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Abstract

We consider a real Gaussian process X with unknown smoothness r, € IN, where
the mean-square derivative X (") is supposed to be Holder continuous in quadratic
mean. First, from the discrete observations X (¢1),..., X (t,), we study reconstruc-
tion of X(t), t € [0,1] with X,(¢), a piecewise polynomial interpolation of degree
r > 1. We show that the mean-square error of interpolation is a decreasing func-
tion of r but becomes stable as soon as r > r,. Next, from an interpolation-based
empirical criterion, we derive an estimator 7 of r, and prove its strong consistency
by giving an exponential inequality for P(7 # r,). Finally, we prove the strong
consistency of )Z}(t) with an almost optimal rate.
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1 Introduction

Let X = {X;, t € [0,1]} be a real Gaussian process whose r,-th (r, € IN,)
derivative satisfies a Holder condition in quadratic mean with exponent (3, €
[0, 1] (7o, B, both unknown). In this paper, we propose and study an estimator
of r, based on observations of X at instants 7" = {¢,...,ty} C [0,1].

As far as we can judge, this question had not yet been raised in the statistical
literature of stochastic processes. Nevertheless, this topics arises naturally in
several problems of estimation or prediction where processes are supposed to
belong to some regularity class depending on r,. More precisely concerning
prediction, we refer to works of Cuzick (1977), Lindgren (1979) and Bucklew
(1985) where processes have quadratic mean derivatives of specified order. For
statistical inference, such an information is required in e.g. the works of Istas
and Lang (1997), Blanke and Bosq (1997), Skold and Héssjer (1999), Blanke
and Pumo (2003) and Ditlevsen and Sgrensen (2004).

In Section 2, we present our main assumptions as well as various classes of
processes fulfilling them. Note that processes satisfying to the so-called Sacks
and Ylvisaker (SY) conditions of order r, are included in our examples.

In Section 3, we present some results about piecewise Lagrange polynomial
interpolation. In this context, numerous methods had been proposed and stu-
died under various conditions on processes. Recent works under SY conditions
include for example : Miiller-Gronbach (1996) (orthogonal projection, optimal
designs), Miiller-Gronbach and Ritter (1997) (linear interpolation, optimal
designs), Miiller-Gronbach and Ritter (1998) (linear interpolation, adaptive
designs). Under Holder type conditions, one may cite e.g. works of Seleznjev
(1996) (linear interpolation) , Seleznjev (2000) (Hermite interpolation splines,
optimal designs), Seleznjev and Buslaev (1998) (best approximation order).
For a more detailed survey, we refer to the book by Ritter (2000).

Our work comes within the general framework considered by Plaskota, Ritter
and Wasilkowski (2002, 2004) but with a different methodology. We present a
slight extension of their results by considering interpolator polynomials X,.(t)
with arbitrary degree r > 1. We essentially show that the mean-square error
of interpolation is a decreasing function of r but becomes stable as soon as
r > 1,. This key point allows us to turn to estimation of r,. In Section 4, we
compute an interpolation-based empirical criterion and derive an estimator
for r,, denoted by 7. We show that 7 is strongly consistent and give an expo-
nential bound for P(7 # 7,). Finally, these results allow us to establish the
strong consistency of X(t) with an almost optimal rate. Proofs are postponed
to the end of the paper.
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2 The general framework
2.1 Assumptions

Let X = {X:, t € [0,1]} be a real measurable Gaussian process, defined on
the probability space (€2, A, P). We will say that X € H(r,, [3,) if it fulfills
the assumptions A2.1 and A2.2 stated below.

Assumption 2.1 (A2.1)

(i) X has continuous derivatives in quadratic mean up to order ro, o € INy,
denoted by X© ... X (o)

(ii) E( X (s )_ X<"0>(t))2 < C2s —t["™, (s,t) € [0,1)2, with 3, € [0,1],
ro+ 5By >0 and C; > 0,

(#i) the mean function of X, u(t) = E X(t), has a (r,+ 1) bounded derivative
for0 <t <1,

(iv) E (X(t) ~ X t)2>02( telab,0<a<b<1
where Xab E( (t) /X , S ¢ a b[) and Cy > 0 does not depend on the
values a cmd b.

—a

))2(ro+ﬁ0)

Let us give some precisions concerning Assumption 2.1. Under A2.1(i),(ii),
the process is said to be mean-square holderian, such conditions give upper
bounds for approximation. Recall that A2.1(i) implies in particular that p
is 7,-times continuously differentiable with E X (¢) = u("(¢) and that the
covariance kernel K(s,t) = Cov (X(s), X (t)) is also continuously differen-
tiable with K" (s,t) = Cov (X" (s), XM (1)), r = 0,...,7. A2.1(iv) is a
more technical condition which is involved in lower bounds for approxima-
tion. This condition was first introduced in Plaskota, Ritter and Wasilkowski
(2002) where a variety of examples are provided. In the next part, we present
and develop these classes of processes.

Assumption 2.2 (A2.2)

(i) On |0, 1]2\{3 = t}, Krotbrotl) (g #) exists and satisfies ‘K(’"OH’T’OH)(S, t)‘ <
03 with 03 > 0,

or

(11) On [0, 1]2\{8 = t}, Kotlrot) (5 ) exists and satisfies ’K(TOH”‘O“)(S, t)’ <

Cg |S — t|_(2_2'60) with Cg > 0.

Note that in the following, we use alternatively A2.2(i) or A2.2(ii) for proving
the convergence of our estimator. The first one (together with A2.1(iii)) was
introduced by Baxter (1956), in the case 1, = 0, to establish a strong limit
theorem for Gaussian processes. His result was next generalized by Gladyshev
(1961) under several conditions including A2.2(ii) (with r, = 0). Let us notice
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that in both cases, existence of KTo+1r0+) (s ) is not required, in fact it is
not wanted since then the process would have (r,+ 1) derivatives in quadratic
mean. In the sequel, our aim is to estimate the maximal r (denoted by )
such that one has X € H(r,3). That’s why we have excluded, in condition
A2.1(ii), the case 3, = 1 to avoid any possible problem of identifiability.

2.2  FExamples

We now present and complete the examples given in Plaskota et al. (2002) of
Gaussian processes satisfying to our Assumptions A2.1 and A2.2.

