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AN INDUCTION PRINCIPLE FOR THE WEIGHTED
p-ENERGY MINIMALITY OF z/|z||

JEAN-CHRISTOPHE BOURGOIN

ABSTRACT. In this paper, we investigate minimizing properties of the
map z/||z|| from the Euclidean unit ball B™ to its boundary S™*, for the
weighted energy functionals Ej . (u) = [, [|]|*[|Vul|Pdz. We establish
the following induction principle: if the map ﬁ : B"™! — S™ minimizes
Elt' among the maps u : B™™! — S™ satisfying u(z) = x on S,
then the map m : B" — S""! minimizes E} o+1 among the maps
v:B" — S"! satisfying v(y) = y on S"7L.

This result enables us to enlarge the range of values of p and « for
which «/||z|| minimizes Ey .

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let B™ be the unit Euclidean ball of R” and S"~! its bourdary. For
any couple («a,p) of real numbers, with & > 0 and p > 1, we define the
r%weighted p-energy functional of a map u : B — S"~! by

Bpaw) = | lall*[Vulpda.

This functional is nothing but the p-energy functional associated with the
Riemannian metric r®("—?) Jeuc ON the ball B”, where g, is the Fuclidean
metric, the sphere S*~! being endowed with its standard metric. The func-
tional £ , is to be considered on the Sobolev space

WLP(B™,S" 1) = {u € WHP((B"r*" Plg...), R™); ||ul| = la.e}.

The question is to know which map minimizes FE,, among the maps in
WaP(B",S" 1) satisfying u(z) = = on S" 1.

Following the arguments of Hildebrant, Kaul and Widman [[1], the map
r/||z]| is a natural candidate to be the minimizer of £} ,, for p € [1,n + a)
(notice that z/||z|| € Wa®(B™,S"1) if and only if p < n + a).

The minimality of x/||z|| was first established for the 2-energy functional
Ey = Ej, by Jager and Kaul [[4] in dimension n > 7, then by Brezis,
Coron and Lieb [F] in dimension 3. Coron and Gulliver [{] actually proved
the minimality of z/||z[| for the p-energy functional Ej := EJ, for any
integer p € {1,--- ,n — 1} and any dimension n > 3. An alternative proof
using the null Lagrangian method (or calibration method) of this last result
was obtained by Lin [[[§] and Avellaneda and Lin [I].

Hardt and Lin [, § and Hardt, Lin and Wang [, [[]] developed the
study of the singularities of p-harmonic and p-minimizing maps and obtained
results extending those of Schoen and Uhlenbelck [, []]. A consequence

of their results is the minimality of z/[|z[| for £} for any p € (n—1,n).
1



2 JEAN-CHRISTOPHE BOURGOIN

Finally, Hong [[[3] and Wang [I§] have proved independently the minimality
of z/||z|| for E} in dimension n > 7 for any p <n —2y/n — 1.

In order to close the question of the EJ-minimality of x/|[z| for the
remaining values of p, Hong [[[J] suggested a new idea. Indeed, he observed
that, for any p € (2,n), the minimality of x/|z|| for £} follows from the
minimality of z/||z|| for the r*~P-weighted 2-energy E3, ,. Unfortunately,
we have proved in a previous paper [{], the existence of an interval of values
of p € (1,n — 1) for which the map z/|[|z| fails to be a minimizer of £}, .
Nevertheless, we proved that x/||z|| minimizes the r*-weighted p-energy £,
for any @ > 0 and any integer p < n — 1. Actually, we obtained in [ the
minimality of z/||z| for more general weighted p-energy functionals of the
form E} ;(u) = Jgn fUlz|DI[Vul[Pdz, where p < n — 1 is an integer and
f:[0,1] — R* is a continuous non-decreasing function.

Our aim in this paper is to show that the minimizing properties of x/||x||
in dimension n and n 4+ 1 are not independent. Indeed, we will prove that,
for any p € [1,n+a+1), if #/||z| minimizes the r*-weighted p-energy E'f?

a+1 n

in dimension n+1, then it also minimizes the r*" -weighted p-energy E} 4

in dimension n.

