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Abstract

We consider doubly-periodic travelling waves at the surface of an in-
finitely deep perfect fluid, only subjected to gravity g and resulting from
the nonlinear interaction of two simply periodic travelling waves making
an angle 20 between them.

Denoting by p = gL/c? the dimensionless bifurcation parameter ( L is the
wave length along the direction of the travelling wave and c is the velocity
of the wave), bifurcation occurs for g = cosf. For non-resonant cases,
we first give a large family of formal three-dimensional gravity travelling
waves, in the form of an expansion in powers of the amplitudes of two ba-
sic travelling waves. ”Diamond waves” are a particular case of such waves,
when they are symmetric with respect to the direction of propagation.
The main object of the paper is the proof of eristence of such symmet-
ric waves having the above mentioned asymptotic expansion. Due to the
occurence of small divisors, the main difficulty is the inversion of the
linearized operator at a non trivial point, for applying the Nash Moser
theorem. This operator is the sum of a second order differentiation along
a certain direction, and an integro-differential operator of first order, both
depending periodically of coordinates. It is shown that for almost all an-
gles 6, the 3-dimensional travelling waves bifurcate for a set of ”good”
values of the bifurcation parameter having asymptotically a full measure
near the bifurcation curve in the parameter plane (0, p1).
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1 Introduction

1.1 Presentation and history of the problem

We consider small-amplitude three-dimensional doubly periodic travelling grav-
ity waves on the free surface of a perfect fluid. These unforced waves appear
in literature as steady 3-dimensional water waves, since they are steady in a
suitable moving frame. The fluid layer is supposed to be infinitely deep, and
the flow is irrotational only subjected to gravity. The bifurcation parameter is
the horizontal phase velocity, the infinite depth case being not essentially dif-
ferent from the finite depth case, except for very degenerate situations that we
do not consider here. The essential difficulty here, with respect to the existing
literature is that we assume the absence of surface tension. Indeed the surface
tension plays a major role in all existing proofs for three-dimensional travelling
gravity-capillary waves, and when the surface tension is very small, which is the
case in many usual situations, this implies a reduced domain of validity of these
results.

In 1847 Stokes [@] gave a nonlinear theory of two-dimensional travelling
gravity waves, computing the flow up to the cubic order of the amplitude of
the waves, and the first mathematical proofs for such periodic two-dimensional
waves are due to Nekrasov [BO], Levi-Civita [Rd] and Struik [[t] about 80 years
ago. Mathematical progresses on the study of three-dimensional doubly periodic
water waves came much later. In particular, to our knowledge, first formal
expansions in powers of the amplitude of three-dimensional travelling waves
can be found in papers [ and [Bg]. One can find many references and results
of researches on this subject in the review paper of Dias and Kharif @] (see
section 6). The work of Reeder and Shinbrot (1981)[B6] represents a big step
forward. These authors consider symmetric diamond patterns, resulting from
(horizontal) wave vectors belonging to a lattice IV (dual to the spatial lattice
I’ of the doubly periodic pattern) spanned by two wave vectors K; and K»
with the same length, the velocity of the wave being in the direction of the
bissectrix of these two wave vectors, taken as the x; horizontal axis. We give
at Figure ﬂ two examples of patterns for these waves (see the detailed comment
about these pictures at the end of subsection @) These waves also appear
in litterature as ”short crested waves” (see Roberts and Schwartz @], Bridges,
Dias, Menasce [ﬂ] for an extensive discussion on various situations and numerical
computations). If we denote by 6 the angle between K; and the z1— axis,
Reeder and Shinbrot proved that bifurcation to diamond waves occurs provided
the angle € is not too close to 0 or to 7/2, and provided that the surface tension
18 not too small. In addition their result is only valid outside a "bad” set in the
parameter space, corresponding to resonances, a quite small set indeed. This
means that if one considers the dispersion relation A(K,c¢) = 0, where K and
c € R? are respectively a wave vector and the velocity of the travelling wave,
then there is no resonance if for the critical value of the velocity cg there are
only the four solutions + K7, +K> of the dispersion equation, for K € T (i.e.
for K being any integer linear combination of K7 and Ks3). The fact that the



surface tension is supposed not to be too small is essential for being able to use
Lyapunov-Schmidt technique, and the authors mention a small divisor problem
if there is no surface tension, as computed for example in [@] Notice that the
existence of spatially bi-periodic gravity water waves was proved by Plotnikov in
(B, B in the case of finite depth and for fixed rational values of gL/c*tan®,
where g, L, ¢ are respectively the acceleration of gravity, the wave length in the
direction of propagation, and the velocity of the wave. Indeed, such a special
choice of parameters avoids resonances and the small divisor problem, because
the pseudo-inverse of the linearized operator is bounded.

N e

Figure 1: 3-dim travelling wave, the elevation n§2) is computed with formula
(.10). Top: 6 = 11.3°,7 = 1/5,¢ = 0.8u¢; bottom: 6 = 26.5°, 7 = 1/2,¢e =
0.644c.. The dashed line is the direction of propagation of the waves. Crests are
dark and troughs are grey.

Craig and Nicholls (2000) [ff] used the hamiltonian formulation introduced by
Zakharov [@], in coupling the Lyapunov-Schmidt technique with a variational
method on the bifurcation equation. Still in the presence of surface tension, they
could suppress the restriction of Reeder and Shinbrot on the ”bad” resonance
set in parameter space, but they pay this complementary result in losing the
smoothness of the solutions. Among other results, the other paper by Craig
and Nicholls (2002) @] gives the principal parts of ”simple” doubly periodic



waves (i.e. in the non resonant cases), expanded in Taylor series, taking into
account the two-dimensions of the parameter c. They emphasize the fact that
this expansion is only formal in the absence of surface tension.

Mathematical results of another type are obtained in using ”spatial dynam-
ics”, in which one of the horizontal coordinates (the distinguished direction)
plays the role of a time variable, as was initiated by Kirchgissner [@] and ex-
tensively applied to two-dimensional water wave problems (see a review in [E])
The advantage of this method is that one does not choose the behavior of the
solutions in the direction of the distinguished coordinate, and solutions periodic
in this coordinate are a particular case, as well as quasi-periodic or localized so-
lutions (solitary waves). In this framework one may a priori assume periodicity
in a direction transverse to the distinguished direction, and a periodic solu-
tion in the distinguished direction is automatically doubly periodic. The first
mathematical results obtained by this method, containing 3-dimensional doubly
periodic travelling waves, start with Haragus, Kirchgéssner, Groves and Mielke
(2001) [id], [[IL4), B1], generalized by Groves and Haragus (2003) [Lg]. They use
a hamiltonian formulation and center manifold reduction. This is essentially
based on the fact that the spectrum of the linearized operator is discrete and
has only a finite number of eigenvalues on the imaginary axis. These eigenvalues
are related with the dispersion relation mentioned above. Here, one component
(or multiples of such a component) of the wave vector K is imposed in a di-
rection transverse to the distinguished one, and there is no restriction for the
component of K in the distinguished direction, which, in solving the dispersion
relation, gives the eigenvalues of the linearized operator on the imaginary axis.
The resonant situations, in the terminology of Craig and Nicholls correspond
here to more than one pair of eigenvalues on the imaginary axis, (in addition to
the origin). In all cases it is known that the largest eigenvalue on the imaginary
axis leads to a family of periodic solutions, via the Lyapunov center theorem
(hamiltonian case), so, here again, there is no restriction on the resonant set
in the parameter space at a fixed finite depth. The only restriction with this
formulation is that it is necessary to assume that the depth of the fluid layer is
finite. This ensures that the spectrum of the linearized operator has a spectral
gap near the imaginary axis, which allows to use the center manifold reduction
method. In fact if we restrict the study to periodic solutions as here, the center
manifold reduction is not necessary, and the infinite depth case might be con-
sidered in using an extension of the proof of Lyapunov-Devaney center theorem
in the spirit of [@], in this case where 0 belongs to the continuous spectrum.
However, it appears that the number of imaginary eigenvalues becomes infinite
when the surface tension cancels, which prevents the use of center manifold re-
duction in the limiting case we are considering in the present paper, not only
because of the infinite depth.

1.2 Formulation of the problem

Since we are looking for waves travelling with velocity c, let us consider the
system in the moving frame where the waves look steady. Let us denote by ¢



the potential defined by

Y= ¢ —C- Xa
where ¢ is the usual velocity potential, X = (x1,x2) is the 2-dim horizontal
coordinate, 3 is the vertical coordinate, and the fluid region is

Q={(X,z3): —00 < x5 < n(X)},
which is bounded by the free surface ¥ defined by
Y ={(X,x3) : z3 =n(X)}.

We also make a scaling in choosing |c| for the velocity scale, and L for a length
scale (to be chosen later), and we still denote by (X, x3) the new coordinates,
and by ¢,n the unknown functions. Now defining the parameter y = % (the
Froude number is ﬁ) where g denotes the acceleration of gravity, and u the

unit vector in the direction of c, the system reads

Ap = 0 inQ, (1.1)
dyp
Vxn-(u+Vxp)—-— = 0 onk, (1.2)
6303
\V4 2
u~VX<,0+(TSD)+m] = 0 on (1.3)

Ve — 0asxz3— —o0.

Hilbert spaces of periodic functions. We specialize our study to spa-
tially periodic 3-dimensional travelling waves, i.e. the solutions 1 and ¢ are
bi-periodic in X. This means that there are two independent wave vectors
K, K, € R? generating a lattice

T’ = {K =K1 +noKs n; € Z},
and a dual lattice I" of periods in R? such that
I'= {)\ = miAL + Moy : mj € Z,)\j K = 27T5jl}.

The Fourier expansions of 7 and ¢ are in terms of X, where K € I and
K-A=2nm,n€Z,for A\ € I'. The situation we consider in the further analysis,
is with a lattice T' generated by the symmetric wave vectors K1 = (1,7), Ko =
(1,—7). In such a case the functions on R?/I" are 2r— periodic in zy, 2m/7—
periodic in z2, and invariant under the shift (x1,x2) — (21 + 7,22 + 7/7) (and
conversely). We define the Fourier coefficients of a bi- periodic function u on
such lattice I'; by

_ VT

k) =
( 27 J(0,2x]x 0,27 /7]

u(X)exp(—ik - X)dX.



For m > 0 we denote by H™(R?/T") the Sobolev space of bi-periodic functions of
X € R?/T which are square integrable on a period, with their partial derivatives
up to order m, and we can choose the norm as

1/2
lullm = (Z(l + Ikl)leﬂ(k)F) -

kel

Operator equations. Now, we reduce the above system for (¢,7) to a
system of two scalar equations in choosing the new unknown function

P(X) = (X, n(X)),

and we define the Dirichlet-Neumann operator G, by

dp
g = 1+ (vXn)2%|z3:n(X) (1.4)
9
= a—x3|$3:’n(x) —Vxn-Vxe

where n is normal to X, exterior to €2, and ¢ is the solution of the n— dependent
Dirichlet problem

Ap = 0, z3<n(X)

Y = 1/)7 :C3:77(X)7
Ve — 0asz3— —o0.

Notice that this definition of G, follows [@] and insures the selfadjointness and
positivity of this linear operator in L2(R?/T) (see Appendix [A.1)). Our definition
differs from another usual way of defining the Dirichlet - Neumann operator
without the square root in factor in ([l.4). Now we have the identity(@) and
the system to solve reads

f(UaH'au) =0, F= (]:17]:2)7 (15)
where U = (¢, 1), and
FUpa) = :Gy(¢) —ua-Vxn, (1.6)
L (V)?
Fo(Uypyu) = :u-Vxtp+ un+ 5 (1.7)
1

—m{vxn (Vxvy +u)}=.

Let us define the 2-components function space
H™(R?/T) = Hg"(R?/T') x H™(R?/T)
We denote the norm of U in H™(R?/T) by

U = [l =+ lnllm,



where H{™ means functions with 0 average, and U = (3,n). The 0 average
condition comes from the fact that the value v of the potential is defined up to
an additive constant (easily checked in equations ([L.g), (.7)). Moreover, the
average of the right hand side of ([L.f) is 0 as it can be easily checked (this is
proved for instance in [f]). We have the following

Lemma 1.1 For any fized m > 3, the mapping
(U, p,0) = F(U, p,u) s O :H™(R?*/T) x R x S; — H™1(R?/T")

in the neighborhood of {0} x R x S1. Moreover F (-, u,u) is equivariant under
translations of the plane:

T, F(U, p,u) = F(TU, p,u)

where
TLUX)=U(X +v).

In addition, there is M3 > 0, such that for ||U||s < Ms and |u| < Mg, F satisfies
for any m > 3 the "tame” estimate

F U, s W)l -1 < €m (M3)[|U][m, (1.8)
where ¢, only depends on m and Ms.

Proof. The C* smoothness of (¢,n) — G,(¢) : H™(R?/T') — H™1(R?/T")
comes from the study of the Dirichlet-Neumann operator, see (,@), and the
properties of elliptic operators. This result is proved in particular by Craig and
Nicholls in [{f], and by D.Lannes in [27]. Notice that H*(R?/I") is an algebra for
s > 1. Notice that it is proved by Craig et al @] that the mapping (¢, n) —
Gy(¥) : H™(R?/T)x C™(R?/T') — H™ ! (R?/T) is analytic and the authors give
the explicit Taylor expansion near 0, with the same type of "tame” estimates
that we shall use in the following sections. We choose here to stay with (¢, n) €
H™(R?/T') and we just use the C> smoothness of the mapping, in addition to
the tame estimates (see [27)).

The equivariance of F under translations of the plane is obvious.

We refer to [@] for the proof of the following ”tame” estimate, valid for any
k > 1 (here simpler than in [27] since we have periodic functions and since there
is no bottom wall)

NG (D) < cxlInlls){nllr+1lllls + (19 1Te+1}, (1.9)

necessary to get estimate (|.§). m

1.3 Results

We are now in a position to formulate the main result of this paper on the
existence of non-linear diamond waves satisfying operator equation (E) We



find an explicit solution to (@) in the vicinity of an approximate solution )

which existence is stated in the following lemma restricted to ”diamond waves”,
i.e to solutions belonging to the important subspace (still with I generated by
(1,+7))

H’(“S) = {U = (¢,n) € H*(R?/T) : ¥ odd in 1, even in zo, 1 even in z; and in zo}.

For these solutions the unit vector up = (1,0) is fixed (see a more general
statement at Theorem @, with non necessarily symmetric formal solutions).

Lemma 1.2 Let N > 3 be an arbitrary positive number and the critical value of
parameter pe(t) = (14+712)~1/2 is such that the dispersion equation n®+71>m? =
pz2n has only the solution (n,m) = (1,1) in the circle m* +n? < N2. Then

approximate 3-dimensional diamond waves are given by

UN) = (¢, )N = Z ePU®) ¢ H](vs), for any k, (1.10)
1<p<N
v = (sinzq cosTxa, i COS T1 COSTT3), ugN) = e+ i, ji=me? +0(Y),
where 1 1 3 e 9
ST R R B PR Al

and where for any k,
FO, 1 ug) = M1Q,

Qe uniformly bounded in Hks), with respect to €. There is one critical value T,
of T such that pi(1.) =0, and pi(1) <0 for 7 < 7, pa (1) >0 for 7 > 7.

Proof. The lemma is a particular case of the general Theorem in the
symmetric case. ®

The following theorem on existence of 3D-diamond waves is the main result
of the paper (notice that 7 = tan )

Theorem 1.3 Let us choose arbitrary integersl > 23, N > 3 and a real number
0 < 1. Assume that

e (3.1/8), pe=(1+7)V2

Then there is a set N of full measure in (0,1) with the following property. If
te € M and T # 1., then there exists a positive g = eo(fic, N,1,8) and a set
E = E(pes N, 1, 6) so that



and for every p = uéN) with € € £, equation (E) has a "diamond wave” type

solution U = g(N) + eNW. with W, € Hl(s). Moreover, W : £ — Hl(s) is a

Lipschitz function cancelling at € =0, and for 7 < 1. (resp. T > 7.), and when
oo (N) )

€ varies in £, the parameter = ue ’ Tuns over a measurable set of the interval

(ug]ov), te) (resp. (phe, ug]ov)) of asymptotically full measure near fi..

We can roughly express our result in considering the two-dimensional pa-
rameter plane (7, u) where 7 = tan 6, 26 being the angle between the two basic
wave vectors of same length generating the two-dimensional lattice IV dual of the
lattice T of periods for the waves. The critical value p.(7) of u (= gL/c?), where
pe(r) = (14 72)71/2 = cos 0, corresponds to the solutions of the dispersion rela-
tion we consider here (in particular 3-dimensional diamond waves propagating
in the direction of the bisectrix of the wave vectors). We show that for 7 < 7.
(~ 2.48) the bifurcating (diamond) waves of size O(|u — pe(7)|*/?) occur for
p < pe(T), while for 7 > 7. it occurs for p > p.(7). We prove that bifurcation
of these 3-dimensional waves occurs on half lines 7 = const of the plane, with
their origin on the critical curve, for ”good” values of T (which appear to be
nearly all values of 7). Moreover, we prove that on each half line, these waves
exist for ”good” values of u, this set of "good” values being asymptotically of
full measure at the bifurcation point & = p.(7) (see Figure f).

u

Figure 2: Small sectors where 3-dimensional waves bifurcate. Their vertices lie
on the critical curve p = p.(7). The good set of points is asymptotically of full
measure at the vertex on each half line (see the detail above). In the paper we
only give the proof for each half line 7 = const (dashed line on the figure)

Another way to describe our result is in terms of a bifurcation from a non
isolated eigenvalue in the spectrum of the linearized operator at the origin.
Indeed, for our critical values (7, u.(7)) of the parameter, the differential at
the origin is a selfadjoint operator with in general a non isolated 0 eigenvalue
(see Theorem [L.1)). Our result means that from each point (7, f.(7)) where 7
is chosen in a full measure set of (0,00), a branch of solutions bifurcates in the

10



following sense. Every half line 7 = const with origin at the point (7, u.(7))
and on the good side of this curve, contains a measurable set of points where
the bi-periodic gravity waves exist, with an amplitude O(|p — pe|'/?), this set
being asymptotically of full measure near p.(7).

In fact, we can improve our result in replacing the half lines mentioned
above, by small sectors centered on these half lines. Each half line in each
sector, with origin at the vertex of the sector, contains a measurable set where
the bi-periodic gravity waves exist, with an amplitude O(|p — pe|'/?), this set
being asymptotically of full measure near p.(7). The proof of such a result
introduces many technicalities, which are not essential for the understanding of
the paper. This complication is mainly due to the fact that we then need to
work with a lattice I' now depending on €. We just mention in various places
what is really needed for such an extension of the result proved here.

1.4 Mathematical background

There are some aspects of our method which deserve brief mention. First we use
the Nash-Moser method, which is now an integral part of nonlinear analysis [@],
for proving Theorem E The crucial point for the Nash-Moser method is to
obtain a priori bounds on an approximate right-inverse of the partial derivative
OuF (U, u,u). As it is shown in Section 2, this problem is equivalent to the
problem of invertibility of a second-order selfadjoint pseudodifferential operator
with multiple characteristics. Second, we use the Moser theory of foliation
on a torus [@] and the invariant parametric representation of the Dirichlet-
Neumann operator to reduce the linearized equation to a canonical form with
constant coefficients in the principal part. We employ a modification of the Weil
Theorem [[iJ] on uniform distribution of numbers {wn?} modulo 1 to deduce the
effective estimates of small divisors, and hence to prove the invertibility of the
principal part of the linearized operator. The most essential ingredient of our
approach is the algebraic descent method [@], [@] which allows to reduce the
canonical pseudodifferential equation on 2-dimensional torus to a Fredholm-type
equation.

1.5 Structure of the paper

Now we can explain the organization of the paper. In section 2, we prove
Theorem @ which establishes the existence of approximate solutions under
the form of power series of the amplitudes of the two incident mono-periodic
travelling waves, corresponding to symmetric basic wave vectors. The parameter
is two-dimensional here, due to the freedom in the direction of propagation of
the three-dimensional wave. To show this result, we use a formal Lyapunov-
Schmidt technique, assuming that the angle 20 between the two basic wave
vectors satisfies that 7 = tan is such that the equation for positive integers
(n,m)
n? 4+ 72m? = n*(1 + 7?)

11



has the unique solution (n,m) = (1,1) (non resonance property). In playing
with scales and parameters, this condition is not restrictive among non resonant
situations, which indeed represent the general case. In such a case, the kernel
of the linearized operator at rest state (taken as the origin) is four-dimensional,
and in using extensively the symmetries of the system (@), we obtain, for a
fixed value of the bifurcation parameter (1, u), doubly-periodic formal travelling
gravity waves propagating in the direction u. Limiting cases are the mono-
periodic travelling waves corresponding to one of the basic wave vectors. The
Lemma [L.9 is a particular case of the above theorem.

From now on, we restrict the study to solutions called ”diamond waves”,
which are symmetric with respect to the direction of propagation, here the x1—
axis. In section 3 we consider the linear operator £(U, ) corresponding to the
differential of ([L.3) at a non zero point in H’(“S), which we need to invert for using
the Nash-Moser theorem. The principal part of this operator is the symmetric
sum

1
_j*(aj.)+gn’ j:V.V’

of a second order derivative in the direction of a periodic vector field V(X),
and of the Dirichlet-Neumann operator which is integro-differential of first or-
der, both parts depending periodically on coordinates. More precisely, V =
G~ X)(up+ V¢ (X)), where G(X) dX -dX is the first fundamental form of the
free surface. Recall that G is a covariant tensor field on X, and for the standard
parametrization x3 = n(X), it is given by G(X) = 1+ Vnp ® Vn. It follows
from the kinematic condition ([.) that integral curves of the vector field V (X)
coincide with trajectories of liquid particles moving along ¥ and submitted to
the vertical gravity .

Section 3 is concerned with the first step of the long way towards the in-
version of £, which consists in finding a diffeomorphism of the torus for which
the highest order terms of the operator £ become constants (depending on the
linearization point). We begin (Lemma B.6) with the construction of a dif-
feomorphism which takes integral curves of the vector field V' onto straight
lines parallel to the abscissa axis. Being endowed with the Jacobi metric
ds? = (1/2—un(X))G(X) dX -dX the free surface becomes a Riemannian man-
ifold on which the integral curves of V' coincide with geodesics (see Appendix
I) Hence, by Lemma @, they form a geodesic foliation on ¥. Moreover, since
the distance between each of these curves and the abscissa axis is finite, the
foliation has a zero rotation number. It is at this point where the restriction
to symmetric solutions (diamond waves) is necessary, since we don’t know yet
how to manage such a diffeomorphism in the non symmetric case, see [@] for
discussion. Recall that the Moser Theorem [@] guarantees the existence of at
least one geodesic for any given rotation number.

