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1 Introduction

Given a non-uniform criss-cross partition of a rectangular domain {2, we analyse the error
between a function f defined on Q and two C! quadratic spline quasi-interpolants (abbr.
QIs), denoted Sy and Wi, obtained as linear combinations of B-splines with discrete co-
efficient functionals. The first operator Ss was described by the second author in [[[][[4]
and the second one W3 is a slight modification of the operator W5 introduced by Chui and
Wang in [[], and also studied by Chui and He in [J], Wang and Lu in [[d] and by the first



author in [{], [[l-

With respect to previous papers, we note the following facts : we introduce B-splines with
supports contained in ) and data sites lying inside or on the boundary of €2, so we do
not need extra values outside the domain. This can be useful in certain practical problems
where these data are not available. Moreover, we show that the infinity norms of these Qls
are small and do not depend on the triangulation. As they are exact on the space Py of
quadratic polynomials, it is well known that they give the optimal approximation order for
smooth functions.

Another important and very useful property of QIs is that the construction of these opera-
tors do not need the solution of any system of equations. It is particularly attractive in the
bivariate case where the number of data sites can be huge in practice.

Though the QIs do not interpolate f at data sites, it can be observed that errors are quite
small at that points. Actually, a superconvergence phenomenon can often be observed at
some specific points. Moreover, the global behaviours of QIs and of their derivatives is quite
close to those of the function f (see e.g.[H]).

Our error analysis is done for f and its partial derivatives of the first and second orders
and a particular effort has been made in order to obtain sharp error bounds in terms of the
smoothness of f and of the characteristics of the triangulation, in particular local mesh ra-
tios. Such a program can be developed thanks to the good properties of quadratic B-splines
described in [[LJ]. It is true that we do not get the best error constants, which is a rather
technical task, however, we obtain a reasonable order of magnitude of these constants. This
can be useful in the practical applications that we want to develop elsewhere.

Here is an outline of the paper: in Section 2, we recall the main definitions on the B-splines
on criss-cross triangulations that we use in the definition of quasi-interpolants . In Section
3, we describe the two quadratic spline QIs. In Section 4, we give error estimates of the
infinity norms of f — @, where Q = Sy or W3, when f € C*(Q), with 0 < s < 3. In Section
5, we give error estimates on first derivatives || D™*(f —Q)||0o, 7+5s = 1, in ©, and on second
derivatives | D™*(f — Q)l|co, 7+ s = 2, inside triangular cells of the triangulation, since @ is
only C!. They are expressed in terms of moduli of smoothness with respect to the length
h/2, where h is the maximal steplength of the given partition of the domain.

2 Quadratic B-splines on a bounded rectangle

In this Section, we first introduce C' quadratic B-splines generating the spline space in
which we approximate functions. Then, in the following section, we will define the two
quasi-interpolants Sp and Wy

Let Q = [a, b] X [¢, d] be a rectangle decomposed into mn subrectangles by the two partitions

X ={z;,0<i<m}, Y,={y;,0<j5<n},

respectively of the segments I = [a,b] = [z9, x| and J = [¢,d] = [yo,yn]. We also introduce
the double knots x_1 = 2o, y-1 = Y0, Tm+1 = Tm> Ynt+1 = Yn-



The so-called criss-cross triangulation 7,,, of { is defined by drawing the two diagonals in
each subrectangle Q;; = [z;—1, ;] X [yj—1,y;]. We need the two following sets of indices:

Konn ={(i,j) :0<i<m+1, 0<j<n+1},

Kn = {(i,§):1<i<m, 1<j<n}.

We set h; = @ — mi—1, kj = yj —yj—1, $i = 5(Tim1 +24), t; = 3(yj_1 +y;) for (i, §) € K.

We denote by {4;; = (z4,9;), 0 < i <m, 0 < j < n} the set of vertices of subrectangles
and by {M,; = (si,tj), (1,7) € Kmn} the set of their centers, of midpoints of boundary
subintervals and of vertices of (2.

Let By := {Bij, (i,j) € Kmn} be the collection of (m + 2)(n + 2) B-splines generating the
space Sz(Zpnn) of all C! piecewise quadratic functions on the criss-cross triangulation 7,,,,
associated with the partition X, x Y, of the domain €. There are mn B-splines associated
with the set of indices /Emn, whose restrictions to the boundary I' of € are equal to zero.
They were also introduced in [J][H][f]. To the latter, we add 2m +2n+4 boundary B-splines
whose restrictions to I" are univariate quadratic B-splines. Their set of indices is

Ko = {(1,0), (i,n +1),0 < < m+ 15(0,5), (m +1,5),0 < j < n + 1}.

