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Abstract. In this paper, we extend a result of Kesten and Spitzer /IE] Let us consider an invertible
probability dynamical system (M, F,v,T) and f : M — R some function with null expectation. We
define the stationary sequence (& = f o T*)kez. Let (Sn)n>0 be a simple symmetric random walk on Z
independent of (& )kez. We are interested in the study of the sequence of random variables of the form
(X h1650),51- We give examples of partially hyperbolic dynamical systems (M, F,v,T) and of functions

f such that (% > ory «Esk) converges in distribution.
n4 n>1

1 Introduction

In [[1], Kesten and Spitzer prove that, if (£,)nez is a sequence of independent identically distributed
satisfying a central limit theorem and if (S),)n>0 is the simple symmetric random walk on Z independent

of (& )kez, then (% Py §5k_) converges in distribution. In this paper, our goal is to establish such a
n4 n>1

result when (& )kez is a stationary sequence of random variables given by a dynamical system with some
hyperbolic properties. More precisely, we study the cases when (£, = f o T¥)ez, with f a v-centered
Hélder continuous function and when (M, F, v, T) is one of the following dynamical systems :

e the transformation 7" is an ergodic algebraic automorphism of the torus M = T% endowed with its
normalised Haar measure v (for some dy > 2);

o the transformation T is a diagonal transformation on a compact quotient M of Sl4,(R) by a discrete
subgroup, M being endowed with a natural T-invariant probability measure v;

e the transformation 7" is the Sinai billiard transformation.

In these situations, we prove that (% Dy 'fSk) converges in distribution to the random variable
n4 n>1

VD omez Eléo&m] A1, where A; has the limit distribution of (% S «fsk) obtained by Kesten and
n4 n>1

Spitzer when (ém)m is a sequence of independent identically distributed random variables with null
expectation and with variance 1. Let us notice that, in our cases, ZmGZE[fofm] is well defined and is

nonnegative since it is the limit of the variance of % E?;ol & as n goes ti infinity.

We also get the same result of convergence in distribution for the following sequence (£x)kez. Let us
consider the same examples of dynamical systems (M, F, v, T). Instead of taking &, = foT*, we suppose



that, conditionally to w € M, (& )rez is an independent sequence of random variables with values in

{—1;1}. We suppose that, conditionally to w € M, & (w,-) is equal to 1 with probability h o T*(w),

for some nonnegative Holder continuous function h with expectation % This model is envisaged by

Guillotin-Plantard and Le Ny in [E] for other questions and with other hypotheses on (M, F,v,T) and
on f.

Moreover we generalize this to the case when & takes p values (conditionally to w € M, (&k)kez is
an independent sequence of random variables, & being equal to ; with probability f; o T*(w), with
fi+ ...+ fp =1 and with fi,..., f, are nonnegative Holder continuous functions).

In section E, we state a general result under technical hypotheses of decorrelation (our theorem m)
Section ﬂ is devoted to the proof of this result (the idea of the proof is inspired by one step of an inductive
method of Jan [ff, [L1] used in [[14]).

In section E, we give some applications of our abstract theorem . We apply our theorem [l| to the
examples mentionned previously (ergodic algebraic automorphisms of the torus, diagonal transformation
of a compact quotient of Sl (R), billiard transformation). The proofs of the results of section [ are done
in sections E and E

2 A technical result

Theorem 1 Let (Sy)n>1 and (§k)rez be two sequences of random variables defined on the same proba-
bility space (Q,T,P) such that :

1. (Sp)n>0 and (&k)kez are independent one of the other;

2. (Sp)n>0 is a simple symmetric random walk on Z;

3. (&k)kez is a stationary sequence of centered random variables admitting moments of the fourth
order;

4. we have :

> V1+p[E&S]| < +oo

p=0

and sup N2 Z IE[Eky Ehea s Eral| < +00.
Nzl k1,k2,k3,ks=0,...,N—1

5. There exists some C > 0, some (ps)p,sen and some integer v > 1 such that :
V(p,s) € NQ; Opt+1,s < Pp,s and SETOO \/E(Prs,s =0

and such that, for all integers ni,no,ng,ng with 0 < n; < ny < ng < ny, for all real numbers
Qnyseeey Ony AN Brg, ...y Bn,, we have :

‘COU (ezzk:nl akEk,eZZk:nS ﬂkfk)‘ <C <1 + Z |Ozk| + Z |ﬂk| Pnz—na,na—nz-

k=n1 k=n3

Then, the sequence of random variables (% > §5k) converges in distribution to /ZpeZ E[¢o&p)Ax,
n4 n>1

where A = fR Li(x)dB,, where (Bg)ger and (by)i>o are two independent standard brownian motions

and (L(x))e>o is the local time at @ of (bt)iso, i.e. Ly(x) = limejo 5 fot 1(z—c,ate)(bs) ds.
Let us notice that the point 5 of our theorem ﬂ is true if (£x)kez is a stationary sequence of random
variables satisfying the following a-mixing condition (cf. for example [[L{], lemma 1.2) :

lim vna, =0, with a,:= sup sup sup P(AN B) —P(A)P(B)].
n—+too p>0; m>0 A€o (E_p,....E0) BET(En,wirbntm)



3 Applications

Now let us give some examples of stationary sequences (&) satisfying the points 3, 4 and 5 of our
theorem . We say that (M, F,v,T) is an invertible dynamical system if (M, F,v) is a probability space
endowed with an invertible bi-measurable transformation 7' : M — M.