The second result of Section 3 is Theorem @ which gives the parametric
representation of the Dirichlet-Neumann operator in arbitrary coordinates Y on
¥ so that a mapping X = X(Y) is a diffeomorphism of a torus. It follows from
this theorem that for any smooth periodic function u(Y") and u(X) = u(Y (X),

12



the Dirichlet-Neumann operator has the decomposition
Gyt = Giu + Gou + G_1u,

in which G; are pseudodifferential operators of order i. We give an explicit ex-
pression for their symbols in terms of the first fundamental form and the princi-
pal curvatures of the free surface. In particular, we show that, up to a positive
invariant multiplier, the symbol of the operator G; is equal to /G(Y)~ 1k - k,
and the real part of the symbol of Gy coincides with the difference between the
sum of the principal curvatures and the normal curvature of ¥ in the direction
of G 'k. This leads to the interesting conclusion: the manifold ¥ is defined by
its Dirichlet-Neumann operator up to translation and rotation of the embedding
space.

Combining Lemma B.§ and Theorem B.§ gives the main result of Section 3
— Theorem B.4. This theorem ensures the existence of a diffeomorphism X =
X (Y) of the 2-dimensional torus, which brings the linearized operator to the
canonical form

L+H=L+A0, +B+L 4,

where the remainder £_; is of order —1, & and B are zero-order pseudodiffer-
ential operators, and the principal part

L=vd2 +(-A)?, A=02 +7%0

is a selfadjoint pseudodifferential operator. Here the parameter v depends on
the point of linearization, with v/(0) = v = pc(7)* (Lemma B.7).

In Section 4 we study the operator £ in many details, and give estimates on
its resolvent in Sobolev spaces of bi-periodic functions which are odd in y;, and
even in y. We begin with the observation that for vy = u.(7)~! and almost
every positive 7, zero is a simple eigenvalue of the operator £y3 = uoajl + (—A)l/ 2
and

125 ulls < e(ry @) ull sy (1eay2

for all u orthogonal to the kernel of £y and a > 0. Next we study the pertur-
bation of its resolvent assuming that v = vy — 2 + 0(53) and with a spectral
parameter » = O(g?), both being Lipschitz functions of a small parameter &.
Here we have a small divisor problem, and we meet the necessity to restrict
the parameter values to ”good ones”, for being able to find suitable estimates.
Calculations (Lemma @) show that the resolvent of £ satisfies the estimate

1€ =397 ulls < cllullst1,  u € (ker £0), (1.11)

if parameters v and s satisfy the quadratic Diophantine inequalities

lwn? —m — C| > en™? for all positive integers n,m, (1.12)

where w = v~ and C = (2v7)™! — 3771, Note that there is a difference

between linear and polynomial Diophantine approximations: in classic theory
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of linear Diophantine forms, see [E] for general theory, the integers for which
”small divisors” are really small, form a sparse set in the integral lattice. This
property was used in pioneering works of Siegel ] and in the Arnold proof of
the Kolmogorov Theorem [E] In contrast to the linear case, the couples (m,n),
for which the left hand side of inequality ([.12]) is small, can form clusters
in Z2, and the problem of obtaining small divisors estimates becomes more
complicated. It turns out that the validity of inequalities ([L.12)) with a constant
c independent of the small parameter is a consequence of estimate

N~ card {n: won® modulo 1 <& and 1<n< N} <ce forall N> e,
(1.13)
Recall that, by the Weil Theorem [}, [], for each fixed e, the left hand side
tends to € as N — oo. Hence the inequality holds true for some ¢ depending on
e. In Appendix E we make this result more precise and prove the existence of
absolute constant ¢ such that inequality ([.13) is fulfilled for all A > 78 and all
intervals of length €. This leads to the main result of this section — Theorem
@, which shows that with a suitable choice of the parameters, the resolvent
operator provides a loss of one in the degree of differentiability. Moreover,
estimate ([L.11)) holds true for all €2 in an asymptotically full measure set on
every half line § = const of the parameter plane, the origin of which being
chosen arbitrarily in a full measure set, on the bifurcation curve p = cosé.

In Section 5 we take into account all remaining terms of the linear operator
£+ 9 and prove its invertibility with a loss of differentiability. The main diffi-
culty is that the operator £ + § involves the principal part £, which inverse is
unbounded, and arbitrary operators 2, B with ”variable coefficients”.

Most, if not all, existing results related to such problems were obtained by
use of the Fréhlich-Spencer method proposed in ], cf [@, @], and developed
by Craig and Wayne [, [j] and Bourgain [, ffl. The basic idea of the method
is a representation of operators in the form of infinite matrices with elements
labelled by some lattice and block decompositions of this lattice. Let us use the
operator £ + $) to illustrate the main features of this method. First we have to
replace a periodic function u by the sequence of its Fourier coefficients {u(k)},
k € I, and the operator £ by the diagonal matrix with the elements L(k).
Then we have to split the lattice I into a "regular” part which consists of all k
with ”large” L(k), and an "irregular” part which includes all k corresponding
to ”small” values of L(k). Using the contraction mapping principle we can
eliminate the ”regular” component and reduce the inversion of £ + § to the
inversion of an infinite matrix on the ”irregular” subspace. The existence of an
inverse to this matrix is established by using a special iteration process which
is the core of the method. Note that the Frohlich-Spencer method is working in
our case only if % = 0.

Our approach is based on the descent method which was proposed in @, @]
and dates back to the classic Floquet-Lyapunov theory. The descent method is
a pure algebraic procedure which brings the canonical operator to an operator
with constant coefficients and does not depend on the structure and spectral
properties of the principal part £. The heart of the method is the following
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identity (Theorem [.9)
(E4+AD1 4+ B) (1 + C)u = (14 &) (L — »)u + Fu,

which holds true for all functions u € H?(R?/T") odd in y;. Here € and € are
bounded operators in the Sobolev spaces of periodic functions H*(R?/T'); the
remainder § is a bounded operator : H*"1(R?/I") — H*(R?/T); the Floquet
exponent s has an explicit expression in terms of operators 2 and B. More-
over, if ||, [|B]| ~ e, then ||€||, |||, |F|| ~ ¢ and 3 = O(e?). The proof of
these results constitutes Section and Appendix E The technique used is
more general than the one used in [@], since we use here general properties
of pseudodifferential operators, however taking into account of the symmetry
properties of L.

The descent method of algebraic character presented here, might be eas-
ily used for example on the one-dimensional KDV and Schrédinger equations,
avoiding the heavy technicalities of the Frohlich-Spencer method.

Thus we reduce the problem of the inversion of the canonical operator £+
to the problem of the inversion of operator £—s+£_1, where £_1 is a smoothing
remainder. It is then possible to use the result of section 4 for inverting the full
operator and to prove Theorem — the main result on the existence and
estimates of (£ + $)~!. In particular, this theorem implies that if 2 and B
are Lipschitz operator-valued functions of a small parameter &, which vanish
for ¢ = 0 and satisfy symmetry and metric conditions (Section 5), and if £ — 3
meets all requirements of Theorem Q, then for all £2 taken in an asymptotically
full measure set, the resolvent has the representation

(£49)71E) = 90(0) + 01(5)

in which operators 9 (e) : H*(R?/T) — H*1(R?/T") are uniformly bounded
in ¢, and $o(e) are bounded operators of rank 1, the coefficient ¢ = £2@Q +
O(£%) being given by (5.9). We show at the end of the section (see Theorem
@), that the results apply to the linear operator L£(U, ) corresponding to
the differential of (@) at a non zero point in Hks). In particular, we give
the sufficient conditions which provide the existence of the bounded inverse
LU, p)~t: HST3(R/T) — H*(R/T).

Section 6 applies extensively the result proved in [@] concerning the Nash-
Moser theorem with parameters in a Cantor set. The main result, which is the
main result of the paper is Theorem establishing the existence of smooth
bi-periodic travelling gravity waves symmetric with respect to the direction of
propagation, in the region of the parameter space mentioned above. Notice
that, a part from the last section, which heavily rests upon the self contained
Appendix N of [@], the rest of the paper is self contained, with some details of
computations and basics on pseudodifferential operators put in Appendix, for
providing an easy reading.
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2 Formal solutions

2.1 Differential of G,

In this subsection we study the structure of the operator G,, and we give useful
formulas and estimates.
The following regularity property holds

Lemma 2.1 The differential h — 0,G,[h] of G, satisfies for n, ¥, h smooth
enough bi-periodic functions

OnGnlhly = —Gy(h¢) + Vx - {(CVxn— Vx)h}, (2.1)
¢ = H(Y%XU)Q{QWQ/J + Vxn-Vxv}. (2.2)

Moreover, despite of the apparent loss of derivatives for (v,n) in @,@) we
have for ||U||s < Ms, the following tame estimate

189G [Pl |1 < e (Ma){||Pllk+1 + [[U[k42]IR]|2}-

Proof. We refer to Appendix [A.] for the formula (R.1R.9) already proved for
instance in [27], and we also refer to [R7] for the tame estimate. m

From the formulas of the above Lemma , we are now able to compute
successive derivatives of F. Observe that in (R.1,R.9) there is a loss of two
derivatives for (¢, n). In fact there is a compensation cancelling the dependence
into the second order derivatives and we have the following Lemma which com-
pletes Lemma EI:

Lemma 2.2 For ||U||s < M3, and |u| < Ms the following tame estimates hold
(and analogous ones for higher order derivatives)

|00 F (U, p, w)[5U] ||
|0GuF (U, p, w)[6U1, 6Us] ||

ck(M3){|16U |l k+1 + [[U]|r+11I6U][3},
k(M3 ){||6U1]|k+1][6Uz]]s +
16U k416U [ls + [[Ullk+1][0U1[3][6U2|5}-

<
<

2.2 Linearized equations at the origin and dispersion re-
lation

The linearization at the origin of system ([L.4), ([.7) leads to

GOW) —u-Vxy = 0, (2.3)
u-Vxt¢p+un = 0, (2.4)

where the following operator

g0 — (—A)1/2
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is defined more precisely in Appendix @ Now expanding in Fourier series, we

have . '
w(X) = Z Q/JK€ZK‘X5 77(X) = Z nKelKVXa

Kerv Kerv
and (£.3), (R4) give for any K €I

|K |k —i(K - u)ng 0
i(K-uw)yg +pnx = 0.

Hence, the dispersion relation reads

AK, ) Z plK|— (K -u)? =0, (2.5)

The point now to discuss is the number of solutions K € I of (R.§), for

a fixed vector u € S;, and a fixed parameter u. We restrict our analysis to a
lattice TV generated by two vectors K1 and Ko symmetric with respect to the
x1— axis, taken in the direction of u, which is the situation if one is looking for

short crested waves:
Kl = (157—)5 K2 = (1777—)

where 7 is positive. When 7 is small, the lattice I' of periods is formed with
diamonds elongated in the x5 direction (see Figure fl). Taking 1 for the first
component of K7 implies that we choose the length scale L as the wave length
in the x1— direction divided by 27.

We consider in what follows, the cases when the direction ug of the travelling
waves at criticality is the 1 — axis, and the critical parameter . = (1472)~1/2
is such that the equation for (my,ms) € N2

fer/m3 +72m3 —m3 =0 (2.6)

(ml,mg) = (1, 1).

has only the solution

In case we have a solution (m1,ms) # (1, 1), one can make the change (p., 7) —
(L, 712) to recover the case we study here. Moreover, changing y into i/m;
corresponds to changing the length scale L into L/m; which indeed corresponds
to the new wave length in the x; direction. So, it is clear that we do not restrict
the generality in choosing the case of a solution (mq, ma) = (1,1).

Notice that for any integer [, when 7 =1 or 1/I, there is an infinite number
of solutions (m;, msy) of (.6), hence we need to avoid such choices for 7.

Remark. We notice here the fundamental difference between the present
type of study and the works using spatial dynamics for finding travelling waves,
as for instance Groves and Haragus in [@] Their study only consider cases
with surface tension, and cannot work without surface tension, since this would
lead to an infinite set of imaginary eigenvalues +im; (hence preventing the
use of center manifold reduction), with no restriction for m; to be an integer,
while mo € N (this corresponds to fixing the length scale with the period in o,
transverse to the direction of the travelling waves.
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2.3 Formal computation of 3-dimensional waves in the
simple case

In this subsection we make a formal bifurcation analysis for the simple case.
We denote by p. the critical value of u, and we denote by ug = (1,0) the
critical direction for the waves (this direction of propagation may be changed for
bifurcating travelling waves). The lattice I'is generated by the two symmetric
wave vectors K1 = (1,7), Ko = (1, —7), where

prt=1+7%
We notice that we have the following Fourier series for U = (¢, 7) :
U= Z Unei(anTX-i_nsz‘X)a Un = (wn,nn)a o = 0,
n=(n1,n2)€EZ2
and we notice that

mKi - X4+nKo- X = mizi + mTmoxo,

mp = ni+n2, M2 =ni;— N,

which gives functions which are 27r— periodic in 1 and 27 /7— periodic in zs.
We already noticed the equivariance of system (E), (ﬁ) with respect to
translations of the plane, represented by the linear operator 7y, v being any
vector of the plane. Let us complete the symmetry properties of our system
by the symmetries Sy and S; defined by the representations of respectively the
symmetry with respect to 0, and the symmetry with respect to x; axis

SoU = Z (SUn>€7i(n1K1.X+nzK2.X)7 SU,, = (=n,mn), (2.7)
n=(ny,n2)EZ?
SU = Y UpdmIeXemiax), (2.8)

n=(n1,n2)€ZL?

The system ([L.6), ([.7) is equivariant, under the symmetry Sy in all cases, while
it is equivariant under S; only if

u- K1 =u- KQ.
In particular, in such a case we have
LoS1 = 81Lo, LoSo = SoLo,

where we denote by Ly the symmetric linearized operator for u = u. and u = ug
GO  _y,-V
= . 2.
-0 (2.0

Notice that the commutation property with the linear operator Sy is not trivial
since the choice of writing our system in the moving frame selects the direction
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u which breaks a reflection symmetry. Indeed the symmetry property results
from the galilean invariance of the Euler equations.

In the following Lemma, we use the two parameters i = pu—pu. and w = u—ug
and we notice that, since u is unitary, we have

w = (wi,ws),
1
wo = ZW'(KlfKZ);
2
w
wy = f?2+0(w§).

In the following subsections we prove the following

Theorem 2.3 Assume we are in the simple case, i.e. for T and the critical
value of the parameter p.(t) = (1 + 72)=12 < 1 such that the equation n? +
2m? = p2n* has only the solution (n,m) = (1,1) in N2. Then, for any N > 1,
and any v € R?, approzimate 3-dimensional waves are given by ’]:,UE(N) (T%—
torus family of solutions) where K1 = (1,7), Ko = (1, —7) are the wave vectors,
and

UM = () = > b U ) € HY, for any k,
(p1,p2)€EN2, p1+p2<N

—1
U(LO) = 51 = (sin(K1 . X), —COS(Kl : X))a
e
—1
U(Oﬁl) = 52 = (sin(KQ . X), —_— COS(K2 : X))a
U0 — ;lsjn(QK - X) Lcos(2K - X)
= 2Mg 1 ,2,11,2 1 )
-1 . 1
U(072) — <2—//[/2 Sln(2K2 . X), 2_’u3 COS(2K2 . X)> 5
1—2ue . pro + 24 — 2
gty < sin((K1 + Kp) - X),~————cos((K; + K3)- X) | +
fe(2 — pe) (B + Ka) - X) (2 (2 = pe) ({6  ¥a2) - 50
-2
+ (0, — cos((K; — K3) X>>,
5 2, 2 2, _2\2
io= a0+ Bo)(ei +¢3) + Of (el +23)%),
w - (Kl — KQ) = (5% - 5%) (%(O‘O - 60) + O{(E% + E%)}) ’
with
4 1 2 3 9
ap+fo = —(__+_+__8_2“C+—)
pe N\ pe o pE o He 2= pre
4 3 2 3 9
- = S |-——+5+—-8—2p.+—|,
Fo = o u3<u2+u3+c ° u+2_’“‘c>
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and where for any N and k

N

~ +1
FUM, pe+ fi;ug +w) = (€3 +€3) 72 Q.,

Q. uniformly bounded in H*, with respect to €1,5. There are critical values
Te and 7. of T such that (ao + Bo)(7c) = 0, and (g — Bo)(72) =0, and oo + Fo
is positive for 7 € (0,7.), negative for T > 1., T. ~ 2.48, while ag — Py is
negative for T € (0,7.), positive for T > 7., 7. = 0.504. Moreover, for e = &3
we have "diamond waves” where the direction of propagation u is along the r1—
azis; and for e = 0 (resp. £1 = 0) we obtain 2-dimensional travelling waves
of wave vector Ky (resp. Ks). All solutions are invariant under the shift Ty, :

X— X+ (n,n/7) and W) s odd in X, while UEN) is even in X.

Remark 1: In this lemma we assume that equation (.6) for (my,m») € Z?
has only the four solutions (mi,ms) = (£1,+£1), corresponding to the four
wave vectors K = £K; and £K5,. The corresponding pattern of the waves for
€1 = €9 is in diamond form, and for 7 close to 0, the diamonds are flattened in
the z; direction, and elongated in x5 direction, looking like flattened hexagons
or flattened rectangles, because of the elongated shape of crests and troughs.
This last case is indeed observed experimentally for deep fluid layers. Nearly
all (in the measure sense) values of 7 are indeed such that we are in the simple
case.

Remark 2: The above Lemma is stated differently in Theorem 4.1 of [J];
indeed we prove here that the manifold of solutions has a simple formulation in
terms of the two parameters.

Remark 3: Since u = gL/c?, the result of Theorem E about the sign
of ag + Po shows that for 7 < 7. the bifurcation of ”diamond waves” (i.e.
w = 0) occurs for a velocity ¢ of the waves larger than the critical velocity cg
corresponding to p., while for 7 > 7. the bifurcation occurs for ¢ < ¢y. This
is in accordance with the numerical results of Bridges et al [E] (see p. 166-167
with A; = A real, Tho = 1,7 = 0 (no surface tension)). Notice that 72 ~ 6.15,
i.e. this corresponds to a critical angle § between the wave number K; and the
direction of the travelling wave, such that 6 ~ 68°, which is very large, and not
easy to reach experimentally.

Remark 4: Notice that for 7 near 7. we still have ”diamond waves’ (even
for 7 = 7/) and it may exist other bifurcating 3-dimensional waves, as noticed
in [ﬂ] However to confirm this, we need to compute at least coefficients of order
41in (B3).

Proof: the proof is made in Appendix .
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2.4 Geometric pattern of diamond waves

Diamond waves are obtained for £ = €9, they propagate along the z;— axis,
and possess the symmetry S;. In making 1 = 5 = /2 in Lemma E we obtain

UéN) = (w,n)gN) = Z e"U™ e HF, for any k, (2.10)
neN, n<N
1
v = & = (sinxy cos T, —— COS 1 COSTX2),
He
U — E(U@m + U2 4 D),

where 1/)£N) € H(’f,e, 77§N) € Héie meaning that z/;éN) is odd in x1, even in x2, and

N) . . .
né ) is even in both coordinates. Moreover, we have

f— pe = fi = €1 + O(e?)

with
He = (1+T2)_1/2a
2
mo = —c(eo+ ) (2.11)
1 1 3 Le 9
- =2 gy T
iR I T2 I

For 7 close to 0 (corresponds to some of the experiments shown in [@]), one has

-2
7 = £COST1COSTTy + % cos2x1(1 4 cos 27xa) + 0(527'2 + |§|3)

with
E=—¢/pc ~ —¢.

One can assume that € > 0 since € < 0 would correspond to a shift by 7 of z;.
Then the above formula shows that crests (maxima) and troughs (minima) are
elongated in the zo direction, with crests sharper than the troughs, and there
are "nodal” lines (n ~ 0) (as noticed in experiments [(]) at

xe =m/2T + nw/T, nE€Z,

where 7 is of order O(£272 +£|®). So, the pattern roughly looks asymptotically
like rectangles elongated in xo direction, narrow around the crests, wide around
the troughs, organized in staggered rows. Notice that when 7 — 0, we have
p1 ~ —3/4, hence €2 ~ (4/3)(pe — p), i-e.
— 3
R LIRS Fy= 2

Co 8 ’ \/gL7

where Fj is the Froude number built with the short wave length L.
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For larger, still small, values of 7, the nodal lines disappear and the pattern
looks like hexagons where two sides of crests, parallel to the xo axis, are con-
nected to the nearest tip of two analogue crests, shifted by half of the wave
length in x; and zo directions.

For values of 7 near 1, the pattern of the surface looks like juxtaposition of
squares.

For large 7, i.e. in particular 7 > 7., we have for the free surface truncated
at order €2

T&2
1 = £COST1COSTTo + . cos 27x2(1 + cos2xq) + 0(52)

where
€= —¢/le ~ —€T.

The above formula shows that crests (maxima) and troughs (minima) are elon-
gated in the x; direction, with crests sharper than the troughs, and there are
"nodal” lines (n ~ 0) at

1 =7/2+nm, nel.

Moreover, in the above formula, we see that 7 is in factor of £2, which means that
the second order term in the expansion influences much sooner the shape of the
surface as € increases. In particular for small values of € there are local maxima
between two minima in the troughs. This phenomenon is seen in experiments
(see [20]) in the case when 7 is small, however the values of & allowing such
a phenomenon for 7 small are O(1) and cannot be justified mathematically.
So, when 7 is large, the pattern roughly looks asymptotically like rectangles
elongated in x1 direction, narrow around the crests, wide around the troughs,
organized in staggered rows, and where local maxima in the middle of the troughs
may occur for a large enough amplitude. Notice in addition that when 7 — oo,

then iy ~ $77/2, hence €272 ~ == (1 — pic), i.e.

=¢ Lappe p_ S

co 87' FOE y FO = \/g_L,
where we observe that in this last formula L is the physical wave length along x1,
which is in this case the long wave length (= 7Lq, if L denotes the short one).
We plot at Figure [[] the elevation n£2) a) for 7 = 1/5 (0 ~ 11.3%), € = 0.84c,
b) for 7 = 1/2 (0 ~ 26.5°), ¢ = 0.6p.. These cases correspond to 7 very small
or moderately small, currently observed in experiments (see [R{)). Observe
however that in both cases we need to consider 7 not exactly 1/5 or 1/2 since
both cases are not ”simple cases” as required at Theorem @ Indeed, if we
consider solutions (n,m) € N? different from (1,1) for the critical dispersion

relation
n? 4+ 7°m? = (1 + 73)n?, (2.12)

then the smallest values are (n,m) = (61,18971) for 7 = 1/5, and (13,377) for
7 = 1/2. This means that the computation fails for coefficients of 897! in the
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first case, and €377 in the second case. Notice that the formal computations

made by Roberts and Schwartz [B7 (1983) correspond to diamond waves with
7=1(0 =45°) and 7 = v/3 (§ = 60°). They observed numerically the flattening
of troughs and sharpening of crests. However, both cases are not ”simple cases”
in the sense of Theorem E, and these formal computation should break at
order €% for 7 = 1, and at order £!% for 7 = v/3 (due to solutions of (-1
(n,m) = (5,35) for 7 = 1, and (n,m) = (13,195) for 7 = V/3).