The BB (=Bernstein-Bézier)-coefficients of inner B-splines {B;j, 2 <i<m —1,2<j <
n — 1} are given in [I]. The other ones can be found in the technical report [[J] and
in [[§]. The B-splines are positive and form a partition of unity (blending system). The
boundary B-splines are linearly independent as the univariate ones. But the inner B-splines
are linearly dependent, the dependence relationship being:

> (=1 hik;By; = 0.
(ivj)elemn

Although B, is not a basis of Sz(7,,y), this fact has no influence on the definition and
properties of QIs. The support of B;; is denoted by X;;: for inner B-splines, it is a non-
uniform octagon. The set B,,, can also be defined in the following way. Define the extended
partitions

Xm =X U{T 2,7 1,Tmi1, Tmy2}

and

?n = Yn U {g72’y71’yn+l?yn+2}’
where T_9 < T_1 < g, Tm < Tyl < Tmt2, Y2 <Y1 <Y Yn < Yns1 < Yni2
and the corresponding criss-cross triangulation 7,,,. We also put hg = 9 — T_1, Amy1 =
T4l — Tms ko = Yo — Y15 knt1 = Yng1 — Yn-
We consider the collection By, := {Bij, (i,j) € Kmn} of the (m + 2)(n + 2) "classical”
B-splines with octagonal supports X;; such that 3;; Nint(Q2) # 0 [H].
We note that B;; = B;; for inner B-splines. Using the BB-coefficients of both families

Byn and By, one can derive the expressions of the new boundary B-splines in function of



”classical” B-splines. For this purpose, we need the following notations, for 2 < ¢ < m and
2<j<n:
h; / hi—1 k; / ki1

D A A T

0; = , 0= ——— = 1—7;.
Y hici+hit Y hiathy ’
In addition, we need the particular values :

h 1 — hm — kl —/ kn

0ol ==——"—, O = T1 ==, T = —
ho+h "N B+ B ko+k "k + kg

and 01 =0,y =71 =T, = 1, whence 0} = opy1 = 7] = Tq1 = 0, since hg = hpq1 =
kO == kn+1 == 0

The first boundary layer of B-splines along the horizontal edge AggAmo is defined by

Boo = 75 Boo, Bio = #(Biwo — Z*Boo), Bio=+#Bio, 2<i<m-—1,

T1

1
Briti10), Bmyio= i Briti,0-

1/ Om+1
BmO - _(Bm,O - 5m+

1
In the same way we obtain, along the vertical edge AggAogn,

Bor = 5-(Bo1 — 2 Bog), Boj=35Bo;, 2<j<n-1,

o1

L (B _Tan 17
Bon = 5, (Bon — - Bont1): - Bont1 = 57— Bon+-

T T
Similar formulas hold for boundary B-splines along the edges A, Amn and Ag,Apmn, :

{Bi,n+1)0 <i<m+ 1} and {Bm+1,j,0 < J <n-+ 1}

The restrictions of all these B-splines to the boundary of €2 are classical univariate quadratic
B-splines. The second boundary layer of B-splines along the horizontal edge AggAmo is
defined by

J— ?/_ E/_ EIF/_
B = B — #B10 — - Bo1 + 75 Boo,

and similar formulas for B,,1, B1, and By,,.

Finally we define the second layer of B-splines along the vertical edge AggAgy,

=/ —/
-  Ti= . — ) — 4
Bjy =By — 2By, 2<i<m-—1, Byj=DBi;;—=By;, 2<j<n-1,
T1 g1

and similar formulas for the collections:

{Bin, 2<i<m—1} and {By;, 2<j<n-—1}

4



T, T 7 o
_7“ and _;n+1 instead of —L and =L respectively, in the formula defining

Th+1 Om+1 1 01

with the ratios

Bq1.

Remark : note that many coefficients can be simplified, for example

—/ 7 ~ =/ T — T
0y _ho Omt1r _ hmer T ko Tagr _ keg

— ) —7 ) — 7 > "y -
o h o, hm T ok T kny,

Error analyses given in sections 3 and 4 below are based on the Bernstein Bézier represen-
tation of B-splines on the triangulation. The associated techniques are described e.g. in [,

8, [@d.

