R|n/2 dvol < € ; € depends on
n and on a lower bound on the volume growth. Furthermore, in case the curvature only satisfies
fM |R|”/2 dvol < oo, it has faster-than-quadratic decay, that is R = O(r;%‘s), where 7, is the
geodesic distance to any point o in M ; here, d is an explicit positive constant. These facts stem from
a Sobolev inequality which is no longer true if the volume growth is not maximal. Now what happens
in this case ? One result in this direction is the following theorem, by Jeff Cheeger and Gang Tian
[@] : a four-dimensional complete Ricci flat manifold with curvature in L? has quadratic curvature
decay. Their proof is based on the Gauss-Bonnet-Chern formula and Cheeger-Gromov theory.

Our aim is to present a different approach, relying on weighted Sobolev and Hardy inequalities.
Unlike J. Cheeger and G. Tian, we still make an assumption on the volume growth, and this enables
us to generalize the rigidity results which were previously known. Given a point o, we will consider
weights involving the function p, : t — %, where V (o, t) is the volume of the geodesic ball B(o,t)
centered in o and of radius t. Our work leads to the following.

Theorem 0.1 (Flatness criterion) Let M™, n > 4, be a connected complete Ricci-flat manifold.
Assume there exists o in M, v > 1 and C, > 0 such that

V(O,tg) ta v
Vit >t 0, —/———=>C,(—~| .
200 o= (3)

Then there is a constant €1(n, Co,v) such that M is flat as soon as

sup(|R| r3) < e1(n, Co, ).
M
If v > 2, there is also a constant ez2(n,Co,v) such that M is flat as soon as
/ |R|2 po(ro)dvol < es(n, Co,v).
M

As a result, in both cases, M is the normal bundle of a compact totally geodesic submanifold, which
is (finitely) covered by a flat torus.

Theorem 0.2 (Curvature decay) Let M™, n > 4, be a connected complete Ricci-flat manifold.
Assume there exists o in M, v > 2 and C, > 0 such that

V(O,tg) ta v
Via >t 0, ———=>Co|—=| .
200 e = (3)
and
/|R|%po(r0)dvol<+oo.
M

Then M has quadratic curvature decay. Furthermore, if v > 42—:?, M has faster-than-quadratic
curvature decay and thus has finite topological type.



The assumption

‘/(O7 tg) ta v
Vto >t 0, ————=>0C, | —= 1
020 B> (2) W
implies
VR>1, V(o,R) > CoV(0,1)R” (2)
and follows from
JA4,,B, >0, VR >1, A.R”" <V(o,R) < BoR". 3)

Note that Bishop theorem ensures v < n. This hypothesis yields the analytical tools we need. Indeed,
we prove that on a complete connected manifold M™, n > 3, with nonnegative Ricci curvature and
satisfying (ﬂ)7 the following weighted Sobolev inequality holds :

n—2

Y f e C (M), (/ |f|%po(ro)*%dmz) <5 | jdfP dvol. (4)
M M

In other terms, the completion H{ (M) of C°(M) for the norm [Nl L2 (ar,p01) can be continuously

injected into L7 (M , Po (ro)_%vol). Such a manifold also satisfies the Hardy inequality

VfeCE(M), /M |f] r5 tdvol < H/M |df| dvol. (5)

The constants S and H we find depend only on n, v and C,. Now, the curvature of a Ricci flat
manifold obeys a nonlinear elliptic equation. When used appropriately, the inequalities (E) and (E)
yield estimates on the solutions of this equation, and our theorems follow. In this article, we will
give a few other applications of the weighted Sobolev inequality.

The paper is organized as follows.

In the first section, we develop a discretization technique aimed at patching local Sobolev in-
equalities together. It is based upon ideas and methods of A. Grigor'yan and L. Saloff-Coste ]
Given a convenient covering of a manifold, if we assume some discrete inequality on a graph which is
naturally associated to the covering, we are able to deduce a global Sobolev inequality from a local
one (theorem @)

In the second section, we explain how to apply this abstract technique in the setting of manifolds
with nonnegative Ricci curvature and satisfying ([), so as to obtain a weighted Sobolev inequality
and a Hardy inequality. Note we could replace the nonnegativity of the Ricci curvature by two of
its_consequences : the doubling volume condition and the scaled Poincar inequality on balls. In
]7 G. Grillo proves weighted inequalities in the context of homogeneous spaces and indeed, in
the case v = n, the Hardy inequality follows from this work : nevertheless, it should be stressed
that our approach is basically different and, in particular, does not require a uniform estimate on
the volume of balls ; apart from the doubling volume condition and the scaled Poincar inequality
(which are classical assumptions for such problems), the only measure theoretic assumption we need
is the estimate (ﬂ) which is some kind of inverse doubling volume condition around one point. An
important step in our proof could be singled out : the following result gives a sufficient condition
for a manifold to satisfies the so called RCA property (Relatively Connected Annuli) and should be
compared with proposition 4.5 of [@] (which, in our context, would require the volume growth to
satisfy a uniform euclidian estimate from below).

Proposition 0.3 (RCA) Let M be a connected complete riemannian manifold, satisfying the dou-
bling volume property
VeeM,VR>0,V(z,2R) < CpV(z, R),

the scaled LP Poincar inequality centered in some point o in M

VfeCX(M), VR>0,/

|f = fB(o,)|” dvol < CPRP/ |df|? dvol
B(o,R) B(o,R)

and the inverse doubling volume condition centered in o

V (o, R2) Ry\"
VRy > R1 >0, —/———=<>C, | —
ST Vo) T (R)
with v > p. Here, Cp > 1, p>1, Cp >0, C, > 0. Then there exists ko > 0 such that for R > 0, if
x,y are two points in S(o, R), there is a path from x to y which remains inside B(o, R)\B(o, x5 R).
Moreover, it is possible to find an explicit constant, in terms of p,Cp,Cp,Co,v.



Let us say a few words about this proposition. Cheeger-Gromoll theorem implies that in our setting,
M has only one end. A result from | (with |) implies that, for large R, the intersection of
the only unbounded component of M\B(o, R) with any annulus A(R,R + ), r > 0, is connected.
But it says nothing about the behaviour of the bounded components of M\ B(o, R). What we proved
is that, in a sense, these bounded components have at most linear growth. Moreover, we give an
explicit estimate of this growth, which is important for our purpose.

In the third section, we investigate the properties of Schrdinger operators A + V that can be
deduced from our weighted Sobolev inequality. Here, A is the Bochner laplacian on some euclidian
vector bundle and V is a field of symmetric endomorphisms. In particular, we prove that integral
assumptions on the potential ensure the kernel is trivial (theorem EI) We obtain various technical
estimates and also introduce a good space of sections 1 such that the equation (A + V)o = has a
bounded solution o () This section can be seen as a toolbox.

In the fourth and last section, we point out some applications. Let us denote by So(M) (resp.
H,(M)) the best constant S (resp. H) in (E) (E) We define the ”Sobolev-curvature” invariant

2
n Tn "
M"™) = inf [So(M 2 —2 —_duvol
SC(M™) otht l:S (M) (/M 2] Vo, ro) UO) }
and the ”Hardy-curvature” invariant

HCOM™) = inf, [ F01) sup(RI )

with the convention 0.co0 = oo. First, we generalize the work of G. Carron ] about L*-
cohomology and obtain in particular the

Theorem 0.4 (L2-c0homology) Let M"™, n > 3, be a connected complete riemannian manifold
such that SC(M) is finite. Then the L* Betti numbers of M are finite. Moreover, H}»(M) = {0}
and, for k > 2, there exists a positive universal constant e(n, k) such that if SC(M) < €(n, k), then
M2 (M) = {0}

In case M has nonnegative Ricci curvature and satisfies (E)7 this means L? Betti numbers are finite
as soon as [, |R|% 2 ¥dvol < oo ; in [[Card], G. Carron required T |R|% dvol < co. These are
close assumptions, but, for instance, if the curvature decays quadratically (that is HC(M) < oo, in
this setting), ours is weaker. Our work also provides explicit bounds on the L? Betti numbers. Then
we study Ricci flat manifolds and prove the following rigidity theorems, which imply the results
announced above.

Theorem 0.5 (Flatness criterion) If M™, n > 4, is a connected complete Ricci-flat manifold,
there are universal positive constants e1(n) and e2(n) such that if SC(M) < e1(n) or HC(M) < e2(n),
then M 1is flat.

Theorem 0.6 (Curvature decay) Let M"™, n > 4, be a connected complete Ricci-flat manifold.

If SC(M) is finite, then M has quadratic curvature decay. If moreover there exists v > 42—:? and
_ (v—=2)(n—-1)

Ao > 0 such that V(o,R) > AoR" for large R, then the curvature decays like 7o n=3 ;in
particular, M has finite topological type.

Finally, we give some examples where this rate of decay is the correct one.

Acknowledgements. I would like to thank Gilles Carron for his remarks, suggestions, questions,
and for his patience.
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1 Discretization and Sobolev inequalities.

1.1 How to patch local Sobolev inequalities together.

The aim of this paragraph is to explain how to patch local Sobolev inequalities so as to obtain a global
one. In , A. Grigor’yan and L. Saloff-Coste introduce a discretization procedure enabling them
to handle Poincar inequalities. We generalize their ideas in two ways : we use integral inequalities
for different measures and we consider general Sobolev-type inequalities.

Here, M is a smooth riemannian manifold (Lipschitz would be sufficient), and we introduce two
Borel measures A, u on it. For us, it will be crucial to cope with both of them at the same time. Let
us introduce the necessary vocabulary.

Definition 1.1 Let A C A be two subsets of M. A familyU = (U;, U7, Uf)iel consisting of subsets
of M having finite measure with respect to A and p is said to be a good covering of A in A* if the
following is true.

(i) There is a Borel subset E of A with \(E) = u(E) = 0, such that A\E c |J,U; c |J,U! C A¥;
(ii) Yie I, U; c U c U! ;

(#ii) There exists a constant Q1 such that for each ig € 1,
Card {z € I/UE NU! # @} < Qi

(iv) For every (i,7) € I? satisfying U; N U; # 0, there is an element k(i, j) such that
U: UU; C Uiy
(v) There exists a constant Qo such that for every (i,5) € I?, if U; NU; # 0, then
A(Uk(i,5) < Q2min (A(U:), A(Uj))

and
#(Us(ig)) < Q2min (u(Us), u(Uy))-

Given a Borel set U with finite and nonzero A-measure and a A-integrable function f, we will
denote by fr,» the mean value of f on U with respect to the measure A :

1
for = 5757 |, o

One can associate to every good covering U a weighted graph (G, my) : its set of vertices is
V=I

and its set of edges is o
E={{i,j} CV/i#jUnU;#0};
VY and £ are given measures, both of which will be denoted by my, and they are defined by
VieV, ma(i) = A(Us)
and

V(@j) € 87 m)\(ivj) = max(m)\(i)7m>\(j))‘

Remark 1.2 In what we call a graph, there is at most one edge between two given wvertices. So,
if there is an edge between two vertices i and j, we will call it (i,7). For us, a weighted graph will
always consist of a o-finite measure on the set of vertices V and of a o-finite measure on the set of
edges £, which we give the same name m and which are related by

V(LJ) €&, m(lvj) = ma‘x(m(l)vm(.]))

Now, we introduce three kinds of inequalities : the discrete estimates (the second and third) will
enable us to patch the continuous ones (the first) together.



Definition 1.3 Suppose k €]1,00] and 1 < p < k. We will say that a good covering U satisfies a
continuous LP Sobolev inequality of order k with respect to the pair of measures (A, ) if there exist
a constant S. such that for every ¢ € I, one has

§ pis P
VfeoTU), (/ If = fuial*=r dk) < Sc/ |df ” dps,
U; Uy

and
k—p

k k
V_f GCOO(UfL (/ |f_fU,L.*,>\’kp77p d)\> < Sc\/ﬁ |df|pdﬂ
(%5 U;

Definition 1.4 Suppose k €]1,00] and 1 < p < k. We will say that the weighted graph (G, m)
satisfies a discrete LP Sobolev-Dirichlet inequality of order k if there exists a constant Sq such that
for every f € LP(V,m), one has

k—p

(Z £ m(l’)) <Sa Y 1fG) = I mi.g).

