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Abstract.

We study a two parameter version of the Hermite subdivision scheme introduced
in [7], which gives C' interpolants on rectangular meshes. We prove C'-convergence
for a range of the two parameters. By introducing a control grid we can choose the
parameters in the scheme so that the interpolant inherits positivity and/or directional
monotonicity from the initial data. Several examples are given showing that a desired
shape can be achieved even if we use only very crude estimates for the initial slopes.
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1 Introduction

Subdivision is a technique for constructing smooth curves or surfaces out of a
sequence of successive refinements of polygons, or grids see [3]. Subdivision has
found applications in areas such as geometric design [10, 21], and in computer
games and animation [6]. Subdivision schemes can be of Lagrange type or Her-
mite type. In this last case derivatives are also used. This can be desirable since
a Hermite scheme can be made more local, making it easier to obtain a desired
shape. Moreover, as our examples show, we can achieve a required shape using
only very crude estimates for the derivatives. For some classical methods for
bimonotone interpolation on a rectangular grid see [1, 2, 4, 5].

The first Hermite scheme was introduced in [15]. This method has smoothness
C' and we refer to it as the HC'-scheme. A notion of control points for two
subfamilies of the HC'-scheme were introduced in [18]. In [14] some further
studies of the HC'-scheme where carried out. The calculation of values and
derivatives was separated and this made it possible to simplify some of the
proofs in [17]. It was also shown that a geometric formulation of the scheme has
a totally positive transformation matrix, and algorithms for constructing curves
satisfying local positivity, monotonicity, and convexity constraints were given
and tested. For more references to Hermite subdivision see [8, 9, 12, 13, 16, 22].

In [11, 19] Hermite subdivision was studied on a rectangular mesh using tensor
products of the HC'-scheme and its control points. An algorithm for achieving
a bimonotone interpolant was given.
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A disadvantage using the tensor product construction is that mixed partial
derivatives 9% f/0xdy is required as input data. In this paper we consider an
alternative method the H RC'-algorithm, where these mixed partial derivatives
are not required. This scheme was introduced in [7]. It is a generalization
of a Cl-quadratic finite element on a quadrilateral mesh ([20]). To describe
the HRC!-algorithm we start with values and gradients at the vertices of a
rectangular grid G in the plane. The algorithm is applied to each rectangle R in
turn by a local process. We divide R into 4 rectangles by connecting midpoints
of opposite edges and then compute values and derivatives at the vertices of the
4 sub-rectangles. Repeating this on each sub-rectangle we obtain in the limit
a function defined on a dense subset of R. The scheme is interpolatory, i.e it
retains the values at the vertices of the current rectangular grid. Moreover the
value on an edge E of R only depends on the length of E and on the values of
f and its derivatives at the endpoints of E. This makes it possible to obtain
a global smooth surface by gluing together H RC!-interpolants on neighboring
sub-rectangles.

Our paper can be detailed as follows. In Section 2, we first recall the HRC!-
algorithm and some of its properties which were proved in [7]. We consider a
simplified version of the scheme using only two parameters a and 5. We show
that this version simplifies further if we choose o = 3 / (4(1 = 3)).

In Section 3 we show C'-convergence of the HRC!-algorithm for a range of
the parameters o and (3. This extends results in [7] where C'-convergence was
only shown for @« = —1/8. We also show Holder continuity of the first order
partial derivatives.

In Section 4 we define a control grid thereby giving a geometric formulation of
the HRC-algorithm. This formulation is used in Section 5 to show how local
shape constraints can be achieved in the limit function. We give several examples
involving positivity and directional monotonicity constraints. We also show that
a convexity preserving H RC'-interpolant cannot be obtained in general.

2 Description of the algorithm HRC"!

We let R := [a,b] X [c,d] be a given rectangle. The algorithm HRC' which
gives a C'! Hermite interpolant on R was proposed by Dubuc and Merrien [7].
The goal is to construct a bivariate function f and its first partial derivatives
D= fz, ¢ := fy on R in such a way that f,p,q are continuous.

The HRC*'-Algorithm can be formulated as follows. We start with Hermite
data fio,j, p?yj, qﬂj for i,j = 0,1 at the corners of the rectangle [s), s9] x [t9, 1] :=
[a,b] x [¢,d]. For n =0,1,2,..., let us denote by P,, the regular partition of
[a, b] into 2™ subintervals and by Q,, the similar regular partition of [¢,d]. Also
let P := UpenPpn and Q := Upen@Qn. For n = 0,1,2,... the points in the
partitions are denoted by s}' := a + ih, and t} := ¢+ jkp, for i,5 = 0,...,2",
where hy, := 27"(b— a) and k,, := 27"(d — ¢). What we compute at the grid
points (s}, t}) can be viewed either as point sequences {f/:}, {pj;}, {qf;} or as
functions f,p,q : P x @ — R defined by f(s}',t}) := f[}, p(si',t}) := py, and
q(s?, t?) := ¢;;. We will find both the sequence point of view and the function
point of view useful.

To define f, p and g on P x Q, we proceed by induction on n. Forn =0,1,2,...
suppose we have computed {f7;}, {p;';}, and {g}';} on the grid P, x Q,. We

set hy, :=27"(b— a), k, := 27"(d — ¢) and compute f[f;rl, p?jl, and qZ;fl on
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the grid P41 X Qn+1 as follows:

2.1) fori=2":-1:0, forj=2":-1:0
. +1 . +1 . +1 .
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In (2.1) we simply redefine the functions at the points on P,, x Q,, as points on a
subset of P41 X Qp41. These points are marked by gray squares in Figure 2.1.
In (2.3-2.4) we compute new values at the new points marked by black circles in
Figure 2.1.

2j+2} B ® Q-
241} o ® o
2jr 0 ® 0
2i 2i+1 2i+2

Figure 2.1: Recursive computation of f,p and gq.

For « = —1/8, 3 = —1 it was shown in [7] that we obtain the Sibson-Thomson
interpolant on R proposed in [20]. In this case, the HRC!-interpolant is a C*
piecewise quadratic consisting of 16 individual pieces, see Figure 2.2. Moreover
the cross boundary derivatives are linear functions along the outer boundary of
[a,b] X [c,d].