3  Quasi-Interpolants exact on P5

We now define the two quadratic spline quasi-interpolants S and Wy that we want to
study. Moreover, we give uniform bounds on their infinity norms.

3.1 The quasi-interpolant 5

For the definition of Sy, we need the notations o; and 7; given above in Section 2. Then we
define:

o}ol o _Uz‘(0§+1)2
=

2.1 (! 2
_ DT T](Tj—f—l)
oit+ol,’ oi+o 7 T+
i T 01 i T 01 7T Tig1

a; = — Cj__Tj—{—T]{_’_l,
bij = 1—(ai+ci—i—6j —i—Ej),

with ag = ¢p = a1 = Cma1 = 0o = Cg = Gn+1 = Cpy1 = 0 and by = 50 =bpy1 = En+1 =1.
The data sites for Sy are the (m + 2)(n + 2) points of the set
Dmn = {Mi,j - (Siatj)7 (17]) € ,Cmn} .

The quadratic spline quasi-interpolants Sy [[I2[[4] is defined as follows:

m+1n+1

Sof =3 ) wii(f)Bij,

i=0 j=0
with coefficient functionals given by
() wig(f) = bij f(M; ) + aif (Mi—15) + cif (Mig15) + @5 f (M j—1) + ¢ f (M jy1).

It is exact on P9 and its infinity norm is uniformly bounded independently of the triangu-
lation 7,,, of the domain. Indeed, since

(2) |ail, e, [agl, [e;| < 1/2 and  |by] < 3,



then it is clear that
|1S2oc < 5.

We notice that the number of data sites requested by Ss is equal to

(3) Ng =mn+2m+ 2n + 4.

3.2 The quasi-interpolant W

The second quasi-interpolant W3 here analysed is a modification of the QI Wy derived by
Chui-Wang [[], which is also exact for P5. The latter is defined in terms of classical B-splines
{Bi;j} on the triangulation 7 ,,,. Given the values of a function f at the (m + 3)(n + 3)
points A;; = (x;,y5), =1 <i <m+1, =1 < j < n+1 (among which those having one
extra abscissa or ordinate are outside ) and the (m+2)(n+2) points Mj;, intersections of
the diagonals in the subrectangles with vertices A;_y j_1,A4; j, Ai—1,;,A; j—1 (among which
a number also lay outside the domain), the Chui-Wang QI is defined by:

m+1n+1
Waf = Z Zﬁij(f)Bz‘j7
i=0 j=0
with coefficient functionals defined by
_ _ 1
Ai(f) = 2f(Mig) = 2[f (Aimrj-1) + f(Aimry) + F(Aij—1) + f(Aij)].

In that case, the number of data sites is equal to
Ny =2mn+3m+ 3n+9.

Now if we set x_9 = x_1 = To, Tmi2 = Tmt1 = T, Y—2 = Y—1 = Y0, Ynt2 = Ynt+1 = YUn
and if we use the B-splines B;; defined in Section 2, with supports ¥;; included in the
domain 2, we can define the modified Chui-Wang QI as follows:

m+1n+1

Wi f =YY u(f)Biy,
i=0 j=0
where the coefficient functionals are:

1) () = 20 (M) — S[F(AL,) + FATL,) + FAL_) + F(AL)]

4
with the new data points :

A;'k,j = A, for 0<i<m, 0<j<n,
(5) Fo= Aoy Al =Ain, —1<i<m41,
Aty = Aoy Ay =Amg, —1<i<m+1,
M, = M;; for 0<i<m+1, 0<j<n+l



The number of data sites requested by Wy is equal to
(6) Ny =2mn+m+n+1,

and they all lie inside the domain €2 or on its boundary.

From [;(f)] < 3|[f|[oc, We can immediately deduce:
W3l < 3
for all non-uniform triangulations 7, of the domain §2.

We remark that both Sy and W5 are local schemes, because for (x,y) € Q, the values
Saf(z,y) and W5 (x,y) only depend on those of f in a neighbourhood of (z,y).
IfoO<r<m-—1and 0<s <n-—1 are integers such that z € [x,,z,11], ¥ € [ys, Ys+1], then
(z,y) will belong to one of the four triangular cells T; of 7,,, £ = 1,2,3,4, labelled as in
Fig. il

Each triangle Ty, ¢ = 1,2,3,4, is covered by exactly seven supports of B-splines X;;. In
Table 1 below, we report the set K (7y) of indices of such B-splines, as functions of r and s,
ie. K(Ty) = {(i,7)| g Nint(Ty) # 0}

Therefore, if (z,y) € Ty, then:

SZf(xa y) = Z M”(f)B”(.%', y)

(1,7)€K(Ty)

Wsf(y)= Y. u(f)Bi(x,y).