3 Linearized operator

In this section we study the linearized problem at a non zero U = (v, ) for the
system ([L.6), (7). We restrict our study to diamond waves, i.e. the direction
of the waves we are looking for is u = ug = (1,0) and the system possesses the
symmetries Sp and Sy (see (R.7), (B-§)). The purpose is to invert the linearized
operator, for being able to use the Newton method, as it is required in Nash-
Moser theorem.

3.1 Linearized system in (¢,n) # 0
Let us write the nonlinear system ([.q), (.7) under the form ([.5)

F(U, ) =0,

where
U= (4,n),

and we omit the argument ug since it is now fixed. Then, for any given (f, g)

the linear system
FU,pUl=F, F:=(fg)

can be written as follows

angn[én]w + gn(éw) — Up - V(577) = f,
V- V(6¢) + pon + (6°Vn — b(VY + 1)) - V(1) = g

where 1
V= _ = — . . 3.1
Vit — bV, b= N {Vn-(ao + Ve)} (3.1)
Now defining
5 = &) — b3,

and after using (R-12.9), we obtain the new system
LU, p)[6¢, 0] = F +R(F,U)[8U], (3-2)

where the linear symmetric operator L£(U, u) is defined by

cwon=(G 7, (33)

a
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J=V-V(), a=V-Vb+pu. (3.4)
The rest R has the form

Ry(F,U)[0U] =G, (%) -V (%Vﬁ) ,

and cancels when U is a solution of F(U, u) = 0. We also notice that for U =
(v,m) € H{g, where

HE%) = {U < Hm(RQ/F) 21 odd in z1, even in 22, 1 even in x1 and in :1:2},
then
V= (V1,Va) € HI7H(R?/T) x Hy o' (R?/T),
be H]"'(R*/T), a€ HI'*(R*T),
all these functions being invariant under the shift
Tvo : (x1,22) — (21 + 7,20 + 7/ 7).
Moreover we have the following ”tame” estimates

Lemma 3.1 Let U € H’{g), m > 3. Then, there exists Ms > 0 such that for
[|U|ls < M3, one has

IV =ullm—1 +lla = pllm—2 < cm(Ms)[[U]|m,
1R (F, U)[6U[[m—2 < cs(Ma){[|F1l2([[nllm |159] 2489 [m—1)+FLl[m—1l[6nl|2}-

Proof. The tame estimates on V — u and a — g result directly from their
definitions, from the following inequality, valid for any f,g € H™(R?/T"), m > 2

1Fgllm < em I f1l2llgllm + [ fllmllgll2}, (3-5)

and from interpolation estimates like

1f1lxa+a-xs < cllfFIRIAE, (3.6)

which leads to
ezl fllg2 < cllflladllf1]s:

when
0<ar<ar < B <p1, ag+pB1=az+ fa.

The tame estimate on Ry (F, U)[0U] follows from the tame estimates (B.5), ([.9)
and from the following interpolation estimate deduced from (B.6):

A llsllgllk+r < cx{lIfll2llgllb+2 + 1 fllx+11lg]l3}-

24



]
The main problem in using the Nash Moser theorem, is to invert the ap-
proximate linearized system, i.e. invert the linear system

which leads to the scalar equation
1
Gn(69) — T (2T (69)) = h (3.7)

with 1
h=f-J"(<g) € Hi (BT

and where we look for d¢ in some H; " (R?/T).

3.2 Pseudodifferential operators and diffeomorphism of
the torus

In this section we use a diffeomorphism: R? — R?, such that the principal part of
the symbol of the linear operator occurring in (@) has a simplified structure.
Its new structure will allow us to use further a suitable descent method for
obtaining, at the end of the process, a pseudodifferential operator equation
with constant coefficients, plus a perturbation operator of ”small” order.

Let us denote the change of coordinates by X = X (Y'), where X(-) is a not
yet determined diffeomorphism of R? such that

X(V)=TY +V(Y), TY = (y1,42/7). (3:8)
We assume that V(Y) and 7j(Y) = n(X(Y)) satisfy the following

Condition 3.2 Functions 1} and ]7~a7"e doubly 2m-periodic, 1 is even in y; and
Y2, V1 is odd in y1 and even in ya, Vo is odd in y2 and even in y1, and

Ny +my2 +7) =0y, 92), V(v + 7,92 +7) = V(y1, y2).

In particular, X (V) takes diffeomorphically R?/I"; onto R?/T',. The lattices
of periods I'y and I'; are respectively the dual of lattices I'} and I'\. generated
by the wave vectors (1,£1) and (1,47). In new coordinates the free surface has
the parametric representation

z=r(Y):=(X1(Y),Xo(Y),n(Y))",

with 2x2 matrix G(Y') of the first fundamental form of the free surface defined
by gi; = 9y,r - 0y;r. We denote by J the determinant of the Jacobian matrix
B(Y)=VyX(Y).

Our aim is to simplify the structure of the operators involved in the basic
equation (E) by choosing an appropriate change of coordinates. The most
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suitable tool for organizing such a process is the theory of pseudodifferential
operators, and we begin with recalling the definition of a pseudodifferential
operator . We consider the class of integro-differential operators on a two-
dimensional torus having the representation

1 , 1 .
Au(Y) = o > e A R)a(k), (k) = 5 / e~ Yy (Y)ay,
kcZ2 T2

which properties are completely characterised by the function A : T? x R — C
named the symbol of 2. We say that 2 is a pseudodifferential operator, if its
symbol satisfy the condition

Condition 3.3 There are integers I > 0, m > 0 and a real v named the order
of the operator 2 so that

A0 = 1AC0) e+ sup  sup [K[*OFA( k) er < oo
kezZ2\{0} |oa|<m

Pseudodifferential operators enjoy many remarkable properties including ex-
plicit formulae for compositions and commutators (see Appendix ﬁ for references
and more details). Important examples of such operators are the first-order
pseudodifferential operator G(® = (—A)'/2? with the symbol "H‘_lk‘ and the
second-order pseudodifferential operator

£=vD? 4 (-A)Y2 where D; =d,,, (3.9)

with the symbol
L(k) = —vki + |T'k|. (3.10)

On the other hand, integro-differential operators D{, defined by

Diu(Y) = - 3 (zkl) i, jEL. (3.11)
k170

are not pseudodifferential for j < 0, which easy follows from the formulae
Dlu=03) u for j>0, and DJu=Ilu= ! d
1w =0ju for j>0, an 1w =Ihu=u— u(s, ya)ds.

Further we will consider also the special class of zero-order pseudodifferential
operators 2 with symbols having the form of composition A(Y,£(k)), where the
vector field £(k) = (&1 (k), &2(k)) is defined by

E(k) = Tﬁlk/|’11‘*1k| for k#£0, £(0)=0.
The metric properties of such operators are characterized by the norm

A1 = sup sup |9FA(,§)llcr < o0, (3.12)

laf<m [€]<1
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which is equivalent to the norm |A|° ;. By abuse of notation, further we will
write simply £ instead of £(k) and use both the notations A(Y,&1,&) and A(Y€)
for A(Y,€).

We are now in a position to formulate the main result of this section.

Theorem 3.4 For any integers p,m > 14, real 7 € (6,6 1), and U = (¢, 1) €
HITS) (R?/T;), there exists g > 0 so that for

U|l, <e with €€ 0,e0]

there are a diffeomorphism of the torus of the form @), satisfying Condition
@, zero-order pseudodifferential operators U, B and an integro-differential op-
erator £_1 of order —1 such that:

(i) The identity
1 ~
[gna —J (aja)} o (T+V)=k|Cu+AD1u+Bu+ L 1u|  (3.13)

holds true for any u € H? (R*/T1) and @(X) = u(Y (X)).
(i) The operators A, B and £_1 have the bounds

Aa.m—6 + [Blam—6 < cm([U]l6)|U]lm,
1€-1ully < cellullr—1, for 1<r<p-13,
I£-vulls < clellulls—1 + [|U]|st1s]ullo)-

(iii) Operators A, B and £_1 are invariant with respect to the symmetries
Y — +Y*, Y* = (—y1,y2) which is equivalent to the equivariant property

AD u(£Y*) = AD 1w (£Y), Bu(£Y™) = Bu*(+Y),

£_1u(iy*) — £_1u*(iY), u*(Y) _ U(Y*), (314)

they are also invariant with respect to transformY — Y + (w, 7).

(iv) Diffeomorphism (B.§) of the torus can be inverted as Y = T~1(X —V(X)),
y1 =21 +d(x1,22), Y2 = Tx2 + TE(T1, T2).

Functions d € C'7*(R?/T;), e € CI4(R?/T,), k,J € Cl74(R?/Iy)
and parameter v satisfy the inequalities

ldllcm—s +llellem-s < em([UN)Ullms | =1/pl < c(||U||4)||Ul|4, |
3.15

[k = Llgm-s + ] =1/7llcm-s < cm([[U[s)[|U]lm- (3.16)
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The proof is based on two propositions, the first of which gives the represen-
tation of the Dirichlet-Neumann operator in the invariant parametric form, and
the second shows that trajectories of liquid particles on the free surface forms
a foliation of the two-dimensional torus.

In order to formulate them it is convenient to introduce the notations

1 .
Jie G divy (\/ det Gq(Y)).

Recall that Gk - k is the first fundamental form of the surface X.

G (Y, k) =VGk-k, divq(y) =

Theorem 3.5 Suppose that functions 1 and % satisfy Condition @ and there
are integers p, | such that

1llee +[[VIlce
lles + [VIles

e, 10<p<l,

<
S El, SSZ

Then there exists €9 > 0 depending on p and l only such that for 0 < e < ey and
2m-periodic sufficiently smooth function u, the operator G, has the representation

Gyto (T+V) = Gru+ Gou+G_1u, a(X)=u(Y(X)). (3.17)
Here Gy is a first order pseudodifferential operator with symbol

vdet G
J

G1(Y, k) = G (Y,k), Y eR? keZ? (3.18)

Go is a zero order pseudodifferential operator with symbol

Go = Re Go + iIm Gy,

det G . 1
Re Go(v.k) = S C 1 L o rdivevyn)],  (3.19)
272 L G2
Vdet
Im Go(Y, k) = — ;J C div(v,G1). (3.20)

Here the quadratic form Q(Y,.) is given by
1 - _ _ _
QY. k) = EVY(Gflk k) (GT'Vy)) =G k- Vy (G V- k), (3.21)
and the operator Gy satisfies the estimates
|Goul§ - < ce, |Goulq,_5 < cEy, (3.22)
while the linear operator G_1 satisfies

IG_sull, < cellull—1, for 1<7<p—09,
1G_1ulls < clellullomr + Billullo), for s<i-9.  (3.23)

Moreover, operators G1, Go and G_1 satisfy the symmetry properties

Giu(£Y™) = Gu*(£Y), j=1,0,—-1, u"(Y)=ul").
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Proof. The proof is given in Appendix Q [

The formula for the principal term G is a classic result of the theory of
pseudodifferential operators @] The expression for the second term in local
Riemann coordinates was given in [[[]. It seems that the general formulae (B.19),
(B-20) are new. Note that the ratio det G/J? = 1+ |[Vxn(X)|? is a scalar
invariant and the real part of Gy can be rewritten in the invariant form

_1LG—2MF+NF 11L& +2M&& + NE3
Vdet G 2 EG - F? 2 E€ 4+ 2F&& + GE

(3.24)

Here we use the standard notations for the second fundamental form L&F +
2ME1€o+ NES and the first fundamental form EEZ +2F & &o + GEZ of the surface
x3 = n(X), the vector ¢ is connected with the covector k by the relation k = G¢.
The right hand side of (B.24)) is the difference between the mean curvature of
Y. and half of the normal curvature of ¥ in the direction £. Note also that the
conclusion of Theorem @ holds true without assumption on the smallness of ¢,
but the proof becomes more complicated and goes far beyond the scope of the

paper.
Lemma 3.6 Form >4, and U € H@)(RQ/FT) with ||U||4 small enough, there
exists a unique function Z € C"™ 3(R?) such that

0Z Vs

— == Z I Z = 3.25
621 V1 (Zla )a 1 22, ( )

where I denotes the average over a period in z1, and V; are the components of
the vector field V' defined by (@) Moreover, Z is even in z1, odd in 2s,

Z(Z)=Z(Z+ (27,0)) = Z(Z 4+ (0,27/7)) — 277 = Z(Z + (7, 7/T)) — 7/ T,
and the shifted function T;Z = Z(-+ 0, -) is solution of the system ([3.23) where
V =V(-+94,-). Moreover, the mapping

r1 = 21, i) :ZQ—CE(Zl,ZQ) :Z(Zl,ZQ), (326)

with his inverse
z1 =21, 22 =2+ di(x1,72)
define automorphisms of the torus R/T: X +— Z =Ui(X) , X =U;(Z). The

functions di and dy have symmetry (e, o), as above and we have the following
tame estimates

ld1l[gm-s + |ldr][cm—s < cm(|[U]l)][U]]m-

The automorphism Uy takes integral curves of the vector field V', which coincide
with the bicharacteristics of the operator G, — J*(a='J"), onto straight lines
{z2 = const.}. In other words, bicharacteristics form a foliation of the torus
with a rotation number equal to 0.
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Proof. The proof is made in Appendix []. =
Let us turn to the proof of Theorem B.4. We look for the desired diffeomor-
phism Y — X in the form of the composition (U o U;)~t,

Uy

U
X — 2

7 —=Y,

)

where the diffeomorphism ¢, : R?/T"; — R? /T, is completely defined by Lemma
B.6, and the diffeomorphism U, : R?/I'; +— R?/T'; is unknown. We look for it
in the form Y = Us(Z) with

m :Zl+d2(Z>, Y2 :T(ZQ+€2(ZQ>), (327)

where functions ds and es will be specified below. Our first task is to make the
formal change of variables in the left hand side of (B.13). We begin with the
consideration of the second-order differential operator J*(a=17-). It follows
from the equality J =V - Vx that

1 ) 5
—T7([T0) ol olly ' = SV - {;(B*lv : VYU)IB%ﬂV},

where
V=V(X(Y)), a=a(X(Y)), BY)=VyX(Y),JY)=det B(Y).
In particular, we have
B~ (Y(2)) = V2Y(2) [V2X(2)] .
On the other hand, Lemma B.g and formulae (B.27) imply
[V2X(2)] 7' V(X(2)) = Vi(X(2))er, VzY(Z)er = (1+0.,d2(Z))er,

where e; = (1,0). Thus we get

aly

Oy { =1+ 0:,d2)* V20, u}.

~| =

T (G T0) =

From this and parametric representation () of the Dirichlet-Neumann oper-
ators we conclude that the left hand side of the desired identity (B.13) is equal
to

p(Z(Y))05,u(Y) +5(Y))3y,u(Y) + Gru(Y) + Gou(Y) + G-1u(Y),

where

M) = iy (L Oa (D) Vi(X(2) (3.28)
(V) = S50 {70V )R(Z(Y)}.

30



Note that ) is a second order operator with respect to the variable y; and
a first- order operator with respect to variable y». Its principal part is the
pseudodifferential operator pdy? + G; which symbol reads

—pk? + T (adjG k- k)7,

which we write in the form
2 1 2,2 2 1 2 1 2\ /2
—pki + (7J)" /911 (7‘ k3 —27°g17 g12kika + 7913 9221{31)

Hence operator (B.13) can be reduced to the operator with constant coefficients
at principal derivatives if for some constant v ,

v p(Z(Y)) = (rJ(V) " Ven (). (3.29)

This equality can be regarded as first order differential equation for functions
do(Z), e2(z2) and a constant v. It becomes clear if we write the right hand
side as a function of the variable Z. To this end note that since 9y, 22(Y) =
622:51(Z) = 0,

g1 = |[V2X 0, Z|° + (Vxn-V2X -0, 2)° =
[ay1 21 (Y)]2 [1 + (6212)2 + (61177 + 61277621 2)2] ?
which along with (B.2) gives

V24 (V- Vxn)?
V2(1+48,,d2)?

g1 = (3.30)

On the other hand, we have

J(Y(2)) ™" = det VY (2)(det V2 X(Z)) " = (1405, d2) (1402, 5) (92, Z) .

Substituting these equalities into (B.29) we obtain the differential equation for
do and eq,

0.,d2(2) = [va(Z) (1 + eh(22))] /> = 1, (3.31)

where q is equal to
_ 2\ 1/2 1
Vi(X(2) (VX)) + (VX (2) Oxn(x(2))°) " a(X(2))0-, (2(2)) 7,
(3.32)
has symmetry (e, e), and is close to p. Note that it is completely defined by

equalities (B.1), (B-4), and Lemma B.6 This equation can be solved as follows.
We first note that it gives a unique dy with symmetry (o, e) provided that

1 ™
v ) = 5 [ 2)d (3.33)

—T
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This now determines a unique periodic odd function es provided that

/T T -2
v= 27r7'/ (/ ql/Q(Z)dzl) dza, (3.34)
—7/T -7

which is just 1/p when (¢, ) = 0. We observe that the invariance of q(Z) under
the shift Ty, leads to the invariance of the right hand side of (B.33) by the
change zo +— 29 + 7/7. This means that ey is indeed 7/7— periodic. It follows
from Appendix G (see Lemma G.3) of 4] and Lemma B.g that

la = pllem-—s < en(IUI)NUm,
v =1/ul < c||U]ls,
lda|lgm-s + lleallcm—s < cm([Ul)IU]|m-

From this, the identities
d(X) = da(21,22 + di(X)), e(X) =di(X) + e2(22 + di (X)),

and from Appendix G (see Lemma G.1) of P4 we deduce estimates (B.17) for
the functions d, e, and also estimate ( ) for the Jacobian J. Hence the

diffeomorphism Y — X is well defined and meets all requirements of assertion
() of Theorem B4 Next set

k(Y)=(TJY) "WV (Y), bY) = —71g11(Y)  g12(Y), 14+2a = 12911(Y) tg12(Y).
It follows from (B.15) that

llg11 = Ulem-s + [lg22 = 1/7%llcm-s + ||grallem-s < em(|U]5)[|U]lm, (3.35)

which leads to estimate (B.16) for x and the following estimates for the functions
a and b
llallgm=s + [1bllcm-s < cm([U][5)[1U]]m- (3.36)

We are now in a position to define the operators 2, 8B and £_; defined by
the left hand side of identity (B.13). Tt follows from (B.2§) and (B.29), that its
coefficients satisfies the inequalities.

p=vk, pls=09,(InkJ)

From this we conclude that

1 ~
[g,]a — j*(aja)} o (Us oZ/ll)_1 =k|L+ Gru+voy, (InkJ)Diu+ Bu+ L£_1u

1 1 ~ 1
B=-0o, £1=-01, G =-G — (-0~ (3.37)
K K K
By construction, the operator G1 has the following symbol

{0+ 2(V))2 + 20(V)rhaky + 7213} 7% — {02+ 203},
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which implies that 51 = Ap®; where the zero order pseudodifferential operator
Ay has the symbol

—2i(a(Y)k:1 + Tb(Y)kQ)
(14 2a(Y)k2 + 2b(Y) ki ks + 7282172 + (k2 1 728212

which can be written in the standard form

Ao(Y.€) = —2i(a(Y)& +b(Y)E2) '
T 14 (14 2a(Y)E2 + 2b(V)6als + €2) 2

(3.38)

Hence the basic identity () holds with the operators 98, £_; and the operator
2 = Ag+19,, (In g11) which yields (i). Estimates (ii) follow from formula (.39),
estimates (B.36), (B.39) (B-16) and Theorem B.3.

Note that the functions k, J, a are even and the function b is odd both in
y1 and yo. Moreover, they are invariant under the shift Y — Y + (7, 7/7).
Hence the operator 2 satisfies the symmetry conditions (7). Formulae ()
along with Theorem @ imply that the operators %6 and £_; also satisfy the
conditions (B.14), which completes the proof of Theorem B4

3.3 Main orders of the diffeomorphism and coefficient v

In using later the Nash-Moser theorem, we need to set
U=U™ +Nw

where U&EN) is an approximate solution, up to order e of the system (@), (m),
and W is the unknown perturbation. At Theorem @, for e = g9 = ¢/2 (Dia-
mond waves), we showed how to compute explicitly any order of approximation

M) ith g — pe(r) = e2p1(7) + O(e4), pua(r) # 0 for 7 # 7. Then we need
to know in particular the principal part of the coefficient v in (B.34) and (@),
which implies the knowledge of the diffeomorphisms i; and Us. We show the
following two Lemmas:

Lemma 3.7 For N > 3, we have
(e, W) = pgt = 2n(r) + O(e%), (3.39)

where pe = (1 +72)"Y2 and

(1) 3 5
nlr) = 2 16 Al
1 1 1 7 1 9

= = =T 3.40
W o T uE v RE d @-py 040

which is positive for any T > 0, (v1(7) > 5/16p.).
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Lemma 3.8 For N > 3, the diffeomorphism ) of the torus, which allows to

obtain the form ) for the linear operator G, — j*(%J(J), and the principal
part of N(Y), are given by

X = (z1,22), Y =(y1,92), X(Y)=(X1(Y), X2(Y)),

e . ) .
X1(Y) = n+ §s1ny1 cos Y +52(£11 sin 2y; + &12 8in 2y cos 2ys) + 0(53),
1
Xo(Y) = ;yg + eTcosy; sinys + €2 (€21 8in 2y + a2 cos 2y; sin 2ya) + 0(53),
N €
ny) = _M_ COS Y1 COS Y2 + 52{7700 + 101 €08 2y1 + Moz cos 2y (1 + cos2y1)} + 0(53),

where € > 0 is defined by the main order &y of UE(N) and

= pe+ 2 (r) + O, pe=(1+7%)72

and where
(. [ 8 3 5.3 11
YT 4@ ) 16 Ape A2l pkSe
1 T 17 T

2 = e 521—*§+@, 522—*57
1 B

Too = 4,“42 8/146, To2 = 8#3’
1113

T T T 12 T T2 )

Proof: see Appendix E

4 Small divisors. Estimate of £— resolvent

It follows from Theorem @ that the pseudodifferential operator £ = GO + V@;l
with the symbol

L(k) = —vk? + (kI + T2k5)Y2, ke 1z’ (4.1)

forms the principal part of the linear problem. In this section we describe the
structure of the spectrum of £ and investigate in details the dependence of its
resolvent on parameters v and 7. The first result in this direction is the following
theorem which constitutes generic properties of £.