Theorem 1. Let n > 2 be an integer, a > 0 be a real number and p €
[1,n 4+« +1). If the map ﬁ : B — S minimizes the r®-weighted p-
energy Eg‘gl among the maps u € Wal’p(B"H,S") satisfying u(x) = z on
S™, then the map ﬁ : B" — S"! minimizes the r®t-weighted p-energy

E} o1 among the maps v € Walfl(B",S"_l) satisfying v(y) =y on S"71,

The proof of this theorem relies on a construction which associates to
each map v : B® — S"~! such that u(y) =y on S*"!, amapw : B"t! — S
such that w(z) = u(z) in B" x {0} and u(x) = x on the unit sphere S, in
such a way that, if ug is the map defined in B™ by ug(y) = ﬁ, then g is
exactly the map defined on B"*! by %p(x) = 7. The energy Ertl(u) of
u is estimated above in terms of the energy £, (u) of u and the equality
holds in the estimate for the map ug = ﬁ

Thanks to Theorem [ll and the minimality results mentioned above, we
deduce the following :

Corollary 1. The map y/||ly|| minimizes E , among the maps in WaP(Bn,sn1)
which coincide with y/||y|| on S*~1 in the following cases :

i)aeNandpe (n+a—1,n+a),

ii) « > B and p is an integer in {1,--- ;n+ B — 1}, for any real number
B> 0.

i) aeN, n+a>7andp<n+a—-2yn+a-—1,

1.1. Construction of @ and proof of Theorem 1.1. Let B"™! and S” be
the unit open ball and the unit sphere of R"*! and let B” and S™~! be the
unit open ball and the unit sphere of R™ that we identify with the subspace
R™ = R" x {0} in R"*1. Moreover, we write = (1, -+ ,%p, Tni1) & vector
of R" y = (y1,-+- ,yn) a vector of R”, (.,.) the standard metric of R"+!
and (e1,--- ,en, eny1) the standard basis of R"+1,
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Let II,, be the projection defined by :
I, : B"*' — B"

(xla"' ,anrl) — (ﬂjl,"' ,ﬂ?n,o):(ﬂjl,“‘ 73311)'
Consider the map ¢, defined on B™"\Re,,+1 by ¢, (z) = IEZEQII'
We define the map w defined by
u:B"" — B"
x x
r — (ent1, 7r)ent1 + (on(@), T—m)u(llzllen(2)).
[l [l
Lemma 1. For any x € B"*!, ||Va(2)|? = ”1}”2 + | Vu(||z]|en(2))]|?.
Proof. For any i € {1,--- ,n}, we have,
_ (M (), €:) ( 1 HHn(w)H>
du(z).e; = - (||l en ()
[l ([T () | ]2
_<6n+1,$><$,6i>e i
[J]?
(L (2), ei)n (2) (ILn (2), ei)n (2)
+ du(||z]|on(2)). +ei—
B3R ([T ()12
and,
€n+1 <6n+1,$>2 <6n+1,$>
du(z).enyr = - ent1 =~ [[Hn (@) [lu((lz]len (2))
] [Ealk [Ealk

n %dwuxuwn(m»ﬂnm).

Since |[u(z)||*> = 1, one has (du(z).h,u(z)) = 0 for any h € R™. Hence, for
any i € {1,--- ,n}, we have,

e L@ (1 @I, (e ) e
fanteyed? = S (G~ )
+ [authationto): (a0 (3 = ) el + ) |-
_ o _ L (e @\ e ®)? o
heenl? = g (1 )+ @)
<€n+1,.%'>2

+ W”dU(Hx”%(ﬂU))-Hn(ﬂC)”2-
Finally, we have,

IVa)|? = ﬁ L IVa(lzlpa(@)2. ™

Let 2,41 be a real number in (0, 1), consider the set A, ., = (Tpy1€n41+
e#rl) N B"*1\Re, 1, where eﬁﬂ is the orthogonal subspace to Re, 1 for
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(.,.). Let 0 be the map :

0 : Azn+1 - Ca:n+1 ={y e R ||yl > |zny1l}

= (21, wnp1) — lzllen@) =y = (v, yn)-

Lemma 2. For any y € R™, the Jacobian determinant of 6~ is :

S .

[y~
Proof For any i € {1,--- ,n} and for any x € A, .,
1 ] (M (2), ) ]
df(x).e; = (— - — 11, (x) + ———e€;.
' M (@)?/) )l " L, ()]
Let us set, for any i € {1,--- ,n},

i =

1 T 1L, (x), e; x
(1~ ) S 4 e =
Hence, for any i € {1,--- ,n},
df(x).e; = N1l (z) + ae;.
Then, for any z € A, _,,

Jac(0)(z) = det(MIL,(z) + aer, Aol (z) + aeq, -, A I (2) + aey)

n
= Zdet(ael,--- saei—1, Nl (2), aejpr, -+, aey) + o’ det(eq, - -
=1

n
= > a" ' Nidet(er, - €1, (), €iq1, o yen) + @,
i=1

where det is the determinant in the basis (e, - ,ep4+1).