(4,5) €K (Ty)

Ys+1

Ys

Ly Lr+1

Figure 1: Four different kinds of cells in 7.



‘ I Ty T3 Ty
r, s—1 r—1,s—1|r—1, s—1 r, s—1
r—1, s r, s —1 r, s—1 r+1, s—1
r, S r—1, s r+1, s—1 r—1, s
1,7 r+1, s T, S r—1, s T, S
r—1, s+1 r+1, s ] r+1, s
r, s+1 r—1, s+1 r+1, s r, s+ 1
r+1, s+1 r, s+1 r, s+ 1 r+1, s+1
Table 1.

4 FError analysis for functions

In this section we analyse the errors f —Saf and f— W5 f for f e C?(Q),0<s<3. We

need to introduce the following notations:

h = max{hi, kj},
DY — D(al,ag) _

(2, y)]| = (2 + y*) %

olal
Oz Jy*2

6= min{hi, /{?j};

with |a] = aq + aw;

where the modulus of continuity of ¢ € C(Q2) is given by:

w(t,t) = max{[y(M

We denote by @ the generic quasi-interpolant defined by:

(7)

where the coefficient functionals are defined by \j; = p;; (1) when @ = Sa, and A\;j = ,u;‘j

(4) when Q = Ws.

Theorem 1. (Error bounds for continuous functions). There exists a constant Cy > 0,

i=0 j=0

| [loo,2 = || - ||@ = supremum norm over €2;
w(D?f,t) = max{w(Df,t), |a| = s};

ea(x,y) = % y*? = monomial of total degree |a/,

) —¥(P); M, P €Q,||MP|| <t}.

with Cy < 20.5 for Q = Sz and Cy < 12 for Q = W, such that, for f € C(2)

1f ~ QFllo < Cowl(f. 3h).

Proof. We consider some closed triangular cell T' of 7,,,, for which

1 =Qflle = IIf = Qfllr.




T is one of the four triangles depicted in Fig. . For the sake of simplicity we assume that
T = Ts. Since @ reproduces Py, for any P € T', we can write f(P) =} e r) f(P)Bij.
For Q = S5, we can write the following inequality:

[(Saf =HP) L < > Big{lbyllf (M) = F(P)] + laallf(Mi—13) — F(P)] +

(1,5)€K(T3)
lcillf(Mit1,5) — F(P)] + @l f(Mi j—1) — f(P)| + [e|[f (M j41) — f(P)

Assuming that the origin lies at the midpoint of the lower edge of T3, then this triangle
can be decomposed into two equal subtriangles by the y-axis. By the symmetry of the
problem, it is sufficient to consider the case when the point P = (z,y) lies in the right
triangle. Therefore the coordinates satisfy 0 < z +y < % We shall now use the following
simplified notations: there are seven B-splines whose supports intersect int(7") and we
denote their centres by {Mj, 1 < k < 7}, with My = M, 41, My = M,_1 5, M3z = M, ,
My = M,11,6, Ms = Myp_1,5-1, Mg = M, s_1, M7 = M, 1 s—1. Each central point M}, has
four neighbours Ny, Sk, Ex, Wi, (for North, South, East and West positions) involved in the
coefficient functional pg. The biggest constants being obtained for k = 1, 2,5, we only detail
one of these cases, for example k£ = 1. Then, we obtain the following upper bounds for the
various distances involved in the majoration :

}

h
2’

h h
IPsi < V23 <23,

h h h
IPMI| < V105 <45, PN < V265 <6 5

h h h h
|PE;| < V1 5 <45 IPmf < 3\f§ <57
Using inequalities (f), we see that the coefficient of the B-spline By = B, s1+1, whose support
is centered at M is first bounded above by

3w (f, [|1PM]) + % (W NPN) +w(f [[PS1) +w(fs [PEL) + w(f5 [PWA))

then, using the above upper bounds on distances, we see that it is bounded above by :
1 h h
[12 + 5(6 +24+44+5)]w(f, 5) =20.5w(f, 5)
Finally, since Z(i,j)EK(Tg) B;; =1, we obtain, for all P € T :
h
[ (Saf ~ P(P) 1< 2050(7, 5).
which proves that ||f — Saf[| < 20.5w(f, %).