=% (i,5)€€

Definition 1.5 Suppose k €]1,00] and 1 < p < k. We will say that a finite weighted graph (G, m)
satisfies a discrete LP Sobolev-Neumann inequality of order k if there exists a constant Sq such that
for every f € RV, one has

k—p
k

(Zlf(i)m(f)l%m(i)> <Sa Y 1fG) = F)IFmi.g).

iev (i,§)€E

Remark 1.6 In this terminology, a LP Poincar inequality is nothing but a LP Sobolev inequality of
infinite order.

Remark 1.7 Of course, one can say that a good covering U satisfies a discrete Sobolev inequality,
by considering the associated weighted graph (G, my).

The following theorem is the crucial tool for us.

Theorem 1.8 Suppose k €]1,00] and 1 < p < k. If a good covering U of A in A* satisfies the
continuous LP Sobolev inequality of order k @) and the discrete LP Sobolev-Dirichlet of order oo
@), then the following Sobolev-Dirichlet inequality is true :

k

erC?(A),A(|f|% d,\) = gs/M \df [P dp,

with
p

S = 27 1R (8.Q1) T + SuQa(275.0%) T ) 72

Remark 1.9 The case where A\ = pu, k = oo and p = 2 was proved by A. Grigor’yan and L.
Saloff-Coste in @]

Proof :
We set ¢ := kp—fp and consider f € C°(A). Thanks to a little convexity, we can write
srax < 3 [ irray
iev /Ui iev /Ui
_ zq—lz/ 1 = foal7dA+ 27737 [, a [P AT,
iev /Ui icy



The continuous Sobolev inequality gives an upper bound for the first term ; noticing that ¢ > p
and remembering the assumptions on the covering, we find

a/p
Z/ = foalidy < sz“’z(/w Idfl”du>

ey ey
a/p
< suv (Z / Idfl”du>
i€V :
a/p
< srrQur ([ aran)
Al

To estimate the second term, we use the discrete Sobolev inequality :

Y fo AP AU < Sa Y [ fuin = fu | max(AU:), A(U;)).

iev (i,5)€E

For (i,j) € £, a Hlder inequality and the fact that we have a good covering lead to :

|fix — fU AlTmax(MUs), A(Uy))
- ma;‘f ) / / D)AN@)IN)
max(A( )|
< POy L [, e - s awaw
1 ¢ (e
< Qs /U oy M@= IO B

Now, if X is a Borel set with finite and nonzero A-measure and if ¢ is a function in LY(X, \),

507 /- [ 19@) = st x@anw)

= W/X/XQH(Ig(m)Iq+|g(y)|q)dA(x)dA(y)

< o /X l9() |7 dA(x)

Let us apply this to f — fU:(iij’ on U;(i,j) .
[fuix = fuya|* max(M(U:), A(U5)) < Q22q/ ‘f foreia " an.
Uk
Now, by the continuous Sobolev inequality,
4
[ fusn = fo ] max(\(U), A(U)) < Qu27S2/" </n Idfl”du>
k(i,5)

Therefore :

1Y

|df[* du)

ST AlTAU) < S0 D Qa208¢7 (/u

i€y (i,5)€E V(i)

As q is greater or equal to p,

s ha

S 1l AU € 8aQu20SEP | 7 [ (dfiPdu

iev (e Yk
By using twice the fact that we have a good covering, we see that :

> [, wra < ety / dfI? d

(id)e€ " Yriig i€V

3 P
Q /A 1P d.

IN



Hence :

I

§ |fUi,>\|q )\(Uz) < SdQQQQSg/PQ?lI/P (/ |df|p dll«) 3 4
iev A
Eventually, we get :

S

P

/A [F17dx < 2771 (SEPQYT + 54Q227 5P QYY) ( /A ﬁ Idfl”du)
And this is what we wanted to prove. q.e.d.
There is also a "Neumann” version of this result.

Theorem 1.10 Suppose k €]1,00] and 1 < p < k. If a finite good coveringU of A in A* satisfies the
continuous LP Sobolev inequality of order k and the discrete LP Sobolev-Neumann inequality of
order oo , the following Sobolev-Neumann inequality is true :

k—p
E

viec™), [ (iF=fa®ra) T <s [ v,

with

2

S = 27 R ((S.00)TF + SaQu(27S.Q) ) T

Proof :
Again, set q := kp—fp and fix f € C°(A). First, note that

f— fA,AHLq(A,A) < QigR If - CHLq(A,)\) :

Indeed, if ¢ is a real number,

A

f - fA,AHLq(A,)\) < f- CHL'-I(A,A) + e — fAAHLq(A,A)
1
If = ellacany +[fan — el A(A)s

1 = cllagan + \ fu- c)dA] A(A)H

By Hlder inequality,

IA

1 = ellpagan + ( Js- cm) A Ay

2f - CHL(I(A,/\)

Hf - fA,/\HLq(A,,\)

As this is true for each ¢ € R, this proves the statement.

In particular, for
Z T=3Y) fU'J\)‘(Ui)
ci= mA(fU.,A) ===
2iev MUi)

we can write

Lo 1f = fax|dx
< 2‘1/ |f — " dA
A
< Z/ |f —|?dX
iev /Ui
< Mty |f*fUi,A|qd/\+22q712/ |fo;x — " dA
iev /Ui iev /Ui

= 2 [ falf i 20 Y [ — AW,
U;

eV eV

We then estimate both terms as in the proof of theorem @ : for the second, it is made possible
by our choice of ¢. g.e.d.

In fact, our argument leads to more general theorems. We will not use them but let us phrase
the ”Dirichlet” version. The reader will easily imagine the "Neumann” version. For instance, this
kind of result could be used to patch local Sobolev and Poincar inequalities together.



Theorem 1.11 Suppose 1 < p < r < q < oco0. Set k = %. If a good covering U of A in A*
satisfies the continuous LP Sobolev-Neumann inequality of order k (with constant S.), the discrete
L" Sobolev-Dirichlet inequality of order =L (with constant Sa), and the continuous L” Sobolev-
Neumann inequality of order W (with constant S.), M satisfies the following LP Sobolev-Dirichlet

inequality of order k :

Ve CE(A), /A (f1P AV < /A 1T d

with
p/4q

§ = or-v/a ((lec)q/ P (su@a2(sy) " @ ")

1.2 Sobolev and isoperimetric inequalities on graphs.

Now, we know that discrete Sobolev inequalities on appropriate graphs make it possible to patch
local Sobolev inequalities together. The problem is : how can we show such discrete inequalities 7

Our first purpose here is to clarify the link between Sobolev inequalities of the same order on
weighted graphs. We explain why, as in the continuous case, the L' inequality of order k (1 < k < 00)
imply the L? inequalities for 1 < p < k.

Proposition 1.12 We consider an infinite weighted graph (V,E,m) (see remark @) We assume
there exists C > 1 and d € N such that
v(i,j) €&, C™ m()<m( 1) < Cm(7)

and the degree of each vertex is bounded by d. Then the L' Sobolev inequality of order k, 1 < k < oo,

k-1
“k
ko
v feL(v,m), (Z |f(@)F=T m(l)) <S5 Y I Plm(i, j)- (6)
i€V (i,4)€E
imply the LP Sobolev inequality of order k for 1 <p <k :
VfeL(V,m) (Zlf )) <S8 Y0 1@ = fOFmGg) | (M
i€y (i.5)€E

where §' = 2pE=L 1dSC1 P

Proof :
Let f be an element ok RY with finite support. We apply (E) to |f|” where v > 1 is a parameter
that we will fix later :

k—1

(Z Holks m(l’)) <S8 > W@ = 1fGIm(, ).

i€V ()€€
If a, b are real numbers, the following is true

llal” = b1"] < ymax(lal , [o) """ llal = [bl| <o = bl (la]"~" + [b71).

Consequently,
k‘;l
(ZIJ‘(Z)I’cl m(l)) <vS Y If DAL+ LD Hm, ).
i€V (i,§)€E
By Hlder inequality,
k—1

(Z £GP m<i>>
i€V

< s X e - rormaa | [ @I m, )

(i.5)e€ (1,7)€€

]
o=

+ X GO T m ) |

(.5)€€



And our assumptions on the graph enable us to write
k—1
k

(Z | £ FoT m(z’))
1€V

< 20dSC Y0 16 = FG)IP M) (wa‘”ﬁm(i)) "

(i,5)€€ i€V
Set v := pk L > 1 to conclude the proof. q.e.d.

Now, let us explain why inequalities like (H) stem from isoperimetric inequalities on the graph.

Definition 1.13 Let (V,&) be a graph. We define the boundary 02 of a subset Q of V as
O :={(i,j) € &, {i,5} NQ#D and {i,j} N (V\Q) # 0}.

Proposition 1.14 Let (V,€,m) be an infinite weighted graph and fiz k €]1,00]. Then the isoperi-
metric inequality of order k

VQ C V with m(Q) < oo, m(Q) F < Im(dQ). (8)

is equivalent to the L' Sobolev inequality of order k

k-1

Ve (Zu klmw) <1 Y 1) - () m(ig).

(i,5)€E

Proof :

By considering characteristic functions of subsets of V, one easily sees that the Sobolev inequality
implies the isoperimetric inequality. To prove the converse, set ¢ = k—fl and let f be a function on
V, with finite support. For every i € V, we write

. 1) o0
f(l) = / dt = / 1t<f(i)dt.
0 0

oo oo
o < [ sl pagmde= [ 5 m@] e

{iev, f(i)>t}

Thus,

Q=

If the isoperimetric inequality is true, we find

ey < 1 / m@{i €V, f(i) > t})dt

I/OOO N Z 'm(i,j)dt

{(i.9)€€, f(H)St<f(D)}

+[/ > m(i,j)dt
O {(.g)eE, F<t<f(i)}

I Y7 1fG) = fG) m, ).

(i,5)€E

q.e.d.

This paragraph shows that if the graph obtained by discretization (as explained above) satisfies
an isoperimetric inequality, it will satisfies a convenient Sobolev inequality, so that we will be able
to implement our patching process.

It is time to turn to geometry so as to obtain concrete inequalities.

10



2 Sobolev and Hardy inequalities on manifolds with non-
negative Ricci curvature.

Sobolev inequalities are a major tool of global analysis. Unfortunately, they are not always available.
It is known that on manifolds with nonnegative Ricci curvature and maximal volume growth, they
actually occur (])7 providing a lot of analytical, geometrical and topological information : see
], for instance. As soon as the volume growth is not maximal, the Sobolev inequality cannot be
true. Our aim here is to show that, even if the volume growth is not maximal, a weighted Sobolev
inequality still occurs.

2.1 Geometric preliminaries.

We would like to emphasize here some features of complete manifolds with nonnegative Ricci curva-
ture. These are the typical manifolds where our discretization scheme applies.

Recall that if = is a point in M, we denote by V(x, R) the volume of the ball B(z, R) centered in
z and with radius R. We will sometimes omit the center when it is some distinguished point 0. We
also introduce A(R1, R2) := B(R2)\B(R1) and V(R1, R) := vol A(R1, R2).

First, the Bishop-Gromov comparison theorem says that, in manifolds with nonegative Ricci
curvature, the volume growth of balls is ”subeuclidian” in a very strong way.

Theorem 2.1 (Bishop-Gromov) Let M be a complete riemannian manifold with nonnegative
Ricci curvature. Then for every x in M, the function p, defined for t > 0 by
tn
«(t) = 57—
pa(t) Vo)
is a nondecreasing function. It implies that for 0 < r <t,
vol B(z,t) t\"
\4 M, ————~ < (-] . 9
z €M, vol B(z,r) — (r) ©)
And a useful corollary is that for z,y € M and 0 < r < t+d(z,y) :

vol B(y,t) _ vol B(z,t+ d(x,y)) t+d(z,y)\"
vol B(z, ) = vol B(z,r) < ( r ) : (10)

For a proof, see ]

Note the following simple consequence. The argument of the proof will constantly be used in the
sequel.

Corollary 2.2 Let M™ be a connected complete noncompact riemannian manifold with nonnegative
Ricci curvature. Then for every k > 1, there ezists a positive constant C(n,k) such that for any
r € M and R > 0,

vol B(z, kR)\B(z, R)

Cnm) ™ < B, RN\Bla, i )

< C(n, k).