Theorem 4.1 For every positive v and T, the operator £ is selfadjoint in
H°(R?/T") and has the natural domain of definition

D(g) ={ue H(R*/T): Y L(k)*[a(k)]* < oo}.
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The spectrum of £ coincides with the closure of the discrete spectrum which
consists of all numbers \, = L(k), k € N?; the corresponding eigenfunctions are

defined by
(2m) " Lexp(ik - Y), (2m) lexp(£k*-Y) where k* = (—ki, k).

For each real 3 # \i,, k € Z2, the resolvent (£— )~ is a selfadjoint unbounded
operator defined in terms of the Fourier transform by the formula

(&~ o)~ tu(k) = (L(k) — ») " Ya(k), ke Z2 (4.2)

Proof. The operator £ is unitary equivalent to a multiplication operator in
the Hilbert space I3, which can be represented by the infinite diagonal matrix
with diagonal elements L(k), k € Z2. Tt remains to note that for such a matrix
the spectrum coincides with the closure of diagonal, and the discrete spectrum
coincides with the diagonal. m

Note that zero is nontrivial eigenvalue of £ if and only if the dispersion
equation L(k) = 0 has a nontrivial solution k = k9. The number of such
solutions depends on the arithmetic nature of parameters v, 7. We restrict our
attention to the simplest case when ko = (1,1). It is easy to see that in this
case the point (v,7) = (vg,7) belongs to the positive branch of the hyperbola
Vg -2 =1

Our aim is to investigate in details the dependence of £-resolvent on param-
eter v. With further applications to the Nash-Moser theory in mind we take the
perturbed values of parameter v, and a spectral parameter »¢ in the form

vi(e) = vo — %1 + °05(e),  3¢(e) = e232(e), (4.3)

where vy = vp(7) and 11 = v1(7). Here functions 7; and 3;, j > 1, are defined
on the segment [0, 7] and satisfy the inequalities
D)l + 7€) < R,
75 (e") = 75(€")| + |3 (') — 3;(")| < Rle" — €], (4.4)
Dj1 = 05| + |50 — 32| < R(27Y).
Denoting by £ the operator £ for v = 1y(7), the next theorem establishes
the basic estimates for a resolvent (£ — 5)~! on the orthogonal complement

to ker £y, which are stable with respect to perturbations of parameters from a
suitable Cantor set.

Theorem 4.2 (a) For each a € (0,1], there is a set of full measure My C
(1,00) so that whenever vy € Ny and v = vo(1) = (1 4+ 72)12, zero is a
non-trivial eigenvalue of £y and

ker £9 = span {1, exp(Liko - Y), exp(xkg ~Y)},
||£alu||s_(1+a)/2 < cllulls, when we (ker £0)t N H*(R?/T). (4.5)
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(b) Suppose that vy € Ny, with a € (0,1/78), then there is a set € C [0,7¢) so
that

2
- / ede —1 as r—0, (4.6)
r

[0,7]NE

and for alle € €, j,8 > 1 and v = v;(e), » = »;(e),
(€ —5) ", <cllulls when ue (ker £o)t N HR2/T), (4.7)
where the positive constant ¢ depends on «, vy and R only.

Remark 4.3 The fact proved at Lemma @ that v1(1) > 0, allows the freedom
to take T as a function of € as T = 19 + £271. Then, for || small enough, we
have

wy = wo(l/alyl — 7517'1) #0

and Theorem @ still holds true.

It follows from formula (JL.9) and the Parseval identity that Theorem [£.9 will
be proved once we prove the following

Theorem 4.4 (a) For any o € (0,1] there is a set of full measure My C
(1,00) so that for all vy € Ny and v = vy(T),

|L(k)| > k|~ /2 when k0, +ko, ki (4.8)
(b) Suppose that vy € M, with o € (0,1/78), then, there is a set € C [0,7¢)
satisfying ([L€) so that for alle € €, § > 1 and v = vj(e), 2 = x;(e),
[(L(k) = 2) 7" > clk|™" for all k+#0,+ko, k5, (4.9)
where the positive constant ¢ depends on vy, o and R only.
The proof naturally falls into four steps.
First step. We begin with proving two auxiliary lemmas which establish a

connection between the symbol L and the Diophantine function defined by the
formula

m C

m o mmen (1.10)

(myn) = w—
where constants w, C' are connected with parameters v, 7 and 3¢ by the relations
w=v/T, C=1/Q2vT)— /T

Lemma 4.5 Let for some ¢ > 2 and o € [0,1], parameters v, T and a vector
k € 72 satisfy the inequalities

O0<o'<uvr<o |xl<o |ki|>20% (4.11)
|wki — ko] — C| > 5(0° + ') [ka |77, (4.12)

Then |L(k) — »| > |k|~(+)/2,
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Proof. Since L(k) is even in k, it suffices to prove the lemma for

k= (n,m) with integers n > 2¢% ~—m > 0.
We begin with the observation that for n? > 20%m,

—Lk)+ x>0 =/ ®Pm2+n2— o>

R

Hence it suffices to prove the lemma for
n? < 20°m. (4.13)
Since for all non-negative o, 0 < 1 +0/2 — (1 + 0)¥/? < 02 /4, we have
—7 7 L(k) = wn? —m — (27%m) "' 4+ @rtm®) "t oy, 01 €0,1],

which along with the identity

(27%m) " n? = 2ur) ™t + 2urm) " (wn? —m)

yields
—77Ye(k)(L(k) — 3) = wn® —m — C + os. (4.14)
Here

03 = C(1 — e(k)) + e(k)(47*m®) " 'ntor, e(k) = (1— (2rvm)~1) "

Since
(Qurm)~! <271 mT < p'nT? <27,

we have
1<e(k) <2, e(k)—1<20n72,

which along with the inequality |C| < 30%/2 leads to the estimate
4 6 1

e n _
|02| S (3@6 + ?W)E S 5glon 2.

From this, ([.19) and (f..14) we conclude that

20|L(k) — 5| > |wn? —m — C| — 20" 72 >
5(0% + 0101 — 59002 > 51,

It remains to note that due ([.13) the right hand side is larger than |k|~(1+)/2
and the lemma follows. m

Lemma 4.6 Suppose that parameters vy, g and v, T, 3 satisfy the following con-
ditions.
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(i) There is 0 > 2 so that

O<o'<uyrnuw<o |x<o

(i) The dispersion equation

vok? — \/k? + 72k =0 (4.15)

has the unique positive solution k = kq.

(iii) There are positive N and q so that

N >20% q>5(0"+0"),
lwn? —m — C| > qn= '~ for all integers n > N, m >0

Then there are positive § and o, depending on N, q and vy only, so that
|L(K) — 5| > 40lk|OF9/2 for all k # 0, +ko, £k (4.16)

when
|V —vo| + || < 6. (4.17)

Proof. It follows from (#ii) that v, 7 and s meet al requirements of Lemma
[.5 which implies that |L(k) — 5| > |k|~(1+®)/2 for all |k;| > N. On the other
hand, since

i 0= 2 o7+ - ok — o=

there is N* depending on ¢ and N only so that |L(k) — 5| > |k|~(1F)/2 for all
|k] > N*. Since the number of wave vectors k in the circle |k| < N is finite, the
existence ¢ and 7y follows from continuity of L(k) as a function of parameters
v,T. W

Second step. Next we prove that condition (éii) from the previous lemma is
the generic property of function (fi.1() which leads to assertion (a) of Theorem
@. In order to formulate the results let us introduce the important function
d : N? — R defined by the formula

d(m,n) :wo—m _ G

5 — —5, Wwhere wo=1p/7,Cy = (2up7) "L (4.18)
n? n

Lemma 4.7 For each a € (0,1] and q > 0 there is a set of a full measure M.,

in (1,00) so that for all vy € M, there exists N > 0, depending on vy, o and
q only, such that

|d(m,n)| > qn™3"* when n > N,m > 0. (4.19)
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Proof. Noting that Cy = (wy — wy ')/2, we rewrite inequality (f.1d) in the
equivalent form

3—«a

1
|do(wo, m,n)| > gn~ where do(wo, m,n) =wo — — (M —2"wy + 27wy ).

n2
Without loss of generality we can assume also that wg € [1, a], where a is an ar-
bitrary positive number. The set of points wg for which |dg(wo, m,n)| < gn =37«
can be covered by the system of the intervals ¢(m, n) labelled by integers m and

n. It is easy to see that their extremities wif (m, n) satisty (n? 4 %)wat(m, n) >

m — —%=. On the other hand, since
Owdo(wo,m,n) =14 (2n*)~1 + (2win?®) "t € [1,2],

the length of each intervals is less than 2gn~3~°. Hence for fixed n, the number
of intervals ¢(m,n) having nonempty intersections with a segment [1,a] is less
than a(n? 4+ 1/2) + ¢/n'T. From this we conclude that

3
Z Z meas t(m,n) < 2q(§a—|— q) Z n=1=% < cq(a + g)N~°.
n>N m:(m,n)N[1,a]#0 n>N

Hence

meas {wo € [1,a] : |do(w,m,n)| > qn™*"* forall m>0,n>N}>
a—cqla+q)N % —a as N — oc.

It remains to note that the mapping 1y — wy takes diffeomorphically the interval

[1,00) onto itself and the lemma follows. m

Next lemma shows that almost each point of 9, satisfies the following
Condition M. There are positive constant cg, ¢1 such that for all integers

n>0,m2>0,

|d(m,n)| > con™ " (4.20)

)

|e2mivon 1) 7h < eyn? (4.21)

Lemma 4.8 For each o € (0,1) there is a set N, C M, such that meas (ima\
MNy) = 0 and Condition M holds for each vy € N,,.

Proof. We begin with the observation that inequality ) holds for almost
every wg with a constant ¢; depending on wq only. Hence it suffices to show that
inequality %) holds true for each vy € M. Fix g =1, v € M, and note that
by lemma ({.7), |d(m,n)| > n=37% for all n > N. Since lim d(m,n) = —oo,

m—00

we can choose N such that this inequality is fulfilled for all (m,n) outside of
the simplex n > 0,m > 0, n +m < N. It remains to note that this simplex
contains only finite number of integer points and d(m,n) # 0 for irrational wq
different from the sum of a rational and the square root of a rational. m
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Third step We intend now to study the robustness of estimate ([£2() when
one adds a small perturbation to d(m,n). In order to formulate the correspond-
ing result we introduce some notations. For each € € [0, 9] and j > 1 set

i) = vi(e)/T, Cj(e) = (2v(e)7)
It follows from ([.3) that they have the representation

- sj(e)r!

dj(é‘) =wy — 62(.4}1 + EBQ]'(é“), C’j(é‘) =Cy— €2gﬁ~j(€> e € [0, 9],

in which w; = 77!14. Our task is to obtain the estimates for the function

Dj : [0,70] x N?> — R defined by

(4.22)

For technical reason it is convenient to formulate the problem in terms of a new
small parameter A. Set

A= (N =g(VA), Q) = (V)
wj()\) =wy — w1 + )\3/293‘()\), A€ [O, po], (423)

where pg = 72. It follows from ([L4) that for suitable choice R and ro,

s R
1] +10il < R, Q11— +]ejr1—wil SRR, [QN)]+]ei(N)] < EWoN
(4.24)
Set
~ m  C wi(A)
D\, m,n,) = Dj(ﬁ,m,m:wj(x)f—fn—gm ;2 . (4.25)

Definition 4.9 For positive N, g, v denote by H;(N,q,7) the set defined by
H;(N,q,r) = {)\ € (0,7) : |Dj(\,m,n)| > qn™* for all integers n > N, m > 0}.
(4.26)

Theorem 4.10 Assume that vy € M, with o € (0,1/78). Then, for each g > 0,
there is N > 0 such that

! meas ﬂ{Hj(N,q,T)} —1 as r—0, (4.27)
”

j=>1
and there exists ¢* such that

1
= meas [ |[{H;(N,q,r)} >1—=c"r® for 0 <r<r", (4.28)
r

Jj=1

where 0 < w < min{a/(3 — ), (7871 —a)/(3 + a)}.

Proof. Subsection @ is devoted to the proof. m
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Fourth step. We are now in a position to complete the proof of Theorem @
First note that by Lemmas @ and @ for each vy € M, parameters v = vy(7T)
and » = 0 meet all requirements of Lemma @ with § = 0. Applying this
lemma we obtain (@) It remains to note that for almost all vy the dispersion
equation has the only positive solution ko and assertion (a) follows. In order to
prove (b) choose an arbitrary vy € My, ¢ > 0 and set

E = {5>0: e e mHj(NaCLT)}a

j>1

where N is given by Theorem@. It follows from this theorem that the set
& satisfies density condition ({.6). On the other hand, ({£.2q) implies that for
e € &, parameters v = vj(e), » = »;(c) meet all requirements of Lemma [£6.
Since

lvi(e) — vo| + |5(e)] = 0 as € =0

uniformly with respect to j, there exists €2 > 0 depending on 1y and R only
such that for all ¢ € £ N (0,e2), parameters v = v;(e) and 2 = s;(e) satisfy
inequality ([.17) which yields ({.16) (where a = 1), and the theorem follows.

4.1 Proof of Theorem {.10

Our approach is based on standard methods of metric theory of Diophantine
approximations and Weil Theorem on the uniform distribution of a sequence
{won?}. Without loss of generality we can assume that w; > 0, and pg = 73
satisfies the inequality

3
po < %(wl + R = w(\) > % for X < po. (4.29)
It follows from (f£.24) that the sequences ;and ¢; converge uniformly on [0, po]

to functions 2, and ¢ such that

Qoo Hpool < R, Q00— +Hl0oo 5] < 2179 R, [ (V)| +Hehe (V] < 27N 2R,

(4.30)
Our task is to estimate the measure of intersection of the sets ;. We begin
with the investigation of their structure.

Structure of a set H;(N,q,r). The main result of this paragraph is the
following covering lemma. Fix an arbitrary positive ¢ and set

= min{ 22, 0 () = maxf (LR (20O (i
27 128R2JS7 B w1 "\ "\wirs ’

(4.31)

where ¢ is the constant from Condition M.

Lemma 4.11 For N > N3(q), r <12 and 1 < j < oo, the set [0,r]\'H;(N,q,r)
s covered by the system of the intervals

Lij(m,n) = (A} (m,n),\] (m,n)), n>N Ii(m,n)N[0,r] #0,
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such that

(i) )\]j-[(m, n) are solutions of the equations

(\E
)\;E (Wl — %) _ ()\;E)S/QQ()\%) _ d(m,n) 4 i

. (4.32)
with d(m,n) > 0. They satisfy the inequalities
0 <Aj(m,n) < )\;r(m, n) < 2ra, (4.33)
%d(m,n) < )\;-t < u%d(m,n) (4.34)
;—i% < )\;r(m,n) = Aj (m,n) < i—?% (4.35)

(i) For a fized n > N, the left extremities N (m,n) strongly decreases in m,

)\J-_(Mjm(r),n) <A (M n(r) —1,n) < ... <A (mjn(r),n), (4.36)
A (k=1,n) = A; (k,n) > T2 (4.37)
where
M () min{m > 0: I;(m,n) N[0, r] # 0},
M;n(r)

max{m > 0: I;(m,n) N [0,7] # 0}.
(iii) For each such interval with Ij(m,n)N[0,7] #0 ,

5 200 1/(3+a)
dim,n) < —wir, n> r /G N (m,n) < 2r. (4.38)
2 5w1 J

(i) If intervals I;(m,n) and I, have nonempty intersections with (0,7], then

|)\]j-E (m,n) — AE (m,n)| < 2797 4w,. (4.39)
Proof. By abuse of notations, we suppress the index j. Proof of (i).
+A¢ 3
—\D(\mn) =w — L2 SA2Q0) = N2 (N),
it follows from (f.31))and ([£24) that for X < 2y
2R 2R
w1 — = —2RA\Y? < —9\D(\,m,n) <wi + = +2R\'/?,
n n
which along with ({.31) implies the inequalities
% < —9\D(\,m,n) < % for A€ [0,2rs], n> Nj. (4.40)
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Hence the function —D(A,m,n) is strongly monotone on the interval (0, 2rz).
Therefore for r < r9,N > N3 the set (0,r) \ H(N,g,r) can be covered by the
system of the intervals

J(ma TL) = (ﬂ(ma n),'y(m,n)), 0 < ﬂ(mﬂ TL) < ’Y(mvn) < T

such that
—D(B(m,n), m,n) = f% if B(m,n) >0, (4.41)
—D(y(m,n),m,n) = +% if y(m,n) <r, (4.42)
— % < =D(Bm,n),m,n) < 7 if Blm.n) =0 (4.43)
— % < =D(y(m.n),m,n) < i y(myn) =, (1.44)
Note that, by condition M,
L= <L _jdm,n),

TL4 Conlfa n3+a — conlfa

which along with (4.31) yields the inequalities

%|d(m,n)| < Jd(m,n) + 4| < g|d(m,n|, d(m, m)] > 2L for n > Ny
(4.45)
From this and the equality D(0,m,n) = d(m,n) we conclude that case ([L43)
is impossible and S(m,n) > 0 for all intervals J(m,n). Let us consider case
(B.44)). Since the function —D(\,m,n) increases in A on the segment [0, 2r2],
there is a maximal y* in (0, 273] such that

(ﬁ(m,n),r) C (ﬁ(m,n),v*)C(B(m,n),27“2),
|[D(A,m,n)| < gn~* in (B(m,n),v*).

Let us show that v* < 2r9. If the assertion is false, then ro, 2rs € (8(m, n), vx|
which yields

—qn~* < =D(ry,m,n) < —D(2ry,m,n) < qgn~ %
Thus we get

ro min {—d\D(\,;m,n)} < D(r2,m,n) — D(2r2,m,n) < 2qn~4 < 2qN3_4.

[TQ,QTQ]
From this and ([.4() we obtain the inequality
wig < 2qN; %,

which contradicts (#.31]), and the assertion follows. In particular, we have
—D(v*,m,n) = gn~*. Since the equations —D(Ax,m,n) = +qn~* are equiv-
alent to (4.32), in the cases (.41)), (1.42) we have in the cases (4.41)), (1.42)

that
B(m,n) = A" (m,n), ~(m,n)=A"(m,n), J(m,n)=1I(m,n),
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in the case ([.44) we have
( ,n)=A"(m,n), ¥ =AT(m,n), J(m,n)C I(m,n).
Hence the set [0, 7]\ H(N, ¢, ) is covered by the intervals I(m, n) with the ends

satisfying ([£39), (£.33). Tt follows from ([L31]) and ([£24) that for n > N3(q),

)\<7‘2,

EA < )\( wy — —) A320()) < ZMA. (4.46)
TL

In particular, the left side of equation () is positive, which along with ()
yields positivity of d(m,n) in the right side of equations (§t.32). Combining

(1.32), (4.46), (}.45) gives () Next equation () implies
D\~ (m,n),m,n) — DAT(m,n),m,n) = 2qgn=%.
From this and ([4() we conclude that

wl(/\+ (ma TL) AT (ma TL)) <

wl(/\Jr (ma TL) — AT (ma TL)) >

which yields

4q 1 I
3or nt < AT (myn)—A_(m,n) < ——

and the assertion follows.

Let us turn to the proof of (ii). By Lemma [L.11)(i), I(m,n) N [0,7] # 0 if
and only if A= (m,n) < r. In particular, 0 < A~ (my(r),n), A\~ (My(r),n) < 7.
On the other hand, A~ (m,n) is a solution to the equation

—~D(\"(m,n),m,n) = —qn~*. (4.47)
By (f.40) we have
1 3
—OmD(A\,m,n) = —, % < —OhD(A,m,n) < % for A€ [0,7].
n

Hence for fixed n > Nj, the implicit function A~ (m,n) satisfying the equation
(.47) is defined and strongly decreases on the interval [m.,,(r), M, (r)] which
yields ([£36). The relation I(k,n)N[0,7] # 0 for each integer k € [m., (1), My, (r)]
follows from ([.36). Next if m,,(r) <k —1 <k < M,(r), then we have
0=—-D\ (k—1,n),k—1,n)+ DA (k,n),k,n) =
=—-DM (k—=1,n),k—1,n)+ DA\ (k,n),k—1,n)+
—D(A\ " (k,n),k—1,n)+ DA™ (k,n), k,n)

=-D(\"(k—1,n),k—1,n)+ D\~ (k,n),k—1,n) — %
< e {=O\D(A k= Lm)}(\™ (k= Lm) = A~ (Fvm)) — -
< %()ﬁ(sz L) = Ak m)) — o,
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and hence

3(.4}1 _ _ 1
AT (k= 1) = A (k) = —,

which completes the proof of (7).
Next note that ([.3§) is a consequence of the inequalities
2¢9 1 < 2

5wy 3t = 5wy

d(m’n) <A” (m,n) <

and (1) follows.
It remains to prove (iv). We have

Doc(AE,m,n) — Doo()\;t,m,n) = Dj()\;t,m,n) - Doo()\;t,m,n).

On the other hand,

AT
ID; (A5, m,n) — Doo(AF,m, )| < ﬁlwoo — il + (AF)?? 00 — Q] <

2raR27I(N"2 4 1) < 4ryR277,
which along with (.40) and ([£31) implies
S8R S w ;
+ + — 15—
A (m,n) — Aj (m,n)| < w—1r22 7 < 1_62 7
and the lemma follows. m

Cardinality of the set {I;(m,n)}. Set
0, = {won? — C} = decimal part of won? — C,

and introduce the sequence of numbers d,(r) defined by

)
dn(r) =1 when 6, < EwlrnQ, and d,(r) =0 otherwise.
Lemma 4.12 For eachn > N3 and 0 <r <ry, 1 < j < 00,
card {m: I;(m,n)N[0,r] # 0} <6, + crn?, (4.48)

Proof. For simplicity we omit the index j. Denote by Z the totality of all inter-
vals I(m,n) given by Lemma such that I(m,n) N [0,rs] # 0. By assertion
(i) of Lemma there is one-to-one correspondence between the intervals
I(m,n) € Z, having nonempty intersection with [0,r], and the sequence of
A7 (k,n) given by (¢.36). In particular, we have

card {m : I(m,n)N[0,r] # 0} = My (r) — my(r) + 1. (4.49)
On the other hand, inequality ) yields

A™ (ma(r),n) = A7 (Mp(r),n) = (Mn(r) — mn(r) 7——s

45



Since my, (1), My () € [0,7], we conclude from this that
M, (1) — mpu(r) < en’r.
Combining this inequality with () we obtain
card {m : I(m,n) N [0,7] # 0} < 1+ crn? (4.50)
On the other hand, for given n > Nj,

( U I(m,n)) No,r] =0 if min ~ A_(m,n) > r.
m:I(m,n)eT
m:I(m,n)eT

Since, by Lemma [L.11], 0 < %d(m, n) < A_(m,n), we conclude from this that

( U I(m,n)) N[O, =0 if min  d(m,n) > gwlr

:d(m, 0
m:I(m,n)eT mad(m,n)>
Obviously
: 1 . 2 O
min_d(m,n) = — min (won” = C'—m) = —,
m:d(m,n)>0 n“ m:won?—C—m>0 n

which yields

card {m : I(m,n)N[0,7] # 0} =0 for 9—2 > gwlr (4.51)
n
Combining ({50) and ([£.51) we obtain
Z 1 =card {m: I(m,n)N[0,r] # 0} < 6,(r) + crn?,

m:I(m,n)N[0,r]#£0D

and the lemma follows. m

Proof of Theorem . First note that

meas ([O,T]\ﬁ Hj(N,q,r)) < Z meas ( Glj(m,n)) = p(r).

j=1 (m,n):n > Ng
Ij(m,n) N[0, 7] #0

The following lemma gives an estimate for p in terms of the sequence 4, (r).