It was shown in [7] that the HRC!-algorithm is exact for bilinear functions
for any value of a and (3. It is exact for quadratic polynomials if and only if
a = —1/8 and exact for cubic polynomials if and only if « = —1/8 and § = —1/2.

d

a b
Figure 2.2: Sibson-Thomson subdivision of a rectangle.

We have simplified the construction of [7] and it depends on only two param-
eters a and B. This simplification gives new formulas for the computation of

n—+ n—+ n+
f2i+1,2j+1a Pait1,25+1 and 42i41,25+1-
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PROPOSITION 2.1.
(2.5)

).

fori=0:2"—-1, forj=0:2"-1
n+1 n+1
nal _ f2i+2,2j+1 + f2i,2j+1 B (pn+l n+1
f2i+1,2j+1 = 5 +a n(p2¢+2,2j+1 _p2i,2j+1)’
n+1 + fn+1
_J2it1,25+2 2i+1,25 ke (g n+1
= B) +ta "(q2i+1,2j+2 - q2'+1,2j)7
n+1 n+1 n+1 n+1
pritl o (1-5) f2i+2,2j+1 - f2i,2j+1 n ﬁp2i+2,2j+1 + P2i2j4+1
2:+1,2541 hn 2
kn,
n+1 n+1 n+1 n+1
+ . ((1 —B)a — 5/4) (q2i+2,2j ~ Q2422542 T Q25,2542 — q2i,2j)’
n
n+1 _ gntl n+1 T n+1
L (1-B) 2i4+1,25+2 2041,2) ﬂq2i+1,2j+2 42i41,25
2i+1,254+1 kn 2
I
n+1 n+1 n+1 n+1
+ . ((1 - Ba— 6/4) (in,2j+2 —DP2it2,2j+2 T P2iya2; — P2ioj
n

PrOOF. For n € N, 4,5 € {0,...,2" — 1}, the first formula of (2.4) can be
written:

LS
1 +1,54+1 +1,
3t 25 3 [% ol = )
fr + 1Y)
+ T k(] — 4]
+ ah [p?+1,j+1 TP, P er?’j}
" > 27

Using (2.3) this gives the first formula in (2.5). The proof of the second formula
is similar.
We write the second formula of (2.4)

1=08 fi i1+ fl,

+1 _ i+1,5+1 +1,j

pgi+1,2j+1 = [ : 2 - + ak"(q?Jrl,jJrl - q?+1,j)}
n

1= 8 Sl + 17
_1-6 [f,3+12 fis + akn (4711 — 4iy)]

hn
n B [p?+1,j+1 + D4 " Pijt1 +p?,j]
2 2 2
k
+ h_n (1= B)a = B/4] [aF1; — 41441 + ity — 675]-
n

Thanks to (2.1) and (2.3), we obtain the result. The last formula is symmetrical
from the previous one. O
3 (C'-convergence of the algorithm

We say that the scheme is C'-convergent if, for any initial data, the functions
f, p, and ¢ can be extended from P x Q to continuous functions on [a, b] X [c, d]
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with p = f; and ¢ = f,. We call f defined either on P x Q or on [a,b] x
the HRC!-interpolant to the data.

For the study of C'-convergence it is enough to consider the construction on
the unit square [0, 1]2. To see this, let h = b—a, k = d— c and let again (a, c) be
the south-west vertex of the initial rectangle [a,b] x [c,d]. On [0,1]2, we define
the initial data g(u,v) := f(a + wh,c + vk), g.(u,v) := hf.(a + uh,c+ vk),
gy(u,v) := kfy(a+ uh,c+vk), (u,v) € {0,1}%. The constructions of f or g
by formulas (2.1), (2.2), (2.3) and (2.4) are equivalent and at each step, we
obtain g(u,v) = f(a+ uh,c+ vk), g, (u,v) = hfy(a+ uh,c+ vk) and g,(u,v) =
kfy(a+uh,c+vk), (u,v) € {0,1/2",...,£/2",...,1}2. Thus the C'-convergence
of f on [a,b] x [c,d] is equivalent to the C-convergence of g on [0, 1]2.

So let us begin with data on the vertices of the unit square [0,1]2. For n >0

(¢, d]

and 4,7 =0,1,...,2" — 1 we define vectors of differences U]} € R!'2 as follows:
[ Giy1,; ~ 90
n n
Pit1,+1 ~ Pit1j
n _n
it1,541 ~ 4,541
'3 '
Pij+1 = Pij
'3 '
Pi1j = Pij
n n
Git1,5+1 =~ it1,5
n _an
Pit1,5+41 7 Pij+1
n _n
U = Gig+1 ™ Tij
J n.o— fn ot
i+1,5 nI Pit1,j T Pi
n n?’l n 2 n
Sl —Fly Gyt
fn hn_ fn n 2+ n
i+ 141 = Jig41  Pigtg+1 T P
fnhn _ fn n +2 n
i+l Sy i1 T
L hn 2
We then have
LEMMA 3.1. Suppose we can find a vector norm ||| on R% and positive

constants c, p with p < 1 such that
UGN < ep™, fori,j=0,...,2" — 1.

Then the HRC'-algorithm is C'-convergent.

PROOF. The proof of the C'-convergence on [0,1]? is detailed in [7]. To
summarize, with the hypothesis, it can be proved that p and ¢ are uniformly
continuous on the dyadic points so that they can be extended into continuous
functions on [0, 1]2. Then we extend f and prove that f, = p and fy=aq usmg
the four last components of U;";

To bound the vectors U} we w111 use the following recurrence relations.

ProproSITION 3.2. We hcwe

+1 _ 1 n +1 _ 2 n
uptt = AWoy ol = AQUR,
UL = AU U, ~ AU,

where A AR AG) AW gre 4 matrices in R2*12 depending only on the 2 pa-
rameters o, 3 of algorithm HRC'. Explicit formulas for the matrices are as
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follows:
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—
|
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PROOF. These relations were shown in [7] using a a computer algebra system.
a

We will not need the explicit form of the matrices [A(IQA%)] for i € {1,2,3,4}.
One can obtain all of them from [A%)A%)] by permutations of rows and columns.

We mention that in [7] it was proved that the scheme is C'-convergent if
and only if the generalized spectral radius of ¥ = {AM AR AC) AM} satisfies
p(X) < 1. The following analysis is maybe somewhat simpler. We start with a
proposition.