Proof :

To prove the lower bound, choose a point y on the sphere S(z, (k+1)R/2) centered in z and of radius
(k +1)R/2 (such a point exists since M is assumed to be complete, noncompact and connected).
Then the ball B := B(y, (k — 1)R/2) is contained in B(z, xR)\B(x, R). Therefore

vol(B(z, R)\B(z,x ' R)) < vol B(z, R)
vol(B(z,kR)\B(z,R)) ~ volB(y,(k—1)R/2)’

and ) yields

vol(B(z,kR)\B(z, R)) # k—1

vol(B(z, R)\B(z,x ' R)) < (R+ ('HTI)R>7L _ (K—FS)”A

The upper bound is proved likewise. q.e.d.

Moreover, starting from the comparison theorem, P. Buser [] showed the following
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Theorem 2.3 (Buser) In a complete noncompact riemannian manifold with nonnegative Ricci cur-
vature, for any p in [1,00[, every ball B(z, R) satisfies the LP Poincar inequality

¥ f e C®(B(x, R)), /

f = Tl dvol < Cup)R” [ Jaravol, ()
B(z,R)

B(z,R)
where fpz, r) denotes the mean value of f on the ball B(x, R), with respect to the riemannian measure
vol.

This result yields the fundamental inequalities we need. Besides, it will prove useful in the study
of the geometry at infinity of manifolds with nonnegative Ricci curvature.

Let us mention the Cheeger-Gromoll theorem ([@],}), which enlightens the structure of
manifolds with nonnegative Ricci curvature :

Theorem 2.4 (Cheeger-Gromoll) A connected complete riemannian manifold with nonnegative
Ricci curvature is always the riemannian product of the euclidian space R® and a connected complete
riemannian manifold with nonnegative Ricci curvature which possesses no line.

Corollary 2.5 A connected complete noncompact riemannian manifold with nonnegative Ricci cur-
vature possesses exactly one end, unless it is a riemannian product of R and a compact manifold.

Remark 2.6 In our setting, the volume growth of balls will forbid the particular case, which is
therefore irrelevant here.

In what follows, we will be working on annuli so that we are interested in their topology/geometry,
and especially in their connectedness : it is an obvious necessary condition if we hope to show a
Sobolev or Poincar inequality on them. In [], M. Anderson proved that the first Betti number
of a connected complete riemannian manifold with nonnegative Ricci curvature is bounded by its
dimension. Now, [@] points out a consequence of the finiteness of the first Betti number :

Proposition 2.7 Let M be a connected complete riemannian manifold with nonnegative Ricci cur-
vature, finite first Betti number and exactly k ends. Let us fix a point o € M and consider balls and
annuli centered in o. Then for large R and any v > 0, denoting by Mg the union of all unbounded
connected components M\B(R), it is true that A(R, R+7)NMr has exactly k connected components.
In particular, if M has ezactly one end, for large R and any r > 0, the annulus A(R, R+1) possesses
one and only one component that can be connected to infinity inside M\ B(R).

Let us give an interpretation in terms of discretization. Consider a manifold M with nonnegative
Ricci curvature, possessing one end, and fix a point in M. Let us choose R > 0 and x > 0.
We discretize M in the following manner. We associate a vertex to B(R) and to every connected
component of the annuli A(/{iR, /ii+1R), i € N. Let us decide that there is an edge between two given
vertices if and only if the closures of the corresponding subsets of M intersect. Then the proposition
above says that for large R this graph is a tree and its root is the vertex corresponding to B(R).
From another point of view, it says, that even if R is small, outside a finite subset, the graph is a
tree.

Now, there is no _reason why this tree should not have branches, and for technical reasons (see
the proof of lemma below), we would like to make them as small as possible. What we need is
some kind of control on the size of bounded connected components of the complements of balls in the
manifold. This is given by the following proposition, which we state with rather general assumptions.

Proposition 2.8 (RCA) Let M be a connected complete riemannian manifold, satisfying the dou-
bling volume property
Vee M,VR >0, V(z,2R) < CpV(z,R),

the scaled LP Poincar inequality centered in some point o in M

VfeCE(M), VR >0, /
B(o,

and the inverse doubling volume condition centered in o
V (o, R2) Ry\"
> — =L >, | ==
V2 2 B >0, V(o,R1) — ¢ (R1)

with v > p. Here, Cp > 1, p>1, Cp >0, C, > 0. Then there exists ko > 0 such that for R > 0, if
x,y are two points in S(o, R), there is a path from x to y which remains inside B(o, R)\B(o, x5 R).
Moreover, it is possible to find an explicit constant, in terms of p,Cp,Cp,Co, V.

|f = fB(o,m)|” dvol < CPRP/ |df|? dvol
R) B(o,R)
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A

Figure 1: A manifold and its discretization.

In terms of the discretization we have introduced, this means that for large k, for every two
vertices on the same level of the tree (i.e. corresponding to the same annulus), there exists a vertex
of the previous level which is connected to both of them.

Proof :

Consider the graph obtained as above by working with A; := A(2°"'R,2'R), i € N*, R > 0, plus

B(R) =: Ao. Set B; = B(2'R). We define C as the bijective map which associates to every vertex of

the graph the corresponding component of annulus. Let us write A; for C™'(A;) and B; for C™1(B;).
Now, fix I € N*. We consider the nonempty set

Iy = {i €]0,1], A; is contained in a connected component of B;\B;_1}

and set 4; = max [;. Call M, the connected component of B;\B;,—1 which contains A;. We assume
I —14; is greater than 3 and think of it as a large number.

By definition, M;\A4;, is not connected : we choose one of its connected component X; and name
Y, the union of the other connected components. We finally define X| := C~ (X)), Y/ := C™*(})),
Xy o= X\Aiy4+1, Vi = Y/\Ai 11, Z{° := X[ N Ayys1, Z) =Y/ NAj 11 and Z; := Z¥ UZ)Y (see figure

Given real numbers a and b, we can define a Lipschitz function f; on B; in the following way :

a on X,

b on Y,

ro—2"R X
fi={ e®mgr- onZi,
ro—2"R Y
bR oma,

everywhere else.

The Poincar inequality says
/ Ifi = (fi)B,|* dvol < CPQ“’R”/ |dfi|? dvol. (12)
By By

We choose a and b so that the mean value of f; on X; UY;is 0 :
avol X; +bvolY; = 0.

With a := 1, this means b = —VOll);lA

13



On the one hand,
9P fBl fBl | fi(x) — fl(y)lp dzdy
vol Bl

P vol X;volY; |b — al?
VOlBl

vol X; volY; (1 + V°1X1>P
P

vol Y]
vol Bl

\Y

/ [fi = (fi)B, |” dvol
By

Y

= 92

On the other hand,

P X a P Y b P
/Bl \dfy|? dvol < (volZl (%R) +volZ] (QZ.IR)
B vol Z{X + vol Z}" (Y}‘;llifll)p
B 2up RP ’
So
vol X; volY; <1 + Y/leiil’)p (i . v [vol X1 \”
-p < plt—17
2 VOlBl S CP2 (VOI Zl +V01 Zl (Vollfl) )
) P
< C’p?p(l_”)volZl 1+ vol X, ,
volY;
hence 17 vol B
1< 2rgporli-i 2L TO 2L 13
=cr vol X; vol Y (13)
Now

vol Z; < V(0,2" ' R).

A lower bound on vol X; can be obtained as in the proof of (@) Choose a point z; in S(o, (2! 72+
2'"1YR/2) N X, et note that B(z;, 2" 2R) is contained in X; : it lies in A(2'72R,2'"'R) and it is
connected, so it lies in the connected component of its center x; in A(2l72R7 2171R), hence in Xj.
The doubling volume property implies

Yz € M,YRs >Ry >0, V(z,R:) < Cp(R2/R1)'"*®2 PV (2, R1),

so that

V(0,2'R) 9l (2172 2l ty /2 %2 P one &
Ve, 2R) = 73 = Gt

and
vol X; > V(1,27 R) > Cpt117 198292y (0, 2' R).

As we have the same lower bound for vol Y, (E) gives :

iy V(0,24 R)
1< 2°CpCh121"082 Cpgpli—i) 252 2
- Fep V(0,2'R)

@) enables us to write :
1 < 2°CpCpH121'°82 OP 2 0,20 P=v),

Since v > p, this inequality says that | — ¢; is bounded by some constant independent of [ : the
branches of the tree have a bounded length. (@) stems from it easily. q.e.d.

Corollary 2.9 Let M be a connected complete riemannian manifold with nonnegative Ricci curva-
ture and assume there are o in M, C, > 0 and v > 1 such that

V (o, R2) Ro\"
> — >, | =
VR2 > B 2 1, V(o,R1) — “ (R1)

Then there exists ko = ko(n,v,Co) > 0 such that for R > 0, if z,y are two points in S(o, R), there
is a path from x to y which remains inside B(o, R)\B(o,xy ' R).
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2.2 Poincar and Sobolev inequalities on connected components of
annuli.

We show here that Poincar or Sobolev inequalities on balls imply analogous inequalities on connected
subsets of annuli.
We first use Buser theorem (@) :

Lemma 2.10 Let M™ be a noncompact connected complete riemannian manifold with nonnegative
Ricci curvature. Fizp > 1, R > 0, k > 1 and consider a connected Borel subset A of the annulus
B(o,kR)\B(o,R), o € M. Then if we let As be the d R-neighbourhood of A, with 0 < § < 1, the
following Poincar inequality is true :

V f e C™(As), / |f = fal” dvol < C(n, &, 6,p)Rp/ |df | dvol.
A As
Proof :
Set s = R and consider a s-lattice (z;)ier of A, i.e. a maximal subset of A such that the distance
between any two of its elements is at least s. We then set V; = B(xy,s), V" = Viﬁ = B(z;, 3s).

It is easy to see that (Vi, Vi*, V}#)ics is a good covering of A in As (cf. (Zm))7 with respect to the
riemannian measure. Indeed, for (iii), we can note that the V;* under consideration are contained in
B(xiy,9s) and use (E) to get vol(B(zi,,9s)) < 30" vol(B(z4, 5)) ; since the balls B(i, %ﬁ do not
intersect, we see that Q1 = 30™ is convenient. In (iv), we can choose k(i,j) = i. As to (v), () yields
vol(V;*) < 3" vol(V;) and (@) gives vol(V;*) < 5" vol(V}), so that we can set Q2 = 5".

We intend to apply the theorem with & = oco. First, (E) yields the continuous inequality,
with constant C'(n,p)s®>. What about the discrete inequality ?

Noticing the balls B(z:, 5) do not intersect and are contained in the ball B(o,xR + 3), we find
that

Card([) rznel? vol(B(zs, s/2)) < vol(B(o, kR + s/2)),

and with ), this implies an upper bound on the number of balls in the covering

KR+ s/2+ kR

Card(I) < ( o

) =(144k/8)" =: N = N(n, K, 9).
The point is it is independent of R.

Now, every finite connected graph endowed with the counting measure satisfies a Poincar inequal-
ity : this stems from the fact that any two norms on a vector space of finite dimension are equivalent
(the connectivity is necessary here to ensure that we indeed compare two norms). As there is only
a finite number of such graphs which have at most N vertices, we conclude that every such graph
satisfies_a Poincar inequality for some constant P = P(N,p) (see below for an explicit constant).
Since (E) implies
vol(V5)
vol(Vj)
there is a number K = K(n, x,0) > 1 such that

Vi, j €V,

< (1+2k/0)",

K 'mo < m(i) < Kmo,

where myg is proportionnal to the counting measure on our graph G = (V, ).
Then for every f € RY :

1/p 1/p
(Zlf(i)—m(f)l"m(i)> < 2§2H§<Z|f(i)—0|pm(i))
i€V iev
1/p
< 2 (Z |f(@) —mo(f)IP m(i))
=%
1/p
< 2K (Zlf(i) —mo(f)|pm0(i)>
i€V
1/p
< 2PKYP ST [£() = £G)IP oG, )
(i,4)€E
1/p
< 2PKYP N 1f() = fG)IP m(i, g)
(i,§)€E
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This yields a discrete Poincar inequality with a constant depending only on n, k, §, p and finishes

the proof, thanks to ) q.e.d.

