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Abstract

Kenneth May in 1952 proved a classical theorem characterizing simple majority
rule for two alternatives. The present paper generalizes May’s theorem to the case of
three alternatives, but where the voters’ preference relations are required to be trees
with the alternatives at the leaves.

1 Introduction

In 1952, Kenneth May gave an elegant characterization of simple majority decision based
on a set with exactly two alternatives [9]. This work is a model of the classic voting
situation where there is two candidates and the candidate with the most votes is declared
the winner. May’s theorem is a fundamental result in the area of social choice and it has
inspired many extensions. See [2], [3], [4], [5], [8], and [10] for a sample of these results.

The goal of the current paper is to state and prove a version of May’s theorem in the
context of trees. In what follows,tree will mean a rooted tree with labelled leaves and
unlabelled interior vertices, and no vertex except possibly the root can have degree 2. In
the biological literature, such a treeT might represent the evolutionary history of the setS
of species, with interior vertices ofT representing ancestors of the species inS. Clearly
the simplest nontrivial case is when|S| = 3. In this case, there are exactly 4 distinct
trees with leaves labelled by the setS. It is within this context that we define a version of
simple majority decision for trees and characterize it in terms of three conditions. There
is a clear connection between our conditions and those given by May.

This paper is divided into four sections with this introduction being the first section.
Section 2 is background material on May’s work and includes the statement of May’s
Theorem. Section 3 contains the definition of majority decision for trees, and the main
result of this paper is stated and proved in Section 4.
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2 Background on May’s Work

Let S = {x, y} be a set with two alternatives. The binary relationsR−1 = {(x, x), (y, y),
(y, x)}, R0 = S × S, andR1 = {(x, x), (y, y), (x, y)} are the three weak orders onS.
The relationR−1 represents the situation wherey is strictly preferred tox, R1 represents
the situation wherex is strictly preferred toy, andR0 represents indifference betweenx
andy.

Let K = {1, . . . , k} be a set withk ≥ 2 individuals and letW(S) be the set
{R−1, R0, R1}. A function of the form

f : W(S)k → W(S)

is called agroup decision functionby May.

For anyp = (D1, . . . , Dk) in W(S)k and for anyi ∈ {−1, 0, 1} let

Np(i) = |{Dj : Dj = Ri}|.

That is,Np(i) is the number of times the relationRi appears in thek-tuplep. It follows
thatNp(−1) + Np(0) + Np(1) = k andNp(i) ≥ 0 for eachi ∈ {−1, 0, 1}. The group
decision function

M : W(S)k → W(S)

defined by

M(p) =




R−1 if Np(1) − Np(−1) < 0
R1 if Np(1) − Np(−1) > 0
R0 if Np(1) − Np(−1) = 0

for anyk-tuplep is called, for obvious reasons,simple majority decision. The consensus
weak orderM(p) hasy strictly preferred tox if more individuals ranky strictly overx
thanx strictly overy. There is indifference betweenx andy if the number of individuals
that strictly prefery overx is the same as the number of individuals that strictly preferx
overy. Finally,M(p) hasx strictly preferred toy if the number of individuals that rankx
strictly overy is more than the number of individuals that ranky strictly overx.

May simplified the notation used above as follows. The relationR−1 is identified with
the number−1, the relationR0 is identified with the number0, and the relationR1 is
identified with1. Using this identification we can think of a group decision function as a
function with domain{−1, 0, 1}k and range{−1, 0, 1}.

Let f : {−1, 0, 1}k → {−1, 0, 1} be a group decision function. Then reasonable
properties thatf may or may not satisfy are the following.
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(A) For anyk-tuplep = (D1, . . . , Dk) and for any permutationα of K,

f(Dα(1), . . . , Dα(k)) = f(D1, . . . , Dk).

(N) For anyk-tuplep = (D1, . . . , Dk),

f(−D1, . . . ,−Dk) = −f(D1, . . . , Dk).