Hypothesis 2 Let us consider an invertible dynamical system (M, F,v,T) such that there exists Cy > 0,
there exist two real sequences (pn)n>0 and (Km)m>o0 and, for any function g : M — C, there exist

K_(gl) € [0; 4+00] and Kf) € [0; +00] such that, for all bounded functions g,§,h,h: M — C :
1. for all integer n > 0, we have : |Cov,(g,hoT™)| < ¢ (Hg||oo|\h|\OO + ||h||ooK!§1) + ||gHOOK,(12)) On;

2. for all integer m > 0, we have : K;?T,m < coKél),'

3. for all integer m > 0, and all k =0,...,m, we have : K?

hoTk S COKf(zQ)(l + H’m);

4. we have : KW

gxg

1 ~ 1

< Nlglloo KV + 1]l K S 5
2 2 7 2

5. we have : K7 < |[hl|ooK ) 4 Bl K2

6. the sequence (pp)n>o0 is decreasing and there exists an integer v > 1 such that : supn21n6(1 +
En)Pnr < +00.

For some hyperbolic or partially hyperbolic transformations, such properties are satisfied with K él) some
Hlder constant of g along the unstable manifolds and K ,(LQ) some Hlder constant of h along the stable-
central manifolds, with ¢, = a” for some a €]0;1[ and &,, = m® for some 3 > 0. Let us mention,
for example, the ergodic algebraic automorphisms of the torus as well as the diagonal transformation on
compact quotient of Sl4,(R) (cf. [iJ]). Moreover, in the case of the Sinai billiard transformation, these
properties come from [E, H] Since the earliest work of Sinai [E], these billiard systems have been studied
by many authors (let us mention [ﬂ, E, E, , ﬂ]) More precisely, we state :

Proposition 3 Let us consider an integer dy > 2. Let (M,F,v,T) be one of the following dynamical
systems :

(i) M is the do-dimensional torus T = R /7% endowed with its Borel o-algebra F and with the
normalised Haar measure v on T% and T is an algebraic automorphism of T% given by a matriz
S € Slg,(7Z) the eigenvalues of which are not root of the unity. We endow T with the metric d
induced by the natural metric on R%.

(i) M is a compact quotient of Sla,(R) by a discrete subgroup T' of Slg,(R) : M := {aT'; x € Slg,(R)};
endowed with the normalised measure v induced by the Haar measure on Slg,(R). The transfor-
mation T corresponds to the multiplication on the left by a diagonal matriz S = diag(Ty, ..., Ty,) €
Sla,(R) not equal to the identity and such that, for alli=1,...dy — 1, T; > Tj41 > 0. We endow
M with the metric d induced by a right-translations invariant riemanian metric on SLg,(R).

(iii) (M, F,v,T) is the time-discrete dynamical system given by the discrete Sinai billiard (corresponding
to the reflection times on a scatterer). We suppose that the billiard domain is D := T?\ (Uf:1 Oi) ,
where the scatterers O; are open convex subsets of T2, the closures of which are pairwise disjoint

and the boundaries of which are C3 smooth with non-null curvature. We use the parametrisation
by (r, ) introduced by Sinai in / and we denote by d the natural corresponding metric.

Letn > 0. We can define g — Kél) and g — KéQ) such that hypothesis E is true and such that, for any

bounded g : M — C, Kél) and KéQ) are dominated by the Holder constant C’én) of g of order n (eventually
multiplied by some constant).



In the case (i), this is still true if we replace C’én) by :

COm = qup sup l9() — 9(y) 7

g CeCm x,yel, x#y maX(d(Tk(x)a Tk(y)); k= -m,.., m)”]

for some integer m > 0, with C,,, = {ANB; A€, Be&:} with & and &2, as in /E/ (page 7). (We
recall that, for any k = —m, ..., m, the map T* si C' on each atom of C,, ).

Proof. Let n > 0.

e In the cases (i) and (i), we denote by I'(®:¢) the set of stable-central manifolds and by I'* the set of
unstable manifolds. In @], each 4" € T is endowed with some metric d* and each ~(*¢) € I'(5:¢)
is endowed with some metric d(*¢) such that there exist ¢y > 0, dp €]0;1[ and > 0 such that, for
any integer n > 0, for any v* € T'* and any (¢ € I'(>:¢)_ we have :

— For any y,z € 7", d"(y,2) > d(y, 2) and for any ¢/, 2" € 4=, d=)(y', 2') > d(y/, 2').

U

— For any y, z € v, there exists Yo such that T~"(y) and T~"(z) belong to V) and we have :
d*(T™"(y), T™"(2)) < co(do)"d" (y, 2)-

— For any y,z € v(5¢), there exists ’y((i’)e) such that T"(y) and T"(z) belong to ’y((i’)e) and we
have : d®9)(T™(y), T™(2)) < é(1 +nP)d=) (y, 2).

Let us define :

Kj(cl) ‘= sup sup 7”(?1) — /(2)] and KJ(?) = sup sup 7|f((y))— f(z)|
YUETY y,zevyvy#£2z (d (yv Z))n (s ) el (s:e) y zery(s,e)iy=£z (d € (ya Z))n

Hence, the points 2, 3, 4 and 5 of hypothesis E are satisfied with &, = n®. Moreover, these two
quantities are less than the Holder constant of order 7 of f.