The same pattern gives an analogous Sobolev inequality. We first recall a theorem of L. Saloff-
Coste (], []) : in a complete riemannian manifold with nonnegative Ricci curvature, every
smooth function f on a ball B(z, R) satisfies the Sobolev inequality

n—2

_2n_ " 2
[ A= faem [Pl ) <ot [ japdve, (14)
B(z,R) V(xz,R)n JB(z,R)
Note that this result follows in fact from (@) and (E) We deduce the

Lemma 2.11 Let M™ be a noncompact connected complete riemannian manifold with nonnegative
Ricci curvature and n > 3. Fix R > 0, k > 1 and consider a connected Borel subset A of the annulus
B(o,kR)\B(o,R), 0o € M. Then if we let As be the § R-neighbourhood of A, with 0 < & < 1, the
following Sobolev inequality is true.

n—2
co 2n_ n R2 2
Vf eC (145)7 (/;4 |f — fA|T?r*2 dUOl) < (j’(?’L7 K, §)W /;46 |df| dvol.
Proof :
We just explain how to adapt the previous argument, using the same notation. We set g = %

We want to apply () for p = 2 and k = n, with the same good covering. The discrete L?
Poincar inequality we need is given by the previous proof.

() gives for every i in I
V(o,R) 14+ r\"
< )
V(l’i, (5R) - 1

hence V (z;,3s) > V(xs,s) > C(n,k,8)V (o, R), so that the Saloff-Coste theorem (E) yields a con-
tinuous Sobolev-Neumann inequality for the pair of measures (vol, vol) :

Y feC® V), (/V |f—fvi|qdvol)a < C(n, K, 86)R*V (0, R) /" /V |df|? dvol, (15)

and

2
Vfe o™V, (/ \f = fur qdvol) §C(n,n,5)R2V(o,R)*2/"/u |df|? dvol. (16)
v* A%,

) ends the proof. q.e.d.

Let us make a little remark. In the arguments above, we claimed the existence of the constants
P and S. Indeed, we can make them explicit, using the following proposition.

Proposition 2.12 Consider a finite connected graph G = (V, E) with N, vertices, endowed with the
counting measure. Fix p > 1. Then for every real function f onV,

1/p

sup (i) —m(f)] < NTVP{ ST |FG) = FG)IP

v (id)ee
and in particular,

SO = m(HIF < No(Ny = DP7H S [£6) = fG)IP-

i€V (i,5)€€

Proof :

First, we can assume the graph is a tree : cutting off edges does not change the left-hand sides and
makes the right-hand sides of the inequalities grow. Then, the graph has exactly N, — 1 edges. Now,
to each edge e we associate a copy I. of the segment [0, 1] ; the ends of I. (corresponding to 0 and
1) can be viewed as two vertices in the graph G. We then build a space X by gluing all I, in the
natural way, that is, we decide that the ends of segments corresponding to the same vertex in G
give rise to one point in X. X is endowed with a natural topology and a natural Borel measure,
steming from those of [0, 1]. Note that the complement X of the points where two segments are glued
together even possesses a natural differential structure, and a riemannian metric. Given f € RY, we
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can define a continuous function g on X in the following manner : g is linear on each segment I.
and its values at the ends of segments are simply those of f. Let e be an edge of the graph, between
the vertices ¢ and j, that we identify (respectively) with 0 and 1 in [0, 1]. The restriction of g on I.
can be identified with a function ge defined on [0, 1] by the formula

ge(t) = f(i) + t(f(5) — f()).

Such a function g has a derivative g’ which is defined outside the vertices and constant on the (image
in X of the) interior of each I. : g = (j) - £(i). We claim the following inequality is true

HgHLOO(X) < (N — 1)1_1/p Hg/HLP(X) (17)

as soon as ¢ is continuous on X, C! on X and vanishes somewhere. Let us prove it. We choose xo
such that g(zo) = 0. Then, given a point z in the arcwise connected space X, we can find a unit
speed path v from xp to x which runs along each segment at most once. We can write

o(z) = / g

and the Hlder inequality implies

1/p
(o)) < tength() 7 ([ [17) < (40 =7 o,
Y

Now, we want to apply this to the function g € C°(X) which is obtained from a function f € RY
with zero mean value. As g takes every value in the convex hull of the values of f, such a g vanishes
at some point, so that g satisfies (E) Eventually, we observe

||g||L°°(X) = Hf||L°°(V)

and
1/p

Hg/HLP(X) = Z [£(0) — fFDIP )

(.5)€€

and we are done. q.e.d.

Remark 2.13 [t is possible to give a discrete proof of this result. For instance, observing that for
any real number c

1/p 1/p
(Z 1£(2) —m(f)l") <2 (Z 1) - cl”)
eV iV

we can choose ¢ so that f — ¢ vanishes at some vertex. It is then easy to adapt the argument above,
keeping it completely discrete. But the constant we find that way is twice the one in the proposition.

2.3 The weighted Sobolev inequality.

In this paragraph, M is a connected complete riemannian manifold, with dimension n > 3, non-
negative Ricci curvature and satisfying (El) for some point 0. We want to prove a weighted Sobolev
inequality on M, by applying the theorem (E) for p = 2 and £ = n with a good covering that we
design now.

2.3.1 A good covering

We fix some large &, so as to be sure that, for any R > 0, any two connected components of A(R, kR)
are contained in one connected component of A(k~'R,xR) : this is made possible by (E) Recall
k can be chosen so that it depends only on n, C, and v. We also choose a ray starting from o and
call it v. We will sometimes use the notation R; := &’, i € Z.

For every integer i, we denote by Uj ., 0 < a < hj the connected components of A(Ri_1, R:),
U{yo being the one which intersects 7. As in the proofs of and , (@) provides a bound
h = h(n, k) < oo on the various hj, i € Z.

A priori, this will not yield a good covering because some of the U; , may be small compared to
their neighbours, contradicting (v) in H This is the reason why we need to modify the covering
slightly : we will glue every small component on the level ¢ to a large one on the level i — 1. Let us
explain what we mean precisely.

We proceed in two steps.
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e First, we set U = U], for every i € Z and 1 < a < hj such that Uj ., intersects A(Ri, Rit1) ;
every such U; o, contains a point x on the sphere S((R;—1 + R;)/2) and thus a ball centered in
z and with radius R;_2, whose volume is comparable to V(R;) (with (E))

e Then we consider every (i, a) such that U/ , N A(R;, Ri+1) is empty. There is b in [0, hj_;] such
that Uj , U U;_1, is connected : we enlarge U;_1 3 by adding Ui , to it.
After deleting the indices which are not used any more, this yields a covering (U;,q) of M\ {0},
indexed by i € Z and a € [0, h;], h; < hj, with U; o C A(Ri—1, Ri+1) and volU; o = V(R;).
The following figure gives an example : on the left, different connected components of annuli
A(Ri-1, R;) ; in the center, the modified covering ; on the right, the associated graph.

For i in Z and 0 < a < h;, we furthermore let U/, be the union of all the U;, j € Z, 0 < b < hy,
whose closure intersects U; .. And likewise, let Ufya be the union of all the Uy, j € Z, 0 < b < hy,
whose closure intersects W"a

Now, we introduce the measure

dpp = /)(7‘)7ﬁdvol7
where r = r, = d(o,.) and p(t) = po(t) is defined for ¢ > 0 by
t’VL
t) = ——.
p(t) 70
Bishop-Gromov theorem says it is a nondecreasing function and indeed, for 0 < R1 < Ra,
p(R2) (32)"
1< < (=) . 18
~ p(R1) — \ R1 (18)

besides, p(0) = wy ', where w,, denotes the volume of the unit sphere in R™.

It is easy to see that U = (U;, U], Uf) is a good covering of M in M with respect to (u,,vol) :
(v) is again a consequence of (E)

Let us prove the continuous and discrete Sobolev inequalities we need.

2.3.2 The continuous Sobolev inequality.

Lemma 2.14 For every ¢ € Z and 0 < a < h;, each smooth function f on Uf’a satisfies

(1

i,a

n—2

n

’f - fUi,a ‘ % dl“‘p) S Sc |df|2 dvol

U*
i,a

and
n—2

2n n
/ ‘f — for |7 dp, < Sc/ |df|? dvol,
op, 11T o,

with Se = Se(n, k).

Proof :
Set g = 22 For f € C*(UF,), i € 7.

n—

/ |f - fu mup|qdﬂp < 2! inf/ |f —cl*du,
Ui,a Y ceR i,a
< 2q/ |f = fvi ot |* dis,
U

i,a

18



so that () (with some small § : 0 < d <1 —x"") and (E) imply

(1

X *
i,a i

2/q
\f—fui,a\qdup> < p(Rim1) " C(n, k)p(Rigr)*™ / |df|* dvol

< C’(mn)n%/ |df|? dvol
Us

< C’(nm)/ |df|? dvol.
U'Zk,a

And such estimates with the pairs (U7, Uﬁ ) also hold for the same reason. q.e.d.

2.3.3 The discrete Sobolev inequality.

We consider the weighted graph (V, £, m,) associated to the good covering U of M in M, with respect
to (up,vol) (to simplify the notation, we write m, instead of m,,). What about the structure of
the graph ? Proposition @ plus the fact that the geometry near o is quasi-euclidian, implies the
associated graph, outside a finite subset, consists of two trunks, corresponding to neighbourhoods of
o and of infinity ; moreover, thanks to the bound h(n, ) on the h;, the degrees of the vertices admit
an upper bound in terms of n and k.

The measure m, is defined as follows : for each ¢ € Z and a € [0, h;],

molia) = [ ptr) T dvol,

i,a
so that we can estimate :

2

vol(Us a)p(Ri1) ™72 < my(i, a) < vol(Us a)p(Ri—1) " 72
using (E) and (@)7 this yields
Cn, k) ' V(R)p(R:) 72 < my(i,a) < Cn, m)V (R:)p(Ri) 7. (19)

In particular, again with (E) and (B)7 this allows us to apply proposition : we are left to show
that an isoperimetric inequality () actually occurs.

Let © be a finite subset of V. Set [ := max{i € Z, Ja € [0, hi], (i,a) € Q}. First, we choose a
convenient edge in 0.

e If (1,0) belongs to Q, the edge e := (({,0), (I + 1,0)) is in 9.

e Otherwise, we choose (I,b) in . Our choice of x ensures there is a sequence of edges staying
on the levels [ and [ — 1 and which connects (I,b) to (I,0). Among these, there is necessarily
an edge which connects a vertex in {2 to a vertex outside 2 and we call it e : it belongs to 0f2.

Then we can write

my () e e aio Malis a) Za Omp i,a)
m,(09) < mp(e) C(n, k) Z :

With (@)7 we find

m, () ~ V(Ri)p(Ri)~
s B Sl
Lo [vry) R\ T2 n
< C(nyﬁ)l:_oo V(Rl) (E) :|

so that () gives

. n(v—2)
m,(2) —ntg R\

< o —
mp00) = ClmmIC Eoo(m

n(r—2)

= (n, k) C’ n an =

B C(n,k)Co n

= ~a(w—2)

l—-x n-2
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since v > 2.

Then () and ()7 with k& = oo, lead to the

Lemma 2.15 For any 1 < p < oo, there exists a constant Sq, depending on p, k, n, Co, v, such
that for every real function f with finite support inV :

1

(Z If(v)l”mp(v)>p<5d 3 1) = f) P mp(v,w) |

veEV (v,w)eE

2.3.4 Conclusion.

Theorem 2.16 (Weighted Sobolev inequality) Let M"™, n > 3, be a connected complete rie-
mannian manifold with nonnegative Ricci curvature. Assume that there exists o € M, v > 2 and
Cy > 0 such that

V (o, R2) Ry \"
VR: > R 0, ————=>C, =
2= Vo R) < (R)

Then M satisfies the weighted Sobolev inequality

2
vfecE (M (/ 1F1722 polro) 72 2dvol) "< S/ |df|? dvol.
M

Here, S can be chosen to depend only on n, C,, v.

Proof :

We just use E, and . q.e.d.

Remark 2.17 If one prefers polynomial weights, note |2.164 implies there is a constant S such that

1—2
Vfeo®(M (/ == dvol) gS”/ |df|? dvol,
M

where 1o is the function which is equal to 1 inside B(o,1) and to r, outside this ball (just use (E))
Observe we cannot write ro instead of ro, unless v = n. The obstruction to do this for the Sobolev
inequality is that locally the weight would not fit : the corresponding inequality is false on R™, hence
on any riemannian manifold (use the family of functions max(1 — ro/€,0), € > 0). Note also that S
depends on n, Co, v and V(o,1).

Let us introduce some notation for the best constant in our inequality.