Similarly, for @) = Wy, we can write the following inequality:

|Wsf =) < > By {2f(Miy) — f(P) + %ﬂf(Ai,j) —F(P)[+ [f(Airr;) — f(P)]

(4,§)e K (T3)

+f(Aij+1) = F(P) + [ f(Aig1+1) — F(P))}-



We now compute upper bounds for the distances involved in the case when (i, j) = (r, s+1).
The central point M; = M, s, has four neighbours NW, NEy, SWy, SW; (for North-West,
North-East, South-West and South-East positions) involved in the coefficient functional 7,
thus we obtain :

h
27

h
2’

h

h h
IPMI| < V10D <45, [PNWi| <255 <5 o

h
|PNE < VITS <5

h h

2’ 2

We see that the absolute value of the coefficient of the B-spline By = B, ;41 whose support
is centered at M is first bounded above by

20(f, [[PMy]) + i (W, IPNWA) + w(f, PN EL) + w(f, [[PSWL) + w(f, | PSEL]))

then, using the above upper bounds on distances, we obtain as upper bound :

[8+%(5+5+3+3)]w(f,g) :12w(f,g),

h h
||PSW1\|§2W§§3 \|PSW1||§f§g3

and, finally we obtain, for all P € T :

(WS~ F)(P) < 120(7,5)
which proves that || f — W5 f|| < 12w(f, %). B

Theorem 2. (Error bounds for Cl—functions). There exists a constant C7 > 0, with C7 < 3
for @ = Sy and Cy < 2 for Q = W5, such that, for f € CY(Q) :

If = Qflla < Crthw(Df, h/2).

Proof. Let ¢* be the best approximation polynomial of f in Py on the domain 2. Consider
some closed triangular cell T' of 7,,, in which we have

If =" llr = If — ¢ lla-

Take a point (£,7) at the midpoint of the external edge of T" and let ¢; € P be the linear
Taylor polynomial of f at that point :

(8) ai(z,y) = f(&n) + DYV (& n) (@ — &) + DOV F(E )y —n).

Then there hold the following inequalities
If = Qfle < @+ QIS —a*lle = A+ QIS —a"llr <X+ IQIDIS — arllz-

By Taylor’s formula, we have f = ¢ + r1, with
9) 1= [DY f(u,v) = DEOF(E (@ = &) + [ DOV f(u,v) = DOV F(E ]y —m),

10



the point (u,v) lying somewhere in the segment joining (£,7) to (z,y). From that, we
deduce the following upper bound

If—alr < gw(Df, g)_

Actually, for the sake of simplicity, we can assume that T is the triangle with vertices
(—%,0), (0, %), (%,0), the point (£,7) being then at the origin. Due to the symmetry of
the problem w.r.t. the y-axis, we can also assume that (x,y) satisfies x > 0,y > 0 and
r+y < % Therefore, as the distance between (u,v) and the origin is bounded above by %,
we can write :

h h h
Finally, as ||S2|| < 5 and ||[W5|| < 3, we obtain
h . h

Theorem 3. (i) (Error bounds for C2-functions). There exists a constant Co > 0, with
Cy < 3 for Q=155 and Cy < 3 for Q@ = W3, such that, for f € C*() :

If = Qflla < Coh*w(D?f,1h/2).
(ii) (Error bounds for C3-functions). There exists a constant C3 > 0, with C3 < % for
Q=52 and C3 < % for Q = W5, such that, for f € C3(Q) :

If — Qflla < C3h3|D3f]I.

Proof. By using a similar technique as in the proof of theorem 2, bounds on Taylor re-
mainders can be obtained for orders 2 and 3. We have respectively, for f € C?(Q) and

feciq)
(10) f=q+ry and f=gq3+rs,
with ) )
() =g ¥ (2) 100 - D) - 9% -0,
|or|=2
(12) n=g ¥ (20w - 9m -
|or|=3

Puting (§,7) at the origin gives

1 h 2 1 h h? h
—qo| = < —w(D?*f, = a2 — Z (D2 f = 2 2 (D?*f. =
If — g = |m2| < 2W( e 2)3—2 <a>:ﬂ Yy 2w( e 2)(m+y) <3 w(D*f, 2),

11



from which we deduce respectively

2
17 = Safll < 2wy

For f € C3(2), we have :

h h? h

3) and f —Wifl < Sw(D, D).