PROPOSITION 3.3. If there exists a vector norm || - || on R'? and a number
p < 1 such that the associated matriz operator norm satisfies |AD|| < p for
i=1,2,3,4 then the scheme is C'-convergent. Moreover the functions p and q
are Holder continuous with exponent —loga(p).

PROOF. It is enough to prove the Proposition on the square [0, 1]2. That the
scheme is C''-convergent follows immediately from Lemma, 3.1.

The proof that p and g are Holder continuous is similar to a proof in dimension
one in [17]. In the following proof we will use the function notation for the
sequences {U[t}i j, {fl;}ij, {Pi; i, and {gf;}i; - Thus if x := 27" and y :=
j27" then we write U} and p}; as U™(w,y) and p"(z,y). We recall that P, =
{k27% k=0,...,2}, € N is the set of dyadic points at step £ on [0, 1] and we
write hy = 1/2¢. With the hypothesis, for (z,y) € P,%,x # 1,y # 1, we have
U (z, y)|| < pf||U°(0,0)]| for £ > 0. Using the equivalence of the norms in R'2,
this implies that ||[U*(z,y)|leo < c2p’ for some positive constant ¢y independent
of U*. In particular, this holds for components 4 and 5 of U*(x, y) and we deduce
that

(3.1) [p(@ £ he,y) = p(a,y)| < 2’ with (2,1), (2 % hey) € P22
p(@,y £ he) = p(a,y)| < c2p’, with (2,y), (v,y £ he) € Pe”.

Suppose that Py = (z1,y1) and P» = (z2,y2) are 2 points in [0,1]2. Let
n be the unique nonnegative integer such that 27""1 < [|[P} — Pyjoe < 277
Then |zo —x1] < 27" and |y2 — y1]| < 27" and there exist z,y € P,, such that
lz; — x| <27™ and |y; —y| < 27" for j = 1,2. Thus P := (z,y) € P,? is such
that [|[Pj — Plloc <27 ™ for j =1,2.

To prove that [p(P1) — p(P)| < c3p™ for some constant c3 we write P, =
P+ 37 (u,v)27"™ with w; and v; in {0,1,—1}. We define the sequence
{p]} = {(i'],gj)} by po = P and p]' = ijl -+ (’U,j,’l)j)2ijin, fOI'j > 1. Then
P; c Pn+j2 and

p(P;) = p(Pi1)| < Ip(&5,95) — P&, G5-1)] + p(E5, 5-1) — p(Ej-1,yj-1)]-
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Since (Z;,9;), (Z5,9;-1) and (Zj—1,J;—1) arein Pn+j2 we can bound them using
(3.1) with £ = n+ j and we obtain |p(P;) — p(Pj_1)| < 2c2p"™7 so that [p(P;) —
p(P)| < 3752, 2e0p™H = 2.

With the same upper bound for [p(P;)—p(P)|, we deduce that |p(Pz)—p(P1)| <
cap™ ! with ¢4 = 14%2;.
To conclude, notice that since ||P; — Psljoo > 2771 then

Ip(P2) — p(Py)| < C4pn+1 _ 042(771*1)(710& P < ca|| P — PQH;OIng(P).

A similar inequality holds for the function gq. O

To find a good norm on R'2, we use the following well known result:

LEMMA 3.4. Corresponding to a positive integer d, a nonsingular matriz
P € R¥™ and a vector norm || - || on R? we define a vector norm on R? by
|VIli :== [|[P~YV|. Then the associated matriz operator norm |-|| is given by
|Ally = [|[P~YAP|| for any matriz A € R¥*4,

PROOF. Clearly || -||; defines a norm on R%. Now if A € R4*? then

1AV [P~IAV| |P~IAPU -1
‘= max =max ———— =max —— = ||[P7"AP]|.
S & TR B Ve B 7 I
a
Let || - |1 and || - |2 be two vector norms on R% and R% respectively. For
a matrix A € R%*42 we write ||A|12 for the associated mixed matrix operator
1AV

norm ||A = .
1 A]l12 B T

LEMMA 3.5. Suppose for positive integers di and do that ¥ is a set of square
matrices { A} of order d := dy + da that are written by blocks as

A Ag
3.2 A=
(32) [Am A22]

with diagonal blocks Ay € R¥*% fori=1,2. Fori=1,2, let | -||; be two vector
norms on R% and fori,j = 1,2, let vij be positive constants such that for any
A € X the estimates || Aijllij < vij hold. If

yi1 <1, 722 <1, and y21712 < (L —711)(1 — 722)

then we can find a matriz norm on R¥>? such that any A € ¥ has norm less
than 1.

PrOOF. On RY, we define a norm || - ||g depending on a parameter § > 0. If
V =(X,Y)T with X € R4 and Y € R?% then ||V g := || X|]1 + 0]V

Then for any matrix A € R?¥¢ we have:

[lAV o [|[A11 X + A12Y |1 + 0]| A1 X + A2 ||2
[Ava 1| X (11 + [[Arall12[[Y]]2 + 0] A2z [[21 | X |1 + 0] A2z |22 Y ||2
([[A11[l11 + O[] Aza [l2) [ X 11 + ([[A12ll12/60 + (| A22l22) (O1]Y ||2)

max(||A11[l11 4 0][A21 |21, [|A12l12/0 + [ Azzll22) [V []e-

IA A
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We deduce that
(3.3) || Alle < max(||A11]l11 + 0]l A2 |21, [|A12]l12/0 + || Azl|22), A € R4

||A||9 < 1, as soon as HA11H11 +9HA21H21 < 1 and ||A12||12/9 + ||A22H22 < 1.
Since, for any A € X, || 4] < vij,8,4 = 1,2, it suffices that v11 + 6721 < 1
and y12/0 + 722 < 1. If 911 < 1 and 792 < 1 these conditions are satisfied
whenever there exists a real number 6 > 0 such that 712 <f< = 71“ Since

Yo1712 < (1 —711)(1 — Y22) we can find such a 6. O

LEMMA 3.6. Suppose in Lemma 3.5 that ¥ is a finite family of matrices of
the form (3.2) with Ay = 0. If there exists a real number ¢ > 0 such that for
any A €Y, [|A11]]11 < ¢ and ||Aaz|l22 < ¢ then there exists a matriz norm such
that for all A € 3, we have ||A|| <c .