Definition 2.18 Let M™ be a connected complete riemannian manifold, n > 3. For every o € M,
we define the riemannian invariant

2

2n_ __2_ -2
(S 1717572 polro) ™72 dwol
So(M) = sup 3
Fecse (M)\{0} Jag 1df|” dvol

The same method gives the

Theorem 2.19 Let M", n > 3, be a connected noncompact complete riemannian manifold with
nonnegative Ricci curvature. Assume that there exists o € M, v > 1 and C, > 0 such that

V(O,Rg) R> Y
VRs > R 0, ——=>C, | =
2 L= ’ [/(O,Rl) C (Rl)

Then if 8 > — M satisfies the weighted Sobolev inequality

nl/’

n—2
Vfedlsr (/ |f|” = po(ro) = dvol) ’ < S,g/ |df|? po(ro)? dvol,
M

with Sg = Sg(n, Co, v, B).

20



Proof :

nB—2
We wish to apply (@) to the measures po(ro) "~2 dvol and po(ro)?dvol and the same good covering.
Our choice of weights ensures the continuous Sobolev inequality, as in () : for i in Z, a € [0, hy]

and f in C>(U}), () bields
< ; ’f —Ju, “’% pO(TO)%dvol)l_Q/n

< C(n, n)po(R,) = po(Ri)™ fU* |df|? dvol

< O )po(R) ™ po(Ri) * po(B)? [y 1df[* po(ro) dvol
= C(n7 H) fu_* |df| po(ro)ﬁdvd'

As for the discrete inequality, we proceed as in the proof of . Essentially, using the same
notations as in this proof, we obtain

mO) oy VIR

! 1-8 nB—2] ne2

V(R;) R;

< il
C(nw)lzm (V(Rl)) (Rl) ]

so that () gives
m(Q) —nQ-p) X aw—2+8(n—v))
< o " J n—2 -
M%) C(n,k)C, ZK

which is finite thanks to our assumption on (5. q.e.d.

Remark 2.20 In particular, for 8 =1, the inequality reads

n—2

Vfeor(M (/ |f|2" e Z)T<S jaf|? —Le
S VO >

,T) M V(o,r)
The picture is the following : the volume growth of balls is in general not euclidian (i.e. it does
not behave like r™) and therefore we cannot hope to find a nonweighted Sobolev inequality (cf. next
paragraph) ; nevertheless, by radially modifying the riemannian measure so that it has euclidian
growth, we manage to obtain a Sobolev inequality.

dvol

2.3.5 What does a weighted Sobolev inequality implies on the volume growth
of balls ?

Proposition 2.21 Let M", n > 3, be a connected noncompact complete riemannian manifold with
nonnegative Ricci curvature. Assume that there exists o € M, o > 0 and S > 0 such that

n—2
Vfeors(M (/ Vi dvol) <5 ldf)? dvol.
M
Then there is a constant A, > 0 such that
VR >1, V(o,R) > AoR",

where v is the real number defined by o = 27—

Proof :
As usual, we set ¢ = 2n/(n —2) > 2. Then we fix R > 2 and 0 < t < R/2 and consider the Lipschitz
function

f:=max(t —d(.,S(o, R)),0)) :
f = t on the sphere S(o,R), f = 0 outside some t-neighbourhood of this sphere and, on this
t-neighborhood, it decreases radially at unit speed. Thus

/ [£19 7" %dvol > (t/2)*(R+ )" * vol(A(R —t/2, R+ t/2)
and

/ |df|” dvol < vol(A(R —t,R+1t).
M
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The Sobolev inequality yields :
(t/2)%(R+t)2*/%vol(A(R — t/2, R+ t/2)*/* < Svol(A(R — t, R + t).
For i € N*, we apply this to t = 27*R. With V; := vol(A(R(1 — 27%), R(1 +27%)),
RATTH (1 +27)R) VY < SV
By induction, there is a constant C' which does not depend on R such that for every ¢ > 1
vol(B2R)) > Vi > (CR*™> q)zé;ww (21—[1(41')(2/ q”) Vi.
3=0

As a riemannian manifold is locally quasi-euclidian, for i — oo,

i ; (2/9)"
Eventually,
vol(B(2R)) > leé/q R%;/qq H(4_j)(2/ll)j_
=0

n—v

~—. q.e.d.

And indeed, v = 21:2;/(1 is the same as o = 2
q

2.4 The Hardy inequality.

With E, we can also patch local Poincar inequalities together. Working under the same assumptions
as above, the global inequality we find is a Hardy inequality.

Theorem 2.22 (Hardy inequality) Let M™, n > 3, be a connected noncompact complete rieman-
nian manifold with nonnegative Ricci curvature. Fix some p > 1. Assume that there exists o € M,
v >p and Co > 0 such that

V (o, Rz) R2\"
VRy >R1>1, ——<>C, =] .
>z g = (5
Then M satisfies the Hardy inequality

VfECEO(M),/ |f|pr;pdvol§H/ |df|P dvol,
M M

with a constant H depending only on n, Co, v, p.

Proof :
The proof consists in applying E with £ = co. We will use the same ”good” covering U as in
paragraph , noticing it is also "good” for the pair of measures (r~"dvol, dvol).

We need a continuous Poincar inequality. Indeed, as for , if we choose i € Z and a € [0, hi],
each smooth function f on Uiﬁ’ ., satisfies

/ |f = fUiama|” 7 Pdvol = inf/ |f — c|” r"Pdvol
X ’ ceR Us o

i,a i

IN

/ ’f — fu. ’pr_pdvol

i,a

so that, with ,

/U |f = fu, [P r Pdvol < C(n,m)R;_PIRfH/U |f = fu.|" v Pdvol

i,a

IN

C(n, m)/U |df [P dvol.

*
i,a

And the same argument works with the pairs (U, Uf’a).
The discrete inequality required in follows from the argument of ; here, we estimate the
discrete isoperimetric quotient by

con) Y 1 ()
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which is bounded by
C(n,k)Co Z k7P < oo
j=0
thanks to our assumption on the volume growth of balls. q.e.d.

For convenience, we give a name to the best constant in the Hardy inequalities.

Definition 2.23 Let M be a connected complete riemannian manifold. For o € M and r, := d(o,.),
we define the riemannian invariant

fM |f|r;1dvol

H,(M) =
(M) recz oy Jy ldf| dvol

3 Weighted Sobolev inequalities and Schrdinger opera-
tors.

In this section, we explain a few analytical consequences of the weighted Sobolev inequality. They
will find geometric applications in the last section. We assume here that M™ is a connected complete
noncompact manifold such that for some point o in M and S > 0, the following weighted Sobolev
inequality is true :

1—2
Vfe e (M), (/ |f|% po(ro)_ﬁdUOZ) < S/ |df|? dvol.
M M
As previously, we will often write p(r) for po(r,), but also
__2_
dp, = p(r)” =2 dvol
and
2n

n—2"

We consider a smooth euclidian vector bundle £ — M, endowed with a compatible connection
V. We will always denote by (.) the pointwise scalar product on a euclidian vector bundle, by |[.|
the pointwise norm, by A = V*V the Bochner laplacian (or ”"rough laplacian”). Our interest lies in
Schrdinger operators A + V', where V is a continuous field of symmetric endomorphisms of E. We

decompose V as V =V — V_, where V; and V_ are fields of positive symmetric endomorphisms of
FE. We describe here some consequences of the weighted Sobolev inequality on these operators.

q:

3.1 A vanishing theorem.
The following theorem is a generalization of []

Theorem 3.1 (Vanishing theorem) Fiz m > 1 and assume the potential V satisfies

5 ([ W1 stryavet) " < etm)

3

where , A
_J = if m > 2,
é(m) {%(2_%) ifl<m<2,

Then every locally Lipschitz section o of E such that

/ lo|™ dvol = o(R?)
A(R/2,R)

(Ao +Vo,0) <0

and

is identically zero.
Remark 3.2 In this statement, the distribution (Ao, o) is defined by :

Vo € CE (M), < (Ao,0),¢ >=/ (Vo,V(¢o))dvol.
M
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Proof :

We first treat the case m = 2. Let R be a positive number. Let us choose a smooth function x
which is 1 on B(R), 0 on M\B(2R), takes its values in [0, 1] and satisfies |dx| < 2/R. We apply the
weighted Sobolev inequality to the Lipschitz function x |o| (we omit the riemannian measure in the
next formulas so as to make them easier to read) :

( /M X lol’ p(r)‘ﬁ) "o /M d(Ixo )P < § /M IV (xo) 2,

where we used the Kato inequality. Now,
Z(XU) = XZU + (AX)U - 2vgradXU

and integration by parts gives

IV (xo)|?
M

/A ) (A(xa),x0)
| @B+ [ xaxiol -5 [ @)l

/ (0. B0) + / jdx[? [o?
M M

4
_/ X2(V_U,U)+—2/ lo]?.
M R? Ja(r2r)

IN

The Hlder inequality implies

- /N KVoo) < /M X lolpr) ™ Vo] p(r)

(f et =)* (f 1)

Ny

IN

All in all, we find

2

—_2_\9¢ 48
a=sv) ([ xiottoy =) < g2 [ o
M A(R,2R)

and the assumption on the potential allows us to write

2
2 \"* 48 1 2
R R
(/B(R) 1 - SNy R? A(R,2R)

Letting R — 400, we obtain o = 0.
Now, we turn to the case m > 2. First note that the Kato inequality implies

1 1
o] Alo| = ldJol|* + 3A|of* < Vol* + SAlol,

and since 1
(0-7 ZO’) = |VO'|2 + §A |0-|2 )
this means we always have the inequality

lo| A |o| < (o, A0)

and in our setting
ol Alo] < (0,V_o) < [V_[[o]*.

So, if u := |o|™/?,
uAu = |o|™? Alo|™?
m m—2 m /m m—2 2
- il (3-1)
5 o™ ol Alel - 5 (5 o[ |d|o]|
< Zlomvel =5 (5 1) ol ol

_ mey (12 2
= TV (1 m)|d|u||.
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Thus u(Au — % |[V_|u) < 0 and we can apply the case m = 2 to u.
For the case 1 < m < 2, we go back to the weighted Sobolev inequality, applied to the locally

/2

Lipschitz function yue’~, where u, = |a|2 +€€e>0:

QN

mq 2
4 (Juxru o772

2
d(ul”/Q) +2 fM (uZ”/de, Xd(uln/Q))

’ 2

= fM |dX|2 ul" + fM X’
< (L 1/8) [y ldx Pl + (14 8) [y, x* [l
for any b > 0. Integration by parts yields
[ i
M
= Ju (PA@?),d(w?))

=, 2™ dx, dw™?)) + / A )
M

‘ 2

= 2 / (uZ”/de, Xd(ul”/Q)) + % u ! A
M M
2
L
m M

2

2

d(ul™?)

So, if a > 0,

2

d(u'?) d(uf"'?)

2
S(E_l‘f'a) fM e

2
/X
M

_ 1
H2 o ek [ ar
a Jm

and if moreover a < 2 — 2/m,

2
|| <e-2 o (@/ s+ |dx|2uz”).
M m 2 Ju a Jar

Thus
2
1 q % 7% a 2 m 2 m—1
< xtue? p(r)"n=2 ) < C(m,a,b) [ |dx|"u’ +D(m,a,b) | x ul" Auc
S M M M
where _
C(m,a,b) = 1+1/b+m
and (1+5)
+b)m
D(m,a,b) = @ —2m—a)

We compute
€ |VU|2 _ |U|2 |VU|2 —(0,Vo)?
)

u? u?

ueAue = (o, ZO’) —

to ensure _
ucAu, < (0,A0) < |V_||o|*.

Therefore,

2
l( / xquﬁ’pw%)“ < Clmoa,t) [ P + Dim,ab) [ =2 v lof
S M M M

and when € — 0,

2
1 g _2 \« m m
([ et o 22) " <Cman) [ i lol” + Dlmasty [ 1llol
M M M

As previously, this implies :

2
q
ma/2 -2 < 1 45C(m, a,b) / m
(/B(R) ol plr) ) ~ 1-SNvD(m,a,b) R? A(R,2R) o™
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providing
1 2 1
== 2_92/m —
< SD(mab) ~ msizplTHm—a)

which, under our assumption on V, can always be achieved by choosing sufficiently small a and b.
Letting R — oo, we prove the claim. g.e.d.