In [@], the point 1 of hypothesisﬁ is proved in the particular case (ii). The same proof can be used
in the case (i). We get a sequence (¢, ), decreasing exponentially fast (cf. lemme 1.3.1 in [Ld]).

e Let us now consider the case (7). Let us consider an integer m > 0. Let us cconsider the set I'® of
homogeneous stable curves and the set I'* of homogeneous unstable curves (see @ page 7 for the
definition of these curves). We recall that there exist two constants ¢; > 0 and d; €]0; 1] such that :

— let y and z belonging to the same homogeneous unstable curve. Then, for any integer
n > 0, T7"(y) and T~ "(z) belong to a same homogeneous unstable curve and we have :
d(T~™(y), T "(2)) < ¢101". Moreover, for any integer p > 0, y and z belong to the same atom
of §;. Moreover, if y and z belong to the same atom of £, then 7™ (y) and 7" (z) belong to
a same homogeneous unstable curve.

— let y and z belonging to the same homogeneous stable curve. Then, for any integer n > 0, T"(y)
and T"(z) belong to a same homogeneous stable curve and we have : d(T"(y), T"(2)) < c161".
Moreover, for any integer p > 0, y and z belong to the same atom of £;. Moreover, if y and
z belong to the same atom of £¥, then T~ (y) and T~™(z) belong to a same homogeneous
stable curve.

In [{, for any y, z, Chernov defines : si(z,y) :==min{n >0 : y & & (2)} and s_(z,y) := min{n >
0 : y¢&&i(x)}, where & (x) (resp. ¥(x)) is the atom of £& (resp. £¥) containing the point z.

Following Chernov in [[] (page 15), let us introduce the following quantities :

RV = sp  sup W _SE)
NuETY g zeryuyLe (01)15+W2)
and
K? = sup  sup 1f(y) = f(2)]
ysel's y7ze,ysy#z ( 1)7]5,(%2)



In the definition of @], the suprema are taken over all unstable and stable curves instead of ho-
mogeneous unstable and stable curves. However, in the proofs of theorems 4.1, 4.2 and 4.3 of [E],
Chernov only uses Holder continuity on homogeneous stable and unstable curves. We observe that
we have : f(}z) < 2| flloc0r ™™™ + Kj(f), with :

yuEl y eyt tzsy () 2mt1 (01)15+
and
N (Vi

s_(y,z) °
Vo ED® y,zevsyF£2is— (y,2)>m+1 (61)" (v:2)

With these definitions, we have :
K < (0) 710D (6708 and K< (81) 710D (eq) 105

Let us prove the first inequality. Let two points y and z belonging to the same homogeneous
unstable curve such that s (y, z) > m+1. Then g := T5+®2)=1(y) and 2’ := T*+¥2)~1(2) belong
to the same homogeneous unstable curve. Therefore, for any k = —m, ..., m, we have :

d(T*(y), T"(2)) d(T~ AR () (s R =ImR (1)
16,5+ W2 —1-k

<
< et A—(mD)

Hence, since y and z belong to the same atom of C,,, we have :
lf(y) — f(2)] < C}”’m) (01)7751775+(y7Z)51—n(m+1).

The proof of the second inequality is analogous.

Let two points y and z. If y and z belong to the same homogeneous unstable curve, then, for any
integer n > 0, we have s (T~ "(y), T~ "(2)) = s4+(y, z) +n. In the same way, if y and z belong to the
same homogeneous stable curve, then for any integer n > 0, we have s_ (T"(y), T"(z)) = s_(y, z)+n.

Hence, we get points 2, 3, 4 and 5 of hypothesisﬂ with «,, = 1.

Moreover, Chernov establishes the existence of ¢g > 0 and of ag €]0; 1[ such that, for any integer
n > 0, for any bounded C-valued functions f and g, we have :

(Cov(f,90T") < e3 (I fllocllglloe + 1 f K + lglloc k) (a5)"

(cf. theorem 4.3 in [{] and the remark after theorem 4.3 in [ff}). This gives the points 1 and 5 of
our hypothesis E,

qed.

Theorem 4 Let us suppose hypothesis E Let f: M — R be a bounded function.

(a) Let us suppose that f is v-centered, that Kj(cl) < 400 and K}Q) < +o0. We suppose that there

exists some real number ¢y > 0 such that, for any real number a, we have : Ke(i;(mf) < cila| and
Kéi;(mf) < cilal. Then (& := f o T*)rez satisfies the points 3, 4 and 5 of our theorem.

(b) Let us suppose that f takes its values in [0;1]. Moreover let us suppose that there exists some ¢y > 0
such that, for any a,b € C, we have K(S?er < cilal and K<§2f)+b < cilal.
Let (1 :=]0; 1[%, Fy = (B(0; 1[))*%, 11 := A®%) where X is the Lebesque measure on ]0;1[. We
define (& )kez on the product (N2 := M X Q1, Fo :=F @ Fi,v0 :=v @ 1) as follows :
§e(w, (2m)mez) = 2.1, < fork(w)} — 1-
Then (&k)kez satisfies points 3, 4 and 5 of our theorem.