Lemma 4.13 For each N > N3, 0 <r <rq, and o € (0,1/(3+ ),

p(r) < Z cén(I) (Inn +1) +cr'to, (4.52)

n>ecar—1/(3+a)

2(}0
bwi

) 1/(3+a)

where ¢ depends on w1, a, ¢ and R only, c3 = ( , ¢ 18 the constant

from Condition M.
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Proof. Introduce the sequence

4 1 64

=—Inn— —n|— > 1.
s(n) In2 nn 1n2n[3w%q}’ "=

It is easy to see that w12797% < 4q/(3win?) for all j > ¢(n). It follows from this
and () that for all such j, the intervals I;(m, n) have nonempty intersections
with Ioo(m,n) and Ujscn)Lj(m,n) C Ioo(m,n), which yields

. 20q 1
meas ( ->LJ( )Ij(man)) S meas Ioo(man) S 3—0}1F,
J>s(n

where I (m,n) is the 4q/(3win*)- neighborhood of I, (m,n). Thus we get

s(n)
p(r) < Z meas I;(m,n)-+

n > N =1 :I;(m,n)NI0,
o RSy 97 (T (0.0

Z Z meas( U Ij(m,n)),

n > N3 m:Io (m,n)N[0,r]#£0 i >c(n
Ij(m,nm[o,r]#@( oo (m,n)N[0,r]# Jj>s(n)

which leads to
s(n)

p(r) < 3 =D IEDS 1+

n 2 N3 j=1 (m:1;(m,n)N[0,r]#£0
Ij(m,n)N[0,r] #0 ( J( ) [ ]75

Z C4 1’
n
n>Nj3 (m:Iso (m,m)N[0,r]#0

Since, by Lemma , the intersection I;(m, n)N[0, r] is empty for n < czr—/G+a),
we have

s(n)
p(r) < Z n—i anrd {m: Iij(m,n)N[0,7] #0}+
n>cgr—1/(3+a) j=1

Z %card {m : I N[0,7] # 0},

n>cgr—1/3+a)

which along with ({.49) yields

c c
p(r) < Z —<(n) (6 (r) 4 crn®) + Z — (60 + crn?),
n>cgr—1/(3+a) n>czr—1/G+a)
On 1+1
<c Z (I)(l—l—lnn)—i—cr Z +2nn
n>cgr—1/(3+a) n>czr—1/(B+a) n

< Z 06"(1)(1 +1Inn) 4 ertt,

n>cgr—1/(3+a)
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which completes the proof. m
Introduce the sequence

5 —o
vn(r) =1 when 6, < iwlréfa, and v, (r) =0 otherwise.

Lemma 4.14 Let 0 <r <rgand 0 < 8 < /(3 — ).

—1 —1
If cgr3+e > r3=a then

o(r) < erttP. (4.53)
If 037“% < r%, then
p(r) <c Z VH(I) (1+1Inn) + er'*P, (4.54)
n

c3r— 1/ Bta)<np—1/B-a)
where ¢ does not depend on r.

Proof. Since 3 < 1/(3 4 a), we have from inequality ({.53)

on
p(r) < cll(r) + Z c (4T> (1+1nn)+ cert*h, (4.55)
77,27‘*1/(3*‘1)
where
6’” = =1
I(r) = Z (I) (I1+1Inn) for c37“3+1a < rz—la,

c3r— 1/ Bta)<nlp—1/B-a)

and II(r) = 0 otherwise. It is easy to see that

Y 2atmns ¥ Sa+mmsat? @s

n>r—1/3-a) n>r—1/G-a)

Ifn < 7= 1/6G=%) then 6, > %wlr(l_a)/(g_o‘) yields 6,, > %wm%‘. In other words,
equality v, (r) =0 yields 6, (r) = 0. Hence

I(r) < 3 V"(I)(lJrlnn) for cyr3¥a <o,  (4.57)

car—1/(B+a) <p<p—1/(8—a)
and TI(r) = 0 otherwise. Substituting (JL5d) and ({.57) into (f£.55) and noting
that we obtain needed inequalities (#.59), (4.54). =

Now set

1 78(3+a) 1—a 1
}a L=

. 5 — -1 L «
re = mm{((§w1) RORCD NG o (Z T 3—a T80B+a)

Remark This complicated formulae simply express the fact that the number
7
p= (cglrl/@"’o‘))l/ ® satisfies the inequalities

gwlr(lfo‘)/(gfo‘) <p<1/4 for r <rs.
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Lemma 4.15 Let , 0 < r <73, cgr—V/G3+0) < p=1/G=) gnd 0 <y < (1/78 —
)/ (34 ). Then

~—

Un(r
4

(1+Inn) <cr't. (4.58)

c3r—1/B+a)<n<pr—1/B-a)

Proof. Let p and ¢ be the minimal and maximal integers from the interval
(cgr—V/(GFa) p=1/(3=)) TIntroduce the average

1 n
o 2 vl

k=1
Noting that v, (r) = nS, — (n —1)S,_1, we obtain

2. =3 -

3

c3r— 1/ B+a)<n<pr—1/@-a) p<n<q
< Z l+Inn 1+1nn+1
- nd (n+1)%
p<n<g—1

Since g > ¢3r~ 1/ B+ and

1+Inn  14In(n+1)
n4 (n+1)4

C
S F(l +1nn),

we conclude from this that

3 ”’;L(f) (1+1lnn)

c3r— 1/ B+ta)<n<p—1/B-a)

< Z %(1 +1Inn)+ r3/(3+0‘)} sup Sp <

car—1/B+ta)<n<p—1/(3-a) n n>cgr—1/(3+a)

er3=9)/GFa) sup Shns (4.59)

n>cgr—1/(3+e)

where ¢ is an arbitrary positive number. Now set

o= (" 1/<3+a>)1/78.

It follows from the choice of 3 and the inequality r < r3 that

5
S (1m0 < 1/, 2 e R o > 7, (4.60)

It follows from this that

1 1
Sn=— > 1< - oL

1<k<n 1<k
0 < %wlr(l—a)/(ﬁ.—a) On €[
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Applying Proposition [E.]] we obtain that for any n > czr=1/3+) = =78

S, < ep = !/ 8B+

Combining this inequality with () we finally obtain

Z un(47") (1 +lnn) < /@) B=0)/(3+a) _ 147,

car— 1/ B+a)<n<pr—1/@-a)

and the lemma follows. m
Finally, combining inequalities ([1.53), (M) and ([.58) we conclude that for
0<r<rs,

p(r) < cr(rﬁ +77) < ertt®,

which completes the proof of Theorem .

5 Descent method-Inversion of the linearized op-
erator

In this section we give a general method of reduction, the descent method,

allowing to transform the original linear operator of order 2 into the sum of a

main operator with constant coefficients and a smoothing perturbation operator.
Let us consider the basic operator equation

Lu+AD1u+ Bu+ L_1u = f, (5.1)

with zero-order pseudodifferential operators 2, B and an integro-differential
operator £_1 of order —1. Assume that they satisfy the following conditions.

Symmetry condition:
(i) For all Y € T? and [¢] < 1,

A(Y, =¢) = A(Y,6), (5-2)

which means in particular that 2u is real for real-valued functions wu.
(i7) Equation (b.1)) is invariant with respect to the symmetry ¥ — Y* =
(—y1,y2). This is equivalent to the equivariant property

AD u(Y*) = AD1u*(Y), Bu(Y™*) = Bu*(Y),

Cu(Y?) = £t (Y), wt(Y) = u(Y?), (53)
which can be also written in the form
A(Y*, ) =-AY,8), B(Y*¢) =B(Y.9). (5.4)

(#4i) For each s € [1,] — 3], H; (R?/T) is invariant subspace of operators
AD, B and £_;.
Metric condition:
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(iv) There are exponents 7, s, and [, satisfying inequalities
1<r<s<Ii-10,
and € € (0, 1] so that
[Alg,r 4+ Blar <&, |Alag + [Blay < oo, (5.5)
For each s € [r,l — 10] there is a constant C; so that
1€ 1ullr < cellullr—, (5.6)
1€-1ulls < e(ellulls—1 + Csllulo))-

Restrictions on the spectrum and resolvent of £:

(v) The selfadjoint operator £ : Hj (R*/T) — Hj (R?/I') has a sim-
ple eigenvalue 1162 + O(g3) with corresponding eigenfunction »); the space
H; (R?/T) is the sum of orthogonal subspaces

Hj (R*/T) = span {90} @ H3;
H gj are invariant subspaces of the operator £. Denote by Q the orthogonal
projector of H ,(R?/T') onto Hj .

(vi) For
1

7= 16v72

/ (A(Y, 0,1)% — 4wB(Y,0, 1))dY, (5.7)
T‘Z
and all s > 1, the inverse (£ — »)~! : H3:> — Hj3 5+ is continuous and
1(€ = 50) " tulls—1 < e(s)lulls- (5.8)
Nondegeneracy condition:
(vit)
#=0E), [ (2496~ 90(e - 27 0nu0 ) w0 dy = as’ + O,

TQ
(5.9)
where @ is a non-zero absolute constant, and the operator ) = A0 +B+ L£_1.

Here and below we denote by ¢ generic constants depending on r and [ only,
and use the standard notation O(¢™) for quantities which absolute value does
not exceed ce™. The following theorem is the main result of this section.

Theorem 5.1 Under the above assumptions, there is a positive constant €g
depending on l,r only so that for any f € Hjﬁe(RQ/l") and € < €9 , equation
(B.1) has a unique solution u € H; ' (R?/T) satisfying the inequalities

lullr—1 < e 2|l f]lr, (5.10)
lulls—1 < e el f[lr (14 Cs + [Ala,s110 + |Bla,s410) + |l fls- (5.11)

Proof. The proof constitutes the next two subsections. m
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5.1 Descent method

In this subsection we develop an algebraic method which allows us to reduce
(@) to a Fredholm -type equation. The main result in this direction is the
following

Theorem 5.2 Let zero-order pseudodifferential operators A and B satisfy sym-
metry conditions (i), (ii), metric condition (i), and s is given by (5.1). Then
there exist integro-differential operators €, &, § satisfying symmetry condition
(B-3) with B replaced by €, €, § so that

(L4+AD1 4+ B) (1 + QI = (1 + ) (L — ») + 3, (5.12)
and for 1 < s <1[-10,
[Culls + [[€ulls < cellulls + c(|A] 4,540 + [Blasro) lullo,
[Fulls < cellulls—1 + ¢(|1]a,5410 + IBla,s410) 1ulo-

The proof falls into three steps and is based on the following proposition,
which gives the special decomposition of zero-order operators and plays the key
role in our analysis. In order to formulate it we introduce the important notion
of an elementary operator.

Definition 5.3 Let W : T? +— C be a function of class C'(R?/T"). We say
that 20 is the elementary operator associated with W, if 2 is a zero-order
pseudodifferential operator with the symbol W (Y, &2) = Re W (Y )+i&Im W(Y).

(5.13)

Proposition 5.4 Let a zero-order pseudodifferential operators A with symbol
A(Y,€), and an elementary operator 25, satisfy conditions (B.12), (@), and
S be a pseudodifferential operator with the symbol S(Y,&) = W(Y,&)A(Y,E).
Then there exist pseudodifferential operators My, Pa, Us and N4, Qa, Vs so
that

1

Al =D A;DT + MaL + Ny, (5.14)
§=0
2 .
AD; =Y D7+ Pal + Qa, (5.15)
j=0
2 .
6D =) 6,9, +UsL+Vs. (5.16)
§=0

Here 2;, &; are elementary pseudodifferential operators associated with the
complez-valued functions

Ao(Y) = A(Y,0,1), Ay(Y) = L3, A[(Y,0,1) (5.17)
_ 1 .
Ay(Y) = W[(agl — O, ) A+ iIm A](Y,0,1), (5.18)
~ L~ - I 2 - -
S; =AW for j=0,1, Sp= AW — (%) Im AgIm W. (5.19)
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For any v € H*(R?/T) with 1 < s <1 — 4,

Il + [ Rauls + [Paulls + [1Qaul, < (5.20)
es) (12s,sllullo + [0z ulls—1 )
tsulls—1 + [ Bsulls < (5:21)

() ((124s.012005,5.5 + [X]3,545120]s,3) [ullo + 12]5,5/201s.0 ][+ )

Proof: The proof is given in Appendix E Let us turn to the proof of
Theorem @

First step

We begin with the calculation of a commutator of an elementary operator

and the left side of (f.12).

Lemma 5.5 Let 20 be the elementary operator associated with a function W e
CYR?/T"). Then

(c+2D1+B)W=we+ (W +6)D1 + T+ R, (5.22)

where symbols of an elementary operator LWy and zero-order pseudodifferential
operators G, T are given by

Wy =209, W, S =AW,
T =vd W —i&10, W — it&0,,W + A0, W + BW+ (5.23)
51 (gj_ ' aEA) (52891 - TflayQ)VVv

where £+ = (&, —&1). The remainder has the estimate

%ully < e(s) (11 = Wlosluller + |1 = Wlosrsllulo) +
C(S)(|w|0,6|ﬁ|2,3||u||s71 + (12]o,s+6/2A|2,3 + |QU|0,6|9l|2,s)||U||0)ﬁL (5.24)
() (12010.41B 2.3l wlls-1 + (1Blo,4.41Bl2,5 + [2lo.51B2.0)llulo ).
Proof. It is easy to see that
VD20 = vWDT + WD, + W, (5.25)

where 25 is the elementary operator associated with the functions 1/851 W. Next

since (—A)~Y/2 and 20 are first and zero order pseudodifferential operators,
formulae for commutators ([F.4), (F.§) from Proposition [F.d imply

(—A)'290 = W(—A)/2 + [(—A)/2, 20), + DIVW], (5.26)
where the symbol of the operator [(—A)'/2,20]; is equal to

—i(§18y1 +7-£26y2)W. (527)
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Moreover, since |1—20],,; < |1 =W /| ¢ and the symbol of the operator (—A)'/2
does not depend on Y, inequality () yields the estimate

1P Wy < e(s) (111 = Wllgsss llullo + 11 = W|os|lulls—1). (5.28)

Next applying formulae (E),@) to the composition of the pseudodifferential
operators AP and 2J we arrive at the equality

AD1W = 6D, + (AD,2); + DAPW) (5.29)

where (2A9D:20); is a zero order pseudodifferential operator which symbol is
given by formula (E) with A replaced by ik A and B replaced by W. Noting
that for k # 0,

k10 & = &1626", k1O, & = —7E3¢ with ¢8 = (&, &)

we can rewrite expression ([F.7) for the symbol (AD;20); in the form
AW + & [& : aEA} [gzaylw — 76,0y, W} . (5.30)

Recall that it vanishes for & = 0. Since 2A®; is a first order operator with
|AD1 |1, < A1 inequality (Fd) from Proposition [F.d implies the estimate

[DAPW |, < C<|9[|2,s|317|0,6 + |2[|2,3|QU|0,6+5) lullo + c|2A|2,3/Wo,6lwlls—1-

(5.31)
Setting
T =Wy + [(—A)V2,20]; + (AD120); + (BW),

we obtain the needed representation. with the remainder
DINWI L ADIW) 4 f(BW)
and the lemma follows. m
Second step

Now we give a formal construction of the operators €, € and §. We take the
operator € in the form

2
¢=> wPo? -1, (5.32)
p=0

where elementary operators 20(?) will be specified below. Applying Lemma @
and noting that £ commutes with D} we obtain

(£+2AD, + B)WPD? = WPDPe+wP D] P +
+6PD 7P 4 x@H P 4 REH P
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Here 6 () %P are given by Lemma @ with 20 replaced by 20 . Com-
bining these identities we arrive at

(L+2AD; +B)(II; + €) = (II; + €) £+
2
+> (WP + 6WD] P+ TP + RWDT).
p=0
(5.33)

Recall that G and T®) are zero-order pseudodifferential operators, hence by
Proposition @, they have the decomposition

2
cPp, = Z Ggp)gifj + s £+ Vgw,
7=0
1
T, = Z ‘Ig.p)i)i_] +Mre £+ Ny s
3=0

in which the symbols of elementary operators GSP ) are given by the formulae

() with W replaced by W®), and the symbols of elementary operators T;p )

are given by formulae (5.17), (5.1§) with A replaced by T. Substituting these
relations into (5.33) we obtain the identity

(£+AD; +B) (I + €) = (I + €)(L£ — )+
3
Z 7,01 P+ R L+ N, (5:34)

p=0

where the elementary operators J; and the reminders R, 8" are given by

3o = + &,
I =2 + 6§ + 610 + 5 + s, (5:35)
3o =W + 67 + 67 + 61 + 7V + T 4 g, '
;=60 +6® +ePart 3 + 3P 4 TPt 4 ap®),
2 1
R = Zﬂsw@l—p + ZmT(P)gl_pa
=0 P=0 (5.36)

2 1 2
R = VD" + > NpinD; 7+ Y RPDTP.
p=0 p=0 p=0

Noting that
D72 = (A28 —p(—A)TV2
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we can rewrite (5.34) in the form

2
(E+UAD, +B) (M + €)= (I +E)(E—3) + Y T,D; "+F  (5.37)
p=0
with
¢ =C+ R +I3(—A)"V2D72
(5.38)
§ =R —vI3(=A)"2 4 (R + T3(—A) V2D

Now our task is to show that J;, j < 2, vanish for an appropriate choice of
elementary operators 20(P). Note that the operator equations J; = 0 are equiv-

alent to the scalar equations TJ(Y) = 0, in which the complex-valued functions

I, are associated with the operators J;. This observation along with formulae
(@) leads to the equations

WO 150 o,
W+ 80 4 8O L 7O 4 e @ =, (5.39)
W + 852 4 55 4+ 3 4 7O 4 T8 4™ = o
By Proposition f.4, we have 7" = T®)(Y,0,1) and T\" = v=1[0e, T®](Y,0,1),
which along with equality (5.29) yields
To(p) — Vajlﬁ/(p) — iT@yZW(p) + Aoaylﬁ/(p) + BoW @),
. 1. - . . . .
Tl(p) — _i_aylw(p) + 2A15y1W(p) + B15y1W(p)-
1%

Substituting these identities into () and using S ](-p ) = flj W®) we obtain the
recurrent system of ordinary differential equations for functions W®, p = 0,1, 2,

(209, + Ag)W @ =0, (5.40)
(200, + AW +g; =0, j=1,2, (5.41)

where
g1 = (V02,170 + A0, WO + BV — 50, 710) 15070, (5.42)
o o B B . . 1 .
g2 = (AW + AW 4 (24,0, WO + Bi, WO — i;aylvv@))

(002, W) 4 200, WO 1 B0 — ir0,, W) oAV D, (5.4

By the equivariant property, the function Ay is odd in y; and I Ay = Ap.
Therefore, the general solutions of homogeneous equation () has the form

WO(Y) = Cly2)a™(Y), where a*(Y) = exp(i2—1yz>;1210> (5.44)
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and C(y2) is an arbitrary function. On the other hand, inhomogeneous equation
(B-41)) has a periodic solution if and only if

™

/gj(yl,yg)a+(y1,y2) dy; =0 for all ys. (5.45)

—T

Now we aim to show that solvability condition ([5.45) is fulfilled for an appro-
priate choice of C. Substituting (f.44)) into the expression for g; and next to
() we obtain the ordinary differential equation for C,

—i27C" 4 27C5 — iCT / atdy,a” dy + Cv / atd; a”dy+

+C / A0a+8yla* dyy + C / By dy, = 0.

—T —T
Noting that

™

1 .
/a+8y2a7dy1 =-3; / 8y2©f1A0 dy; =0,

—T

s T ~ 1 s ~
u/aJr@;la*dyl—i— /AoaJr@yla* dyy = T /Ag dyy,
v

we can rewrite it in the form

C'(y2) + b(y2)C(y2) =0, (5.46)

with the coefficient

i f. 1 .
b(y2) = %/(BOfEAg) dyy + ise. (5.47)

—T

It follows from formula (p.7) for s, that the mean value of b over a period is
zero. Therefore, equation (H.46) has a periodic solution

C = exp(—D; D). (5.48)
In this case the particular periodic solution to (p.45) is

. 1
W = _Ea—gfl(glcﬁ). (5.49)

Next note that, by the equivariant property, the functions /:10, A,, and B; are
odd and the functions A;, By are even in y;. Hence a*, W are even, and
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W® is odd in y;. In particular, gs is odd in y; and automatically satisfies
solvability condition () From this we conclude that the operators J;, j < 2
vanish when

WO = exp ( — D;lb)a_, W = —ia_gfl (9ja+)’ j=12 (550)

which along with (5.37) leads to identity (5.19).