Ny

3.2 Some general decay estimates.
Now what can we say if we only have
V|2 p(r)dvol < oo ?

M
Adapting a technique developped in [BKN], we can prove some decay estimates on the sections o
such that Ao + Vo < 0. We prove three general lemmas and we will see later (@) how to apply
them in a geometric setting, where the potential depends on the section o. The idea is to implement
a Nash-Moser iteration : this is the third lemma. But this lemma only works under a technical
assumption on the potential, which can be ensured by the first lemma. Finally, the second lemma is
a key to a "self-improvement” of the decay estimate we will find.
Lemma 3.3 (Initiation) We assume the potential V satisfies

/ [V_|""2 p(r)dvol < +oo.
M

and we consider a locally Lipschitz section o of E such that for some m > 1

/ lo|™ dvol = o(R?)
A(R,2R)

(0,Ac + Vo) <0.

2
q
o2 d < <« o|™ dwol.
N’P 2
M\B(2R) R? | A(r2R)
Proof :

Proceeding as in the proof of the vanishing theorem, we find for u := |o|™/? and x € C°(M) :

2
(/ xqqu(r)_ﬁ)q SC(/ xu? IV—|+/ IdXIQuQ),

M M M

and, using Hlder inequality, this yields :
2
__2 \4q n

([ owon =) < ¢ ([ weitom)

M supp x

+ C / |dx|? u®.
M

Now we set R >> 1, R’ > 2R and we choose x with support in A(R,2R’), with value 1 on
[2R, R'], satisfying |dx| < Z on A(R,2R) and |dx| < 2 on A(R',2R’). Thus

( / xqqumfz)g < ¢ ( / oy V1 p<r>) : ( /| xquwr%)

C 2 C 2
— — u”.

and

Then for large R :

2

([ seurotny =)

3

2
q

+
R? Ja(r2m) R Jar or)

By assumption, the integral [, [V_ |"/2 p(r) is finite : we can make the quantity fB(R)C [V_ "2 p(r)
as small as we like, by choosing a large R, so that

2
q
/ qu(r)77232 < % / u? + % u®.
A(2R,R') R? JA(r2R) R"™ J (v 2r)
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Letting R' — oo we find

2
q
/ qu(r)_ni? < %/ uZ.
M\B(2R) R? | A(R.2R)

q.e.d.

Lemma 3.4 (Key to the self-improvement) We assume the potential V satisfies
/ V™2 p(r)dvol < 40
M

and we consider a locally Lipschitz section o of E belonging to L™(E, u,) for some m > q/2, such
that -
(0,Ac + Vo) <0.

Then for large R :

[ elraw<c o™ dy.
M\ B(2R) A(R,2R)

/ lo|™ du, = O(R™),
M\B(R)

As a consequence,

for some as0.

Remark 3.5 The proof will show that a can be chosen so that it depends continuously on m.

Proof :
Set m’ = 2m/q. The preceding proof says that for large R, with the same truncature function x and
u = |a|m// 2.

2
(/ xqqu(r)fﬁ) < C/ |dx|* u?.
M M

we again use the Hlder inequality :

2

( Lo qu<r>‘f2> <o o) ’ ([, wnt =)

Now,
/ ldx|" p(r) < CR™"p(2R) vol A(R,2R) < C
A(R,2R)
and also
[ ladmem <c.
A(R',2R’)
so that

2 @ 2\
/ o™ o) 2 | < / o™ p(r) "7 )
A(2R,R’) A(R,2R)UA(R’,2R')

Letting R* — oo, we find the first part of the claim :

m __2_ m _
/ o™ p(r) "7 < © o™ p(r) 722,
M\B(2R) A(R,2R)

Set I(R) = fM\B(R) lo|™ p(r)_ﬁ. We proved that for large R,
I(2R) < C(I(R) - I(2R)),

ie. o
I(2R) <

(2R) < c+1

Fix a large R: and denote by kr the integer such that

I(R).

log, R/R1 < kr < log, 2R/R;.
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Iterating the inequality, we find

c \ " c o\
R m
1< (g5) 1w < (557) 1o,

C logs R ) o
< —_— = o2 )
I(R)_C(CH) CR"#(T71),

hence the second statement, since CLH < 1. qed.

SO

Lemma 3.6 (Nash-Moser iteration) We assume the potential V satisfies, for some x > n/2,

1
P x—n/2
(/ [V_|" p(r) Tes dvol) =0 (p(R)ﬁR_Q)
A(R,2R)

and we consider a locally Lipschitz section o in L™ (M, u,) for some m > 1, such that
(0,Ac + Vo) <0.

Then there is a constant C' such that for large R,

n 1/m
swp o] <€ (p(my72m ) | o™ day |
A(R,2R) A(R/2,5R/2)

Proof :
Fix f > m. Again with the same technique, one sees that for x € C°(M),

2
a8 —_2 \4
([ et o) <0 [ ot vei+c [ ak ol (20
M M M

In this proof, C' denotes a constant which does not depend on (.
The Hlder inequality implies that for real numbers ¢ and s satisfying

1 1 1
-+ -+-=1
x S t
and 1
q
i S 21
5s t7 =L (21)
we have the estimate
g [ el vl
M
N 1 1
- _z—1 _\ = a8 __2_\= 2
< ([ e ) ([ a7 ) ([ el w)
supp x M M
Notet:%mA

The Young inequality, with (E), yields for each € > 0 a constant C. such that

2
aB __2 q
5[ iolivis o ([ xiol¥ o)
M M

t x n’%l; S N
L oo (/suppx|vf| p(r) 7 ) (/Mx lo1? p(r) )

Consequently, for small e (regardless of (3), we obtain in (@) :

2 i
a8 __2 \4 z _z—1 \ = 2
([ oo =2)" < oo ([ werom )" ([ ol oty =)
M supp x M
e / jdx[? o]
M
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Now we consider truncature functions x which, given large R1 < R2 < 5R; and 0 < § < R1/2,
are equal to 1 on A(R1, R2), are equal to 0 outside A(R1 — , R2 + ) and such that there differential
is bounded by 2/§. Note that our assumption, thanks to (E), implies

( / |V|wp<r>n72ll) < Cp(Ry — )72 (Ry — 8)
A(R1—6,Ra+5)

With this in mind, our estimate gives

a8 __2 \*¢
[ el ey
A(R1,R2)

t
I T 8 2
cp / V|7 plr) 772 / lo]? p(r) 72
A(Ry—8,Ra+0) A(Ry—8,Ra+0)

<
+ Cp(R2+5)$5_2 |O'|Bp(7“)7$
A(Ry—8,R+0)
< Op pm-o)a (-0t [ lol? p(r) "2
A(Ry—8,Ra+0)
+ Cp(R2+5)$5_2 |O'|Bp(7“)7$
A(Ry—8,R3+0)
2 _ 2
< OB p(Ra)TES / lo1? p(r) 72,
A(R1—06,Ra+6)

so that, with respect to the measure p,,

2 \1/B
ol Lsar2(acry,Ra)) < (CﬁtP(Rﬂ”*Z‘s 2) loll e cacry—s,Ro+8)) - (22)

Given some large R > 0, we set for every kK € N :
k
ﬁk =m (g) 5 519 = 2_k_1R,

k k
Rl,k =R — Z 57;, R27k =2R + Z 0;.

i=1 i=1
Iterating (a)7 we find
loll2on (aramy) < CrllollLoo acry gm0 >

where the constant is estimated by

ko1 2 N\ 1/8:
o < I (cstpmy™2R0)
=0

(4a/2) ==

R,2)z§;(} 1/8;

< (Cp(R) =

Oﬁ%zﬁetzzoﬁ%<oo,weﬁnd:

Since )72

n_

<o (s

SO

n

. 2 _9\2Zm
sup |o|= lim ||lo|,;s <C (p R)" 2R ) oll;m .
ACkoR) o] o ol k (A(R,2R)) (R) lloll, (A(R/2,5R/2))

q.e.d.
Now, we carry on our study of general Schrdinger operators. We wish to point out a Gagliardo-
Nirenberg type inequality, which will prove useful later.
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3.3 The inversion of Schrdinger operators.
Our purpose is to solve (A 4+ V)o = 7, with a convenient 7, and to obtain bounded solutions.

First, the weighted Sobolev inequality easily yields the

Lemma 3.7 For s > 2% there caists a constant C(n, s) such that

2’
Yo e CE(E), ||o| < C(n,s) ||SAq|| s 1 .
L7 (B, L3 (E,p(r) ™21 vol)
Proof :
Set k = —5- 22 > 1 and fix ¢ € C°(E). The weighted Sobolev inequality gives

1 2k k k 2k—1
Slolas < [ JdGot)| = [ ot Al <k [ 1ot AL,

the Kato inequality then implies

1 2%k 2k—1 | n(s—1)
< ol ns < k/ o] |Ac| =k [ |o| =2 |Ac|
S Lmn S(EJ'LP) M M

and the Hlder inequality yields

L o) u
s Mol e o,
o o1 1/s ns 1-1/s
< k([ ol s rava) ([ 1ol )
M M

so that eventually

1 1/s
5 lol e ) < (/ [Bol" oy 7= ““’Ol) ’

which is indeed the claim. q.e.d.
Now a Nash-Moser iteration yields a L™ estimate.

Lemma 3.8 For every x > n/2 and t > 1, there exists a constant C(n,x,t) such that

oo TRt =
Vo e CX(EB), ol Zai < Cln,a,t)||SBo]| 7T s )IIUHL(E,MW
L= (E,p(r)™ vol

Proof :
As above, for every o in C°(E) and every k > 1 :

2/q o
(/ |U|kqd,up) gks/ lo[**~" [Ac]| dvol.
M M

Using the Hlder inequality, we deduce:

. 2/q (Zk 1)1 1-1/z
/|a|qd,up <kS / |[Ac|® p )R/z= 2727 dyol /|a| .
M

Define the sequence (8;) such that 8y = ¢ and

Bigr =1 (x—_lﬁz + 1) .
2 T

We obtain for every i € N :

Bi b ¢
10125 .,y < (a7 825N F (025, )

1/x
Ny = (/ ’Aa’ "/2 1dvol)

(= 7(1(372; ORY

where

and
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Iterating this, we see that for every i € N,

i

i Q/2
§yizhed i ¢
ol Fs, o,y < (a71SN2) 25920 (Hﬂj ) (191250 ) -

j=1

Thus )
q¢’ )
- i

g ¢i-1 ¢ 5\ 2% &
- — <7 i
5; -1 H 3 <||U”LBO(E up)) .

j=1

-1
HU”Lﬁi(E,MP) < (q SNI)Z

Using

_ q . q
pi=¢ (ﬂ°+2<<—1>) -1
§) — s
Bi ﬁo—&-ﬁ.

log (H ﬁ§j> = Y og ¢+ 30 ¢ og 22,
=1 j=1 j=1

we see that this expression has a limit when ¢ — co. So

we see that

Writing

q

2(4 30— — 70
loll < (¢ svn) s (T1a7 ) ol Xn
Tllpee (m,n,) = 4 J LB (B,pup) *

j=1

As ﬁ = 522 and (o = t, this is what we claimed. q.e.d.

These facts lead to the
Theorem 3.9 (Inversion of the Bochner laplacian) Choose an element s in [anQ, 5[ and a

number © > 5. Let Q be an open set with smooth boundary. Then we can define a continuous

operator
1

—_— _s—1 _x—1

A7 L(Eq, p(r)"/>=Tvol) N L*(Eq, p(r)"/2=Tvol) — L (Eq)
which is an inverse for the Bochner laplacian over ), with Dirichlet boundary condition. More
precisely, for o € C°(Eq), we have the estimate

ol 7= ez toen < O(n,s,z HSAUHn =F - HSAUHM ™

L) L& (Bo,p(r) /2T vol) L (Bapop(r) /7 T wol)
Proof :
The estimate is simply obtained by combining (@)_and (@) Given 9 in C2°(Eq), the classical L?
theory yields a smooth solution o to the equation Aor = 1 on QN B(R), with Dirichlet boundary

condition. We extend it into a continuous function on Q by deciding it is zero outside B(R). The
L*°-estimate (which is easily seen to hold for or, by looking at the proofs above) gives

lorll oo gy < Cln,s, ) |Sp[| ™ N e )

L#(Eq.p(r) "2~ 1 vol) L# (B, p(r) /2T vol)

For every compact set K, there is an R such that the family (or|x, R > Rxk) is uniformly bounded
in C*°(Fk) (by elliptic regularity), so that Ascoli yields a sequence converging in C*°(Ex). By a
diagonal extraction, we find a sequence (cg,) which converges to o in C2(Eg). o is easily seen to
be a weak solution of Ao = 1, it is therefore smooth and thus a strong solution. For every compact
set K,

HUHLw(EK) = ik“{)(}””&”mowm
< C(n,s,2)[[Sy|" > R (L 1
L3 (Eq,p(r)"/2=1vol) LT (Eq, p(r)"/Z 1vol)

hence a L*-estimate on 2. We can thus define an operator A ' on Cg°(Eq) which is continuous
for the expected norms. We then extend it by continuity. g.e.d.