Example 1 r,-fold integrated fractional Brownian motion. Let us define X

by .
X(t) :/ / 0] / 0~ .. / Wﬁo(sl) d$1 ds2. .o dST’oa
0 JO 0 0

in that case X(0) = Wg,, 0 < B, < 1 is a fractional standard Brown-
ian motion : X is a zero-mean Gaussian process with covariance function
Kromo)(s, t) = L(s%0 4 2P0 — |s — £[*®). Tt is shown in Plaskota et al. (2002)
that X fulfills conditions A2.1(ii)(iv). Moreover, since one has B (X ") (¢ +
7) — EX00(1)? = |7]*®, condition A2.2(ii) is also satisfied (see Gladyshev
(1961)). Finally note that 5, = 1/2 yields the r,-fold integrated standard
Brownian motion and, in this case, one gets (Plaskota et al. (2002)) : Cy =1
and C% = 1/((2r, + 1)(r,!)?).

Example 2 Sacks-Ylvisaker (SY) conditions. We take SY conditions as stated
in Ritter (2000) p. 68 in the case of a zero-mean process. Let Q. = {(s,t) €
10, 1% s > t}, Q- = {(s,t) €]0,1[*: s < t} and let cl A the closure of a set A.

(A) K € Cm"([0,1]?), the partial derivatives of L = K" up to order two
are continuous on €2, U)_ and continuously extendible to cl €2, as well as
tocl 2_.

(B) L(_l’o)(s, s) — Lgrl’o)(s, s) =1,0 < s <1 where L; denotes the extension of L
to [0,1]? continuous on ¢l ©; and on [0, 1]*\cl Q; with j € {—, +}.

(C) L?%(s,-) € H(L) for all 0 < s < 1 and sup HLf’O)(s,~)HL < oo where

0<s<1
H(L) is a Hilbert space with reproducing kernel L and norm ||-||,.

(D) Ifry > 1, KoM (. 0)=0,k=0,...,7 — 1.

First note that for r, > 1, the stationary case is excluded since in this case
(D) becomes contradictory with the others conditions. Next, (A) and (B)
imply that the process has exactly r, derivatives in the mean-square sense.
Moreover, conditions A2.1(i)(ii) and A2.2(i) are clearly satisfied with 3, = 1/2

and C? =2 sup ’L(l’o)(s, t)’ Let us turn to condition A2.1(iv) : following
$,teQLUQ_
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Plaskota et al. (2002), it is sufficient to get

(b—1t)(t— a))2(ro+ﬁo>

sup{h°(t) : h € B(K), supp h C [a,b]}ZCg( b—a

where B(K) denotes the unit ball in H(K). Next applying results of Proposi-
tion IV.8 of Ritter (2000) p. 78 we successively obtain for 0 < a < b < 1 and
t €la,b]:
sup{h*(t) :h € B(K), supp h C [a,b]} > sup{||h]|* - h*(t) : h € H(K) N Ay}
> sup{[|Blli” - h2(t) = b€ W3 ([0,1]) N Ay
> sup{ [0 [0 120 < b€ By 0800

1 <(b—t)(t—a))2"0+1’ 1)

2 (1‘|‘C)_2. (2r0+1)' (7,0!>2 b—a

for a positive constant ¢ depending only on K and B,, corresponding to the
unit ball in W5°*1(]0, 1]) where

W3 ([0,1]) = {g € C((0,1]) ¢ g abs. cont. g+ € L2([0, 1))}

and A, = {h :h®(a) = M) =0,k =0,...,7, supp h = [a,b], h(t) #
0 for all ¢ €]a, b[}.

Note that the solution of the extremal problem given in (2.1) had be obtained
by Speckman (1979) (see also Ritter (2000), p. 94). Thereby, the condition
A2.1(iv) is checked with 3, = 1/2 and Cy = (21, + 1)1 - (1 + ¢)r,!) 72

Example 3 Stationary processes with spectral density ¢. Suppose that ¢ sa-
tisfies both for u large enough, ¢(u) < ¢ |u| ™" with ¢; > 0, v > 1/2, and
for every real u, o(u) > co(1 + u?)™7 with ¢y > 0, then results of Plaskota
et al. (2002) imply that for v — 3 & IN the conditions A2.1(ii)(iv) are fulfilled

with r, = { — %} and 3, = v — % — r,. Next, we strengthen the first con-

dition by }w(u) - |u|_27} < ¢ [u| 20 with ¢y > 0, v > 1/2 and u large
enough. In this case, from K00 (s ¢) = [ y?0esDup(y) du and by adapt-
ing the proof of Gladyshev (1961) to the case r, > 1, we obtain the required
condition A2.2(ii). For instance, one has K(s,t) = (20)'exp(—0|s — t|) and
o(u) = 72(6% + u*)~! for an Ornstein-Uhlenbeck (O.U.) process, which im-
plies in turn that v =1, 7, = 0 and 3, = 1/2.

Example 4 r,-fold integrated stationary processes. Let Y = {Y;, t € [0,1]} be
a zero-mean stationary Gaussian process with covariance py(|t — s|). Lasinger
(1993) gives conditions under which stationarity is preserved by r,-fold in-
tegration. Namely, one may define recursive stationary processes X 7079 —=
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. . . t ,
{Xt(m_l), t € |0, 1]} by X0 = x{ro~ +/ X ds for i =1,...,7,
, 0
Here one has X () ;=Y Xém_l) are Gaussian random variables with positive
t ru
variance o? and p;(t) := 07 — / / pi—1(v) dvdu represents the covariance
0 Jo

function of X0~ Tt is shown in Lasinger (1993) that such construction is pos-
sible when the covariance is either linear : po(t) = 1=\t (0 < A < 2) or expo-
nential : po(t) = (20) "' exp(—0 |t|) (§ > 0) as soon as one choose o2 > ||p} i )
1 =1,...,7, in each integration step. Moreover from Theorem 4 of Lasinger
(1993), one can evaluate ||h| - (here K = p,,) for h € H(K) N A,y (see Ex-

1
— 2\ / LoD (£)2 d¢ and in
0

/ LoD ()2 df + 62 / R0 (£)2 dt.