Third step

It remains to show that operators introduced above are well-defined and
satisfy inequalities (5.13). We begin with the estimating of the functions W),
Recall that for all smooth functions a,b € C*(R?/T),

1= expalics < clllallco)llallce,  lablles < els)llalleolbllcs + lallo: bl co-
It follows from this and (5.7), (5.44), (5.39), and (5.49) that
11 = WOlce < efllAollco | Bolloo) (Iollcs + | Bolc). (5.51)

On the other hand, (5.49) implies the estimate

or < e(Ilt = WOlcers + [ Aollcol| W s+
o) + (I1Bol

Combining it with (5.51)) and noting that

llg1l

I Aollc- W[ ex + 1| Aol

Cs e WOl co + ||BO||CO||W(O)HCS)'

IW@ler < W@ co + W)

cs
we arrive at
W7 e+ < el ollco, | Bollon) (I Aalloesa + 1 Bollowr=)-  (5.52)
Arguing as before and using (5.43) we obtain
llg2llc < el Aollco, | Bollco, | Asllco, [[ Azl o, ||31||00)(||1‘~10||05+4+
1Bollge+s + [ A1l gots + [|Billgos + ||[12||C5),

which along with (5.5() leads to the estimate

2 1
IW®lle < cllldslion, 1Blleo) (3 1 Allcss + D 1Bsllnss). (5.53)

7=0 7=0

Noting that ||Aj||Cs < |35, we conclude from (B.51)), (5.52), (b.53) that

1= WOce + W Do + W or < e(Als.0,1Bls0) (1 ¥s,s40 + Blso4)
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which leads to

1= 28Oy 20+ [393)y < (s 0,1Bl3.0) (12,14 + [Bla,ors)

(5.54)
for all m > 0. Now we can estimate the norm of the operator €. Since €II; = €,
Proposition [F.1] along with (f.54) implies

Ieulls < (1= 2)ulls + 2V ulls + 2P ull, <

(|30, |%|3,0)((|9l|3,s+4 + [Bl3,514) [[ullo + (13,4 + |’3|3,4)||U||s)-
(5.55)

Let us estimate the operators €, §. First note that inequalities (5.20) (F.21])
from Proposition @ imply the estimate

[Usmulls—1 + | Vsmulls < (|30, |%|3,0)((|91|3,3|m(’9)|3,s+3nL
HRA]3,54320P[3,3) o + |9l|3,3|917(p)|3,3||u||s—1)-
From this and (p.54) we conclude that
[Usm ulls—1 + [Bsmulls < (5.56)
(1243,7, 1B5.7) ( (103,047 + Bl ) lullo + (Xla7 + Bs.7) ullo-1.
Next (f.54) along with inequality (5.24) from Lemma [p.5 implies the inequality

IRPull, < e(|A]3,10, [B3.10) (([A]3,5410 + [Bla.s110) [ ullo +
(123,10 + [B3,10) 1wl s-1)- (5.57)

Recalling that for arbitrary zero-order operators 2,20 and the operator & with
a symbol S = AW,

|6|m,s < (s, m)(|9[|m,0|QU|m75 + |Q[|m75||w|m,0)v
and using formula (.2) for symbol T we obtain
1TPg o < [1=2P |3 oy 2+ (|A]a,0+]B3.0) 12D 0,51+ (1 1,5+ |B3,:) 12501,

which being combined with (5.54) gives
IS5 < (|10, 1Bl3.0) (1A4,66 + [Blas)- (5.58)

In particular, inequality () along with () yields the estimate
HmT(P)u”s + ||mT(P)UHs S (559)
c(|2A]4,0, |%I4,o)((|9l|4,s+6 + Ba,st6l) ullo + (1A]a,0 + [Blao) ||u||s_1).
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Similar arguments applying to the formula () for the symbol of the operator
G give the estimate

16D, < ([ Als,01Bls0) (1Ms,044 + [Blssra)- (5.60)
Finally estimate J3(—A)~"/2. Applying (6.54), ((.59), (£.60) to (5.39) we arrive

at
13313, < c(12]a,0, [B3,0)(|A]4,5+6 + [Bla,s5+6),

which along with inequality (F.1]) from Proposition [F.1] implies

193(=2)""2ulls < e[ Alao, I‘BI3,0)((Iﬂl4,s+9+l%l4,s+9)IIUI|0+(|9l|4,9+I5BI4,9)IIUIIH)-

(5.61)
Next note that

I1€ulls < f[€ulls + |135(=2) " ulls + |9 ulls,
IFulls < 1193(=2)""2ulls + |9 uls.

It follows from (p.56)), (.57), and (5.59) that

2 1

18°ulls < D lIshsmulls + Y [DMrorulls <

p=0 p=0

(120 1.0, 1B1.0) ( (161,05 + [Blagss) ullo + (1Alao + 1Blag) ulls),

2 1
18" ulls < 3 I1Bsamulls + Y INrwuls + [RPull, <

p=0 p=0

(121,10, 1B11.10) ((Lla105s + Blaoss) o + (a0 + [Blas0) lulls ).
Combining these results with (5.61)) and (5.13) we finally obtain
(261,540 + Bla,50) 1l )
[Sulls < c(2]a,10, |%|4,10)((|91|4,10 + |’B|4,10)||U||s—1+

(1Rtl1.510 + [Bla,s410) o)

1€ulls + [[€ulls < c(|2]4,9, |53|4,9)((|9l|4,9 +[Blao) llulls+

which gives (f.19) and the theorem [.9 follows.

5.2 Proof of Theorem p.1|

The proof is based on the following lemma on the invertibility of the operator
1+ € from Theorem @
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Lemma 5.6 Under the assumptions of Theorem , there is a positive €1
depending on r and 1 only, so that for all ¢ € (0,e1), the operator 1 + &
has the bounded inverse (14 €)~' : H5 (R*/T) — Hj (R*/T) and, for all
u € Hie(RQ/F),

1L+ &) tull < cfluly, (5.62)
11+ &)~ ulls < clluflr(Cs + [Alass10 + Blagss10) + cllulls. (5.63)
Proof. Formally we have
(1+¢)~"' =) (-1em
n=0

By Theorem .9, the operator & : H} (R?/T) — H} (R?/T) is bounded and
its norm does not exceed ce. Tt follows from this and inequality (5.13) that for
ce <1,
€™ ulls < cell € ulls + e(|Al,s10 + [Blassr0) € Hullr <
cel| €™ ulls + (ce)" " (1Ua,s410 + [Blaarro)Jull <
(c=)?[1€" 2 ulls + 2(ce)™ (|1 Ul4,5110 + |Bla,s10) [ullr <

o (e (Jhulls + (X110 + 1Bla,5410) [l )

which leads to the estimate

Snretul| < e(llulls + (a0 + 1Blasino) ull, ) (14 3 nles) ).
n=0 s n=1

It remains to note that for e < 1/¢, the series in the right hand side converges
absolutely and the lemma follows. m

Let us turn to the proof of Theorem @ Since 2 and B satisfy all hypotheses
of Theorem @, the corresponding operators €, &, § are well defined and meet all
requirements of this theorem. Moreover, condition (iv) along with inequalities

(F-13) yields the estimates

1 €ulls + | €ulls < cellulls + (|Ulas10 + [Blas+10) [[ullo,

(5.64)
ISulls < cellulls—1 + e(|A]a,5+10 + [Bl,s410) lullo,
ICulle + || €ull: < cellully,  for te[2,7]. (5.65)
We look for a solution to basic equation @) in the form
w=xO + (14 with ve H L. (5.66)
Substituting this representation into ([5.1) we obtain the equation
A€+ 9P + (24 9)(1+ o = f. (5.67)
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Since II; coincides with the identity mapping on HOT’G(]R2 /T), it follows from
Theorem @ that

(L4+9)(1+E)=(1+E)(L—x»)+3 on H] (R*)T), (5.68)

where
3=F+£L.(1+0).

Hence we can rewrite (5.67) in the equivalent form
AL+ 9@ 4+ (1+E)(L—x)v+3v=Ff

Applying to both sides the operators Q and 1 — Q and noting that Q€y(® =0

we obtain the system of operator equations for a scalar A and unknown function
1L

ve LT,

Q1+ @&)(£ — »)v+ Q3v = Q(f — A9y V), (5.69)
AL = QL+ 9y +(1- Q)L+ 91+ =(1-Q)f. (5.70)

Our aim is to resolve the first equation with respect to v. Hence the task now
is to prove the solvability of the equation

Q1+ &) (L —»)v+ Q3v = Qg. (5.71)
The corresponding result is given by

Lemma 5.7 Under the above assumptions, there is a positive €5 depending on
r, 1 only, so that for g € HS (R?/T) and 0 < & < e, equation (B.71) has the

unique solution satisfying the inequalities

[ollr—1 < cllgllr, (5.72)
[olls—1 < cllgllr(Cs + [Aa,5410 + Bla,s110) + cllglls- (5.73)

Proof. We look for a solution to equation (5.71)) in the form
v=0(L ) '1+¢&)1Qp (5.74)

with the new unknown function ¢ € H, OS,GJ‘. Since the operator £ commutes
with the projector Q, we have

QU+ E)(L—)Q(L— ) 1(1+€)7'Q=0%Q+Q (5.75)

with
Xo=—(€QP +(1+¢)Q((1+ €)' —1+¢).

Hence (p.71]) is equivalent to the equation

v+ QXQp = Qg, (5.76)
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in which the operator X is defined by
X=X0+39(L—»)'1+e)"

We use the regularization method to prove the existence and uniqueness of
solutions to (p.76)), and consider a family of regularising equations depending
on small positive parameter 9,

0+ QXQ(-A)°p=0Qg, §>0. (5.77)

Let us estimate the norm of the operator X. It is easy to see that Lemma E
implies the estimates

1%oellr < ce®llollr (5.78)
[%0¢lls < cllellr (24,5410 + [Blast10) + e[l

On the other hand, inequality (5.§) along with Lemma .4 leads to the estimate

1Q(L = 5) 7' (1 + &)~ Qpllr—1 < clllly, (5.79)
1Q(€ =37 (1 + &) 7' Qulls—1 < cllpllr (1Al4,5410 + [Bla,sr10) + cllolls.

Next estimates (.64 for € and § along with inequalities (F.4) for £_; imply

13- < cellellr-1, (5.80)
13¢lls < c||50||r,1(Cs + |A]4,5410 + |%|4,s+10) + cello|ls—1-

Combining (5.79)-(5.80) we finally arrive at

Xl < cellell
1X¢lls < cllollr (Cs + [Aa,s410 + Bla,s+10) + ezl

Since the operators (—A)™° are uniformly bounded in HJ (R?/T), it follows
that each solution to equation (5.77) satisfies the inequalities

lellr(1 = ce) < cligllr,
lplls (1 = ce) < ellelly (Cs + [Alas410 + [Bla,s410) +
cllglls + cllgll- (14,5410 + [Bla,5+10)-

Hence for £ < 1/2e¢,

lellr < cllgllr, (5.81)
lells < cllglls + ellgllr(Cs + [Aasr10 + [Bla.s410)

In particular, the solution is unique. Since the operator

QXQ(~A)~’: Hy (R*/T) = H; (R?/T)
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is compact, uniqueness along with the Fredholm Theorem implies the solvability

of equations (5.77) for all § > 0 . Hence they have a family of solutions s
satisfying (p.81]). After passing to a subsequence we can assume that

05 — ¢, (=A)%ps — ¢ weakly in H*(R?/T') as & \,0.

Obviously ¢ serves as a solution to equation (5.76). Recalling (5.74) we obtain
the solvability and uniqueness result for () It remains to note that estimates

(6.7, (6.73) follow from formula (5.74) and inequalities ),() ]

We are now in a position to complete the proof of Theorem p.l|. Applying
Lemma .7 to equation (5.69) we obtain the representation

v = Avg + vf, (5.82)

in which v and v; are solutions to equations (F.71) with g = —Q$¥(® and
g = Qf. It follows from (5.79), (5.79) that

lvlle—1 < el fllrs
lvslls—1 < el fllr(Cs + [M]a,s110 + Blasv10) + ¢l fls, (5.83)
[lvollr—1 < ce,

[volls—1 < ¢(Cs + |U]4,5410 + |B4,5410)-

The functions vy and vs are completely defined by the eigenfunction g and the
right hand side f of equation (f.])), but the scalar A still remains unknown. In
order to find it we substitute representation (5.89) into (5.70) to obtain

A1=Q)(E+8) (40 + (1+Ou) = (1-Q(f = (£+9)(1+ Oy (5.84)
It follows from identity (f.6d) that equation (p.71]) for vy is equivalent to

Q(L — ) Quo + Q((£ + H)C + § + ) Quo = —QHY©.

Since the operator Q(£ — ) has the bounded inverse Q(€ — s)~' : H3l —
H32h%, we have

vo+ Q€ — )P Q((E+9)C+H+k)Quo = —Q(L — )1 QHY . (5.85)
Next, using inequalities (5.83) along with (5.63) and (F.79) and noting that for

2<t<r,
[Hulli—1 < cellulle

we arrive at
1Q(£ =571 Q|2 < ce,  [|Q(E—5) 7 ((£+9)E+ 5+ 3)vor—s < e,
which leads to

vo=—-Q(€—3)7 1090 + o' with [[v/||,_s < ce”.
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Substituting this expression into (5.84) gives

M1-Q)(£+8) (#0-Q(2—) 1 Qo™ )+ 20" = (1-Q)(f~ (£+9)(1+)ey )
(5.86)

where

o = (1 Q)(e +9)(v/ +Cvy ).

Next noting that
(1 = Q)Lulls < celfullo

and using estimate (f.65) we obtain
[v"]lr-a < ce[v'|lr—s + c*[Jvollr—2 < .
Multiplying both sides of () by () and integrating the result over T2 leads

to equality
AK = / (E+6)1+ ct)uf)w“’ (5.87)

in which

K= /(gm)(¢<o>,Q(£,%)—1%1/,(0)),/,(0) dY+/v”1/)(0) dY = Qe2+0(e3).

T2

Hence there is a positive €1 < €5 depending on r,l and g only so that 2| K| >
|@le2 for all 0 < & < &1. From this, relation (5.87) and inequalities (f.83) we
conclude that for such £ the unknown A is well defined and

[ £ 1l (5.88)

2\ < @ @|
Hence for 0 < € < &1, equation (p.1l) has the unique solution u € Hy.. Tt
remains to note that inequalities (5.83) and (.89) along with the identity

=M X1+ g + (1 4 C)vs

imply estimates (5.10), (5.11)) and this ends the proof of Theorem [.1.

5.3 Verification of assumptions of Theorem [5.1]

In this subsection we check all abstract conditions required for solving the linear
equation (@), in the case when the operators involved in this equation are
defined by Theorem B.4. Note that the symmetry conditions (F.3) and (iii)
follows from assertion (i) of this theorem. The same conclusion can be drawn
for the Metric conditions (F.9), (5.6) which are realized, as soon as ||U]|, < ¢
and p =1+ 3.

Let us consider the restrictions on the spectrum and resolvent of £. Part (v)
results immediately from Theorem , restricted to the space of functions odd
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in y; and even in y,, and once we notice that the eigenvalue corresponding to
the eigenvector 1(9) = siny; cosy, satisfies

v+ V1+712=%(1) + O(3). (5.89)

This results immediately from the fact that the linear operator £ (see (B.3)
corresponds to the differentiation of the basic system at the point

U=U™ 4+Nw, N>3 (5.90)
where U&EN) is the approximate solution at order £V, and from Lemma @
Moreover the coefficient vy is positive (larger than a positive number) for any
value of 7.

Now, from Lemma @ we see that the Fourier expansion of the diffeomor-
phism of the torus has, at order ¢, only harmonic 1 terms in Y, and at order £2
only harmonics 2 and 0 in Y = (y1, y2), all terms being invariant under the shift
Ty, : Y — Y 4 (7, 7). Let us now consider the expression of the linear operator
£ + 9 which is obtained after applying the above diffeomorphism on a linear
operator which may be formally expanded in powers of ¢, having coefficients
with the same property as the diffeomorphism in terms of harmonics in Y. The
result is that the formal expansion in powers of € of £+ $ has the same property
as above i.e. the order 0 is independent of Y, while orders £ and £2 only contain
respectively harmonic 1 and harmonics 2 and 0 in Y.

Let us consider the formula @) giving the coefficient s. In the integral over
T? the functions A and B are O(g) and can be expanded in powers of ¢, their
principal part containing only harmonic 1-terms in Y. It results immediately
that

%= 0(e?). (5.91)

It is not useful in our proof to give more precision on this coefficient, however
the interested reader might check (after few days of computations) that

P 52“01—(67){872 _ 52 E} + 0@, (5.92)

Now, from the estimate on operators & and ‘B in theorem @ and from (@)
we have

|2 < ¢l|U]|a,
hence from (f.91)) and (F.90) we deduce that
sw=2¢% |5 <c(l+e||Wlha). (5.93)

It should be noticed that in formulae (f.89) and (.99) the terms of order O(?)
depend on the unknown W of (5.9(]) which is assumed to be bounded in H%é)
(because of the smoothness required for computing operators 8 and £_; above).

Hence, if we want to apply the result of Theorem @ for obtaining the required
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estimate (5.§) for (€ — 3)~! we need to show that properties ({.4) hold for the
functions of €
vi(e) = vo — e2v1 +%0i(e), = e2%;(e)

where vg = (1+72)/2, vy = v (7), U;(¢) and 3;(¢) are obtained with some W
in H%g) through the iteration of the Newton method of Nash Moser theorem.
Because of the smooth dependence of these coefficients in function of (g, U) (see

in particular Theorem B.4 for v, and (5.93) for ), the properties (f.4) for 7;(e)
and 3z;(e) are verified as soon as there exists R > 0 such that

[Wie") = Wi(e)lha < Rl =£"], (5.94)
Wit1(e) = W;(e)la < 277R

holds. This property will be checked in section E Assuming that this is true,
we have all conditions of Theorem @ realized. This completes the verification
of restrictions on the spectrum and resolvent of £.

The nondegeneracy condition (f.9) is fundamental for obtaining the esti-

mates (f.10), (F-11) for the solution of the linearized system. So, let us now
consider the coefficient @ defined in (5.d). We notice that the eigenfunction
¥(©) = siny; cosy, only contains harmonic 1-terms in Y, and assuming that W
in formula (5.9() is bounded in Hég), and denoting the coeflicient of order ¢ in

the operator $ by (1) we have
Q9 = eyl +0(?),
and, since £ is invertible on finite Fourier series orthogonal to ©(°), one obtains
HO(8 — %)71 Q5§1/1(0) _ 525(1)2515(1)1/,(0) + 0(53),

Now defining the coefficient of order €2 in the operator £ + $ by ) we have

Q = / (f_]@)w(o) — ﬁ(l)ﬂo_lﬁ(l)?/f(o))l/’(o) dy. (5.95)
TQ

Then, we prove the following

Lemma 5.8 The coefficient @ of nondegeneracy condition ) s given by

2
s
@= —2#2% = g(ao + Bo)s
0

where pu1(7) is given by (2.1]) and (ao + Bo)(7) is given at Theorem [2.3. This

coefficient is non zero for T # T..

Proof: the proof is made at Appendix @
This completes the verification of Nondegeneracy condition.
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5.4 Inversion of L

Let us now consider the inversion of the operator £ defined in (B.3)

LU, u)V = F, (5.96)
where i
E(U,u)=(%7 ‘i )

F:(fag)eH?S)a V:(6¢56n)

and where we look for
oU = (8%, 0m), ¢ = d¢ + bom,

where b is defined in (@) In this subsection we prove the following Theorem
which collects the results of previous sections on the operator £

Theorem 5.9 Consider M >0, 1> 14, and w/4 > 6 > 0, and set

U = UM 4w, N >3, (5.97)
po= N = e+ p(r) + 0,

where [|W]], < M, and ( E(N),MéN)) is the approzimate solution at order e
obtained at Theorem B.3 in the case of diamond waves (e1 = 2 = £/2), and
T =tanby, p. = cosby, 6 < by < w/2— 0. Assume moreover in that W =
W;j(e), j € N satisfies the property (5.94), then for p;' € Mo, o € (0,1/78),
there exists eg > 0 and a subset € of [0,e0] such that for any F € H?S)v s>5,
and for € € &, the linear equation has a unique solution V' corresponding
to 6U € Hfg)g, such that the following estimates hold

16U 1]r—3

IN

SIFl, 5<r<a-s, (5.98)

c(s)
< = IFl+ eN[Wjllst18) + c()IIF .

16U |53

A

Moreover the following property holds for the ”good” set £ :
1
7| ™ |meas{u = ugN);s €EN0,r)} — 1, asr— 0. (5.99)
Hr — He

Proof. By construction, we have

G,(59) — T*(7(36)) = h

where

h=f-J"(g/a),
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and which, after the change of coordinates of Theorem @, becomes

(L4 AD1 + B+ L£_1)dp =

)

IS

which we learnt to invert at Theorem @
First, for U € Hf), and |[U]|, < M,, we have the following estimates, due
to Lemma

[[R]]s < (MO F[s+1 + [[Fl2[U]]s+2)s
and with Theorem @ we obtain

Rlls < e(Ma)(||Rlls + ||U]]s+allRllo)-

Taking into account of the estimate on x(Y") in Theorem @, we then arrive to

h
=1l < (M) {[|Flls+1 + 1 Fll2l|Ulls+5}- (5.100)
In the same way, thanks to the Theorem @, we also have

186115 < e(Ma){1166]|s + [|U|s+4][56]lo}

and since

1 1
on=—-=-J(6¢) + =g,
a a
we obtain
I6nlls < e(Ma){[166]|s41 + 11Ul s+5]186]10} +
(MO s + [[U]s+2][Fl]2}
Hence

Vs

IN

(Ma){|166|ls+1 + [1Ul5+51166]l0} +
FA(MOLEls + [[U]ls+2][F]23

and thanks to Lemma @

U[ls < e(Ms){IIVIls + [|Ulls1[[V]]2},
< o(M106] |51 + U] s+51106]lo + U] 4111003} +
Fe(MO{[F s + [[U|]s42]| Fl]2}- (5.101)
It remains to use Theorem which connects 32) and %, taking into account

of estimates ii) of Theorem B.4. Assuming that properties (.4) hold for 7;(e)
and 3z;(¢) we have (see Theorem [£.9) for € < g9 and € € Ny, o € (0,1/78) the
following estimates for [|U||, <&, 1> 14,1 <r <s

—~ My h
6g|lr—1 < d )2, 1<r<i—9
[3) K
~ c(Mys), h W
100111 < == 1=l (U4 1U]1s19) + c(Maa) |
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From this and (p.10(]) we deduce that

— c(M
[[0p][r—2 < ( 214)||F||T, 2<r<i-—8,
g
= C(M14)
160lls—2 < ——=—[IF|l+(1 + [[Ul|s+18) + c(M1a)||F]s,

o2
and from (p.101]) we obtain the estimates for U (p.9§). The rest of Theorem
g follows directly from the results of previous subsection and from Theorem

6 Nonlinear problem. Proof of Theorem

In this section we complete the proof of the main Theorem E on existence of
diamond nonlinear waves of finite amplitude. To this end we exploit the general
version of the Nash-Moser Implicit Function Theorem proved in Appendix N of
[@] This result concerns the solvability of the operator equation

d(W,e) =0 (6.1)

in scales of Banach spaces F; and F; parametrized by s € Ng = NU {0}, and
supplemented with the norms || - ||s and |-|s. It is supposed that they satisfy the
following conditions.