(c) Let us fix an integer p > 2. Let us fix p real numbers 61, ...,0, (and 6y := 0) and p non-negative
functions f1,..., fp : M — [0;1] such that [,,(01f1+ ...+ 0pfp)dv =0 and f1+...+ f, = 1 and such
that there exists ca > 0 such that, for all complex numbers a1, ...,ap—1,b, we have

(1) (2)
maX(Kalf1+...+ap,1fp,1+b’ Ka1f1+.,.+ap,1fp,1+b) <eca(la| + .. +lap-1]).

Let (9 :=]0; 1[%, F1 := (B(]0; 1]))®%, vy := A®%) where X is the Lebesque measure on ]0;1[. We
define (& )kez on the product (Qo := M x Q1, Fo:=F @ F1,v2 := v Q1) as follows :

p
&k, (zm)mez) = Y (0= 01) 1 cxt | vy
=1

Then (&k)kez satisfies points 3, 4 and & of our theorem.

Let us make some comments on the point (b). Conditionally to w € M, (ék (w,*))kez is a sequence of
independent random variables with values in {—1;1} and & (w, -) is equal to 1 with probability foT"(w).
This model is envisaged by Guillotin-Plantard and Le Ny in [E]

The case (c) is a generalization of the case (b) to the case when & takes p values (conditionally to
w € M, & (w,-) is equal to 0; with probability f; o T*(w)).

A direct consequence of propositionﬂ and of theorem E is :

Theorem 5 Let (M, F,v,T) be as in proposition E Letn > 0. Let p>2. Let f, fi,....,fp : M — R be

(p + 1) bounded Hlder continuous function of order n (or, in the case (iii) of proposition E, we suppose

that these functions are bounded and such that C}"’m) < +00 and sup;—; C}?’m) < 400 for some
integer m > 0).

We suppose that fi,..., fp are non-negative functions satisfying fi + ... + fp = 1.

(a) Let us suppose that f is v-centered. Then (& := f o T*)rez satisfies points 3, 4 and 5 of our
theorem.
(b) Let us suppose that f takes its values in [0;1] and that we have [, fdv = .

Let (Qq :=]0; 1[%, F1 == (B(0; 1]))®%, vy := A®%) where X is the Lebesque measure on |0;1[. We
define (& )kez on the product (Qo := M X Q1, Fo:=F @ F1,v2 := v Q1) as follows :

ék(w, (Zm)mEZ) = 2'1{zk§foTk(w)} — 1.
Then (&k)kez satisfies points 3, 4 and & of our theorem.

(c) Let us fix p real numbers 61, ...,0, (and 0y = 0) such that [, (01f1 + ... + 0pfp,) dv = 0 and Let
(9 :=]0; 1[%, Fy == (B(0; 1)) *%, vy := A®%) where X is the Lebesgue measure on ]0;1[. We define
(Ex)kez on the product (o := M x Qq, Fo := F @ F1,v0 := v ®@11) as follows :

p
&k, (zm)mez) = Y (0= 01) 1 cxt | ey
=1

Then (&k)kez satisfies points 3, 4 and 5 of our theorem.

Let us observe that, in the case (%ii) of proposition E, we can take the function f constant on each atom

of Cy, for some integer m > 0. For example f =1y, _ m, —1y,., u_, satisfies the case (a) of theorem
Z k0o =ZR0

B for the Sinai billiard (with the notations kg and Hy of [f]] page 5). In the case (c) of theorem [, we can

take p = 3, 91 = 1, 92 = 71, 93:0, f1 = ]_Uk‘Zko Hy, 5 fg = ]_Ukao H_j> f3 =1- f1 - f2 in the case of the

Sinai billiard (with again the notations of [[j page 5).



4 Proof of theorem @

In the cases (a), (b) and (c), it is easy to see that (x)x is a stationary sequence of bounded random
variables

4.1 Proof of (a)

We have :

> V1+plEs| > V1+Dp[E,[f.foT?)

p=>0 p=>0
1 2
< collfloe (Iflloe + KV + K) S /T F pgy < +00.
p=0
Let us consider an integer N > 1. We have :
1 24
e > L€k, ko Erara]| < 25 > [ €k, ks €] -
k1 ,k2,k3,ka=0,..,N—1 0<ki <ks<kz<ks<N—1

Let us consider the set E\ of (k1 ko, ks, ks) such that 0 < ky < ky < ks < ks < N—1and ky—ks > N
We have :

3 (€0, €0y Ersins]] = > |Cou, (foT*i=ksfoThe=hsf forhi=hs)|
(k1,k2 k3 k) EEY (k1 k2 ks ha) B
2 1
< o (1% + I + 30k )) ¢
<

< N (IFI% + I IE(K Y + 3¢ K(Y)) sup s,

n>1

Let us consider the set E\ of (ky, ko, ks, ks) such that 0 < ky < ky < ks < ky < N—1and ky—ks < N&
and k3 — kg > rN5. We have :

> |Cov €k, Ers Eras)l = > |Couv, (f o T 17F2 f, (f.f o TH+Fs) o Ths=H2)|
(k1 ka,ks,ka) e B (K1 ,k2,k3,ka)€E

l* (1% + 2ol SIS +K) (1 Do, b

= 3
T

IN

< co? (1% + 2e0ll FIS (B 4+ K)) sup n (1 + i) o
Moreover, we have :
2
Y. ElkékEl]l < Y. (Bl
(k1 ko ks ka) € ED 0<k1<ks<N-1
2
< [ NYIESS T
k>0
2
<