Then same methodology as in Example (using Lemma IV.4 of Ritter (2000)

p. 73) yields the required condition A2.1(iv) with 3, = 1/2 in both cases. Note
that conditions A2.1(ii), A2.2 are stated on K(70) (s ) = po(|s — t|) and con-
sequently are easily checked. Finally, the linear case occurs for example when
Xo)(t) = W(t + 1) — W(t) whereas the exponential one corresponds to the
O.U. process (see Example 3).

ample 2) in the linear case : ||h|% = Hh(’"‘))

the exponential one : ||h||K Hh ro)

Example 5 Non centered case. It is easy to see that if Z, = X; + u(t) where
X = (X, t € ]0,1]) is a zero-mean Gaussian process satisfying to conditions
A2.1(i)(ii)(iv) and A2.2 then Z = (Z;, t € [0,1]) fulfills Assumption A2.1,
A2.2 as soon as p checks A2.1(iii).

3 Results on piecewise Lagrange interpolation

Suppose that X is observed at the (nr + 1) equally spaced instants s, :=
l

Ser = —0, with £ = 0,...,nr, 4, = 1/n and for some r € IN. Next we will
T

use the knots ¢; 5, := tir = ko, + 15,1 with2=0,...,7rand k=0,...,n— 1.
Note that some of the ¢, are equz;nl, in particular ¢, = to 1. Actually, one
has t;x = Skr4ir and for [0/r] # 0/7, Sp,r = ty_yizy,e) whereas if [/r] =£/r,
Sor = to’[g] =t riL]-1 where [.] denotes the integer part. The approximation
process is then defined by

X, (t) = ZLi7k(t)X(ti7k), (3.1)

for t € I, := [kdy, (k + 1)d,] and where L;x(t) is the Lagrange interpolator
polynomial given by

Lonlt) = HO% (3.2)
J#i
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Recall that for ¢ € I, er(t) corresponds, by definition, to the unique polyno-
mial of degree (at most) r which interpolates X (¢) at the (r + 1) knots ¢, ,
t = 0,...,r. Using these polynomials presents several advantages : they are
easy to build and to implement, they give sharp upper bounds for approxi-
mation (see Proposition 3.1 and its following remarks). Moreover conversely
to Hermite polynomials, they do not require observation of derivatives of the
process X . Comparing to splines, one classical drawback is that the derivatives
X ¢=1,...,r, are typically discontinuous at the knots t; ;. Anyway all our
conditions are stated in a mean-square sense so pathwise irregularities are of
no importance in our context.

3.1 A preliminary result

For further results, we have to express the function C,.(s,t) := E (X (t) —
yr(t)) (X(s) — YT(S)) with 7 > 1, in terms of the covariance K(s,t) and its
partial derivatives for (¢, s) € [kdy, (k + 1)d,] X [€dy,, (€ + 1)6,].

Lemma 3.1
Suppose that condition A2.1(i) holds and let r* = min(r,,7) be such that
r*>1. If t = ké,, + 010, s = £0,, + 020,, with 0 < 601,05 < 1, one obtains,

" Lig(8) Ly zy52

// 1—v)(1—- ))T*_1R5mi7j(v,w)dvdw

Cr >t = *
(s,7) ]2::0 (e —
(3.3)
where
Rs,.i(v, w) :K(T*’T*)(kﬁ +915nv,£5n+925nw)—K(r*r (kb + 010,0, 46, +‘75 w)
— K" )(k6, + n v£5 + 0p8,w) + KU (K6, + ©n v€5 +‘7(S w)
8

u(”*’(kémtelénv)u’“ (€8, + 020,0) — 7 (K, +915n”> D(td 47 P w)

: 5, i, o,
— W (k6 + ZT )T (U8, + Os6,w) + ) (k6 + 20 (L5, + Tw).
(3.4)
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Remarks : (i) In the case r, = 0, one may easily obtain

- i Lik(t)Lj(s) - {K(t, s) — K(t, £6, + Lo ) K (kon + %’ *)
B8, 2,4 20 4 eyus) — (e, + 220

—/J,(]{?(sn—F%),Uz( ) + w(ko, +ﬂ) (5, +]5 )}. (3.5)

In fact, note that for (¢,s) € [kdp, (k4 1)0,] X [€d,, (€ 4 1)0,] :

10, 70n

C.(s,t) =EX(t +ZLM EX(—+k5 )X(7+£5n)
2,7=0
- J0n i6,,
=2 Lin(s)EX ()X (= + (6,) ZLZ,c HE X ("2 + k6,) X,
T

=0

and the result follows since uniqueness of Lagrange polynomials implies in
particular > Lix(t) = 25— Lje(s) = 1.

(i) In the stationary case where p(t) = p, the term Rs, ; ;, given by (3.4),
simply reduces to

Rgn,i,j(v,w) = K(T*W*)(ké +915nv>€5n+925n1@—K(T*’T*)(kx(s +915nv’€5 +&w)

— KU (k6, + 51165 + Oy6w) + K (K6, + — l v, (6, +‘75 w).

(3.6)
3.2 Upper and lower bounds for the error of interpolation

Using properties of reproducing kernel Hilbert spaces, Plaskota et al. (2002)
give error estimates for piecewise Lagrange interpolation of order r > r,. Our
lemma 3.1 allows us to generalize their result to any order r > 1. Recall that
here and in all the following, 6, = n~'.

Proposition 3.1
(a) Under conditions A2.1(i)(ii), we obtain for any r > 1,

sup B (X (1) = X, (1)) < A7)0+, (37)

te[0,1]

1 if <,

with v* = min(r,r,), §* =
). {60 if 1>,
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A%(r, sup |KUFTLrHl(s, t)‘) if <,
and A%(r) = 5,t€[0,1]2
A%(r,Cy) if >,

(b) Under condition A2.1(iii), one has for any r > 1,

sup [E (X (1) = X,(8))| < As(r, [V lo0)7 7+, (3.8)

te[0,1]

Remarks

e As our upper bounds only involve the covariance kernel of the process X,
they hold also for non Gaussian processes satisfying to assumptions A2.1.

e In the stationary case where pu(t) = u, it is easy to see that, the approxi-
mation is unbiased : E (X(t) — )N(r(t)) =0,t€]0,1].

e For r > r,, the rate of approximation n~("*%) appearing in (3.7) is optimal

in several senses for the Holder class H(r,, 3,) : see Seleznjev and Buslaev
(1998).

Now, let us turn to a lower bound of approximation.

Proposition 3.2
Let $., be the middle of [skr, Skt+1.,] (With Sk, = %5,1, k=0,...,nr), then the
condition A2.1(iv) implies for anyr >1 :

E (X(ék,r) - Yr(ék,r))Q > A2(r, Cy) §2(ro+h0),

1
Note that a similar result for / E (X (t)—AX (t))2 dt is obtained in Plaskota
0
et al. (2002) for any algorithm .4 using the knots s ..