1 3 1 h3
_ — < 2| D3 a2 D3 3<% 1p3
7= el = sl < gD 32 () = G100 < GG I°S
ol=

and finally we obtain

h3 . h3
If = Sof < ZID I and |If = W5 £l < ZID* ]
(Notice that the inequalities obtained for W are better than those given in Chui-He [J] for
Ws). &

Remark. The constants of the error bounds obtained for So are greater than the corre-
sponding ones for W3. These results do not mean that Sy is worse than W3, because they
are a consequence of the fact that Sy and W3 belong to the same spline space, i.e. they are
defined on the same triangulation 7,,,,. Therefore Ng < Ny}, in particular from (f) and (f)
we have that Ng = O(mn) and Ny, = O(2mn).

Now if we assume that S is defined on the triangulation 7, and that Wy is defined on
another triangulation obtained by a decomposition of €2 into [%1 . [%} subrectangles,
then the numbers of data values requested by both QIs are almost equal and the constants
appearing in the respective error bounds are also comparable.

5 Error analysis for partial derivatives

In this section, we compute error bounds for the first partial derivatives (Subection 5.2) of
the quasi-interpolant @ f in €, and of its second partial derivatives (Subection 5.3) in the
interior of each triangular cell Ty of 7.

5.1 Technical lemmas

Lemma 1. Let T be a triangular cell of Tn., included in the rectangular cell .5 centered
at M,s, then:

4(hy) =2 k)02, for || = L and (z,) € T

(13) > ID*Bij(x,y)| <
(i,j) €K (T) 6(h.) " (ks)~%2, for |a| = 2 and (z,y) € int(T)

Proof. In the case |a| = 1, since D“B;; is a linear polynomial in the triangle ' = ABC, we
have:

|D®Bij(z,y)| < max{|D*Bj;(A)], |D*Bi;j(B)|,|D*Bi;(C)]}-

12



For |a| = 2, then D*B;; is a constant inside 7T'.

In [[L13], the values of the first partial derivatives of B;; at the vertices of 7y, and the values
of the second partial derivatives of B;; inside each triangle T' of their support, have been
computed. Using those values, we can easily deduce the inequalities () |

Lemma 2. Let Q be the spline operator given by ({{). Let r1 and ro be the expressions
defined by (@) and ({L2) for f € C1(Q) and f € C*(Q), respectively. Then for every triangle
T of Ton, the following majorations hold :

max | N\ji(r)] < Cihw(Df,h/2),
L N (r)] < Cihw(DL12)

where C1 < 30 for Q = Sy and C] < 35/2 for Q = W5

i < CLh?w(D?f,h/2),
(Mr)rg;giﬂ\ j(r2)| < Coh*w(D”f,h/2)

where C4 < 61/2 for Q = Sy and C4 < 65/4 for Q = W3
Proof. We prove the desired results in the case of the triangle ' = T3 (fig. 1) and we use the
notations of the proof of theorem 1. For the other three types of triangles of 7, we obtain

the same results using a similar proof, therefore we don’t report here the corresponding
computations. If QQ = S5, then we know that

iz (r1)| = |bijry(Mij) 4+ agry(Mi—15) + cir1 (Mg ;) + ajri (M j—1) + ¢ (M ji1)]

< 3Jr1 (Mig)| + 3 [M(Mi—l,j)! + 1 (Mi1)| + [r1 (Mij—1)| + [r1(Mi i)l |-
Moreover, taking the origin at the midpoint (&g, 79) of the lower edge of T', we can write
ri(M; ;) = [DYO f(M; 5) = DO F(O)](si — &) + [DOV f(M; ) — DOV F(O)](t; = mo),

where Mi,j is some point lying in the segment OM; ;.

Finally from the first column of Table 1, we can write

sl = s {limn () i s )L oo () s o1 ()l = e ()

Recall that each central point My has four neighbours denoted respectively Ng, Sk, Fx, Wy.
Here the biggest constant is obtained for £ = 1 corresponding to the central point M, 5.
In that case, we have

(1) < 3lri(My)] + %(!n(l\ﬁ)\ + [r1(S)] + [r1(E1)| + [r(Wh))),

where, as ||OMy|| < ||OM;]|, we can write for example

3h ~ 3h h 9h h
(M) < DOV f(i1) ~ DOV F(0)| < F(DF.33) < Fw(DS,5).
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[P (W2)] < WD £(11) — DO F(0)] + S DO £ (1) — DOV £(0)

lr (W) < %W(Df, \/1—32) <10 hw(DY, g).