(A1) For t < s there exists c(t, s) such that
lle < et s)l-lss - 1o < et s)l-s

(A2) For A € [0,1] with A\t + (1 — A\)s € N,
llaera-ns < et IR Flaera-ss < et o)

(A3) There exists a family of smoothing operators S, defined over the first scale
such that for ¢ > 0 and t < s,

1SeW e < et )[Wlls, [ SeWlls < et 8)p" "W,
[SeW = Wl < e(t, )" W],

and, if ¢ — p(e) is a smooth, increasing, convex function on [0, c0) with
©(0) = 0, then, for 0 < g1 < &9,

I (Sper) = Spea)Wlls < clt, s)ler — ealp (e2)p(e1) [ W]

(B1) Operators ®(+,¢), depend on a small parameter ¢ € [0,e¢], and map a
neighborhood of 0 in E, into F,. Suppose that there exist

USPST_L aapareNOa

and, for all | € No, numbers ¢(I) > 0 and () € (0,&0] with the following
properties for all W, U, W;, U; € B and ¢, ¢; € [0,9], ¢ = 1, 2, where
B={W e€E,:|W|. <Ry} for some Ry > 0:
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(B2)

(B4)

(B5)

The operator ® : B x [0,g9] — F), is twice continuously differentiable,
[ O(W, €)lp41 < D)X+ [[W][r41) (6.2)
and, for W, U € E,1, ¢ € [0,(1)],

IDW, U e)lpr1 < e+ Wit + Ul [W = U7 +
+cOIW = Ul[o[IW = Ullr1, (6.3)

where
D(W,U,e) = &(W,e) — ®(U, &) — By (U, ) (W — U).
Moreover,
[D(W1,Ur,e1) = D(Wa, Uz, e2)|, < c(ler — o] + Wi — Wal|, + [[W1 — Wal|,)
(Iwy = Ghlly + W2 — Us |l ). (6.4)

There exists a family of bounded linear operators A(W,¢) : E, — F,,
depending on (W,e) € B x [0, g], with

AW, e)Ul, < c(OUlr, U € Ey, (6.5)

that approximates the Fréchet derivative ®;, as follows. For W € E,4; N
B,ee0,e()] and U € E, 4y,

AW.e)U = Dy (W, e)Ulpr < )L+ [Wllr)[2(W, &) [U ]l + (6.6)
+c(OI W, &)lr Ul + c(DIW, )| |U 42
When W; € BNE, 4, €; € [O,E(l)], 1=1,2,

|®(Wh,e1) — ®(Wa,e2)lprr < (D) (1 + [[Willegs + [[Wallrti) (6.7)
(ler — ea| + [|[W1 = Wal,) + (1)W1 — Wa 41,

(P (W, e1) — Py (Wa, €2))U | p + [(A(Wr,e1) — A(Wa,2))U | ppr <
< C(l)( [Wh = Wallp i +(ler—e2|+||Wr — W2||r)(||W1||r+l+|\W2||r+l)) U1
+ (le1 — &2 + W1 = Wal[ )| Ulr41,  (6.8)

2
A set £ C [0,00) is dense at 0 if lim — / ede = 1.
N0 T

EN[0,r]

If a set £ C [0,e(1)] is dense at 0 and a mapping ¥ : &€ — BN E,; is
Lipschitz in the sense that for €1, g5 € &,

|9(e1) — I (e2)|l» < Cler — e2] where C = C(1), constant,
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then there is a set £(J) C &, which is also dense at 0, such that, for any
e € £W) and f € F,y, the equation A(Y(g),e)dW = f has a unique
solution satisfying

[6Wllp—otr1 < &™) (|f |pri + [[0(E)lr1al f1)- (6.9)

(B6) Suppose that 9y : & — BNE,4; and mappings 9y, : Nf21&(0;) — BNE,4,
satisfy, for a constant C independent of k € N sufficiently large,

[9k(e1) — On(e2)llr < Cler —eal, 1, 2 € NZHE(D;),
1
19k41(2) = Or(e)lr < o0 & € M€ (V).
Then N$2,E(V;) is dense at 0, where the sets £(vJ;) are defined in (B5).

Theorem 6.1 Suppose (A1)-(B6) hold and, for N € N with N > 2, equation

as approximate solution = We € Nseny Es, with, for a constant
h I w = wV JE,, with, f
E(N,s),
W s < k(N s)e,  |@(e, WEN)[s < k(N )|V (6.10)
and
[WEY =WV < k(N, 8)[er — eal- (6.11)

Then there is a set £, which is dense at 0, and a family
{(W=49():e€€} CE,

of solutions to (B.1) with |9(e1) — I(e2)||» < cler — s for some constant c.

In order to apply Theorem @ to the 3D wave problem, let us introduce
some notations. Fix an arbitrary « € (0,1/78) and 0 < § < 1. Denote by N
the set of all p. so that vy = p_! belongs to the set 9, given by Theorem
L3 Since M, C [1,00) is a set of full measure, N is the set of full measure in
(0,1). Choose an arbitrary p. = (1 +72)71/2 € N so that 7 € (6,1/5) and set
7 = tan#. It is clear that p. and 7 meet all requirements of Theorem [L.3.

Next we fix the lattice I' such that the dual lattice is spanned by the wave
vectors (1,+7), and set

E, = F, = H,(R*/T) x H,(R*/T).

Since the scaling mapping u — u o T~! establishes an isomorphism between
H*(R?/T") and a closed subspace of the Sobolev space H* of doubly 27— periodic
functions, the properties (A1) and (A2) are clear. A smoothing operator with
the required properties can be defined by

VT . KX
Spu= - > s(plK|)ie™ X,
Kerv
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where ¢ : RT — RT is a smooth function which equals 1 on [0,1] and 0 on
[2,00).
Fix an arbitrary N > 3 and define the operator ® = (®1, ®3) by the equali-
ties
d(W,e) = e NF(UPY) + VW, pu2N)), (6.12)

where E(QN), ugN)) is the approximate solution at order €2V obtained at Theo-

rem P.3 in the case of diamond waves (¢; = €3 = ¢/2), and 7 = tan 0, p. = cosb,

0 < T < 1/4. By construction W) =0, hence (6.10) and (6.11) are satisfied.

It follows from Lemma [L.1] that the continuous mapping (W,e) — ®(W,e)
from F,11 xR into Fs for s > 2, is of class of C*°. Applying the same arguments
as in section 9 of [24] we conclude from this that for 5 < p < r—18, the operator
® satisfies Conditions (B1) and (B2 ), and inequality (F.7) from Condition (B4).
Let us denote by A the approximate differential, defined as

AGF.e) = LU+ W) ()

where the operator £ and coefficient b are defined by formulae (B.1]) and (B.3).
It follows from this and (B.d) that the linear operator
R =AW,e) — owP(W,¢),

is defined by RéW = (R16W,0) with

(1)1(5’[7 > < @1577 >
RioW =g, [—22 ) _v. (2 ¢
' g"<1+(V77)2 i+ (vp2 1)

where 6W = (§¢,0n) and &1 = ®1(W,¢). Then, thanks to Lemma @, we have
for s > 2, and ||U||s < M3

1AW, e)ulls < e(Ms)(1 + |[W[sy2)l[ullst1,

[IRulls < es(Ma){[|®]l2(1+ [[Wls2)l[ulle + [fulls+1) + [[@l]s+1]lull2-

Therefore, the operators ® and A satisfy Conditions (B3) and (B4). Now taking
into account the result of Theorem @, it appears that Condition (B5) is satisfied
for

IN

p<r—18
o = 3, 0=2

Finally, since N > 3, condition (B6) is also satisfied thanks to Theorem L., so
we can apply Theorem @, and Theorem is proved.
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A Analytical study of G,

A.1 Computation of the differential of G,

Let us make the following change of coordinate for x3
s = x3 —n(X)
and denote by 6 the function defined by
0(X,s) =p(X,s+n(X)).
Then the Dirichlet-Neumann operator is defined by

0. 00 920
AO -2V xn - vx(a) — 55 8xn+ @(vxnf =0, s<0 (A1)

9|5:0 = 1/}
VO — 0 as s — —o0,
and 5
Gyto = (1+ (Vxm)*) 5-ls=0 = V- Vb (A.2)
Notice that the above equations ), (A.2) may be written into the form

V- (P,V0) = 0, 5<0,
G = (P,V0)-es

where e3 is the unit vertical vector, and P, is the following symmetric matrix

p_ I —Vxn
—(Vxn)' 1+(Vxn)?* )
We can see easily that the operator G, is symmetric and non negative in
L?(R?/T) : for n, 11, 12 smooth enough bi-periodic functions

(Gpr,2) = (P V) - e3,12)

0
_ / / (V0 - P,V0,)dXds
—oo JR2/T

which is symmetric. Moreover, we have

00 00

Vo - P,V0 = (Vx0— vxngf + ($)2 >0,

hence, for n and 1 smooth enough bi-periodic functions

(Gnip, ) = 0.
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Let us now compute formally the differential of G,. ;From (@), we obtain
0y Gy Rl = (P, V) - e3 + (Q[h]VE) - e3 (A.3)
with 0 as above, and where 6; satisfies the system

V- (P,V61) -V - (Qu[R]VE), s<0
ells:O = 0;
Vo — 0, s— —o0,

0 ~Vxh
Qnlh] = ( —(Vxh)! 2Vxp ~vah )

Let us notice from ([A.1), (A.d), that we have

V. (PWV(h%O + V- (Qy[h]V0) =0, s<0.
Indeed, we have
a0, 00 00 Vxh
PV(h5o) = hPy(Voo) + o ( Vxn-Vih )
_ v
QulkIVO = ( —Vx0-Vxh+2(Vxn-Vxh)g )’
hence
00
V- (PV(BE) ) + V- (Qfh1V0) =
00 00 00 020

and this cancels, thanks to V - (P, V8) = 0, and to the definition of P,.
It results that

00
0 = h—+80
1 EP + 0a,
V- (aneg) = 0, s<0,
00
92|S:0 = 7h$|5207

Vo, — 0, s— —o0,

hence looking at relationship (A.J), we obtain

(Py902) - e+ (P,V(h20) - e + (QulH]V0) - e

0s
00 020 00
7gn(h%|0) +h{(1+ (VXU)Q)@M - Vxn- VX%|O} +

00
+Vxh- {VXU%M — Vxv},

OnGylhly

(0]



and using V - (P, V6) = 0, we get

00
OnGnlhly = —Gy(h |)+h{ Axp+Vxn- VX—|0+AX77 |0}7L

+Vxh- {Vxngb - Vxi}

00 00
= —gn(hgb) +Vx - {h(vxngb - Vxv)}

as required in Lemma P.1], thanks to (A.9).

A.2 Second order Taylor expansion of G, in 7 =0
Let us consider the Taylor expansion of G, in ”powers” of 7 :
Gyto = G0 + G} + GH @}y + .

where G*) is k— linear symmetric with respect to 7, and linear in ¢. Moreover,
for any k£ > 1 and m > 2, G is bounded from

{H™ 1 (R?/T)}* into L(Hg""(R?/T), Hy"(R?/T)).
From the lemma above and (R.1), (£.9), we obtain
Gk = =GO mG") = V - (V). (A4)
Differentiating once more (R.4) with respect to 7, we now obtain in 0
OnClh] = =G (hG ) — hAA,

and differentiating (-1]) with respect to 7, we then obtain the (symmetric)
second order derivative in 0, and

G2 (1 }6 = GO G (G O)) + 56 (P AY) + ZAGPGIB).  (A5)

Now, if we Fourier expand any bi-periodic function as

1/1 _ Z ,lpKeiK»X
Ker’
then we have
{6}k = |K vk, (A.6)
(G i}k = > {(K - K1) — |K|[ K1 [}k, ks, (A7)
Ki+K>=K, Kj;eI’
GO}k = 3 (A.8)
Ki+Ko+K3z=K, K;el’
|K ||K1

WA ey 1 ey 418+ Kl — K] — 1K s,
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and we check that, for m > 2, the operators are bounded from { H™*(R2/T")}*
into L(H)"™ (R?/T), Hy*(R?/T)) since we have

|(K1+ K2) - K1) — [K1 + Ko||K1]| < 4[Kq || K2,
and there exists a constant ¢ such that
|K1 + Ky + Ks||| Ky + K| + |[K1 + Ks| — | K1 + Ko + Ks| — |Ki]] <

< | Ka | K|

B Formal computation of 3-dimensional waves

In taking ug = (1,0), the symmetric linearized operator for = u, and u=ug

reads © 5
am (9 H),
oz;  He

and Ly has a four-dimensional kernel, spanned by the vectors

G = (mifue™ X, Gy = (Life N,
G = (1,—ifp)e X T = (1) pe)e KX

We observe that the action of different symmetries of the system on eigenvectors
is as follows:

T = (et Y, TuG = Get ™,
SoCo = —Co, SoC1 = —(y,
S160 = (1, S1¢1 = Co-

Let us write formally the nonlinear system ([L.6), (.7) under the form

LoU + LU + L2(w,U) + No(U,U) + N3(U,U,U) + O(JIU]|* + |w||[U[[*) = 0,

(B.1)
WlthU:(wyn)aﬂ:M_Mc;W:U-—U-O
LU = (0,n),
Lo(w,U) = (-w-Vnw- Vi),
_ G {n}y
N2(U5U){ %va_%(g_;l)Q )

AU
N3 (U, U,U) = { _%(vn.vw

7



B.1 Formal Fredholm alternative

Let us consider the formal resolution of the linear system

EOU:F: (fvg)v

with
U = Y Upetm XX g — (4, o =0,
n=(n1,n2)€Z2?
F = Z };vnei(n1f(1‘)(-‘1-7121(2‘)()7 Fn — (fnvgn)v fO =0.

n=(n1,n2)€EZ2?
Then, we have

[n1 K1 + noKo|thy, —i{(ni K1 +n2Ka) -ug}nn, = fn
H{(n K1 +neKa) - uotdn + pelin. = Gn,

hence for
{(n1 K1 +naKs) - ug}t? — pe|ni K1+ naKs| # 0

i.e. by assumption for (ni,nz2) # (£1,0), (0, £1), this leads to

pefrn +i{(ni K1+ n2Ks) - uplgn

L = - , B.2

v {(n1 K1 +naKs) - uo}? — peni Ky + na K| (B:2)

- i{(ni1K1 +n2K>) - o} frn — 1K1 + naKalgn (B.3)
" {(m K1 +noKs) - ug}? — pelni K1 + noKo|

and for (nq,n2) = (0,0)
1
Yo,0 =0, 10,0 = —4o,0,
e

while for (nq,n2) = (£1,0), (0,£1), we need to satisfy the compatibility condi-
tions

(FaC()) = (FaZO): (Fvgl): (F7zl) =0

which gives

pef1,0 1910
Hef-1,0—ig—10 =

tefor +igo1 =
pefo,—1 —1igo,—1 =

o oo o

For uniqueness of the definition of the pseudo-inverse Za ! we fix U such that

(U’ CO) = (UaZO) = (Ua Cl) = (UaZ1) =0,
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hence this leads to

1
I AT CEo A
1 v
n,o = mgl,o = mfl,Oa
1472 1
= —1 = ,
Yo,1 2_’_7_290,1 (2 1 2)f0,1
1 v
ot = mgm = 2+—72f0,1-

B.2 Bifurcation equation

Now coming back to (B.l]), we use a formal Lyapunov - Schmidt method and
decompose U as follows

U = WtV
W = Al + Aly + Bl + B¢, = PoU
(Va CO) = (‘/760) = (Va Cl) = (‘461) =0.

We can solve formally with respect to V' the part of equ. (B.1)) orthogonal to
the 4-dimensional kernel of £y, as a uniquely determined formal power series in
w, i, A, A, B, B, which we write as

V =V(ji,w,A 4, B,B).

The uniqueness of the series and the symmetries of our system lead to the
following identities

TV (i,w, A,A,B,B) = V(ji,w, Ae'1V A1V Beil2v Beikavy
S()V([L,W,A,Z,B,E) = V(ﬂvwvfzaan 7E7 7B)
SV([L, 0’ A7Z’ B’E) = V(ﬂ7 0’ B’E’ A7Z)'
The principal part of V' is given by
Vo= —LiM(I— P)No(W, W) + O{(i| + [ [W]| + IW] ]},
~_ _2 —_
—Ly " No(W, W) = A?Usooo + |A|*Ut100 + A U200 + ABUi010 + ABUp110 +

+ABU1001 + ABUg101 + B*Uono20 + | B|*Ugo11 + §2U0002
where we observe easily that
PoNo (W, W) = 0.
Using (A7), and

@ (1)
2N (Uy, Us) = { GO m b2 + G0 {m

. _ 9m Om2 )
V¢1 Vi/}Q 611 axi

(B.4)
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we find

N (W, W)
with
V2000
V1100
Vioio
Vo110

—9 _

A?Vagoo + |AI*Vitoo + A Vogoo + ABVigio + ABVi110 +
— — —o

+ABVioo1 + ABVoio1 + B*Voozo + |B*Vooir + B Voooz

1

(0, ——5)e* X, Vogag =

C

1

21Ky X
(Oa __2)6 2

0, Vooir =0, Vo200 = V2000,
43

(0, _2T2)ei(—K1‘X+K2»X)’

G

C

(1 - ,uc)’ -

Q)ei(Kl‘X-i-Kg‘X)

c

Voooz = Voo2o

Vo101 = Voo

Vioo1 = Vorio-

Now, thanks to (B-2), (B:) we obtain —Lg "Ny (W, W) as follows

—1 1 — —1 1 —
U000 = <—27—3) N T <—27—3> 2 X
He e He e
Uiioo = 0, Ugorr =0, Up200 = U2000, Uooo2 = Uoo20,
—2i(2ue — 1) =22 + 2pe — 2 e _ —
UlOlO = ( ( He )a (IU/QC fe )) €Z(K1 Xk X)a UOIOI = UlOlOa
fhe(2 = pe) (2 = pe)
27° i(—K1-X+Ky-X) 77
Uoilo = |0, i e » U001 = Uo11o.
C

Replacing V' by V(ji,w, A, A, B, B) in the compatibility conditions, i.e. the
components of (B1]) on ker Ly,

(RLA(W + V) + Lo(w
(Bl (W +V) + Lo(w

IV AW+ No(W +V, W+ V) +.,6) = 0,
I+ V) + No(W +V, W+ V) +

Gy = 0,

noticing that the complex conjugate equations are then automatically satisfied,

lead to two complex equations of the form

f(i,w, A, A, B, B)
g(ﬂ?“')?A)Z?B?F)

0,

3

for which the equivariance of the system (@) with respect to various symme-
tries leads to the following properties

f(/j/aw AezKlv Ae—zKlv Bengv Be—ngv

(M;W AezKlv AefzKlv Bengv Be 1Ko v

f( K,y 77"477"4
g(ﬂawa_z _A
f(,0,B,

-B,
-B, -
B, A
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)
)
)
B)
4)

eiKl.vf(ﬂa w, Aa Za Ba E)

eZszg(ﬂ’ w’ A7 Z’ B’ E)
77(,&7 W, Aa Zv Bv F)
_y(ﬂa w, Aa Za B,E)

g(ﬂ,O,A,Z,B,F).



Since K; and K3 are linearly independent, it results that f and g take formally
the form

f(p,w, A, A, B,B) = Ado(fi,w,|Al*,|B|?)
g(ji,w,A,A,B,B) = Bé¢:i(ji,w,|A|>,|B|?),

where functions ¢g and ¢; are real valued. Moreover, for w = 0 we have
(bl (ﬂv 05 |A|25 |B|2) = d)O(ﬂa 07 |B|25 |A|2)

It results immediately that we have the following (formal) solutions of our sys-
tem (in addition to the trivial solution 0):

Proof. i) B = 0, |A] satisfying ¢o(f1,w, |A]?,0) = 0, which is not else that the
2-dimensional travelling wave with basic wave vector K;, and where, with no
loss of generality, we can choose the velocity c in the direction of K.

ii) A = 0, |B| satisfying ¢1(f,w,0,|B|?) = 0, which is not else that the
2-dimensional travelling wave with basic wave vector K5, and where, with no
loss of generality, we can choose the velocity ¢ in the direction of Ks.

iii) |A| and |B| such that

¢0(ﬂawa|A|25|B|2) 05 (B5)
¢1(ﬂawa|A|2a|B|2) = 0,

which gives a family of 3-dimensional travelling waves. Moreover we notice that
if w = 0 there is a family of solutions where |A| = |B| and

¢0(ﬂ7 0, |A|2a |A|2) =0,

representing the ”diamond waves” of [Bf]. The leading terms of ¢o and ¢, are
computed by Bridges, Dias, Menasce in [E], even in cases with a finite depth
and with surface tension. Since our case has less parameters, our computations
may look simpler. The leading terms independent of |A| and |B| in ¢ come
from

2 ~
(AL1Co + La(w, o) Go) = =L (ﬁ . Kl) |

T He \(Mec
and we notice that (in using % = —2%)
] o
B gy Ky~ o) K
He o
‘We then have
_ 1 (i i
ol AP |BP) = (uﬁ o K) T ol AP + BolBI? + O(lil + ] + |AP + |BP)?}
_ 1 (i i
o AP |BP) = (uﬁ o K) T Bol A + a0l BI? + O(Jil + | + |AP + |BP)?},
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with
47?@/\/2(50, Usooo) + 3N3(Cos Co, Co), o),

(2N2(&1, Uroor) + 2N2(Cy, Uroro) + 6N3(Co, G1, €1), Co)-

(7)) =

o = 1

We can formally solve the system of equations
¢o(fi,w, |A]%,|BJ?)

(i w, |AP%|BI?) = 0,

with respect to fi, ws = %u}' (K7 — K3). Indeed, we obtain respectively in adding

and subtracting the two equations, a system easy to solve, in taking into account

)

of w = O(w3),
2
. pe
io= —lao+Bo)(IAP + |BI*) + O{(JA]* + |B[*)*},
wy = (AP = |BP) (5(a0 — o) + O{IAR +|B))
For the computation of coefficients o and By we use again ([A.7) and (B.4) and

obtain

_ 9 -

2N2(§0,U2000) = (E’O) 61K1 X,
474 .