4 Estimation of the parameter r,
4.1 The estimator

Let us assume that (X;, ¢t € [0,1]) is observed at points sy, = % (with
r=1,....,p, and k = 0,...,nr) and at points $, = %(sk,r + Sky1) (With
r=1,...,p,and k = 0,...,nr—1), which means that the process is observed
at N := np,(p,+1)+p, points. In the following we will choose p,, = log,(n) :=
Inln---Inn with a > 2, chosen arbitrary large.

Q-

a times
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We define the estimator of the parameter r, as

1 nr—1 N
e min{r E{Lp) — 3 (X (&) — Xo(55,))2 > n—2"hn} 1
nr ‘
7=0
and in case of having an empty set, we will set 7 to an arbitrary value .

The threshold h,, is chosen such that h,n?>%*~2 — 0 and h,n?** — oo, for all
B, € [0,1]. For example, an omnibus choice is e.g. h, = Inn.

Remark 4.1 We may notice that as the sequence p, tends to infinity with n,
there exists an integer n, such thatr, € {0,...,p,} for alln > n,. Furthermore
if an upper bound B is known for ry, one can choose p, = B + 1.

4.2 Consistency of the estimator

We now present the main result of our paper, namely an exponential upper
bound for the probability of the event {7 # r,}.

Theorem 4.1
(i) Let us assume the hypothesis A2.1 and A2.2(i),

P #1,) = O(exp<—D1 min(n, 5;(2—260)))>;

where D1 s a positive constant.

(i1) Let us assume the hypothesis A2.1 and A2.2(ii),

PF )= O (exp(—D2 mm(L 5;(2_250)»)

Inn’
where Dy is a positive constant.
Remarks

e Let us note that more explicit bounds are established along the proof, see
the relations (5.6)-(5.7).

e In both cases, the rate of convergence is exponential and depends on (3, : as
expected, the case , = 1 turns to be degenerate.

Since N = np,(pn, + 1) + pn, we obtain the following immediate corollary.

10



hal-00019204, version 2 - 20 Feb 2006

Corollary 4.1 Under Assumptions A2.1 and A2.2, one has

(i) if B € [0, 3],
P(F#1,) = 0<€Xp<_D3 (1nN)(i\;ga N)2>>7
(ii) if By €]5, 1],

P(r#r) = O<GXP(—D4(ﬁ)2—2@)>>’

where D3 and D, are positive constants.

To establish Theorem 4.1, we need the following proposition concerning be-
havior of &,.(k, ¢) defined by

E(k, 0) = E [(X (35) = Xo($00)) (X (302) = Xo(52))]
for k, € {0,...,nr—1}and r=1,...,r,+ 1.
Proposition 4.1 Let us assume the hypothesis A2.1 with u(t) = p, then

(a)ifr=1,....,17¢ — 1 (in the case, 7, > 2) :

—2r nr—1
n 2
s Z%) IE (K, 0)] < Ch6. (4.1)

(b) if r =1, (in the case, ro > 1) orr =1, + 1, condition A2.2(i) yields

§—2(ro+po) nr—1 1
max ——— Y |§.(k, ()| < Crmax <5i(1_6°), —> : (4.2)
0<k<nr—1 n =0 n
whereas under A2.2(ii),
5-2(ro+60) mr—1 1
max ——— Y |E.(k, ()| < C3max <52(1_B°), M) , (4.3)
0<k<nr—1 n =0 n

Since in our case 6, = n~!, it follows that, if r = r,, 7, + 1, one gets an upper

bound not exceeding Inn/n for 3, < 1/2 and n=20-5%) if g, > 1/2.

Finally, Theorem 4.1 allows us to study the pointwise almost sure conver-
gence of X+(t) toward X (), where we have set 7 = max(7, 1).

11



hal-00019204, version 2 - 20 Feb 2006

Theorem 4.2 Under Assumptions A2.1 and A2.2,
(i) T = r, almost surely for N large enough,

(i) for all t € [0,1], one gets for all positive ¢,

N(To—i_ﬁo) e a.s.
g X0 = X0| FEo 0.

Comparing this last result to the upper bound obtained in Proposition 3.1(a),
we see that our rate is not far from the optimal rate of approximation of X (t)
by X,,(t) (see Seleznjev and Buslaev, 1998).

5 Proofs
5.1  Proof of Lemma 3.1

(a) Suppose first that p(t) = p. Recall that the condition A2.1(i) holds iff
K € C™™([0,1]?), in other words, K has continuous partial derivatives K ®™

n [0,1]* for all integers p,m < r,. From (3.5), we apply a Taylor series
expansion (with integral remainder) of order r* = min(r,r,) :

r*—1 (915 )

K(t,s)=Y_

. K(PO)( 0y S _|_/ 7)1)'(1—U)T*_1K(T*7O)(k5n+915nvvS)dva
p=0 ’ '

but one has also,

r*—1 (925 )

K®Y(k6,,s) = Z = K®™ (K6, 06,)

m!
1

+ —w)" Sl e (kop, €6, + 026,,w) dw
0 7“ —1

and

r*—1
K(’"*’O)(kén + 010,v,8) = Z (620,)"

= KM (K, + 616, 06,,)
o m!

m=

! (925")T* r*—1 g (r*,r*)
+/0 (= — 1) (1—-w)" 7K (kdy + 010,0, L6, + 020, w) dw

Now similar expansions hold for K (¢, (5, + ), K (ké, + %=, s) and K (kd, +
ii7l,£6n + %) (with 010, 029, respectively replaced by 4, /r, jo,/r). This

12
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yields : C.(t,s) = Ay + Ay + A3 + Ay where the A; are respectively defined by

=1 7(pm)
4=y KD ) szk ()] (626,)7(626,) "~ (615, (36, /)"

=0 plm!
- <w /r) (026,)™ <zan/r>P<jan/r>m},
r* =1 r ) 1 1 r* (i)
ZOZO ,p, [ a0 (8200 KO (k6 06, + Ba8)
J0n

— (j6, /1) K@) (K6, 06, + )}dw~{(915n)p—(i5n/r)p},

A=Yy —L(M(t)LM(f) [0 0087 K R+ 615,0,05,)

— (6, /r)’"*K(’"*’m)(k‘é + @ ) )}dv A{(020,)™ = (jou /)™ },
Ay = Z Zk 36'2 //{ (010,) K(T’ o )(k5n+915nv,€5n+925nw)
4,7=0 9
[0,1]

(O /) K (k6 a0, 06, 4 2 0)
— (0, /7)" (626,)" K" (K, + % —0, 05, + 026,w)

(180 /1) (6 /1) KT (K, +-* n v, 05, +j5 )}((1—1;)(1—10))’"*‘1(1@ dw.