(PR) For anyk-tuplesp = (D1, . . . , Dk) andp′ = (D′
1, . . . , D

′
k),

if f(D1, . . . , Dk) ∈ {0, 1}, D′
i = Di for all i �= i0, and D′

i0
> Di0 ,

then
f(D′

1, . . . , D
′
k) = 1.

The conditions (A), (N), and (PR) correspond to conditions II, III, and IV given on
pages 681 and 682 in [9]. Condition (A) states thatf is a symmetric function of its
arguments and thus individual voters are anonymous. Condition (N) is calledneutrality .
This axiom is motivated by the idea that the consensus outcome should not depend upon
any labelling of the alternatives. Condition (PR) is calledpositive responsivenesssince
it reflects the notion that a group decision function should respond in a positive way to
changes in individual preferences. If the consensus outcomef(p) does not ranky strictly
preferred tox and one individuali0 changes their vote in a favorable way towardx, then
the consensus outcomef(p′) should strictly preferx to y.

We now can state May’s result.

Theorem 1 A group decision function is the method of simple majority decision if and
only if it satisfies (A), (N), and (PR).

3 Trees with 3 Leaves

As we have noted, May studied majority decision for two alternatives, which is the sim-
plest non-trivial case for weak orders. Since our goal is to prove a version of May’s result
for trees, we too restrict our attention to the simplest non-trivial case for trees; namely
when |S| = 3. For S = {x, y, z}, and{u, v} ⊂ S, let T{u,v} denote the tree with one
non-root vertex of degree three adjacent to the root,u, andv. Let T∅ be the tree whose
only internal vertex is the root.

Let T (S) be the set{T{x,y}, T{x,z}, T{y,z}, T∅} of all trees with the leaves labelled by
the elements ofS. We will call a function of the form

C : T (S)k → T (S)
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aconsensus functionto conform with current useage [6] . An elementP = (T1, . . . , Tk)
in T (S)k is called aprofile and the outputC(P ) is called aconsensus tree. For any
profileP = (T1, . . . , Tk) and for any two element subset{u, v} of S, let

NP (uv) = |{Ti : Ti = T{u,v}}|.

Also, let
NP (∅) = |{Ti : Ti = T∅}|.

SoNP (xy) + NP (xz) + NP (yz) + NP (∅) = k. The consensus function

Maj : T (S)k → T (S)

defined by

Maj(P ) =

{
T{u,v} if Np(uv) > k

2

T∅ otherwise

is calledmajority rule [7]. This consensus function is well known but it is not the best
analog of simple majority decisionsensu May. We feel that a better candidate is the
consensus function

M : T (S)k → T (S)

defined by

M(P ) =

{
T{u,v} if Np(uv) > max{NP (uw), NP (vw)}
T∅ otherwise

where{u, v, w} = {x, y, z}. It is easy to see that ifMaj(P ) = T{u,v} for some two
element subset{u, v} of S, thenM(P ) = Maj(P ). The converse is not true. For
example, ifP = (T1, . . . , Tk) such thatT1 = T{x,y} andTi = T∅ for all i �= 1 in K, then
M(P ) = T{x,y} andMaj(P ) = T∅. For the remainder of this paper the functionM will
be calledmajority decision.

4 Main Result

Following are translations of the conditions (A), (N), and (PR) to the context of trees. Let
C : T (S)k → T (S) be a consensus function, and consider the following conditions.

(A)+ For any profileP = (T1, ..., Tk) and any permutationα of K,

C(Pα) = C(P ).

wherePα = (Tα(1), ..., Tα(k)).
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Letβ : S → S be a permutation. Thenβ induces a map onT (S) as follows:βT∅ = T∅
andβT{u,v} = T{β(u),β(v)} for any two element subset{u, v} of S. If P = (T1, ..., Tk) is a
profile, then setβP = (βT1, ..., βTk).

(N)+ For any profileP = (T1, ..., Tk) and any permutationβ of S,

C(βP ) = βC(P ).