PRrROOF. Using (3.3) in the previous Lemma, ||Allp < max(||A11]11, [|A12|[12/60+
[lA22||22). Now ||A11 < c and [|Agz]|22 < c. Since the set ¥ is finite, we can find
a real number 6 > 0 such that for any A € X, ||Aj2|l12/6 is small enough to get
lAllo < c. o

Now we have the tools to study the C'-convergence of the algorithm.

B

1

-5/3f

U4 -16 -18 0 o
Figure 3.1: The region R in Theorem 3.7 together with the curve a = 8/(4(1 — 3)).

THEOREM 3.7. The algorithm HRC" is C' convergent if (o, 3) belongs to the
region

1
(3.4) R :={(e,8) : —= <a<0 and l(a) < B <u(a)},
where
8a—2++/(Ba+1)Ba—T7) if—i<a<-1,
(3.5) la) == -3 if =3 <a< -3,
et f-t<a<o,
1 if —1 < 1
(3.6) u(a) 1= ba+3, Z.f 1 DL
1 zf—g <a<0,



2D SUBDIVISION WITH SHAPE CONSTRAINTS 11

PROOF. Let [|Alloc = maXi:l,...,d(ijl lai;|) be the matrix norm on R4*? as-

sociated with the vector norm ||V ||oo = maxg—1__4(|vk|) on R%. By Lemma 3.6,

since ||A§Z1)||o<> = 1/2, with we get a matrix norm such that [|[A()|| < 1 as soon

as there exists a matrix norm such that M| < 1,¢=1,...,4.
1 0 1 0
o1 0 1 [P o
Let P, = 10 -1 0 and P = {O PJ. We compute
01 0 -1
NO O
NO .= p-1pyOp = |11 12| for £ = 1,...,4. By Lemma 3.4 we know
GING)
21 22

that it suffices to find a matrix norm such that |[N@| < 1, for £ = 1,2,3,4. The
computation gives:

2 0 1 B 2 0 1 0
(1 _1(0 2 =8 -1 M _1-]0 2 0 -1
Mi=ilg o 1 -3 M =510 01 o0
00 -8 1 0 0 0 1]
1/4 + 2c 0 1/8 4+« a—B/8 2 01 0
N 0 1/44+2a —a+p/8 —1/8—al @) _14s (0 2 0 —1
21 0 0 1/8+a —a+03/8 22 410 0 1 0
0 0 —a+8/8 1/8+a 0 0 0 1]
2 0 1 -8 -2 0 -1 0
2_110 2 = 1 @ _1-|0 2 0 1
Mi=alo 0 1 8 M2 =% o 0 -1 o0
o0 B 1 0 0 0 1
—1/4 — 2c 0 -1/8—a a-—p3/8 2 0 1 0
N _ 0 1/44+2a —a+6/8 1/8+« N@ 145 |0 2 0 1
2 0 0 -1/8—a —a+p3/8 22 £ 1o 010
0 0 a—p3/8 1/8+ « 0 0 0 1
2 0 -1 -8 -2 0 1
@_1(0 2 5 1 @ _18|0 -2 0
Mi=1lp 0 1 -8 M=o o -1
00 -8 1 0 0 0
—-1/4 — 2« 0 1/84+ « a— /8 2 0 -1 0
NGB 0 -1/4—2a —a+p/8 -1/8—a N® 148|020 1
21 0 0 -1/8—a «a—p/8 22 4 /10 0 1 o0
0 0 a—pB/8 -1/8—a 00 0 1
2 0 -1 8 2 0 -1 0
@_110 2 B -1 @ _1-5|0 =2 0 1
Mi=dalo 0 1 8 M=o 0 1 o0
00 B8 1 0 0 0 -1
1/4 4 2a 0 -1/8-a a-4/8 2 0 -1 0
N _ 0 —1/4—-2a0 —a+p3/8 1/8+« N@ _ 148 0 2 0 -1
21 0 0 1/84a a—p/8 22 410 0 1 0
0 0 —a+8/8 —1/8—«a 00 0 1

In R*, we use the norm || - |lg,0 > 0 defined at the beginning of the proof
of Lemma 3.5, using || - || in R*, ie [|Ulls = [|X|loo + 0]|Y ||« Where U =
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{X , X, Y € R2. Using (3.3), we deduce that for A = A A € R**4 with

Y 0 A22
A;j; € R¥2, we have [|Allp < max(]|An|loc, [ A12/lo0/0 + | A22(/o0)-

For £ =1,2,3,4, we can then bound ||Nz-(f)|\9. Let pu:=1+ 5 > 1 and assume
w < 2. Then

¢
1IN le < L max(2, p(1 - B)) =: 71,

YA
HNnge < |1 -8 = me,
HNz‘;He < max(|1/4 4 2al, (| — @+ B/8] + [1/8+ a])) =: a1,
1
1852 llo < H52 = 922,
l,
0 R, Ro
[en ) R3
_l,
R4 R RG
_2, S
—1)4 —3/16 —1)8 0‘

o
Figure 3.2: The subsets R1,..., Rs used in the proof of Theorem 3.7.

We need to bound the v's. The analysis below shows that it is enough to
consider (a, ) in the rectangle [f%,O] x [-2,1]. To compute 721, which is
the most difficult, we divide the rectangle [—%,0] x [—2,1] into open subsets
Ry, ..., Rg as shown in Figure 3.2. In these regions a lengthy, but straightforward

calculation gives the following values for the numbers 7;; and the quantity 7 :=
(1= 1)1 = 722):

Rl R2 Rg R4 R5 RG
T 2 2 2 FA-p) | 50-p) | 50-5)
22 | 3(0+5) 30+8) [ 30+8) [-50+8) [ -30+08) [ -5(0+0)
Y12 1-8 1-8 1-8 1-8 1-5 1-8
Yo | —pa+ ) 20 +8) | 2a+2 [ —2a-11-20+8) [ p2a+E
Ty ) 1A-p5) [ ;0-6) v v v
where v := %(3 + B)? — ¢, and where € > 0 can be made arbitrary small by

choosing 6 sufficiently big.
We need to compute subsets S; of R; so that yi12721 < 7y for (a,3) € S,
j=1,...,6.

e On Ry, we need fu(lfﬂ)(2a+%) < #. This is satisfied if 8 < 16a+3.
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e On Ry, the condition is p(1 — ﬂ)% < % which holds if § < 1.

e On R3, we should have (1 — 8)(] +2a) < %. This is true for a < 0.