N2 (o (712 + 1l (KSY + K)o
k>0



Let us consider the set E\Y of (ky, ko, ks, k4) such that 0 < ky < ky < ks < ks < N—1and ky—ks < N¥
and k3 — ko < rN% and ky — kg > r(l1+ r)N%. By the same method, we get :

> IE [0, rbrs]] < N2

Co
5 (171 + 3ol FIS? + K)) sup (1 + )
(k1,ka,ks ka) e B

(1 + n>1

Since the number of (k1, k2, k3, k4) such that 0 < k1 < ko < k3 < kg < N — 1 and that do not belong to
E](\}) U E](\?) U E](\?) is bounded by N22(r +1)3, we get :

sup — ! Z |E[§k1§k2§k3§k4]| < +o0.

N2
NZ1SN k) ko kg ka=0,...,N—1

Now, let us prove the point 5. Let ni, ng, ng and ny be four integers such that 0 < ny; < ny < n3g < ng.
Let us consider any real numbers oy, .., o, and By, ..., Bn,. We have :

’Cov (eiZZinl akgk,eizzins ﬁkf’“) ’ = ‘Cov,, (eizzim o"“fOTf(nTk), (eizzins ﬂkakans) o annQ) ‘

K® .
eXp i 32,, axfoT (2= ’”) * exp(iZZinsﬁkfoT"*”i") Pra—na

< (1 exp(zakfo:r (n2=1)) Z eXp(ZﬁkfoT’“ ns)) Pns—na

< ¢

kn1 k’n;;

<

T4
1+ Z 0001|04k| + Z cOCl|ﬂk|(1 + Hn4n3)> Png—nso-

k=n1 k=n3

We conclude by taking ¢, s 1= (1 + ks)pp.

4.2 Proof of (b) and of (¢)

Let us consider (¢) which is an extension of the case (b) (by taking p =2, 6, =1, 2 = —1, f; = f and
fo =1—f). Let us define the function g := Z?:l 6;f; (in the case (b), we have : g = 2f —1). This

function is v-centered and satisfies K él) + Kf) < +00. We observe that, conditionally to w € M, the
expectation of & (w,-) is equal to g o T*(w). Using the Fubini theorem and starting by integrating over
1, we observe that, for any integers k and [, we have : E[¢,&] = E,[go T*.g o T'] and that, for any

integers ki, ko, k3, ka, we have : E [€x, EkyEksEky] = Eu [H?Zl go Tkﬂ}. Hence, we can prove the point 4 of
theorem [l| as we proved it for (a).

Now, let us prove the point 5 of theorem m We observe that, conditionally to w € M, the expectation
of exp(iuég(w,-)) is hy o T* with (h, := >_7_, e f;). This function can be rewritten : h, = €% +
Zf;ll (ei‘gl“ — ei‘gpu) fi- The modulus of this function is bounded by 1 and we have :

max (K,S?,K,(Li)) < C22pj£63,,,),{p|9j| |ul.

Let n1, na, ng and nyg be four integers such that 0 < n; < ny < n3 < ny4. Let us consider any real
numbers ou,,, .., On, and Bp,, ..., Bn,. We have :

’Cov (eizzim O"Cg’“,eizﬁng Bkﬁk) ’ =

Covl,<ﬁ B, o T*, ﬁ hgkoTk>‘

k:nl k:’ng

< (1 +00c22p max |9 | (Z |k | + Z |ﬂk|>> (1 + Kny—ng)Prg—no-
VVVVV k:n1 k:n3



5 Proof of theorem [

To prove our result of convergence in distribution, we use characteristic functions. Let us fix some real

number ¢t. We will show that :
=E |exp (it [ E[&&]A
pEL

it —
lim E —
2 o (17350 )

Let us notice that we have (cf [[L3] lemma 5, for example) :

E [exp (iuA;)] = E {exp (“; /R (Li(z))? dz>] .

Hence, it is enough to prove that :

it —
lim E —
2o (17350 )

In the following, for any integer m > 1 and any integer k, we define :

—E |exp —%ZEKO&},]/}R(Ll(z))de

pEZ

Ny (k) :=Card{j=1,...m : S; =k}
We notice that, for any integer n > 1, we have :
Y ts, =S &Nk,
j=1 keZ

In the step 1 of our proof, we will use the following facts :

Cy := sup sup K*n™'P < max |Sm| > K> < +00,
n>1 K>0 m=1,....,n

Ci = supsupn_%HNn(kz)Hs < 400,
n>1 keZ

N, - N,
U LA AL

n>1ktez /1+ [0 — k|ni

The first fact comes from the Kolmogorov inequality. We refer to [B] lemmas 1, 2, 3 and 4 for the proof
of the other facts.

2
< +00.

5.1 Step 1 : Technical part

This is the big part of our proof. In this part, we prove that the following quantity goes to zero as n goes

to 400 :
exp <n—t 3 &m(@)

LEL

2
“E |exp [~ S B[] Na(0)?

N2y rez

E

Let us fix € > 0. We will prove that, if n is large enough, this quantity is less than e.