From these inequalities and similar ones associated with the three other neighbours of My,
we obtain :

27 1 (/25 1
2

el < (545 (5 420+ 5) ) heinr. 3) = s0ne(ny. ).

In a similar way, we can obtain

109 h
pa(r1) and py(ry) < e hw(Df, 5), p3(ry) <

109 h h
1UJ5(T1) and /‘1'7(T1) < Thw(Df,i)a //J6(T1) < hW(Df,§)
Finally, we obtain

h
< Df, .
max |ue(r)] < 30hw(Df, 3)

If @ = W5, then from ({) and (f]) we get
* * 1 * * * *
i (r)| < 20r (M5)] + Z[’Tl(Ai—l.j—l)‘ + [ (AT )|+ [ (A7 )]+ [ (A7) -
By a procedure similar to that adopted for S5, we can obtain that

35
P < —hw(Df,h/2).
(i,j%réai?((T) ’Mzg(rl)’ =9 w( f7 / )

Now we consider A;j(r2). If Q = Sa, we know that
1
|uij(r2)] < 3lra(Mij)| + 5 (Ir2(Mi-1,5)] + [r2(Mig1,5)] + [r2(Mig—1)] + [r2(Mig41)1),
where

ro(Mi ) = %{[D(Q’O)f(Mi,j) — DEOF(0)](si — &)* + [DO? f(M; ;) — DO fO)](t; — no)?

+2[DUY f(M; 5) — DD F(O)] (s — &) (t5 — o)}
with Mij € OM;;. Then using a scheme similar to that proposed for r1, we get

61
< —h2w(D*f,h).
(m,r)ré%n!u](rz)!_ 5 w(Df,h)
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Similarly if @Q = W5 we can deduce:

* < 2 . A¥
oma () < max (20 (05)| 4 (AL )|+ (AT )

‘7”2(14?471)’ + ’TZ(A:])H} < %h%)(D?f, h/2). n

Lemma 3. Let QQ be a spline operator defined by ([}) and let r3 be defined by ([I3) for
[ €C3(). Then for every triangle T of Tpun, one has the following magjoration :

(14 ()] < CYR7|D |

with CY < 269/48 for Q = S, CY < 65/24 for Q = W3

Proof. As in the proof of Lemma 2, we only discuss here the case of a triangle T'= T3 and
we don’t report the computations for the three other types of triangles.

If @ = S5 then, from ([[2), we can write

(15) r3(Mi;) = % > <z> DO f (M) (si — €0)™ (t; — m0)™,

|af=3

with Mi,j € OM; ;. Therefore if we denote

(16) —\Z() — &) (1 — o)™

|af=3

and if we proceed as in the proof of Lemma 2, from (B)), ([3), ([[6) we can deduce the desired
result. Indeed:

max |pi(rs)| < #||D3fI{3¢(srs tsr1) + 5[0(sr—1,ts) + ©(Sp11, tst1)
(1,5)eK(T)

Fplsrtasa) + plsr )]} < BAYIDY B + 31+ 3(3)%) < Z2AY D3]]
Using the same method, we can prove ([4) for @ = W5 i

5.2 Error estimates on first partial derivatives

Theorem 4. (C’_1 functions). For |a| = 1, there exists a constant C1 > 0, with C; < 120
for Q = Sy and C1 < 70 for Q = W3, such that, for f € C*(Q)

(1) 1027 ~ D°Qflla < [1+ T, (4] wr. 2

Proof. For |a| =1 we consider a closed triangular cell T' of 7,,,, where
1D = D*Qflla = [[D*f = D*Qf]|r-
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For any point P = (z,y) € T, since @ reproduces P9, we can write:

(18) |DYf(P) = D*Qf(P)| < |D*f(P) = D*qu(P)| + [D*Q(f — q1)(P)],

with ¢; defined in (§).
We remark that, from (J), there results:

(19) [DYf(P) = D%q(P)| = |[D*f(P) = D*f(O)| < w(Df,h/2)
and
[DYQ(f — q1)(P)] < e Nij(r)l > |D*By(P)|
7 (i.§) €K (T)
with 71 defined in ().
Moreover we recall that, from Lemma 1, for |a| =1
(20) > IDYBy(P)| <4672
(1.1)EK(T)
Finally from Lemma 2 and (R() we obtain
h
(1) D°Q(f - an)| <4C% ha(D . hf2)