13

e On Ry, the inequality is (1 — 8)(—1 — 2a) < (3+ﬂ)2 — €. Since this should
hold for all € > 0 we can drop the e (this is also true for Rs, and Rg) and
we obtain

11448+ 32
—_— -2 1 - 7).
T B<8ax—2++/(8a+1)(8a—7)

e The condition on Rs takes the form (1 — ﬁ)% < % which holds if
B>-5

e Finally on Rg, the inequality p(1 — 8)(2« + %) < % is true for
5zt

This defines the subregions S; of R; for j = 1,...,6. It remains to show that
the result also holds on the curve segments forming the interior boundaries
between the regions. These curves can be identified as § = —1, « = —1/8, and

0 = 16a + 1. We divide these curves into segments as follows:

Cu={(af): ~;<a<z, f=-1} Cu={(0:—3<a<0, f=-1}
On o= {(@,8) o= —3, ~2 <f< -1}, On:= {(a,ﬁ):a=fé, ~1<B<v},

1

Coz:={(a, ) :x = ~3 P < B <1}, Cs1 := {(a, 16 + 1) : —é <a< —%},

Cs2 := {(a, 16 + 1) : —% <a< —i}, Cs3 := {(a, 16+ 1) : —i < a < 0},

where ¢ := —1+ %. The values of v;; and ¢ := (1 —11)(1 — y22) — 127721 on

the different segments are shown in the following table:

Segment 71 V22 M2 Y21 4
Cu /2 0 2 —2u(a+ 1) 1+ 4dpa
Ci2 w/2 0 2 2u(a+ 1) 1—p—4dua
Coi La-p) | -5F [1-8] —&(B+1) | J6—p+B(p+2)
Co | &1-p) | T [1-5] E@E+1) T-A2—p
Cos I TF 1= | L@+ [ L0-B)2-—pn-ph
Cs1 e —-1-8a | —16a | —4(148a) 2+ 4a(2 + p)
Csa —4pa 14+8a | —16a | %(1+48a) —4a(2 — p)
Cs3 : 14+8a | —16a | &(1+8a) 4(p — Da + 32ua?

where as before we set p := % + 1.

We have C'-convergence for a specific value of (a, 3) provided we can find a
# > 0 so that 6 > 0. This is always possible for any point in the open interval

(see Figure 3.3).
COROLLARY 3.8. For a =

B
4(1-p)
C'-convergent.

Proor. If € [-5/3,0) and a = 4(1 )’

then (o, 5) € R, see Figure 3.1.

O

and 3 € [-5/3,0), the scheme HRC! is

O



0.45 0.45 0.45

-1/4u O -5/3 1 -1/6 O
o B o

Figure 3.3: The value of § = (1 —v11)(1 — 722) — 712721 on the curve segments defined
by 3= —1 (left), « = —2 (center) and 3 = 16a + 1 (right) corresponding to § = 10 or
w=11.

4 The control grid

In order to obtain a geometric formulation of the H RC*-algorithm we define
control coefficients a;; and control points A;; relative to the rectangle R = [a, b] X
[c,d] as follows:

Ao = (a, ¢, an0), where ago = f(a,c),

h hp(a, c)
A= (a+ X,c,alo), where a1p = f(a,c) + N
Agg = (b— %,c, asg), where aso = f(b,c) — M,
Aso = (b, ¢, aso), where aszgp = f(b, ),
Asy = (byc+ ;,agl), where agy = f(b,c) + @,
A32 = (b,d — E,agg), where azg = f(b,d) — M,

(4.1) A A

A33 = (b, d, a33), Where aszs = f(b, d),
A23 = (b — %,d, a23), where a3 = f(b,d) - w,

Az = (a+ %,d, ai3), where a1z = f(a,d) + M,
Aps = (a,d, aps), where a3 = f(a,d),

Aoz = (a,d — % ap2), where aps = f(a,d) — k:q(z, 0)7
Ap1 = (a,c+ ;,am), where ag1 = f(a,c) + w.

Here h := b—a, k := d—c and A > 2 is a real number to be chosen. The
12 control points are located on the boundary of R. We can obtain a control
polygon-like structure by adding the four interiour points A1; = A9+ Ao1 — Aoo,
A1 = Ago + Asy — Aszg, Aso = Agz + Agp — Aszsz, and A2 = A1z + A2 — Aops,
see Figure 4.1.
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Figure 4.1: Control Grid

If f is the HRC'-interpolant constructed from the given data at the vertices
of R then the parametric surface (z,y, f(z,y)) with (z,y) € R interpolates the
corner control points Agg, Aoz, As0, Az3. Moreover each corner rectangle in the
control polygon defines a plane which is part of the tangent plane at that vertex.
For example the plane containing the four points Agg, A10, Ao1, and A;; defines
the tangent plane to the surface at Agp.

After one step of subdivision the rectangle R is divided into four subrectangles
(Cf. Figure 2.1). On each of the four sub-rectangles we can compute new control
points A;;. To compute these control points we can use (4.1) shifted to each
subrectangle. In particular, we replace h and k by h/2 and k/2 respectively.

By using (2.1), (2.2), (2.3) and (2.4) and inverting the formulas in (4.1) it
is possible to express the new control coeflicients {a;;} in terms of the original

0,3) (1,3) (23) (3,3) 06) (1,6) (26) (36) (46) (56) (6/6)
(01s) €5 @5
® ®
©0.) ) (014) 3[4 6l4)
o3 (1,3 23 BB 43) (3) (63
5
(o“) 3 T) ©2 32 ©2)
om ) 6N
(0,0 (1,0) (2,0) 3,0 0,00 (1,00 (200 (3,00 (40) (50 (6,0)

Figure 4.3: The projected control

Figure 4.2: The control points pro- > T
points after one subdivision

jected on the original rectangle
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control coefficients a;;. We restrict attention to the one parameter family given
by a = 5/(4(1 — B)). We also write A = u(1 — 3), where u is a free parameter
to be chosen later. With the aid of a computer algebra system it can be proved
that:

PROPOSITION 4.1. Suppose a = [/(4(1 — 3)) and X\ = u(l — ). With the
indexing used in Figures 4.2 and 4.8 we have