Now, one may easily obtain A; = Ay = A3z = 0. Consider for example the

term Y L;¢(s)(jd,/r)™ : it corresponds to the unique polynomial of degree
=0

at most r which interpolates the function taking values (jd,/r)™ at points

00y, + 20y withj—O , 7. Then (z — £5,)™ (withm =0,...,7—=1<r—1)

is adequate and Z L;o(5)(jon/T)™ = (s —£5,)™ = (020,)™. By the same way,

7=0
Z L; (t)(i6,/7)P = (610,,)P. This implies in turn that summations over (i, j)

1n Al, over i in A, and j in Aj respectively vanish.

The same trick (since 7* < r and Z L;(t Z L;(s) ) leads to

A, — ZT: Li(t)L; Zj5 // ))T*_lemi,j(v,w) do dw

2r* *
ig=o  T(r

with Ry, ;.; given by (3.6).

13
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(b) Under the general condition A2.1(i), it is sufficient to notice that in
(3.5), the terms in pu(-) have a similar structure as those in K(-,-). By this
way, the previous proof can be exactly repeated, using the ‘virtual’ kernel

K(s,t) = p(s)p(t).
5.2 Proof of Proposition 3.1

(a) One may write

sup E (X(t) - Xr(t))2 =  max

sup  C.(t,t).

te[0,1] k=0,...n=1 te ks, ,(k+1)6,]

o Caser, > 1.

We apply the results of Lemma 3.1 with the choices k = ¢, 0, =6, =0 € [0,1] :

T Z]52
= Z Lz,k(t)LLk 7,,27’ — '2 //0 1

1,j=0

{Ex<r*>(/f5n+95 0)X ) (68, +06,0) —B X (68, +0,0) X (b, + L)

—E X (ks, +ﬂv)X(r*)(k5n+95nw)+EX(” (

ko +—U)X<" (k5n+i
.

((1-v)1 - ))“_1
5,

n w)} dv dw.

(i) Consider first the case * = r, (r > r,). Condition A2.1(ii) may be

equivalently written as :

EX(T0)2(S) + EX(T0)2(t) _9FE X(ro)( )X(ro ( ) < C2 |S t|250 (5‘1)

and we can also decompose the term {} into :

1
B X0 (k6,+05,0) X 00 (56,08, 0) ~ 5 B X" (k6,+05, v)—%EX(”O (k606 0)

—E X" (k8,4+05,0) X" (ks, +9 On )4 L

10y,

: 1
w)+ZB X (8, +08,0)+5 B X (kd, +‘7 w)

10n,

10y,

1
—BE X (ks, +—U)X<"° (kdn+00,w)+5E X o) (ko +—v)+;EX " (ky+08,w)

5 0, . 1
B X0 (5§42 ) X ) (k4 L) — 2EX“”O (ko +iv)—%EX<m (ko +iw)
T T

which leads to

C(t,t) < §2rotho).g 02 Z |Lix(t)
2,7=0

280 1

+ = — fw

{9250 |U |250
r

w
91}—‘7—
,

14

ro—1
Ll 2 = 7‘2”) (ro — 1)!2 //[0 1]2 ))

200

w ’UJ
N J

r r

}dv dw.
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Finally, for t = k6,, + 69,,,

r t—kén—p5—” T0r —p

Lop()] = [ |2 | i i (5.2)
pgo (i—p) pl;Io i—p
pF#1 pFi

where the last upper bound does not depend on ¢ and k, so we get the required
result :

sup Cy(t,t) < A%(r,Cy)020FH0),
te[0,1]

(ii)) Now if r* =r (i.e. r <1y — 1), one may write

C,(t,t) = 6% Z Li o (t) L k(1) //{071}2((1 —0) (1~ w))r_l%

i.j=0 r

kén+00,w rkdn+00,v
K(r-i—l,r-i—l) (y Z) dy dz
k5n+j57"w kén—l—i‘sT”v ’

and the result follows from (5.2) and continuity of K(+Lr+1) .

sup C,(t,t) < Af (T, sup
te[0,1] (s,4)€[0,1]2

K(r—l—l,r—l—l)(s’ t)‘)éi(roﬂ)_

e Case r, = 0. Condition (5.1) together with relation (3.5) (t = s, k = ()
yields to the required result (3.7), namely with »* = 0 and 8* = £,.

(b) Similar to (a) by using the condition A2.1(iii) and Taylor expansion. H

5.3  Proof of Proposition 3.2

Since S, = (% + 217)5n and %— {ﬂ = = with @ = 0,...,7 — 1, one has

T

Sk € Hk}am ([ﬂ + 1)5n]. Then er(s‘kvr) is a linear combination of variables

{X([é]én + %&L), j=0,... ,r} and no points of |sg ., Sg1+1,.[ are involved in
this interpolation. Consequently, using condition A2.1(iv) with a = s, and
b = Sp11,-, We obtain

E (X (50,) = X0 (30)) 2 B (X (310) = K, (310)

O3 satro+0)
- (47’)2(7‘04‘50) n

V

15
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5.4 Proof of Theorem 4.1

We study P(7 # r,) for n sufficiently large to ensure that r, € {0,...,p,}.

1 nr—1 .
Let us define N' = {Vr e{l,...,p.}: 5;27’—74 ST(X(35,0) — Xi(80))° < P
nroi5
the set corresponding to the case of setting ¥ = [y and let remark that
Pn 1 "= 1 ~
U {5_% > (X (350) = Xi(35,))* > hn}
nri=

We start from {7 =r,} D {7 = r,} N N¢ where

e if r, > 1, one has {7 =r,} NN® = A(r,) N B(r,) with

1 (T()-i-l) 1 ~
Y B G S (X (Sjrer1) — Xogrr (85 2>h,
A(ro) { n n(re + 1) = (X ($5r0+1) o+1($jro+1))” =

Blr)= ) {5 o LN (X (85,) - Xo3,,))? < hn}

r=1 nr 7=0

o if r, =0, {?:O}QNC:{ “1s 22 (5.r) Yl(éj,r))zzhn}:fl(()).