Our proof is inspired by a method used by Jan to establish central limit theorem with rate of conver-
gence (cf. [LI}, [B], method also used in [[[4]). More precisely, we adapt the idea of the first step of the
inductive method of Jan.



e For any K > 1 and any integer n > 1, we have :

C()TL Co
> < ==
F <m911?’.{.,n|5“1| = Kﬁ) =K K2
Let us fix K > 1 such that 2% < 15- Then, we have
it i Co ¢
Elexp| =Y &Na(@ || —Elexp | — > &Na() ||| <205 < — (1)
n4 ni K 10
ez t=—[K 7]
and :
2 2 [Kvn] .
Elexp | ——5 Y E&lNa(@? || —=E|exp | ——= Y. D EE&INL@©® ||| < o
n: e 2 K ] ke
(2)
Hence we have to estimate :
s TV o TKVA
Ay=[Elexp | — Y. &Nu(0) || —E |exp e > D EE&GINL0 ] || (3)
Y TR N2 o Tk keL

e In the following, L will be some real number bigger than 8 and large enough and n any integer
bigger than 1 and large enough such that : %ﬁ > L. We will have : Kz/ﬁ < FrK‘éﬁHlJ < 5KL‘/ﬁ.

e We split our sums ng]ﬁl vl in L sums over {L‘QHHJ terms and one sum over less than L

terms and so over less than {%J terms.

For any k=0,...,L — 1, we define :

2 4’Kﬁl+(k+1)l%J71

Gkt = XD | == > > B[] N (0)?

ez*l—K\/ﬁ“J”klZ”(\é;-H’lJ keZ

and
KVl (k1) | 2O |

> &N (0)

(=K v/ +k| 2L |

~+

7

bk,n,L = €xXp

oo

n

Moreover, we define :

2 [Ky/n]
ar n,L. = €Xp | — 2713 Z Z E[&lfk]N’ﬂ (6)2

t=—[Ky/m]+L| 2EmLe | KEX

and
[K+y/n]

> &N (0)

(==K v/ +L| 2L |

~

i

b n,r = exp

e

n

Let us notice that, for any £ =0, ..., L, we have :

|akn,r] <1 and |bgn,, ] <1

10



We have :

|An|

L L
E lH bin, L — H ak,n,L‘|
k=0
k—1 L
(H bm,n,L) (bk,n,L - ak,n,L) H am’,n,L‘| .
m=0

m/=k+1

(4)

e Now we explain how we can restrict our study to the sum over the k such that (r+1)3 <k < L—1.
Indeed, the number of k that do not satisfy this is equal to (r + 1) + 1. Let us consider any
k=0,...,L. We have :

@Nn(f)

E (Jbon.r — 1] < :' [

and :

Z > E[&m]N

- MEZL

Eflakn, — 1] <

But, for any integers a and § with § > 1, we have :

2 atf  atp

a+f
<Z EeNn(f)> < YD (Bl BN (O Na(m)]]

l=a+1 l=a+1m=a+1

at+B  a+pB

< DY [Emll INa(O)l2l|Nn(m)]l2
l=a+1m=a+1

< (C)’nB Y [Eléobm]|-

meZ
From which, we get :
E[lbynz — 1] < @J(q)%—“f > [Eleotnl

n4 MmEZL
1t

< 5K IE m

< 56 E; [€0&m]

Moreover we have :

Ellagne -1 < [Z > Elge&m]N.

27’L2 meZ
t? 5K
< f Z [€0m] (C1)%n
o3 meZ
5t2
<
meZ

Let L; > 8 be such that for all L > L, we have :

O+ + Doy xS el < o

\/_ mEeZ 0

and

(41 + 0% B S mg) < =

meZ

11



Then, if we have L > L; and n > 1 such that % > L, we have :

(r+1)3-1

E(brnr—arncll+ Y Elbrnr —akarll <

€
e (5)
= 10

It remains to estimate :

L—1 k—1 L
Z <H bm,n,L) (bk,n,L - ak,n,L) H am’,n,L‘| . (6)
k=(r+1)3 m=0 m’'=k+1
e We estimate :
L—1 kf(rJrl)3 lcf(rJrl)2
Bn,L = Z E H bm,n,L H bm,n,L —1]x
k=(r+1)3 m=0 m=k—(r+1)3+1

k—r—1 kE—1 L
X H bm,n,L -1 < H bm/,n L) (bk n,L — Qkn L) H Am! n,L

m=k—(r+1)2+1 m’'=k—r m’'=k+1
We have :

k—(r+1)? k—r—1

B ,L < Z H bm,n,L -1 H bm,n,L -1 ku,n,L - ak,n,LHg .
(r

=(r+1)3 m=k—(r+1)3+41 3 m=k—(r+1)2+41 3

— We have :

0k, — 1z < —5
ni

Z @Nn(f)
f=...