(PR)+ This condition has three parts.
(1) For any profilesP = (T1, ..., Tk) andP ′ = (T ′

1, ..., T
′
k), if T ′

i = Ti for all i �= i0 and
T ′

i0
= T{x,y}, thenC(P ) = T{x,y} impliesC(P ′) = T{x,y}.

(2) For any profilesP = (T1, ..., Tk) andP ′ = (T ′
1, ..., T

′
k), if T ′

i = Ti for all i �= i0,
Ti0 �∈ {T∅, T{x,y}}, andT ′

i0
= T∅, thenC(P ) = T{x,y} impliesC(P ′) = T{x,y}.

(3) Let P = (T1, ..., Tk) be a profile such thatC(P ) = T∅ andTi0 ∈ {T∅, T{x,y}}. Then
there exists a profileP ′ = (T ′

1, ..., T
′
k) such thatT ′

i = Ti for all i �= i0, T ′
i0

�= Ti0 , and
C(P ′) �∈ {T∅, T{x,y}}.

It is easy to make direct comparisons between conditions (A) and (N) for group de-
cision functions and conditions (A)+ and (N)+ for consensus functions. A comparison
between conditions (PR) and (PR)+ requires a bit more thought. The hypotheses of condi-
tion (PR) allow for different possibilities. One possibility, for example, is whenf(p) = 1,
D′

i0
= 1, andDi0 ∈ {−1, 0}. Another possibility isf(p) = 1, D′

i0
= 0, andDi0 = −1.

These two possibilities translate into items (1) and (2) in (PR)+. The treeT{x,y} is identi-
fied with1 and the treeT∅ is identified with0.

The final item (3) in (PR)+ corresponds to the case whenf(p) = 0 in (PR). Now
D′

i0
> Di0 implies thatDi0 ∈ {0,−1}. This in turn is motivation for the hypothesisTi0 ∈

{T∅, T{x,y}}. Notice the change in identification with the treeT{x,y} now corresponding to
−1. The conclusion in (PR) can be written asf(p′) �∈ {−1, 0} which corresponds to the
conclusionC(P ′) �∈ {T∅, T{x,y}} in (PR)+.

We need a lemma before we can state and prove our main result.

Lemma 2 Suppose C : T (S)k → T (S) satisfies (A)+, (N)+, and (PR)+. If P =
(T1, . . . , Tk) is a profile where C(P ) = H{x,y}, then NP (xy) > max{NP (xz), NP (yz)}.

Proof. Assume thatNP (xy) = NP (xz). Then|K1| = |K2| whereK1 = {i ∈ K : Ti =
T{x,y}} andK2 = {i ∈ K : Ti = T{x,z}}. Choose a permutationα of K such thatα maps
K1 ontoK2, K2 ontoK1, andα(i) = i for all i ∈ K \ (K1 ∪ K2). Defineβ : S → S
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by β(x) = x, β(y) = z, andβ(z) = y and note thatP = βPα. It follows from (A)+ and
(N)+ that

C(P ) = C(βPα) = βC(Pα) = βC(P ).

But C(P ) = T{x,y} andT{x,y} �= βT{x,y}. This contradiction implies thatNP (xy) �=
NP (xz).

A similar argument shows thatNP (xy) �= NP (yz).

Let r = NP (xz) − NP (xy) and assumer > 0. Choosei0 ∈ {i ∈ K : Ti = T{x,z}}
and defineP ′ = (T ′

1, . . . , T
′
k) by T ′

i = Ti for all i �= i0 and

T ′
i0

=

{
T∅ if r = 1
T{x,y} if r ≥ 2

It follows from (PR)+ thatC(P ′) = T{x,y}. Note that

NP (xy) ≤ NP ′(xy) ≤ NP ′(xz) < NP (xz).

SinceK is finite this process can be continued (if necessary) until we find a profileP ∗

such thatC(P ∗) = T{x,y} andNP ∗(xy) = NP ∗(xz). This contradicts the first part of the
proof. Therefore,NP (xy) > NP (xz).