Next for all r, > 0,
P(F#r,) < PF#r,UN) < A(r,) + B(r,), (5.3)

where B(0) := 0 and A(r,) (with 7, > 0), B(r,) (with 7, > 1) are respectively
defined by

1 (ro+1)—1
A(ry) == P |5, 2(7’0“)(7 > (X (8)e+1) = Xrgr1(8j0041))% <

n(r, + 1) o
(5.4)
-7 (6 D MCUBES AN hn) . (5.5

The following two lemmas (whose proofs are postponed to the end of this
section) allow us to get exponential upper bounds for A(r,) and B(r,).

16
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Lemma 5.1 Let us assume the hypothesis A2.1,
(i) if the condition A2.2(i) is fulfilled, we have for all n > N(As,r,, B),
A(ry) < Bexp<—D1 min(n, 5;(2_260)));
(ii) under the condition A2.2(1i), we have for all n > N(As, 1y, 5,)
— Dy min(—— 5226
A(r,y) < 3exp( D, mm(lnn,én 0 ))

where D1, Dy are positive constants.
Lemma 5.2 Let us assume hypothesis A2.1,

(i) if the condition A2.2(i) is fulfilled, we have for all n > N(Ay, 1o, Bs)

B(r,) < 3r, eXp(—D’lhn57:2ﬁo min (n, 55(2—2%)))

(i1) under the condition A2.2(ii), we have for all n > N(Ay, 1, 3o)

B(ry) < 3r,exp (—Déhn5;2ﬁo min(ﬁ, 5;(2—250)))

where D} and D), are positive constants and h,0,** — oo as n — oo.
So with (5.3), we may deduce that for n large enough :

(i) under Assumptions A2.1 and A2.2(i),
P(r#r,) < 3exp(—D1 min(n, 5;(2_250)»
+ 3, exp(—D’lhnégwo min(n, 5;(2_250)», (5.6)
(ii) under Assumptions A2.1 and A2.2(ii),

P(F#r,) <3(1+m) exp(—D2 min(%, 5;(2_250)»

+ 37, exp(—Déhnéfﬁo min(lL, 5;(2_260))) (5.7)
nn

17
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5.5 Proof of Proposition 4.1

(a) Caser=1,...,r,— 1 (r, > 2).

We are in position to apply the result of Lemma 3.1 (see also relation (3.6))
in the case u(t) = p. Using the euclidian division of k& (respectively ¢) by r :
k = pir+q (resp. £ = par+qs), with p; € {O ..,n—1}and ¢; € {0,...,r—1}
for i = 1,2, we may write §, = l{;‘s" 27; = p1, + (@ + 0.5)67" and the
expression of interest becomes

nr—1 n—1 r—1

max Z\S k€|—maxZZ|5 Pir+ qispar + ¢2)|

0<k<nr-—1 P2—=0 g2—0
First since r < r, — 1, Lemma 3.1 implies

SO o GhYCY
gr(plr + q1, por + Q2) = Z Z L@Pl (SP1T+Q1,T)Lj,p2 (8p2T+¢I27T) (7“ — 1)'2
i=0 j=0 :

11
X // (1—v)""11 —w)"Rs, (v, w) dv dw
0Jo

1.6, 1.0,
Rs,.ii(v,w) = K@) <p15n + (¢ + 2)—1} P2on + (g2 + 2) " >

On On, On 1.6,
—I—K(T”T’)<p15n+i7v,p25n—l—j7w> — K™ (p15 +Z v, P2dn +(€I2—|—2) " )

1 On On
_)_'va25n + ]_w>
T r

— K1) <P15n + (¢ + 5

what can be rewritten :

P25n+(qz+1/2)77 P15n+(q1+1/2)67"v
Rsig = / / Kbt (s ) ds dt
P P

20n+ 1% w 180 +i%2v

< 052

where, here and in all the following , ¢ denotes a generic positive constant
(independent of n, p1, pa) whose value may vary from line to line. Now, using
the independence of L;,, ($pirtqr.r) and Ly (Spyrtge.r) from pi, po and n, see
(5.2), we obtain

E(p1r + @, par + @)| < coa

Here constant ¢ depends on ¢, g2 which are bounded by r,, so we conclude
with

—2r nr—1

> &k 0)] < Cray.
=0

max
k=0,...,nr—1

18
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(b) Caser=r, (ro,>1) orr=r,+1.

Now, we write

nr—1 n—1 r—1

max Z & (k, 0)| =max > > |E(pir + q1,par + @2

0<k<nr-—1 P1,91

p2=0 q2=0
|p2—p1|>2
i+l r—1
+1;£E}1>1< Yo > &+ qupar + o)
" pa=p1—1¢2=0

This decomposition is compulsory as the conditions A2.2(i) or A2.2(ii) on
K (rotLmot1) cannot be used on the diagonal.

Case 1 : Order of &.(p17 + g1, par + q2) when |ps — p1| > 2 and A2.2(i) is
fulfilled.

Lemma 3.1 implies

(£8,)7(L8,)7
gr(plr + q1, p2r + Q2 Z Z L; i,p1 SP1T+II1, )L ,p2(8p27‘+427 ) (7’ _ 1)[2
=0 7=0 0 ’
// )01 — w) T Ry, (v, w) dv dw  (5.8)

with

1 5, 1.6,
R i (v, w) = K07 (plén @+ 5)- 70 padn + (g2 + 5)7w)

2
O, On, On 1.6,
+ K (roimo) < 10n +z U, P20n+j— w> — K (romo) < 10n +z v, P2bn, +(Q2+2) " )

1 5n On
—)—v, p2dy, +]—w). (5.9)
r r

— K(roro) <P15n + (1 + 5

what can be rewritten (since |ps — p1| > 2)

P2on+(q2+1/2) 22w / rp1n+(q1+1/2)220
Rénﬂ',j I/ (/ K(T0+1,T‘0+1)(S’t) ds) dt
p: p

25n+j67"w 10n +15"v

= KrotLrotl) (s 1) ds dt, (5.10)

Ssnig
Here the strip Ss, ;; does not contain the diagonal. Moreover the quantity

2
S5, = (57”) vlq1 + 5 — i|lw|gz + 3 — j| never vanishes and is independent
of p; and py. So, condition A2.2(i) implies |Rs, i (v, w)| < cd2. Now, using
the independence of L; , ($pyrtqr.r) a0d Lj p, ($portger) @bout py, po and n, see
(5.2), we obtain

& (p1r + qu, par + @) | < 6270

Note that here the constant ¢ depends of ¢, g2 which are bounded by r,.