By a perturbation technique, we deduce an analogous result for Schrdinger operators.
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Theorem 3.10 (Inversion of Schrdinger operators) Set n2—f2 <s< 5 andx > 5. Then there
exists a positive number n(n,s,z,S) such that, given an open set with smooth boundary Q and a
potential V' satisfying

S max (|| V-|| s—1 V- e—1 ) < n(n,s,x),

L3 (R,p(r) "7 T wol) Lo (Q,p(r) 7771 vol)

there is a continuous operator

A+V)™"': L*(Eq,p(r) w vol) N L*(Eq, p(r) e vol) — L (Eq).

Proof :
First, the previous analysis works for H := A + V as well as for A. Then define 7(n, s, z) to be S
divided by the norm of

s—1 z—1
H™' : L*(Eq,p(r)"/>~Twol) N L* (Eq, p(r)»/2~1vol) — L™ (Eq),
so that, under our assumption,
s—1 x—1
V_ : L% (Eq) — L*(Eq, p(r)*/2=Tvol) N L* (Eq, p(r)"/2=1vol),

is a continuous operator whose norm is strictly inferior to n(n,s,z)/S and H~'V_ is a continuous
endomorphism of L (Egq), with norm strictly inferior to 1. The operator Id +H ~'V_ is then an
automorphism of L>(FEgq). So we can define the continuous operator (Id+H " 'V_)"'H™! = (A +

V)™, from L*(Eq, p(r) W vol) N L*(Eq, p(r) R vol) to L (Eq). q.e.d.

4 Applications.
4.1 L?*-cohomology.

Our study of Schrdinger operators gives geometric information as soon as the potential depends
only on the curvature tensor. For instance, if the weighted Sobolev inequality is true, the vanishing
theorem (E) forces the kernel of such ” geometric operators” to be trivial, under integral assumptions
on the curvature. We discuss here the case of the Hodge laplacian A = dd* + d*d. It is well known
that this operator, when acting on k-forms, admits the Weitzenbck decomposition

AF =N+ RF,

where R” is a field of symmetric endomorphisms of the vector bundle of k-exterior forms, depending
only on the curvature. In particular, R' = Ric. Our results apply and we can obtain information
on the (reduced) L2-cohomology H2(M). We refer to [] for the definitions. The point is that
H% (M) can be identified with the kernel of A*, seen_as an unbounded operator on L? k-forms.
We can indeed generalize G. Carron’s results in [} Before stating our theorem, we need to
introduce the following decreasing function, derived from the Euler T" function (¢ = 2n/(n — 2)):

L %z<r<%q>)”“
A O

Theorem 4.1 (L2-c0homology) Let M"™, n > 3, be a connected complete riemannian manifold
with nonnegative Ricci curvature. Assume that there exists o € M, v > 2 and C, > 0 such that

V(O, RQ) R2 Y
VRe > R 0, ————=>C, | =) .
2= 70 Vo R = (R)
Then Hj» (M) = {0}. Let k> 2 be an integer.
k : k
o If HR_HL"'/Q(pO(rO)vol) < 00, then dimH7 (M) < oco.
k k
o If So(M) HR_HL"/Z(pO(TO)Uol) <1, then Hp»(M) = {0}.
e [f, for some integer Ny > (Z), So(M) H"R’iHLn/Z(po(ro)wl) < qu(%, then dim?—(’z2 (M) < No.
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o Given n2—f2 < s < n/2 <z, there exists a constant C = C(n, s,x) such that the dimension of
HY o (M) is bounded by

n Tk o || 252
max 1,C’SO(M)R_ gy ]SO(M)R_] o .
k L% (E,po(ro) /2~ T vol) L3 (E,po(ro) /2= vol)

Corollary 4.2 Let M", n > 3, be a connected complete riemannian manifold with nonnegative Ricci
curvature. Assume that there exists o € M, v > 2 and C, > 0 such that

V (o, R2) Ry\"
> — 222>, | -
ez =0 o Ry 7 (R)

and the Riemann curvature tensor satisfies

2
(/ |R| 2 po(ro)dvol) " < .
M

Then the L?-cohomology of M is finite dimensional.

We omit the proof, which consists in using the weighted Sobolev inequality (R.1¢), in order to
make the techniques of ] work. The vanishing results stem from @7 of course.

4.2 Ricci flat manifolds.

4.2.1 Flatness criterions.

We want to explain here why the weighted Sobolev and Hardy inequalities help understanding Ricci
flat manifolds. In particular, they emphasize some rigidity properties of these manifolds, under
volume growth assumptions. We will show that if their curvature is small, in some integral sense,
then they are actually flat.

The key tool is a property of the Weyl tensor W of a Ricci-flat manifold with dimension n > 4 :
it obeys the nonlinear equation

AW =W W,

where the right-hand side is a quadratic expression in the Weyl curvature ] In particular, W is
either identically zero, or vanishes only on a set of zero measure. So, outside a set of zero measure,
|[W| is smooth and satisfies the estimate

AW < en) W],

where ¢(n) is a universal constant, depending only on the dimension n.
For every k > 1,

AW =k WA W] = k(k = 1) W2 [d[W||* < ke(n) W]

It turns out that this inequality is still true for some k < 1. This is made possible by the refined Kato
inequality ([BKN], E‘GH]), which says that the Weyl tensor W of a Ricci-flat n-manifold satisfies
almost everywhere

n—1
AW < B VW

(From this, one can deduce that almost everywhere,

AW < e(n)y W7,

with
~n—3
v = o 1.
Indeed, note Z—;} = ﬁ and write
AW = y[WTEA W+ 51 =) W] |d W2
_ 1 _
= W (GAIWE IR )+ (1 =) W2
= W[ ((W,BW) = [VW ) +4(2 =) W2 |d|W]]?
< ey W =y WP VWP 4+ (W2 VW

e(n)y W[
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Now, given k > -, we can write k = I, [ > 1 and then

Aw* AW
(W) AW ) =it = (W) ja(w )|
(W)™ e(n)y W™

Ee(n) [W[FtE.

IN

Thus
AW < e(n)k W], (23)

is true for any k > +.

With this differential inequality in hand, we can prove flatness and curvature decay results. To
express them, we need the

Definition 4.3 The "Sobolev-curvature” invariant of a connected complete manifold M™ is defined
by

oeM

2
SC(M) := inf [SO(M) ( |R|2 po(ro)dvol) } )
M
where R is the Riemann curvature tensor. We also define a ”Hardy-curvature” invariant :
HC(M) := inf {HO(M)2 sup(|R|r(2,)} ,
oeM M
We use the convention 0.00 = oo.

Now, let us phrase one of our main results.

Theorem 4.4 (Flatness criterion (1)) We consider a connected complete Ricci-flat manifold M™,
with n > 4. Assume SC(M) < —2—. Then M is flat.

nec(n)
Proof :
It is a consequence of the vanishing theorem @, applied to the operator A —¢(n) |W| and the section
|[W|, thanks to our weighted Sobolev inequality. Setting m = % in (@)7 we obtain W = 0, and as

Ric =0, M is flat. q.e.d.

Remark 4.5 The ”threshold” value ﬁrﬁ can definitely be improved : in general, it can be replaced
),

by a2 A0 and if M satisfies it can even be replaced to PR The idea is

to use the Hlder inequality and an upper bound on the volume growth, so as to estimate the suitable
integral.

Corollary 4.6 Let M", n > 4, be a connected complete Ricci-flat manifold. Assume there exists o
in M, v>2and C, >0 such that

V (o, R2) R2\"
> ——= >C, | = .
VR2 2 I >0, oy 26 (Rl)

Then there is a constant €(n, Co,v) such that M is flat as soon as

/ |W|% po(T0)dvol < €(n, Co, V).
M

There is also a flatness criterion based on the Hardy inequality )

Theorem 4.7 (Flatness criterion (2)) We consider a connected complete Ricci-flat manifold M™,
with n > 4. There is a constant e(n) such that if

HC(M) < e(n),

then M 1is flat.
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Proof :
Choose o in M such that Ho(M)?sup,,(|[W|r2) < e(n) (e(n) will be determined at the end of the
proof) and set H = H,(M), K = sup,,;(|W|r2). We consider, for large R, a smooth function x

2
which is equal to 1 on B(R), equal to 0 on M\B(2R), has values in [0, 1] and satisfies |Vx| < i
We also work with a number k& > 5/4, which will be fixed later. The Hardy inequality says that

Jocwret<n [ fanew).
M M

The right hand side can be bounded via triangle and Cauchy-Schwarz inequalities :

1/2 5 N\ 1/2
[ Jao ] <2 [ dadiwE e ([ o) (] agwfr)
M M M M

Set k' := k — 1/4. So as to perform integration by parts, we kill the 7 in the lattest integral :

/M X r= (k/k/)Q/M X’

Integration by parts and @) yield :

o2 1/2 . . o\ 1/2
([ Jaawro )™ = (] Jaoiwy 1w anf*)
M M
, 1/2 , 2\ /2
<(fweiae) " (f Jaoawr])
M M
2k’ 2 1z 2 K K 1z
<2 [ wiiad) ([ e apw)
M M

2

()|

712
AW W2 < /R )PRYE [

a(w|™)|

, 1/2 , 1/2
<2 (/ |W|2k |dX|2) +k/1/2c(n)1/2 (/ X2 |W|2k +1)
M M
1/2 1/2
<2 ( [ e |dx|2) T ((k — 1/4)e(n)) 2KV ( RS |W|2’“r*1)
M M
Thus
/ W < 2m / X ldx| W2
M M

1/2 1/2
+ 16HKYk/(4k — 1) (/ x2|W|2k7‘_1) (/ |W|2k_1/2|dx|2)
M M
+ 4H(c(n)K)1/2k/(4k—1)1/2/ Wt
M

We want to ensure 4H (c(n)K)'/?k/(4k — 1)'/? is strictly less than 1. Indeed, this is equivalent to
16H?Ke(n)k® — 4k +1 < 0 ; this trinomial has two positive roots for H*K (and thus €(n)) small
enough, and we can choose k to be half the sum of theses roots : k := (8H2Kc(n))™'. Then we
obtain

(1 — 4H (c(n)K) k) (4 — 1)'/?) /B(R) WPk !

1/2 1/2
< 4HR*1/ |W % 4+ 32HKY*k/(4k — 1)R™" (/ |W|2’“r*1) (/ |W|2’“*1/2) .
M M M

If we choose €(n) small enough (so that k is big enough), the integrals on the right hand side are
finite (recall W has quadratic decay and the volume growth is at most euclidian) ; one can eventually

take e(n) = m Letting R — oo, we find W = 0, and with Ric = 0, M is flat. qg.e.d.

Corollary 4.8 Let M", n > 4, be a connected complete Ricci-flat manifold. Assume there exists o
in M, v>1and C, >0 such that

V(O, RQ) R2 v
> 2 so, (=) .
VR2 2 I >0, oy 26 (Rl)

Then there is a constant €(n,Co,v) such that M is flat as soon as

sup(|W|rg) < e(n, Co,v).
M
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4.2.2 Curvature decay.

In the preceding paragraph, we have seen that when SC(M) is small, the curvature vanishes. Now
using the decay lemmas of @, we can show that if SC(M) is only finite, then the curvature decays
at infinity.

We first prove the

Proposition 4.9 We consider a connected complete Ricci-flat manifold M™, n > 4 such that SC(M)
is finite. Then for any point o in M,

sup |W|=o(R™?).
S(o,R)

Before proving this, let us state a consequence of our work.