A similar argument shows thatNP (xy) > NP (yz) and the proof is complete.�

Theorem 3 The consensus function C : T (S)k → T (S) is the majority decision function
if and only if C satisfies (A)+, (N)+, and (PR)+.

Proof. First, it is straightforward to verify that the consensus functionM satisfies (A)+,
(N)+, and (PR)+.

SupposeC : T (S)K → T (S) satisfies (A)+, (N)+, and (PR)+. Let P = (T1, . . . , Tk)
be an arbitrary profile. The goal is to show thatC(P ) = M(P ).

If C(P ) = T{x,y}, then, by Lemma 2,NP (xy) > max{NP (xz), NP (yz)}. By the
definition ofM , M(P ) = T{x,y} and soC(P ) = M(P ).

If C(P ) = T{x,z}, then defineβ : S → S by β(x) = x, β(y) = z, andβ(z) = y. It
follows from (N)+ that

C(βP ) = βC(P ) = βT{x,z} = T{x,y}.

SinceC(βP ) = T{x,y} it follows from above thatM(βP ) = T{x,y}. A second application
of (N)+ yields

βC(P ) = C(βP ) = T{x,y} = M(βP ) = βM(P ).

Sinceβ induces a bijection onT (S) it follows thatC(P ) = M(P ).
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If C(P ) = T{y,z}, then use a variation of the previous argument to establish that
C(P ) = M(P ).

The final case is whenC(P ) = T∅. Assume thatM(P ) �= T∅. By using condition
(N)+ if necessary we may assumeM(P ) = T{x,y}. By the definition ofM , NP (xy) >
max{NP (xz), NP (yz)}. Let i0 ∈ {i ∈ K : Ti = T{x,y}}. It follows from (PR)+ that
there exists a profileP ′ = (T ′

1, . . . , T
′
k) such thatT ′

i = Ti for all i �= i0, T ′
i0
�= Ti0 , and

C(P ′) �∈ {T∅, T{x,y}}. ThenC(P ′) = T{x,z} or T{y,z}. Assume without loss of generality
thatC(P ′) = T{x,z}. By Lemma 2 and (N)+, NP ′(xz) > max{NP ′(xy), NP ′(yz)}. Thus
T ′

i0
= T{x,z} andTi0 = T{x,y}. In fact,NP ′(xz) = NP ′(xy) + 1. If K1 = {i ∈ K : T ′

i =
T{x,z}} andK2 = {i ∈ K : T ′

i = T{x,y}}, then|K1| = |K2| + 1. Choose a permutation
α of K such thatα mapsK2 onto K1 \ {i0}, K1 \ {i0} onto K2, andα(i) = i for all
i ∈ K \ (K2 ∪ K1 \ {i0}). In particular,α(i0) = i0. Note thatP ′

α = βP . It follows from
(A)+ and (N)+ that

C(P ′) = C(P ′
α) = C(βP ) = βC(P ) = βT∅ = T∅,

contrary toC(P ′) = T{x,z}. This last contradiction completes the proof of our main result.
�

It is not possible to drop any one of (A)+, (N)+, (PR)+ and still uniquely determine
the consensus functionM . The projection functionC1 : T (S)k → T (S) defined by
C1(P ) = T1 for any profileP = (T1, . . . , Tk) satisfies (N)+ and (PR)+ but it does not
satisfy (A)+. The constant functionC2 : T (S)k → T (S) defined byC2(P ) = T{x,y} for
any profileP satisfies (A)+ and (PR)+ but not (N)+. The majority consensus ruleMaj
satisfies (A)+, (N)+, and items (1) and (2) in (PR)+ but does not satisfy item (3) in (PR)+.

It would be interesting to extend the consensus functionM to trees with more than 3
leaves. However, it turns out that there is not a unique extension and in some cases the
consensus outcome is not even a tree. The details of this work will be given in a future
paper.
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