19
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Finally,

§—2(ro+50)

n—1 r—1
S max Y. > |&(pir+ quper + )| < e620R) (5.11)
n P1,91
p2=0 q2=0
[p2—p1]>2

Case 2 : Order of &.(p1r + g1, par + ¢2) when |py — p1| > 2 and A2.2(ii) is
fulfilled.

We start from the equations (5.8)-(5.10), for e.g. p» > p1 +2, j < g2 and
i <q. I (t,8) €Ss, i

1.0,
|s —t| > |p1dy + (1 + 5)7 — P20n| = Op(p2 —p1 — 1)

since ¢ +% < r. Note that this bound is the same in the cases (j < ¢2,7 > q1),
(> q,1<q)or(j>qsi<q). Then

1
(p2 — p1 — 1)22%

Re,ij| < o

which implies in turn

r—1 n 1
o Y g+ @+ @2)| < : Ztg_—gﬁo

p22>p1+2 q2=0 ni3

c no1
SR =)

552(7“04-[30)

n

o If 5, =1/2, then

552(7‘04-[30) r—1 In(n
EE— Z |Ex(p1r + 1, par + @2)| < ¢ (n)
n p2>p1+2 q2=0
5;2(7‘0—{-,@0) r—1 2(6 _1)
o If B >1/2, 2—— > & (pr 4 qu,par + @2)| < en® 7Y,
W pa>pi422=0
§—2(ro+Po) r-1 1
o If B, <1/2, —— > > [&(mr+ qpor + )| < =
n p22>2p1+2 q2=0 n
§5—2(ro+50) r-1
We can do the same for +— Z Z |E-(p17+q1, P2r+G2)|, minimizing
n

p1>p2+2 q2=0

20
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|t — s| by p; — p2 — 1. Then under the assumption A2.2(ii), we obtain

§—2(ro+5o) n—-1 r—1 o
- max Y > |E(pir+aq,per+@)| <c max(—,5n( —5o)>_
n p1,q1 pa=0  49=0 o
|p2—p1]>2

(5.12)

Case 3: Order of &.(p17 + q1, por + q2) with ps € {p1 — 1, p1,p1 + 1}.

Let us start with p, = p; : from (5.8) and (5.9), condition A2.1(i) yields to

UV — W 260 w . 1280
9 ‘ +‘QQU)+§—ZU‘

+ \qlv + g _ jw‘zﬁo + ‘jw — iv‘wO) = M(q1, q2,v,w,i, )02

[R5 (v, w)| < %@%ﬁo(

@1V — Qw +

Now, using the fact that L;,, () is bounded by r", see equation (5.2), one may
deduce that

& (1 + 11 + ¢2)|

280+2 o . . (Z'j)m
< 5n oo Z Z |Li,p1(3p1r+q1m)Ljvp1(3p1r+th,7’)|T%O (7’ — 1)|2
i=0 j=0 0 :

1,1
X / / (1 - ’U)To_l(l - w)ro—lM(ql’ 42,0, W, 7’7.]) dv dw
0J0

< co2ot2ro, (5.13)

Finally, the two other terms &, (p17 + q1, (p1 + 1)r + ¢2) and &,.(p1r + q1, (p1 —
1)r + g2) are bounded using the same methodology.

To conclude the proof, one obtains with relations (5.11), (5.13) :

§—2(ro+p0) nr—1 )
max 2t Y [, (h, ()] < ¢ max (0207, )
=0

k=0,...,nr—1 n n
under the condition A2.2(i), whereas under condition A2.2(ii), (5.12)-(5.13)
yield

5—2(7“0—1—,60) nr—1 ) Inn

max ——— > & (k, ()| < ¢ max (5,21(1_[30 ,—) .
- n =0

n

5.6 Proof of Theorem 4.2

(i) Clear from Corollary 4.1 and Borel-Cantelli lemma.
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(ii) If 7 = max(7, 1), one may write

P<]X(t) - XA(t)| > 5n>

:POX@%sEﬁﬂZem?:m)+PQX@szﬁﬂ25m?%m>

gp@wo—zﬁﬂz%>+P@%m) (5.14)

where we have set r = max(r,, 1). Now since,

< P([X() - () ~ E(X() = X(0))| 2 &0 ~ [E(X(®) - K (1)),

The choice &, = nvInn 677 and (3.8) in Proposition 3.1 imply :

— §1=0o
£, — |E(X(t) = X,.(t))| > nVInndrotho(1 — A,—=
B (X(t) = X, ()| = nvInn gt ( Wm)
so that, €, — ‘E(X(t) - )A(/T(t))‘ > nvInn 670 P q,,, with a, — 1.

— N2
Moreover, Var (X(t) - X, (t)) <E <X(t) - X, (t)> < A252r0tB0) 56 we finally
have

P([X(0) - %) ~ BX (1) - %, (0)] 2 0 — [E(X() - (1))

na? 1nn>

< 2exp(—7
242

as a consequence of the well-known following lemma :

Lemma 5.3 If X ~ N(0,0?%), 0 > 0, then for all € > 0,

2

P(|X| > 5) < 2exp(—2%2>.

Next, from (5.14) and Theorem 4.1,

S P(|X (1) - X:0)| = nVinnapth) < oo
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for all n > v/2|A;|. Borel-Cantelli lemma implies that almost surely,

—(ro+po) —
lim sup 5"1% X(t) — X;(t)’ < V2|Ay].
n—o0 nn

Now, the required result follows since one has (log, n)2"%)(In N)=¢ — 0 as
n — oo for all positive ¢ and a > 2. [ |

5.7 Proof of Lemma 5.1

Let us set kK = r, + 1, we introduce the quantity
Zyi=—— > (X (35) — Xu(850))° (5.15)

From (5.4), we can write

Alre) = P (2 < ha6,212)
=P (E(Z) = Z > E(Z) — hn0;*72) |

5 2(ro+pBo) nk—1
where E(Z,;) = Z E(X(3,) — Xx(5;,)). Using Propositions 3.1

and 3.2, we can deduce that E(Z,) is bounded and belongs to the interval
[A2(ry, Cy), A2(ry, C1)]. Since h,, is chosen such that h,d,2%+2 — 0 for all
B, € [0,1[, one has n, = EZ, — h,0,,2%%2 > ( for large enough n and 7, /4 0.
Thus we need an asymptotic bound for P(|E(Z;) — Z.| > n,). We define the
vector Z = (Z© ..., Z"=)T with