0,0 1 0 0 0 0 0 0 0 0 0 0 0
a0 i 1 0 0 0 0 0 0 0 0 0 0
as2,0 W oy twy 0 0 0 0 0 0 0 0
as,0 7y 2o 1y 0 0 0 0 0 0 0 0
d4,0 Wogwy vy 0 0 0 0 0 0 0 0
@s,0 0 0 3 3 0 0 0 0 0 0 0 0
a6,0 0 0 0 1 0 0 0 0 0 0 0 0
@o,1 10 0 0o = 0 0 0 0 0 0 0
as,1 I 1 0 0 0 0 0 0
as,1 0 0 0 3 0 3 0 0 0 0 0 0
ao,2 = 0 0 0 ivy 0 Twy 0 =z 0 0 0
3,2 ToOEVY EVY I §UY RV 5wy gwy 4o gwy gwy i
6,2 0 0 0 20 oy 0 qwy 0 0 0 Ly
ao,3 iy 0 0 0 v v 1y 0 0 g
ais Tz 1 0 0o % 0 Y0 iz % 0 0
a2,3 fll’—fj VY gwy 11:—: VY WY VY gwy ;—Z VY gwy 71;’—5
44,3 T 3WY 3YY @ 3WY gYY  sWY 3YY 3 WY 3V o
as,3 0 0 i sz 0 o0 Zo0 0 3 sz
@3 0 0 0 3y O w0 20 0 0 1y
G011 O R P RN SN DU - U O
43,4 T 8WY WY g 3WY gWY gUY gVY aw VY §YY 4y
a6,4 0 0 0 =0 iw’y 0 iv’y 0 0 0 o
ao,s 0 0 0 0 0 0 1 0 10 0 0
as,s 0 0 0 0 0 0 1 3 TR R R ¥
a5 0 0 0 0 0 0 0 i 0 0 0 i
@o, 0 0 0 0 0 0 0 0 1 0 0 0
aie 0 0 0 0 0 0 0 0 5 3 0 0
az,6 0 0 0 0 0 0 0 0 ®oovy jwy ¥
as,6 0 0 0 0 0 0 0 0 iy = = iy
a4,6 0 0 0 0 0 0 0 0 W twy tvy ¥
as,6 0 0 0 0 0 0 0 0 0 0 i i
lass] L O 0 0 0 0 0 0 0 0 0 0 1
where

(4.2) yi=—0F, vi=u+1l, wi=u—1, z:=14uf, y:=2+ upb.
We denote the transformation matriz by S.

5 Local shape constrains

We consider only the function case, where the starting data are values of
f,p and q on the vertices of a rectangle [a, b] x [c,d] in R%. We consider the one

ao,o0

ai,0
az,0
as,o
ao,1
as,1
ao,2
as,2
ao,3
a3
az;3
as,s |
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parameter family given by a = ﬁ with 3 € [~1,0). Corollary 3.8 implies C-
convergence for any 3 € [—1,0). Welet A = u(1—(), where u is a free parameter.
We also recall that for 5 = —1, the interpolant is the Sibson-Thomson element
which is piecewise quadratic.

5.1 Positive interpolants

We prove that if the control grid is positive, then the interpolant is positive.
We use this result to give an algorithm to get a positive interpolant whenever
the initial data make it possible.

PROPOSITION 5.1. Suppose that 1 < u < —1/8. If the initial control grid is
positive, i.e. age > 0 for all k, ¢, then the interpolant f is positive.

Proor. With the hypothesis 1 < u < —1/8 and —1 < 8 < 0 the quanti-
ties v, v, w, x,y in (4.2) are nonnegative so that all entries in the matrix S in
Proposition 4.1 are nonnegative. In the subdivision process we apply the matrix
S recursively and it follows that all control coefficients on all levels are non-
negative. But then the values of the function f on U(P, x Q,) = P x Q are
nonnegative. We have the result on [a, b] X [c, d] by continuous extension. O

We describe an algorithm to build a nonnegative interpolant on [a, b] X [c, d].
Suppose that the initial data satisfy

f(a,e¢) >0 and (p(a,c) > 0,q(a,c) > 0if f(a,c) =0),
(5.1) f(b,e) > 0 and (p(b,c) <0,q(b,c) > 0if f(b,c) =0),

fla,d) >0 and (p(a,d) > 0,q(a,d) <0 if f(a,d) =0),

f(b,d) > 0 and (p(b,d) <0,q(b,d) <0if f(b,d) =0).

awo = fla,c) + h?%2 >0 | apr = f(a,¢) + k422 >0,
(5.2) a20 = f(b,c) —h25L >0 agz = f(b,0) + k25 >0,
' ars = f(a,d) + h*2 >0 | ag = f(a.d) — k44D >0,
ags = f(b,d) — hp(l;’d) >0 , asy=f(bd) — klI(l;:d) > 0.

Define 3 = 15 and a = ﬁ.

Perform HRC' defined by (2.1), (2.2), (2.3) and (2.4).

Since A > 2, we obtain 8 € [—1,0) so that the scheme is C!-convergent. In
view of (5.1), since agyp = f(a,c) > 0, asg = f(b,¢) > 0, ags = f(b,d) > 0 and
aps = f(a,d) > 0 it is possible to choose A > 2 so that the remaining control
coefficients are nonnegative. By Proposition 5.1 the interpolant f is nonnegative.

EXAMPLE 5.1.

In Figure 5.1, we have computed three nonnegative H RC' -interpolants choos-
ing the same data on the vertices of [0,1]? except p(0, 1) which values are succes-
sively -1, -1.5 and -83. The values of X are the smallest one so that (5.2) holds.
In the first case (f1,p1,q1), we have X = 2 so that « = —1/8 and = —1 and
we obtain the quadratic spline interpolant with piecewise linear derivatives.
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Figure 5.1: Nonnegative interpolants

5.2 Monotone interpolants

We prove that if the control polygon is increasing in the variable x then the
interpolant is an increasing function in . We use this result to give an algorithm
to get an increasing interpolant in x as soon as the data make it possible.