ac(@)(x) = na”*I i_ ] (I, (2), €;)? o
Jac®)@) = 2. (i~ o) Tt

Lo (Ll N @I L
- (le! Hnn@cm?) M@ '

Therefore, we have

PO
1)) = T, )2

(21

n—2
(Iyl? = 2740) 2

We deduce that,

n—2
lyl* — =5 1) 2
lyl"—2

Jac(6~ 1) (y) = (
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Lemma 3. For any x € B"*!, we have,

_ 1
[ el ivads o den < 0 [ e i

vt JalP e

+2(1 = 1/n) PP W, . Iyl IV u(y) [P dy,

where Wy,_1 = fog (cos(y))"Ldy.
Proof. Writing -+ Vu(|zlon(@)I2 = L(nrke)+(1- D) (e IVa(lzlon(@)I?)

and using that z — 27 is a convex map, for any p € [1,n + «a+ 1), we have,

p/2
(” o2+ IVullelonte >>|P)

1 -
< w2+ (1= 1) V(e n (@)

V()P

Hence,

_ 1
[ el 1a@ e e dens < w0 [ el e deags
Bn+1 Bntl ]|
H1=Un) 22 el Fulfelpn (@) Pdar - o
B
/2—1 @ 1
< nf |z||* —=dxy - - - dpi1
g 1 P

1
21— 1/n)t PP /0 0 /B eIV u(l2llon (@) Pdz: - - dn.

Using the change of variables y = f(x) and Lemma 1.2 we get,

— 1

el IVa@ Pl dos < w0 [ e
- s TP

n2
Iyl —22,.)
wa-1/m o0 [ [ Bt = poygu ey, a,

— 1

el Va@ Pl dos < [ e
- s TP

n—2
I (gl %)=
va-1myre [ pireue| [ g,y

0

But we have,

n—2 n—z
ol 7 1y)|2 — 2 )z [yl x 2\ 2
+1 n+1
W) o = [ (1= (22)) 7
/o ( Iyl " Iyl "

[ i == =ty [ eomyan
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Let us set Wy,—1 = [ /2 (cosy)"Ldy. Then, we have the inequality,

1
L el iva@pde e dogs <t [ do - doniy

vt JalP e

Lemma 4. Let I' be the Gamma function defined by,

+o0
I'(z) = / t*te~tat.
0

We have,

(et T
Wn—l (2) %

Proof From the equality I'(x + 1) = 2T'(x) for any = € (0, +00), we have,
if n = 2[, where [ € N,

20+1, 21-120-3 311

T — L2o1(=
( 2 ) 2 2 22 (2)
and
21 20 —220—4 2
n-)=———---=T(1
Moreover we have,
(20 -2)(20—-4)---2
War-1 = (20— 1)(21 = 3)---3.1
then,
(2L T
War1 s )=£

If n =20+ 1 where [ € N, we obtain,
20 + 2 2020 -2 2
+2, 20202 r

= 211
2041 20—1 311
M =5 53'%)
and
20—-1)(20—-3)---31 =«
Wy = —.
(20)(21 —2)---2 2
We deduce that
(22 p
W (2111) = £ u
r==) 2
Proof of Theorem 1.1. Suppose that g is a minimizer map of FE, ,.
nl P
Since the measure of S™ is |S?| = 222~ and since ||VTpl|(z) = ”—2”, by

ey E
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Lemma 1.3, for any map u € Wifl (B",S"1) satisfying u(y) = y on S,
we have,

n

npP/2 27‘('%
n+1+a—pT(eH)

= [ el e - oy

< [ eIV - ds
Bn+1
1
< np/z_l/ ———dxy---dx
- e e

+2(1-1/n)'P/? Wnl/B yl1*F ! Vu(y)||Pdy

n

1 nP/? 2%#
nn+l+a—p F("TH)

1 n
2Wh_1(1 — =) (—— p/2/ a+l Pdy.
+ 11 =) (—7) - [y[[* I Vu(y)[[Pdy

Then we have,
A (1_1) < - )p/z S IV ulliPdy - w2
n) \n=1) Jgu lyll*HIV iy IPdy n+1+a—p (=)
Xn+1+a—pf %n) < _1>
(n—1)P/2 273

By Lemma 1.4 we finally get,

a a Y
/ [yl “I!Vu(y)H”dyz/ Iyl oV ——Pdy u
B» Bn Hy”
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