3
For any integers o and § with 8 > 1, we have :

a+p3 4 a+p
( Z féNn(£)> < Z |IE [521582523524” (Cl)4n2
l=a+1 l1,02,03,04—=a+1
< () *n2ChB2. (7)

with Cf = supy>1 N2 Y0 ko ke ka0, N—1 L€k €k ks Ery] |- Hence, we have :

.....

t 5Ky 2)
s 1l < L—i((@‘*n?c;( f))

<
4
1 /5K
< [tC1(Cy)? I
— We have :
lasn — 1l < ZN
kEZ 3
< Z ([N (€ Hs
2 ez
5K
< e
n keZ
5t2
< S DE gogk
keZ

12



—[K\f]+(k—(r+1)2+1){ZTK‘/_PFIJ 1

3 n
2 3
1

— Using formula ([),we get :

—(r+1)?
t
H bm,n,L -1 S %
m=k—(r+1)3+1 5 n4 4_7[1(\/—]+(k7(r+1)3+1)[MK\FHlJ
It] 5K\ \"
< —é(«h)‘* 2ylr(r+ 17 (4 ))
n4
5K
< HONC) IVl + 0y
5K
L

— Analogously, we get
k—r—1
1| <[tCU(C)FVr(r+1)

H H bm,n,L
m=k—(r+1)241 3
- D El éogk 1) )

Hence, we have :
1 /5K 1 /5K 5t2
B,r < L <|t|C’1(C’2) Vr(r+1) L) <|t|C’1 (C4)4
kEZ
) )

1 2
< PC)HCY i +1)% (|t|01 opt 2 ZEsogk

2
Let L > Li be such that, for all L > Lq, the right term of this last inequality is less than

2K/n
L —_

Then, for any L > L} and any n > 1 such that 2KV > T, we have B, <
and > L. It remains to estimate

e In the following, we suppose L > L}
Cnk,r,13+Cnkr12+Chkr23

L—1
k=(r+1)3+1
where Cy, k. 1,jo,51 i the following quantity
k—1 L
H bm n,L (bk n,L ak,n,L) H Am! n,L
m/=k+1

k—(r+1)71
E H bm,n,L
m=0 m=k—(r+1)J0+1
o Let jo, j1 be fixed. We estimate C;, k.1 j,,5,- We have
< Dk, ,jo.ji + En kLo

Cn7k7L7Jo7J1 >
L
Covi(s,), (Buk.LgsTugiige) [ amnr
m’'=k+1

L
/7 El

where :
Da k.1 .jo,j1 =
and
ErkLjon ¢ (B |E[Ank 0l (Sp)plE[Tnkrjol (Sp)p] [ amrmr
m/=k+1
Bt D)y and | (an_lk (r1)io 41 b L) (bkon.L — Qhon.L)-

with Ay, k1., = Hm:O
13



k—1
kL | (Sp)p

by the following quantity :

k

E H bm,n,L - H bm,n,L
m=k—(r+1)70+1

m=k—(r+1)70+1

e Control of the terms with the product of the expectations.
We use the Taylor expansions of the exponential function. To simplify expressions, we will use the

Let jo, j1 be fixed. Let k = (r+1)3,..., L — 1. We can notice that F, j 1, j, j, is bounded from away

Fok,1,jo,ji = E
2[K\/n] + 1J
i .

VYm > 0, Qm) 1= —[K\/ﬁ] —i—m\‘

following notation :
— Let us show that, in F}, 1 j,.5,, We can replace
k . Aty —1
it
bm,n,L = exp 3 E gan(g)
ni,_ _
T = (rr1)d0 41)

11
(®)

m=k—(r+1)J0+1
by the formula given by the Taylor expansion of the exponential function at the second order :
g1y —1
&ENLO) | .

t2 Z

it (kg1 —1
I+ — > §eNn () = —
n4 (= ; 2nz (= ;
(k= (r41)70 +1) (k= (r+1)70 +1)
Indeed the L'-norm of the error between these two quantities is less than
Pl R 3
e S G0
= (r1y0 1)
3
Jo % .
L

3
_ |t

CONCA (R

which, according to formula (f]), is less than
. K 2\ 4
<<01>4n205 (EERED )

£

10

6ni
Zmez E[f@fm]Nn(€)2

|t
Hence, the sum over k = (r +1)3,..., L — 1 of the L'-norm of these errors is less than :
1|t 4
I ety (4 1)
k1) —1

VL 6
t=a)

Let us consider Ly > LY such that, for all L > Lo, this last quantity is less than
&Np(0) and Z, := 3

Q(k) —1
(k—(r+1)J0 +1)
t2

S

=«

— Let us introduce Y3 :=
We show that, in F}, x, 1 j,,5., We can replace
= it
H bm,n,L Ak n, I, = €XP _gyk - 9 3
m=k—(r+1)70+1 n4 nz

by the formula given by the Taylor expansion of the exponential function at the second order :

2 2
z) . ()

3

1/t
<_3Yk -
2n2

it t2
1 + —SYk - 3 Zk + =
ni onz 2 \ni
Indeed, the L'-norm of the error between these two quantities is less than :
1_ ||t 2 P a e P e
—E Z_syk - —52Zy | < ZE Z_syk +|—=%Zk| |-
6 ni 2nz ni 2n:

14



According to formula (f), we have :

3

4 it _ A 3 o DK\ 2

Se || 2yl | < Meyrept (erom )

3 n4 L

Moreover, we have :
A 2 3 Art1)—1
gE 2—§Zk - <Z E gogm ) Z N”(£1)2Nn(£2)2Nn(€3)2
n:2 meZ L1, lz3=c()
3 5K\/_ 3
n
< <Z E[¢oém ) (T) (C1)%n?
meZ

The sum over k = (r +1)3,..., L — 1 of the L'-norm of these errors is less than :

3
Li’f'g(c;)%(cl) ((r + 1)05K)? + e (Z E[&@J) (5K)* (C1)°.

2
L? 6 -~

£

Let us consider L) > Ly such that, for all L > LY, this last quantity is less than 15

— Now we show that, in formula @), we can ommit the term with (Z;)2. Indeed, we have :

()] s () (5 e

meZ
The sum over k = (r +1)3,..., L — 1 of the L'-norm of these errors is less than :

% (Z E[«so«sm]> (5K)* (C1)*.

mEeZ

=

Let us consider Ly > Ly such that, for all L > L3, this last quantity is less than 5

. . 4
— From now, we fix L := Lj and we consider an integer n > f?