Corollary 4.10 We consider a connected complete Ricci-flat manifold M™ with n > 4. Assume
there exists o in M, v > 2 and C, > 0 such that

V (07 RQ) R v
\Y > ———L >, | =
Ra B> 07 V(07 Rl) ¢ (Rl)

and the curvature satisfies
/ W% po(ro)dvol < 4oc.
M
Then

sup |W|=o(R™?).
S(o,R)

Remark 4.11 This should be compared with the result of ] : SUpg(o,r) W] = O(R™?) as soon
asn =4, Ric=0 and W € L?.

Remark 4.12 If we assume W behaves like 77, the assumption
/ [W |2 po(ro)dvol < 400
M
is equivalent to o > 2 : the above result therefore turns an integral estimate into the pointwise

estimate we can hope. The next theorem will point out an automatic improvement of the decay ; it
is another rigidity phenomenon.

Proof :
As (A = ¢(n) |W]) W] < 0, we want to apply the lemma @ with the operator A — ¢(n) [W]. To do
this, we set x = ng/4, so that in particular  —n/2 = -5 and use lemma with m = n/2, which

implies that for large R :

- =7
/ [W|* p(r)=72=1 dvol
A(R,2R)

1
z—n/2
clom e [ i,
A(R,2R)

<
n—2
= Cp(R)"=2 (/ e/t dup)
A(R,2R)
< Cp(R)"2R™? |W|™? dvol
A(R/2,R)
< C’p(R)ﬁR_2 [W|™2 p(r)dvol
A(R/2,R)
< Cp(R)T2R2

36



We can use lemma @ with m =n/2:

sup [W["/2
S(R)

IN

¢ (p(r)™2 R2) / W2 dy,
A(R/2,5R/2)

< C’R_”/ [W|™2 p(r)dvol.
A(R/2,5R/2)

Hence W = o(r~2) (since the right-hand side integral tends to zero). q.e.d.

In general, such a quadratic curvature decay is not so meaningful : actually, any smooth connected
noncompact manifold admits a metric with quadratic curvature decay |. Note however that
a riemannian manifold with nonnegative Ricci curvature, maximal volume growth (v = n) and
quadratic curvature decay has finite topological type @] In case the volume growth is not maximal,
such a strong topological consequence is not known.

We would like to point out a consequence of the quadratic curvature decay. Applying one of the
results of @], it yields the

Corollary 4.13 Let M™, n > 4, be a connected complete Ricci-flat manifold. Assume there exists
oin M, v>2 and C, > 0 such that

VRy > Ry > 0, Mzco(&) ,
o Ry

and the curvature satisfies
/ W% po(ro)dvol < 4oc.
M

Then the integral of the Chern-Gauss-Bonnet form is an integer.

Remark 4.14 If n =4, this means

1

— [ |W dvol € Z.
872 /M

In particular, if [, |W|? dvol < 872, M s flat.

Now, it is well known that manifolds with faster than quadratic curvature decay enjoy nice
properties ] This motivates our quest for a better estimate on the curvature. The key is the
refined Kato inequality.

Theorem 4.15 (Curvature decay (1)) We consider a connected complete Ricci-flat manifold M™,
n > 4, such that SC(M) is finite. Fiz a point o in M and assume there exists v > 2 and Ao > 0
such that

VR >1,V(o,R) > A.R".
Then

sup |W|=O(R™")
S(o,R)

for b =2 and every b < "—;2 = 7("_i)£§_1) .

Proof :

Set w = |[W|" and by = sup {b >0/w=0 ([TQ/V(T)]b)} . We know, from the previous proposition,
that w = O(r~2") ; since V(r) < wnr™ (Bishop), this implies w = O(V (r)~2/™) = O([r*/V (r)]?/™),
so that bg is a positive number. Suppose by < 1. We can choose b1 > 0, m > 0 such that

m > n > n > L
b1(n—2) bo(n—Q) TL—Q.

Since b1 < bo, w = O ([TQ/V(T)]b1>, so that for any R > 0,

m __2
[ s, < C RV ) PEV(R)
A(R,2R)
= C[R/V(R)]™ "
< CR-D(mhi-723),
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This implies
/ |w|™ dpp < +o0.
M

Recall that almost everywhere
(A = ye(n) [Whw < 0.
We intend to apply lemma @ to the function w, which is unfortunately not locally Lipschitz. To

overcome this, once again, we consider ue := |W|2 + €, € > 0. Direct computation yields almost
everywhere
wlBul = T ((WIAW] = eul® [d W) + (1 = )ud W] [d W] ]?

A

yud 7 (WA W]+ (1 =) |d|W]*)

and, using the refined Kato inequality as in the proof of (E), we find (everywhere)
ul Aul < yul? (W, AW).

As in the proof of (@)7 by making € go to zero, we are able to obtain the first inequality in the proof
of lemma @ (m > —25). Eventually,

[l du, = o),
M\B(R)

for some a > 0 which is independent of the choice of m in a neighbourhood of WR*Q).
the lemma @ (again, one must adapt the proof because w is not locally Lipschitz), with this m, we

find for large R :

Now, applying

A\

sup w
S(R)

c (p(R)ﬁR_Q) am R-/m

= C[R*/V(R)] 70" Ro/m
< C[R/V(R) DT

where we again used the euclidian upper bound on the volume growth of balls. When m goes to
Wnﬂ)’ the exponent tends to b, + 60(27;2)(1 : if we choose m sufficiently close to m, we obtain
a contradiction to the definition of b,. So b, > 1 and, with the lower bound on the volume growth,

we are done. q.e.d.

Corollary 4.16 We consider a connected complete Ricci-flat manifold M™ with n > 4. Assume
there exists o in M, v > 2 and C, > 0 such that

L (()7 Rg) R2 v
A > ——= >0, | =
R2 Rl > 07 V(C7 Rl) c (Rl )

and the curvature satisfies
/ [W |2 po(ro)dvol < 4oc.
M

Then

sup [W|=O(R™")
S(o,R)

(r—2)(n—1)
n—3 :

forb=2 andeveryb<"7_2:

Let us point out the topological consequence we were expecting.

Corollary 4.17 (Finite topology) A connected complete Ricci-flat manifold M™, n > 4, for which

there exists a point o, v > 42=2 and C, > 0 such that

n—1

V (07 RQ) R2 v
v > _— " > o
R2 Rl > 07 V(O, Rl) C (Rl )

and whose curvature satisfies

/ [W |2 po(ro)dvol < 4oc.
M
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is homeomorphic to the interior of a compact manifold with boundary. More precisely, there is a
connected open subset U of M which has compact closure, smooth boundary and such that M\U is
a connected manifold with boundary which is diffeomorphic to N X Ry for some closed connected
n — 1-manifold N. Furthermore, if V (o, R) < R” with 42—:? < v < n, we know that N either has
trivial tangent bundle or infinite fundamental group ; in case 23::7 < v < n (faster than quartic

1
curvature decay and strictly subeuclidian volume growth), N always has infinite fundamental group.

Proof :
The theorem implies M has faster than quadratic curvature decay so that ],[@] apply. g.e.d.

One can wonder whether the limiting decay exponent is indeed attained. Actually, this is the
case.

Theorem 4.18 (Curvature decay (2)) We consider a connected complete Ricci-flat manifold M™,
n >4, such that SC(M) is finite. Fiz a point o in M and assume there exists v > 42—:? and A, >0
such that

VR>1,V(o,R) > AR".

Then
 (=2)(n—1)

sup |[W|=0 (r n=3 ) .

S(o,R)
Proof :
In []7 Gursky introduced the following operator :

n—2
Ly := Ay + mScaZg —ye(n) W],

It turns out that this operator is conformally invariant in the following sense : if ¢ is a smooth
positive function,

_n+2
L =¢ "2 Le(¢.). (24)
We intend to use this property to find in the conformal class of g a new metric g such that outside
a compact set

_a_
pn=2g

Lg = A§7
ie. 9
n—
We seek g in the form of g = (1+ u)ﬁg7 where g is our Ricci-flat metric and w is a smooth function
to determine. Applying (@) to the constant function 1, we find

Ly(1) =L (1) = (1 +u) "2 Ly(1 + ),

_4_
(I+u)n—2g
so that, since Scaly =0,

n

4(n:21) Sealy — ~e(n) W1, = (1+u)” 72 (Agu — ye(n) W], ) (1 +u).

We thus have to solve

Agu = ye(n) W], u = e(n) [W], . (25)
Let us solve it on M\ By(o, R), with large R (let us assume Sy (0, R) is smooth, this not a problem).
We would like to use the inversion theorem with Ag — ye(n) [W],. The assumption v > 4n=2
ensures ";2 > 2 : theorem says that |W| = O(r?) for some b > 2. In particular, using Bishop’s
upper bound on the volume growth, one sees that for small § > 0,

n/2-5-1
/ [W[™27% p(r) 772 dwol < co.
M
Choosing R sufficiently large, we ensure

n/2+6—1
So(M) [W|™2E8 (1) 52T duvol < n(n/2,n/2 — 8,n/2 + 6).
M\Bg(o,R)

So yields a bounded solution u of (@) on M\By(o, R), and by enlarging R if necessary, we can
assume ||ul| ;. < 1. Extending u to the whole M in a convenient way, we obtain a metric § which is
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conformally quasi-isometric to g and such that its Gursky operator and its laplacian coincide outside
some ball. Note that the Hlder elliptic regularity implies u is C? (since the coefficients of the equation
are Lipschitz) and this is what we need.

Next we observe that, as soon as [W,|, is positive, [W,[] is smooth and

Ly |Wq|3 =Ay |Wg|g —e(n) |W|g |Wg|g <0,

so, with (@)7

which means

Ly((1+u) ™" [We]7) <0,

Ag((1+u) " [We]]) <0,

outside a compact set.

Now, since (M, g) is quasi-isometric to (M, g), it satisfies the doubling volume property as well
as the scaled Poincar inequality. These properties are equivalent to the following two-sided gaussian
estimate on the heat kernel p (.,.) : for every x,y in M, for every t > 0,

(see , [) As for large R, Vz(o, R) > A,R”, v > 2, this in turn implies the existence of a
positive Green function G(.,.), which is simply [ p:(.,.)dt) [@] Using this formula and the upper
bound on the heat kernel, we see that :

G(o,x) = O(ro(2)™")
when r,(z) goes to infinity. The maximum principle implies that for every point z € M\ Bg(o, R),

maxg(o, gy (1 + w) ™ W,

~
- 2 G(o, ).
ming,,r) G(0,.) (0,)

(L +u) ™" [Wylj () <

We deduce

W = O(rzw )
q.e.d.

Corollary 4.19 We consider a connected complete Ricci-flat manifold M™, with n > 4. Assume

there exists o € M, v > 42—:? and C, > 0 such that

V (O7 Rg) R2 v
> — =L >, | ==
Vi 2 B > 0, V(o,Ri) ~ “ (Rl)
and the curvature satisfies

/ W2 po(ro)dvol < 4oc.
M

Then
(w=2)(n-1)
sup |[W|=0O(r n=3 ).
S(o,R)

Remark 4.20 When v = n = 4, we obtain the same decay as @/

Example 4.21 The Taub-NUT metric is a riemannian metric on R* introduced by Stephen Hawking
n (see /@] for a mathematical point of view). This is a Hyperkhler hence Ricci-flat metric
with curvature decaying like =2 and volume growth like 3. In this example, our theorem predicts
the exact decay of the curvature.

Example 4.22 Let us give another example, inspired from the famous Schwarzschild metric. We
consider R? x S"72, n > 4, endowed with the metric

g = dr® + F(r)dt* + G(r)*do”.

r, t are polar coordinates on the R? factor, do? is the standard metric on S*~2, F and G are smooth
functions. Using the symmetries of this metric (see ], /@]}, it is easy to obtain formulas for the
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curvature. And one sees that g has vanishing Ricci tensor if and only if for some positive parameter
v, G satisfies

G(0) =~
G'(0)=0
and
2y AN
Py =\ 1-(Z)" .
() n—3 G
G increases from vy to oo and G ~ r at infinity ; F increases from 0 to ni_% and F ~ r near 0. In

particular, g is C°-close to the flat metric on R"™' xSt at infinity (the radius of the circles at infinity
are proportionnal to ) and the distance to a fized point in this manifold behaves like the coordinate
r at infinity. Eventually, this provides on R? x S"™2, n > 4, a complete riemannian metric which
is Ricci flat, has volume growing like "~ and curvature decreasing like v~ "~V . This is what our
theorem predicted.
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