Therefore, from ([§), ([9) and (B1), the result ([[7) follows with C; = 4C7. I

Theorem 5. (i) (C? functions). There exists a constant Cy > 0, with Cy < 122 for Q = Ss
and Cy < 65 for Q = W3, such that, for f € C*(Q) and |a| =1 :

(22) 1D%7 = D*Qslln < |1+ o (5 )] mat02s.02)

(ii) (C? functions). Then there exists a constant Cy > 0, with C3 < 28 for Q = S, and
C3 <8 for Q = W3, such that, for f € C3() and |a| =1 :

e [} ~ h
(23) 107f - Qi) < & (5 ) 121D
Proof. The proof is similar to that of Theorem 4.
For |a] =1 and P € T, we can write:
(24) |Df(P) = D*Qf(P)| < [D*f(P) — D%qa(P)| + [D*Q(f — g2)(P)|
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where g2 € P has been defined in ([[0).
We remark that

(25) |D®f(P) — D*qa(P)| < hw(D?f, h/2).
Moreover

D* — P i D*B;;(P)|,
(26) QS )P < e, Datrdl 32 ")

with 7o defined in ([LT]).

Now from (R§), Lemma 1 and Lemma 2 we can write that
h
(27) IDQU - 2)(P)] < 45 (5 ) holDP .12

Finally from (B4), (B5) and (B7), the result (23) follows, with Cy = 4C%.

Moreover if f € C3(), from ([[J), there results:

2
(28) D = as)(P)| = SHID* S,

and from Lemma 1 and Lemma 3
h
(20) QU ) (P)] < 4% () 12ID° .
Therefore from (£4), (2§) and (B9) the result (R3) follows, with C5 = 4C%. B

5.3 Error estimates on second partial derivatives

Theorem 6. (i) (C? functions). There ewists a constant Dy > 0, with Dy < 183 for
Q = S2, and Dy < 12 for Q = W3, such that for f € C*() and |a| =2 :

h 2
(30) 10°7 = D*Qslhery < [142 () Jot0?r.02

(i) (C® functions). There erists a constant D3 > 0, with D3 < % if Q =Sy and D3 < %
if Q = W3, such that, for f € C3(Q) :

B 2
(31) 1D%7 = D*Qflhwary < [1+ D4 () [l
Proof. For |a| =2 and for any P € int(7"), we have

(32) [DYf = DQf| < |Df — D%a| + |D*Q(f — q2)l,

with go defined in ([[0).
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From ([[0), we deduce

(33) |D*f — D%s| < w(D%f,h/2).

Moreover

(34) D°Q(f — @) < max Nig(r2)l- Yo DBy,
7 (i,j)€K(T)

with 75 defined in ([LT]).
From (B4)), Lemma 1 and Lemma 2 we obtain that for P €int(T):

2
(35) QU (P <665 () (D702

Therefore from (B3), (B]) and (BF) the result (B0) follows, with Dy = 6C%.
Finally if f € C3(Q), for P € int(T) and |a| = 2, from (B2), Lemma 1 and Lemma 3, we
obtain the result (BI]), with D3 = 6C4. I

We note that the same remarks given at the end of Section 3 are also valid for the error
bound constants of the above theorems.

5.4 Convergence for quasi-uniform partitions

Assume that the sequence of partitions {X,, x Y;,} of Q is y-quasi uniform i.e. there exists
a constant v > 1 such that
0< hmn/(smn <,

where h,,, and 6,,, are respectively the maximum and the minimum steplengths of the
partition {X,, x ¥,,}. Then the following theorem shows that for both Q = Sy and Q = W5

D*Qf — D°f as  hpmp — 0
in Q for |a| =1, and in the interior of each triangular cell T of Ty, for |a| = 2.

Theorem 7. Let {X,, x Y.} a y-quasi uniform sequence of partitions.
(i) If fe C*(QY), s =1,2, then for |a| =1

1D%f = D*Qfla = O(hyp w(D* f, hinn /2))
(ii) If f € C%(Q) then forla| =2
1D f = D*Qf |lins(r) = OW(D*f, hinn /2))
Proof. The result immediately follows from the v-quasi uniformity of {X,, x Y,} and

from Theorems 4, 5, 6. |
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