LEMMA 5.2. Suppose that uw = =1/ with § € [-1,0).

apo < aio
ao1
02
aps < a3

If

< az < aso,
asi,

a32,

<
<
< as3 < ass,

then

ago < aio < ago
ao1
ao2
ao3 < a13 < Q23
Qo4

aps <
aos < @16 < A2 <

ANINININININ S

N

Q QD QI

w W W W W

=W N = O

N ININININA
l

SIS
w w
S O

Ql
>
o
IN

Ql
[SA)
o

=1l

61,
62,

Il
IS
S

IN

Ql
ot
<o

)
=y
L

< aes,
< ag6 < Q56

IN

PrOOF. We define (Cf. Figures 4.2 and 4.3) horizontal differences d; ;

ai+1,]

Git1,5 — G5 fort=0,1,..

a;j for i+ = 0,1,2 and j = 1,2, dOJ:fa3]fa0]for]f12 d
,5and 7 =0,3,6, anddzjz—al+3j—aljf0rz—03

and j =1,2,4,5. We use the results of Proposition 4.1 and a computer algebra
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system to obtain:

-d_o,o- 1-%—,8 lgﬁ 195 0 0 0 0 0
@170 Tﬁ Tﬁ Tﬂ 0 0 0 0 0
(%2,0 —g —g —g O 0 0 O 0
Dol 153 5h b oo o o0 o o
d470 . - e 0 0 0 0 0
ds.0 0 0 3 0 0 0 0 0
doi| |1+ 0 f 0o 0o 0 o0
s 0 : 1 : 0 0 0 0
doo| |2 52 0 2 R EE AP o
ds,2 N e e L s e e R )
do s 1 0 0 0 0 1 0 0 dio
dis 0o 2 o HE L8 o LB o | |4y
ds| |0 -2 o £ -5 o -2 0] |doa
@3,3 |10 fg 0 fg fg 0 fg 0 do,2
d_4,3 0 % 0 % % 0 % 0 do,3
ds,3 0 0 3 0 0 0 0 3| [dus
dos| (18 18 g me np is 1 | day
ds,a 0 148 148 148 1-p8 0 1-8  1-8
wal lo 5 6 o I o1 T 7§
dss 0 0 0 0 3 0 3 1
do,s 0 0 0 0 0 i 0 0
di6 o o o0 o0 o H£ U8 Lp
da,6 0 0 0 0 0 _B8 _B _B
JS,S O 0 0 O 0 _é _é _é
das 0 0 0 0 0 # @ @
sl o o o o o 0o 0 L]

The hypothesis implies that di, > 0. Since —1 < 3 < 0, we obtain d;; > 0. 0O

We can extend the result recursively on each sub rectangle of P, x Q,. At
each step the control grid is increasing in the direction x so that the function p
is nonnegative on U(P,, X Q,,) = P x Q By continuous extension p is nonnegative
on [a,b] X [¢,d] and f is increasing in z.

PROPOSITION 5.3. Suppose that uw = —1/8 with 3 € [-1,0). If the initial
ago < aip < azo < aso,
ap1 < asi,
ap2 < asg,
ap3 < a13 < agz < ass,

grid is increasing in x, i.e. then the interpolant f is

imncreasing in .
We define an algorithm to construct an interpolant on [a,b] X [c,d] that is
increasing in z. Suppose that the initial data satisfy
pla,c) >0, p(b,c) >0, f(a,c) < f(b,c) and
p(a,d) >0, p(b,d) >0, f(a,d) < f(b,d).
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Figure 5.2: Increasing interpolants in the variable x

ALGORITHM 5.2. Let h:=b—a,k =:d — ¢ and choose A > 2 such that

ao = f(a,c) + hp(‘i’c) < ag = f(bc) — hp(l;,c),
(5.3) a0 = f(a,0) + k452 < ag = f(b,0) + kL5,
aoz = f(a,d) — kQ(aA’Z) < azp = f(b,d) — kq(g?’
a3 *f(a’d)J“hp(aX b o< a23—f(b,d)*hp(ﬁ )

Define § = ﬁ and o = ﬁ.

Perform HRC' defined by (2.1), (2.2), (2.3), and (2.4).

Since the 8 used in this algorithm always belongs to the interval [—1,0) the
interpolating scheme is C'-convergent. Morover, since agy < @10, G20 < @30,
ao3 < a13, ass < asz, the control grid and the interpolant f are increasing in the
variable x.

EXAMPLE 5.2. In the 3 following pictures (Figure 5.2), we have computed
three interpolants which are monotone in the x-direction. We choose the same
data on the vertices of [0,1]? except p(1,0) which values are successively 0.3, 0.9
and 1.8. The values of A are the smallest one satisfying (5.3). In the first case
(f1,p1,q1), we have X\ = 2 so that « = —1/8 and B = —1 and we obtain the
quadratic spline interpolant with piecewise linear derivatives.
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6 Examples of global constrains
6.1 The First Example
We start with the grid defined by
{(zs,y5)} = {0,0.25,0.7,0.92,1} x {0,0.2,0.6, 1}

and sub-rectangles R; ;,i =1,...,4,j = 1,...,3. The initial data for the func-
tion f at the vertices of the grid are

sy || o | 02 | 06 | 1

0 0 —0.9511 [ 0.5878 | 0.0000
0.25 || 0.0625 | —0.8886 | 0.6503 | 0.0625
0.7 || 0.4900 | —0.4611 | 1.0778 | 0.4900
0.92 || 0.8464 | —0.1047 | 1.7000 | 1.7000
1 1.0000 | 0.0489 | 1.7000 | 1.7000

They are stricly increasing along x except that £(0.92,0.6) = f(1,0.6) = f(0.92,1)
= f(1,1). Since the initial data where sampled from the function f(z,y) =
x? — sin(27y), we compute the exact derivatives p and ¢ and we add a random
number in [0, 0.2] for p. We have an exception for Ry 3. We choose the example:

P q

s\y || 0o | 02 | 06 | 1 z\y | 0 | 02 | 06 | 1

0 0.0388 [ 0.1098 | 0.1255 | 0.1675 0 —6.2832 [ —5.0832 [ 1.9416 | 6.2832
0.25 || 0.6810 | 0.6863 | 0.6398 | 0.5743 0.25 || —6.2832 | —5.0832 | 1.9416 | 6.2832
0.7 || 1.5138 | 1.4670 | 1.4794 | 1.4851 0.70 || —6.2832 | —5.0832 | 1.9416 | 6.2832
0.92 || 1.9664 | 1.9711 0 0 0.92 || —6.2832 | —5.0832 0 0

1 2.0469 | 2.0784 0 0 1 —6.2832 | —5.0832 0 0

All the derivatives p = f, are nonnegative except p(0.92,0.6) = p(1,0.6)
p(0.92,1) = p(1,1) = 0. We add ¢(0.92,0.6) = (1,0.6) = ¢(0.92,1) = ¢(1,1)
0.