290 = Fome (X (3) = Xil3)) (5.16)
One may write :
Z—EZ,= Y {(Z(J)_E 20\ _E (zU)-F Z(J))2}+2 3 EZ0)(ZzU)—E zU)),
j=0 7=0
so that
P(|E(Z,) — Z| > nn) < S1+ 52 (5.17)
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with
nk—1

S {(20) —EZ9Y ~E(29) - EZU>)2} >

J=0

Slizif)<

nk—1
Z (Z(j) _ EZ(j))E 70)

J=0

Eﬁ = f)<

> %) (5.19)

(a) Study of the term S,
We consider an orthogaussian basis {Y;}, V; i.i.d. N(0, 1), of the subspace of

.....

dn. Then we can write Z0) — E Z0) = 55, Cov (29),V;)Y; := S, by,

Next, if Y = (Y3,...,Y, )7, we obtain

nk—1 dn
S (ZW-EZUY? =Y MY, =Y C0Y
j=0

k=1

nk—1
where ¢, = > Cov(ZY9,V;)Cov(Z9)Y}) and C = BT B, where C' =
=0

(ck g) and B = (bk g) . The matrix C'is real and sym-
) kl=1,....dn ) k=0,...nK—1,0=1,....dn

metric, so there exists an orthogonal matrix P such that diag(Aq,...,\g,) =
PTCP, where the quantities \; are the eigenvalues of the matrix C'. Then we
can transform the quadratic form

nk—1 dn
S (29 —EZ9) =3 \(PTY)
j=0 J=1

where (P'Y); denotes the j-th component of the (d, x 1) vector PTY. As
E(P"Y)? =1, we arrive at

51:P<

:Z:lek((PTY)i - 1)‘ > %")

Now, using the exponential bound of Hanson and Wright (1971), one gets

l)lnn 1)2ﬁ2 )>.

Slf;exp<_-nnn(2Inanﬂ &IAi’4§:A?

.....

For n large enough, easy calculation implies

D
)
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where Ds is a positive constant. Next, since B'B and BB' have the same
non zero eigenvalues, we can write

nk—1

max A; < max Z ‘E (Z(k)—E(Z(k)))(Z(Z)_E(Z(Z)))’

i=1,....dn 0<k<nk-—1

Remark that the zero-mean variables Z*) — E Z®) do satisfy conditions of
Proposition 4.1 (with g = 0) as soon as X satisfies A2.1 and A2.2 (see the
Example 5). Therefore the condition A2.2(i) and (4.2) yields

nk—1

0<hLrm1 z:: ‘E (Z(k Z(k))) (Z(Z) —E (Z(Z)))‘ < ¢ max (%, 52_250> ,

so that,

S < exp(— ln

max(%, T2L—2ﬁ0) ) .
Therefore, since h,,d,, 22 — 0, one gets for all n large enough that n, > A2/2
and

S < exp(—cmin(n, 552(1_60))). (5.20)
Now, assuming A2.2(ii), we get with (4.3)
MZI]E(Z@ E(Z®)) (2 - E(29))| < cmax Inn 5o
O<k<rm 1 & - n " )

which implies in turn,

Sp < eXP<_m (1fnnn52 2ﬁ0))
Sy < exp(—cmin(l 0 21=h0) )) (5.21)

for n large enough.
(b) Study of the term S,

Recall that S5, defined in (5.19), is given by :

nk—1

S, = P( Y (29 —EZ0)E 79| > %)
§=0
Since X is a Gaussian process, one may apply Lemma 5.3 to the zero-mean
nk—1
Gaussian random variable Y (ZY) — EZW)E ZU) (see definition of Z;’s in
5=0

(5.16)). We get

02
Sy < 2 exp(— 3222 )
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nk—1

where o2 := Var Y (29 —E ZWD)E ZU). Moreover, using results (3.7)-(3.8)
j=0

of Proposition 3.1, one may successively obtain

nk—1
o= (EZD)(E2W)Cov (29, 2W)
j,k=0
. 2 .
< man(' max ‘E Z(J)D Cmax E(ZU)?
j=0,...,nk—1 j=0,...,nk—1
< A%Ag 53(1—50)_
Finally, for n large enough we get
Sy < Qexp(—ccsgz(l_ﬁ‘))). (5.22)

In conclusion, by collecting results from (5.17), (5.20)-(5.22), the claimed result
is proved. [ |

5.8 Proof of Lemma 5.2

Recall that the term B(r,), defined in (5.5), occurs only when r, > 1. We
introduce the quantity

—2r nr—1
_ 5n

T, = S (X (850) — Xo(85,))% forr=1,...m,

nro i3

0
so that B(r,) =Y _ P (T, — ET, > v,(r)) where v,,(r) = h, — ET,.

r=1

e Suppose that r = r,, in that case with (5.15), one has T, = §2% Z,,. Propo-
sitions 3.1 and 3.2 lead to

Af(ro)ay" < B(T;,) < Al(ro)0;"

Now using the same bounding method as in Lemma 5.1, with 7, replaced by
6.2%u, (r,), we obtain, under the condition A2.2(i) and for n large enough,
that v,(r,) > 0 and

055250 Un, (To)
P((Tro - E(Tm)) > VTL(TO>> < 3€Xp <_max(175%—250>)

< 3exp (—c hn(;;;ﬁo min(n, 5250_2))

where h,,6,%% — oo. Whereas under A2.2(ii), one obtains

P((Ty ~ B(T)) > (1)) < Besp (e min((1 520-2))

nn
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for n large enough.

e Suppose that r =1,...,7, — 1 (this case occurs only if r, > 2). The propo-
sitions 3.1 and 3.2 imply that

AZ(r)opr o < B(T,) < A (r)dy

In this case, v, (r)0, 2 = (h, — ET(r))6,;? > h,d,? — A? — oo. Now, one may
repeat proof of the Lemma 5.1 with r, + 3, replaced by r + 1, n, by v,(r)5,?
and with the help of (4.1) :

P(T, = E(T}) > vy(r)) < 3exp (—chad,?)

for n large enough and where h,d,? — oo. Finally, collecting all the results,
one obtains the claimed upper bound for B(r,). We can notice that in both
cases, the convergence is faster than for A(r,). |
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