— Hence, it remains to estimate the following quantity called Gy, .1 jo,5: :

it 2 5 it 12
E||E —E(YkﬁLWk)* 3 (Yk+Wk) *—EYkJr §Zk+
na 2n2 n4 2n2
2 t2
g(Yk) +_Yk 5 Zk| (Sp)p
2n2 ni = 2n3

with Wy = Za(k“)_l &N, (f). Using the fact that the & are centered and independent of

)

(Sp)p, We get :

2|y

- IEHE[ r (Vi + Wi)* + t23zk+ r (Ye)

Gn7k7L7j07j1 9 3 s 271%

£ o oo s

Let us notice that we have :

Ary1)—1
Zi= Y |ElE)’INa(0? +2 Y El€e&m]Na(0)?
l=a ) m</l—1

15



— Let us show that, in the last expression of G, 1 1,j,.;:, We can replace Zj, by

Ary1)—1

Zk = Z [(5@) n +2 Z €€§m n )

Z:oz(k)

m<l—1
Indeed, we have :

/2 Ary1)—1

3 ST [EEmll INa(O)]|2l|Nn(m) = Nu(0)]2
l=ap)y m<e—1
< ; 5K\/_Z|E [€0&p] |01\/_C2n4\/ +p.

p>1

|74 <

The sum over k = (r +1)3,..., L — 1 of these quantities is less than :

—5K0102 > V14 plEoS, ],

p>1

which goes to zero when n goes to infinity. Hence, there exists some ng > ; K42 such that, for
any integer n > ng, this sum is less than 5.

— Hence we have to estimate :

Gn,k,L,jg,jl =—E HE [(Wk>2 + 2WkYk‘ (Sp)p} — ZkH .
We have :
a(py1)—1
E [(Wi)?| (Sp)p] > | El€) I (Na(0)? +2 Z E[&e&m] N (£) N (m)
L=ay) m=a)
Hence we have :
g1y —1 -1
E[(Wi)® +2WiYi| (Sp)p] = D | L&) 1(Na(0))* +2 > E[§e&m]Nn(€) Ny (m)
t=aw,) Xk (r+1)70 41)
We get :
_ 2 a(r41) 1
Gn,k,L,jg,jl = n_zE Z Z E[élfm]Nn(g)Nn(m)

L=a () m<a(k7(r+l)j0 +1)_1

< LMV @

m>(r+1)J0 Kz/;

The sum over k = (r + 1)3,..., L — 1 of these quantities is less than :

25K > |E&&m]l(C1)?

m>(r+1)Jo KT\/;

which goes to zero when n goes to infinity. Hence, there exists some nj, > ng such that, for any
integer n > no, this sum is less than .
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e Control of the covariance terms
Let jo,j1 be fixed. Let k= (r +1) — 1. We have :
k—(r41)71 k L i
Dn7k7L7jo,j1 < |E CO’U‘(S]J)p H bm,n,L, H bm,n,L H am/ L | |+
m=0 m=k—(r+1)J0+1 m/=k+1 |
k—(r+1)91 k—1 L i
H bm,n,La H bm,n,L H Qm/ n,L
m=k—(r+1)70+1 m'=k ]

+|E [ Covys,),
m=0

~TKv/ml+(atB+1) | 2R |

But we have :
a+3 it
ot 2
(=K /n]+a| 2L

H bm,n, . = €xp

Therefore, according to point 4 of the hypothesis of our theorem, we have
K./n %
rK\/n
) ( > sup \/ESQTS,S
s>r KQ‘I{R

1+—ZN

Dn,k,L,jo,jl <2E (
LET

N
S

-
\/— Sup \/E@Ts,s-

Hence, we have
L—1

Z Dn k,L.,jo,j1 < QCL\/ZC(l + |t|7’L4

£
10"

k=(r+1)3
which goes to zero as n goes to infinity. Hence, there exists some Ny > ng such that, for any integer
n > ng, this sum is less than
Therefore, there exists Ny (depending on ¢ and on ¢) such that, for any integer n > Ny, we have :
0)? <e.

()

—;2‘ > Elé&N

3
2

—E |exp
L,kEZ

LEL

(e

This ends the step 1 of our proof

=0.

5.2 Step 2 : Conclusion
Na(0)?

In the previous section we proved that

exp( S &N ) LS )

E |exp 5
Nz, rez
converges in distribution to Z;

lim |E
e =
According to [@] lemma 6, we know that ( Zeez ) )
Jo(L1(x))? dz. Hence, we get
ni =/ kez
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