On each subrectangle R; ;, we compute the smallest A; ; > 2 which gives an

increasing control grid in the variable x. For the rectangle R4 3, we can built a
constant interpolant with any A4 3. Let us choose Ay 3 = 2. Then we compute
A =max)\;;, B = ﬁ and o = ﬁ. On each subrectangle, we perform

HRC" defined by (2.1), (2.2), (2.3) and (2.4). See Figure 6.1.

6.2 The Second Example

This example was proposed in [2]. The initial grid is {—0.07,0.33,0.55,0.69, 0.84,
0.93,0.98,1.02,1.08,1.13} x {—2.3,-1.61,—0.92, —0.51, —0.22,0.0}, and we will
use the sub-rectangles R; j,7 =1,...,9,5 = 1,...,5. The given data inJ of the
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f level curves of f

Figure 6.1: Increasing interpolant in the variable z on a mesh with ;, A = 3.1843

function f are

o\y || -23 —1.61 —0.92 —-0.51 | —0.22 0.0

—0.07 || —34.5400 | —13.8200 | —10.1000 | —7.2600 | —5.6600 | —4.5300
0.33 || —34.5400 | —13.8200 | —10.1000 | —7.2600 | —5.6600 | —4.1300
0.55 || —34.5400 | —13.8200 | —10.1000 | —7.2600 | —4.8800 | —3.3500
0.69 || —34.5400 | —13.8200 | —10.1000 | —4.8200 | —3.3400 | —2.7300
0.84 || —34.5400 | —13.8200 | —2.5200 | —2.2200 | —1.9800 | —1.7800
0.93 || —34.5400 | —2.6800 | —1.8800 | —1.5600 | —1.4100 | —1.2800
0.98 || —3.0600 | —2.2800 | —1.6300 | —1.3200 | —1.1500 | —1.0500
1.02 || —2.8600 | —1.9200 | —1.3900 | —1.1000 | —0.9200 | —0.8100
1.08 || —2.3700 | —1.6000 | —1.1700 | —0.9000 | —0.7200 | —0.6000
1.13 || —1.8900 | —1.3000 | —0.9500 | —0.7100 | —0.5400 | —0.4100

The data are increasing in the directions x and y (see Figure 6.2) so that we will
choose non negative derivatives p and ¢ to get an increasing interpolant in both
directions. Notice that if fi(fj = i0+1,j’ we must choose pg’j = p?H,j = 0 and
q); = qf,, ; and similarly on the other direction. With this exception, we can
choose any non negative derivatives pg’ ; and qg ; to get an increasing interpolant
in both directions. Again on each sub-rectangle R; ;j, we compute the smallest

Ai,j = 2 which gives an increasing control grid in the variable z and in the

variable y. Then we compute A = max \; ;, 8 = ﬁ and o = ﬁ. On each

sub-rectangle, we perform HRC? defined by (2.1), (2.2), (2.3) and (2.4).
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Initial Data

Figure 6.2: Initial Mesh and Function.

Case 1: We have computed the initial derivatives p?,j and qio, ; using the
standard two point forward differences. The computed value is A = 4.5455. See
Figure 6.3.

Case 2: We took random positive derivatives (between 0 and 2). The com-
puted value is A = 4.9861. See Figure 6.4.

7 Final Remarks

1. In the shape preserving algorithms the subdivision was carried out using
the HRC!-algorithm. The control coefficients were used only to choose
parameters to ensure a final interpolant with the desired shape.

2. By applying Proposition 4.1 it is possible to reformulate the H RC' scheme
as a stationary subdivision scheme working on points in R*. We start with
12 control coefficients @0,0, 01,0, @2,0, @3,0, @40,1, 3,1, @0,2, @3,2, 40,3, @1,3, @2,3, A3 3
inR®, s > 1, (o, B) in the convergence region in Figure 3.1, and A > 2. Un-
der suitable restrictions on the ”rectangular structure” of the initial control
coefficients we could then define an algorithm SRC" based on recursively
using the matrix S. However we will not consider this any further here.

3. We note that S has negative minors and thus is not a totally positive
matrix. For example the 2 x 2 minor constructed from the entries in rows

2 and 8 and columns 1 and 2 has the value -1/4 for all values of «, 3 and
A

4. Unfortunately, the algorithm HRC! is in general not able to give a convex
interpolant when starting with convex data. To see this we consider the
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Interpolating Surface

The Derivative p = {

1000

500

-500
0

y -4 -2 X

The Derivative q = f/
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Y 3 05 X y 42 X

Figure 6.3: Increasing interpolant using forward differences to estimate derivatives.

function given by

_JQ-z—yPifl—az—-y>0
(2 y) { 0ifl—z—y<0

This function is C? and convex on [0, 1]2. To construct a convex HRC'-
interpolant f we note that f must be convex along the diagonal § :=
{(z,y) € [0,1]2 : z+y = 1}. Since ¢ and its partial derivatives vanish
at the two corners (1,0) and (0,1) the same holds true for f. This means
that f must vanish identically on §. We now show that this is not possible
regardless of how we choose a and (3.

At step 0, we sample the function and its derivatives on the vertices of
the square [0,1]% and we obtain f?; = p); = ¢); = 0 for (i,j) # (0,0)
and fo =1, piy = ¢fo = —3. Using (2.4) we compute the values at
the midpoint (1/2,1/2). We find f{; = + +3a and p}, = ¢}, = -1 — 3.
Convexity on ¢ implies that « = —1/12 and 5 = —1/2. Moreover for these
values of the parameters we must have f;; = 0 for all points on . But
already the value f2 at the point (3/4,1/4) on § is nonzero. To see this
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Interpolating Surface

The Derivative p = {

2500

30

35 o

Figure 6.4: Increasing interpolant with random derivatives.

we first compute f{ = 1/4, p} o = —3/4, ¢i o = —3/2 by (2.2), and then
f31=ps1 =3, = 0by (2.3). We now find f5, = 1/64 # 0 using (2.4).
Thus the H RCi—interpolant is not convex.
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