2N2(¢1, Urgor) = (_ " ’0) KT X

_ A(pd 4+ 4p2 —5pc +1) 8i(pe — 1)1 — p2)\ ix,.x
2No(C1, Uioro) = ( c c , 2 i

“ W32~ pe) V3@ — o)

Now, with (A-§) and the form of A3 we have

3N3(C05<05?0) = (%a;ﬁ) eiKl‘Xa
( 2y 1) %, 1 )) ey

6N3(Co, C1,¢1) A B
Finally we obtain
4
o) = —¢
I3
8 8 12 32 8 36

fo=——=+—F+—=5——5—— t s
[ I T A A A )

If ag + Bp and ag — By are both different from 0, we can solve the system (@)

with respect to |A|? and | B|? and obtain a formal expansion in powers of (i, w)

of the form

2 f w- (K1 — K>) i w)I2
47 = —p2(ao + Bo) * pe(ao — o) O,

2 i _W'(KI_K2) i w)|2
Bl = —pZ(ao +Bo)  pelao — Bo) Ol )



The indeterminacy on the phases of A and B means that we obtain in fact,
for each fixed (fi,w) leading to positive expressions for |A|? and |B|?, a torus
of solutions, which is generated by acting the operator T, on a particular so-
lution, for instance with A and B pure imaginary. This two-parameter family
of tori of 3-dimensional waves connects with the 2-dimensional travelling waves
respectively of wave vectors K7 and K (choosing w orthogonal to K5 or to K.
If we choose w = 0 which means that we choose the direction of the waves as
x1 axis, then we obtain the ”diamond waves” as in [, and [E], here without
surface tension.
Let us study the sign of (ag + Bo) and (g — fp). We have

4 1 2 3 9
wi = (L2t )
pE N R e pe 2 — pe
4 3 2 3 9
fo—ap = —(——+—+——8—2uc+—),
pe N HE S HE e 2= pe

where we notice that

4 1 2 1 1 9
040+50=—{(————1)(2——)-1-—4—7}

pe \ p2 pe o 2pe - 2(2— pe)
and it is easy to show (study of the factor as a function of 1/u.) that ag+ 5y > 0
for 7 € (0,7.), and ap+ 5y < 0 for 7 > 7. where 7, € (v/6,1/7), i.e. more precisely
te,c ~ 0.374. We also notice that the function of p. in the factor for By — g is
strictly increasing for . € (0,1), and cancels for p. ~ 0.893. Now, defining new
parameters €; and g9 by

2 2

for a particular choice of a solution belonging to the torus, we get the results of

Theorem . ]

C Proof of Lemma

Let first consider the unique solution of the Cauchy problem (notice that % €
H'HR?/T) € CF573(R?/T), hence the vector field is Lipschitz for m > 4)
dx Vs
_— X X r1=0 = s
dIEl ‘/1 (xla )a | 1=0 Y
which we denote by X (x1,y) € C™~3. We can successively show that X (z1,v)
is even in z1, odd in y, and such that
27 27

X(z17y> :X(zl+2ﬂ'7y>:X(xlay+ ?)7 ?a

in using the uniqueness of the solution of the Cauchy problem, in looking for
the system satisfied by X (—z1,y), —X (21, —y), X(21,y + 2&) — 2%, which is
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the same as X (x1,y), and in comparing the systems satisfied by X (z1 + 7, y)
and X (x1 — 7,y), using the evenness in x7. Notice that

Sy =ew ([ o)
Vs _

equals 1 for 12 = 0, i.e.if U = 0. Hence, for ||U[|4 small enough, we can solve
(implicit function theorem) with respect to y = y(z2) the equation

M X(y) = 22
where II; represents the average over a period in x1. Then, we set
2(Z) = X(21,y(22))
and, thanks to %(ml +mae+ )= %(ml, x2) we observe that the function
Z(z1 + 7,29 + ﬁ) T
T T

satisfies the same differential equation as Z(z1, z2) with the same average in 21,
hence by uniqueness it is identical to Z(z1, z2). It is then clear that (z1,22) —
20— Z(Z) = d~1(Z ) satisfies the properties indicated at Lemma @ hence lies in
C"73(R?/T). The proof of the tame estimates for d; and dy is identical to the
one made in Appendix G of [R4]. Notice in addition, that replacing the initial
condition at z; = 0 by an average condition, allows to keep the equivariance
under shifts 75 parallel to z; direction.

D Proofs of Lemmas 3.7 and

Let us start with the expressions for U, given in (R.10))
U = e&+2U% +0(@%),
1 fie + pa(T)e® + O(eY),
with & = (¢1,m) and (1) given in (B.10) and (R.11)), and where

1-2 . .
{ ——fle _gin2x; — 4% sin 2301 cos 27xo

2)  _ 4# (2—pe)
U( ) - M§+2Hc

ApZ(2—pe)
- (1/}27 772)
We successively find from (B.1) and (B.4)

2
cos2xy + ;. C0s 219 + T 3 COSs 221 COS 2T X5

b = £ sin 1 cos s + 262 + 0(53),
e

6@ = 9,,m + Vi - Vb

11 3 _—
_o(A .t 1 3 )
dpe o2 4@ AR po)

1.
1B sin 2z cos 27xo,
C
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Vi = 14 ecoszycosTao + €2V1(2) + 0(e?),

Vo = —ersinz;sinTay + 52‘/2(2) +0(e%),
‘/1(2) = 8111/)2 - b(l)axﬂha
1
V1(2) - _ 12 (14 cos 27 + cos 221 cos 2Tx2) +

(2t 5 2
—+—————— | cos
Ape " Ap2 42— pe) o

VP = e — 6Ma,,m

T . .
= 5 sin2z; sin 27z,

c

a = pc+ = cos x1 cosTxs + £2a® 4+ O(e),
a® = - v v 4 3115(2),
1 1 3 3
(2 _ e e
a = u1+< + )cos2z1+
pe  pE ApE 2(2— pe)
1 2
+ (1 — cos 2z cos21ay) + — coS 27T,

Ay Ay

(V24 (V- U2

1 — 2ecoszy cos T + 2V 4 O(e3)

VP
3 5 (7 1 3 3
y@e — 2 4 Z o= 2 4 _ 2 2
T I R T TR TR A
+(7+ ! ) cos 2 +(5+ ! ) cos 2 2
= —— ) COS 4TX - —— ) COS 21 COS 4T XT2.
8 22 28T o ' ’

For the determination of the function Z(Z) = 25— d~1 (Z) of Lemma E, we have

~ ‘/2 ~ ~
az/ldlz—vl( I1,$I2—d1), H1d1:0,

i.e.
~ ~ (1 ~ (2
dy = sdl( ) + €2d1( ) +O(®)
with W W
d.dr  =-Va),  ILd; =0,

~(2)

0.,dy = V1(1)V2(1) _ V2(2) n 612‘/2(1)671(1) ~(2)

. TLd,  =0.
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This leads to
~(1)

dq = —TCOSzSinTzg,

~ (2 T

dl( ) = 1 cos 2z1 sin 2729,
hence the diffeomorphism ¢/, ! takes the form

. er , 3
T1 =21, Ty =2y +ETCOSZsinTzy — e cos 221 sin 2729 + O(£?).

Now we have
dy = sdgl) + €2d§2) + O(e?)
with
dgl) = —TCosxySinTIs,

4 = T {7% + (1 + 7%) cos 221 } sin 272,

4
and finally (B.39) gives

q = pe(1 — e coszy cos Ty 4+ 2¢?) + O(?),
with

(2)

q@ = SRR (0 8z2d§2) — (24 7%+ 7*) cos® z1 cos® Ty

C

1 1
= A + =+ E + q%) cos2xy + q822) coS27Txo +

pe 8

+q522) cos 2x1 cos 27z,
@ _ 3 .8 5 1 .1 1
0T Ao ) 8 e 2 d b
2 7 1 2 1 1
Qo2 = 8 42’ 922 §+4Mg.

Now, we obtain

(qoUy 1) (Z) = po(1 — e cos z; cos Tz + £2GP) 4+ O(e?)

with

~ 1 5 2 9

q(2) - % -3 + 4_% + (qg%) + %)cosZzl + gCOSQTZQ +

3
+§ C0s 221 COS 2T 29,
and
3 5
{(q oL{l_l)(Z)}l/2 — Hi/Q{l — %coszl COS T 29 +€2(2u/jc ~ 3 8—,u(2:> +
(2) 2 17
+52(q% + % — ﬁ)cos 221 + 523—2 cos 2Tzo +

5
+52§ c0s 221 €08 2729} + O(e?),
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hence

1 T -1 1 M1 3 5
- VA /2d — 1/2 1 2,4 2 v

2 J_,

)+
217 3
+e 3—2cos2722}+0(€ ).

Then with (B.34), we obtain

(- 4 1) + O

—1 2
= . 1—
v=yp, {1-¢ e 16

as indicated in Lemma B.q. Furthermore, in using (B.33) , (B-31]), we notice that

17¢2

eg = — 350 Sin 2729 +O(53),

dy = —g sin z1 coS 729 + 52(d21 sin 221 + dag sin 227 cos 2729) + 0(53),
d 1 3 n 1 5 n 3 n 1 1 e 5

21 — 4 4(2 - Mc) 16 4/,[/(/ 4’[1% ’u% ,U/g ’ 22 — 64

This, with (), leads to the principal part of the bi-periodic functions occur-
ring in the diffeomorphism of the torus of Theorem @:

2 2

d(z,y) = —% sin 1 cos 7o + &2 sin 2x1{d2 — % + (d22 + %) cos2Txa} + 0(53)
2 1 2 9 2

e(x,y) = —eTcosxysinTas + Z—T sin 27xo {M_il — M—g ~3 + ;_3 costl} + 0(53).

Inverting Us o U7, and changing the coordinates in

2 2
€ We 4 2pe — 2 T
X) = ——coszcosTLy + e {°7 cos2xy + —— cos27xo
77( ) c 4#%(2 - Mc) 4,“0
1
+ —— cos 2z1 cos 27‘:1:2} + 0(53)
4pi

leads to the results of Lemma E

E Distribution of numbers {wyn?}
Recall that for each = € R,

[z] =max{N: NeN, N<z}, {z}=xz-[z]€][0,1).
In this section we consider the distribution of the numbers

0, = {won®* = C}, o, ={won}, n>1 (E.1)
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Due the famous Weil Theorem [@], for each polynomial f(z) = arx® +.. + ap
with irrational ay, the numbers { f(n)} are uniformly distributed in [0, 1]. This
means that for each [, 3] C [0,1],

card {n: 0<n <N, {f(n)} € [a, 8]} = N(B—a) +o(N).

This result is the asymptotic relation in which the remainder strongly depends
on the choice of the interval. We consider the simplest case

fl@) = woz® = C with {f(n)} =0, [o,8]=10,p]

and deduce the rough, uniform in p estimate which is sufficient for our needs.
The main result is the following .

Proposition E.1 Suppose that
1

m < 1l* for all positive integers 1.

Then there is a constant ¢ depending only on c1 such that

1
~ > 1<c¢p forall pe(0,1/4) and N > p~ ™5 (E.2)

1<n<N,0,€[0,0]
The proof is based on the following lemma.

Lemma E.2 Under the assumptions of Proposition @, there exists positive c
depending on c1 only such that

1
N Z 1<ce forall ec(0,1/4) and N >e°. (E.3)

1<n<N,o,€[0,e]U[l—¢,1]

Proof. Fix an arbitrary positive € € (0,1/4) and introduce the function de-
pending on parameter ¢ and given by the equalities

we(x) =1 for = €[0,e]U[l —¢,1],
ve(x) =0 for z € [2e,1— 2¢],

% —
pe(x) = EE L for ze e, 2¢],

—-1+2
<,05($):367+E for x €[1—2¢,1—¢].
€

We will assume that . is extended 1-periodically onto R. Obviously the ex-
tended function is absolutely continuous and

1 1
/cps(:c)das = 3¢, /|50/€(:E)|2dx =21 (E.4)
0 0
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It has the representation

1
o0
o) = Y pea€®™ ", oo =/6_2”“”soa($)dw-
0

l=—00

It is clear that )

lpe] < /%(x)dx = 3e.
0

Obviously
1

1<n<N,0,€[0,]U[1—¢,1] 1<n<N

Represent ¢ in the form

505(1') =0+ Z @s,le2mm+Qk(x), Qk(l') _ Z 505,1627”“

1<|l|<k k+1<|l|

We have, by equality (E.4),

Q@) <2 Y Jendl s2\/ T 1-2\/Zz2|%,l|2=
l

k+1<I k+1<1

NP
™
k+1<l

Here c is some absolute constant. Combining ([E.6)-(E.§) we obtain

1 1 Tilo
N Z 1§3€+6€Zﬁ Zte"ﬁL\/Ck_g.

1<n<N,o,€[0,e]U[1—¢,1] 1<i<k 1<n<N

1
Ve

1
/ ot (@) 2de < e
0

Since the numbers
eQﬂ'ilO’n — eQﬂ'iwoln

form a geometric progression, we have
- 2
E emilon| <~ <9002
|€27T1(.U[)l _ 1|
1<n<N

Substituting this inequality into (E.g) we obtain

1 € 5 C cek? c
N Z 1§3E+CN Zl+—<35+

1<n<N,0,€[0,6]U[1—e,1] 1<I<k
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Now set
b — [5_3/7N2/7]
and note that for N > ¢79,
1 - € < ek’ <
ce, — <e
=~ ? N

VaE ST S =
which along with (E.10) yields

1
N Z 1 <ce for NZE_Q,

1<n<N,0,€[0,e]U[1—¢,1]

and the lemma @ follows. m

Proof of Proposition

The proof in main part imitates the proof of the Weil Theorem. Fix p €
(0,1/4) and consider the function ¢, as defined above. Obviously

% > 1§% > @p(bn). (E.11)

1<n<N,0,€0,0] 1<n<N

Combining (E.7)-(E.g) we obtain

% > 1<3p+6p > % Do e +%. (E.12)

1<n<N,0,,€[0,p] 1<I<k 1<n<N
Next set
Wiy =| Y emnl. (E.13)
1<n<N

We have from ([E.19)
1

1 c
N 1<3p+ 6p1§l;k F W+ 7= (E.14)
Noting that
e2miltn _ ezm'l(won?—C)
we obtain
Wiy =| Y emitn], (E.15)

Next we have .
Wl2,N — § e?ﬂ'zgwgl(n —-m )
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Setting r = m + n, ¢ = n —m we arrive at

VVlQ,N — § § e?ﬂ'zwgqu + § § e?ﬂ'zwgqu

2<r<N |q|<r N<r<2N |gq|<2N-—r

Introduce the quantities

Xrl = Z e2miwolral for 9 <y < N,

lal<r
Xri = Z e2riwolral for N < < 2N
lg|<2N—r
Thus we get
Wiy = Z Xrl (E.16)
2<r<2N
Obviously
Xri < 2N. (El?)

On the other hand, since x,; is a geometric progression in g,

sin(mworl)”
Choose an arbitrary € € (0,1/4) and denote by J; the set of all » such that
2<r<2N, o,={werl} €0,e]U[l —¢,1].

It is easy to see that for r € [2, N]\ Jj,

1 c
< << E.19
Xt = sin(me) ~ e ( )
From this and (E.16), (E.17) we conclude that
2N
Wiy <2N Y 1+4c— E.20
LN S Z Te— (E.20)

red;

On the other hand for fixed I, r € J;, and p = rl we have o, = {wop} €
[0,] U[1 —&,1]. Hence, since | < k,

card J; < card {p:1 <p <2kN,o, € [0,e]U[1 —¢,1]}.

By lemma E.J, we have

card {p: 1< p<2kN,o, € [0,e]U[l—¢,1]} <ce for kN >¢e?,

1
2kN
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which gives
> 1< 2kNe for kN > 77
red;

Substituting this inequality in ([E.20]) we obtain
2 2 N -9
Wiy < ckN 5—}—0? for kN >¢e77,
or
c
VNe

Substituting this result in (E.14) we finally obtain

1
~Win < cVke + for kN >¢°.

1 cpk c 9

— Z 1< 3p+cpVkde + +—— for kN >¢
N 1<n<N,0,€[0,p] VNe  Vhkp

It follows from this

1
— Z 1< 3p+ cpVk3e + cpk/ 2t + \/% for kN >¢7%. (E.21)

1<n< N 6,€[0,0) P

Now choose

k= [E], e=k"3 N>k
Obviously
1
h>o 232 e< 1/4, Nk>e? k324<1, ke=1.
p
From this and (E.21) we conclude that
1 —78
N Z 1<c¢p for N >p '°

1<n<N,0,€[0,0]

which completes the proof of the Proposition.

F Pseudodifferential operators

In this section we collect basic facts from the theory of pseudodifferential op-
erators. We refer to the pioneering paper and monographs [@], [@] for
general theory. Note only that different maps from functions A(Y, k) to opera-
tors A = A(Y, —idy) give rise to different theories of pseudodifferential calculus.
In these notes we assume that Y is a coordinate on the 2D-torus T? and that
the dual variable k belongs to the lattice Z2. The first result constitutes the
continuity properties of general pseudodifferential operators.
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Proposition F.1 Let |Ql|67l <o and0<s<l—3,r+s>0. Then there is a
constant ¢ depending on s only so that for all u € H*T"(R?/T),

20wl < e(|205 Ml + 1205 sl )- (F.1)

The proof is based on the following estimate of the convolution of non-
negative sequences. Let us consider a non-negative sequences a’ = (a’ (n)),ez2,
1<j<m,and v=(v(n)),eze. Set

l@’]s = sup (L+ [nf)*a’(n), |lIvIlIZ = D (14 [n])*v(n)®.

2
neEZ nez?

1

Lemma F.2 Under the above assumptions, the convolution w = a” *...xa™ xv

has the bound

Iiwllls < e(s) 3 (TT 1a”ls )l Lossllvillo + (TT 17l livills. - (F2)

VI 25 J
Proof. We begin with proving (F.J) for m = 1. Recalling the formula
w(n) = Z a'(k1)..a™ (km)v(kmi1)
ki+..+Ekmt1=n

and noting that for k1 + ko = n,
(1+|n))* <e(s) (1 + [k1)® + (1 + [k2])®)

we obtain for m =1,

(L+Inl)wn) < es)lalsrs D (L [kal) " o(ke) +
k1+ka=n

te(s)lalls Y (L lkal)*ulke) (L + [ka]) 7.
k1+ko=n

From this and the classic inequality
2 2
SO Jaltke)l) < (D la®)) Y k)2
n k1+ko=n k k

we obtain (@) in the case m = 1. The general case obviously follows from the
mathematical induction principle and the distributive property of the convolu-
tion. m

Let us turn to the proof of Proposition EI We have

—~ 1 -~ -~ 1 )
Ru(n) = Py ZA(n —k,k)u(k) where A(p,k)= o /A(Y, k)e=iYP gy,
k

T2
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which yields

()] < e 3" 1A(n — k. WAk < [axv](n), (F3)
k

with

a(n) = :;12102(1 +E) A k)| o(k) = (1 + k) [a(k)]-

It is easy to see that

lals < Ao (lIVIls < cllullsgr (F.4)

Applying Lemma F.g to (F.3), using inequalities (F.4) and noting that

(I2ll)” < e 3201+ ) 2

we obtain ([F.1]), and the proposition follows.
The next proposition gives the representation for the composition and com-
mutators of pseudodifferential operators

Proposition F.3 Let A and B be pseudodifferential operators so that for some
r,p € R and non-negative integers m, 1,

(A0 + B, < oo

Let also
I>|r|+5+s, I>s+3, m>2.

Then the composition AB and the commutator AB — BA have the representa-
tions

d
AB =D (AB), +D7, d=0,1, (F.5)
p=0
d
AB — BA= D _[A,B], + D1, d=0,1, (F.6)
p=1

in which (UAB), and [A,B], are the pseudodifferential operators with symbols
1
(AB)o(Y, k) = A(Y,K)B(Y,k), (AB)(Y,k) = ~0uA(Y,k)dy B(Y,k), (F.7)
i

[A4,Blo(Y,k) =0, [A, B(Y, k)= %(akA(Y, k)oy B(Y, k) — Oy A(Y, k)OrB(Y, k))
(F.8)
for k#0, and (AB),(Y,0)=[A, B],(Y,0) =0.
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The reminders have the estimates

AB)
1954 ulls < (11,0 BI 1 s + M1 3Bl s )l a1

|Ql|d+1,3|%|d+1,\T|+d+4||u||s+r+p—d—1a (F9)

[A,B]
D417 ulls < C(|m|2+1,s+\p\+d+4|%|5+1,|T\+d+4+

|m|2+1,|p|+d+4|1 - sB|5+1,|T\Jﬂ;l+4+s) wllrtp—a—1+
0 opasall = Bl el orspmaet, (F.10)
in which the constant ¢ depends on s,r, p only.
The proof is based on the following lemma

Lemma F.4 Let

O A(n, k)(iQ)* for k#0,

(F.11)

Rd+1(777C,k) 777C+ k Z Z

a' ‘Otl
p=0|a|=p

and Ray1(n, ¢, 0) = A(y,), where
~ 1 .
A(n, k) = — /e—”?YA(Y, k)dY.
2T
T2
Then for all n,(,k € Z2? and 0 < s < I,
[Ras1(n, G k)] < ed, )| Al o (14 |nl) 7 (L DL+ k)70 (Fu12)

Proof. It suffices to prove ([£39) for k # 0 only. If || < |k|/2, then the Taylor
formula

1

d 1

Ra+1(n, (k) = + / Al(n, k+t0)(1 —t)ddt}g“‘
\0‘| d+1 0

implies the estimate

1

[Rasr(n, ¢ k)| < el 1+ )75 (1 +[Ch /(1 + [k + 2t <
0
e[y o (L4 () (L A+ [T+ [R) (F.13)

which obviously yields (.39). If || > |k|/2, we have

d
[Ras1 (k)| < elipao(1+ D)~ IR+ ¢I7+ D1+ ISP IR 7]
0

d
< Mg o(1+ ) 71+ Do+ P IR ).
0
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Noting that for 0 <p < d+ 1 and [{| > |k|/2,
(L+ ISP IR < e+ [CHTFH (L + k)"
we obtain
[Ra1 (G R < e()| A o (1 + ) 7> (L + ¢+ kD),

and the lemma follows. m

Let us turn to the proof of the proposition. Since [, B] = —[2, (1 — B)],
it suffices to prove (.33) only. To this end note that, by the definition of
pseudodifferential operator,

Ql%u ZAn p,p)B p k,k)u ZAn*k GEk+Q)B (Ck)()
¢k

Applying Lemma @ to the Fourier transform X(n, k) of the symbol A we arrive
at the identity

YD D DN [ Sl (o0 o Lo
k,¢ez? p=Olal=p
k#0

+ 3 Rapa(n—k— ¢ ¢ k) B k)i(k) = ABu(n).
k,CEZ?
Noting that (iC)”‘E(C, k)= @(C, k), we obtain

> X M 08 A)(n — &~ Q[ (1) B¢, k)| ak) = @B),u(n),
k ¢ eZ? lel=p
k#0

which leads to representation ) with the remainder

S u(n) = 3 Rasiln— k - €,¢, B(C, K)a(k).

k,CEZ?

In particular, we have the inequality

|©£;4f1)u| <axbxv, (F.14)

in which the elements of the sequences a, b, v are given by

a(n) = Sgulf)(l + )TN [R) T R (0, G R,

b(¢) = (14 [¢prFatt sup(l + [K)PIB(C k)l v(k) = (1+ k)™~ k).
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Applying Lemma @ to the right side of () and noting that by Lemma @
lals < |2l|2+1,sﬂ Ibls < |%|§,S+M+d+p Iv(lls < cllullp+r—a—1+s

we obtain (§.41]) and the proposition follows.

It is useful to reformulate the above results in terms of infinite matrices.
To this end we introduce the Hilbert space F,; which consists of all operators
Y : H*(R?/T') — H'(R?/T') having the representation

= Z ykpa(p)
pEZ?

such that

D1, = sup {32+ EDZ (X Dilla)) S0+ k)t ) < oc.
’ ’ ' (F.15)

Corollary F.5 (i) Under the assumptions of Proposition E, operator A has
a matriz representation with A, = A(k — p,p) and

Sk (S |9tkp||a(p)|)2 <
k P
(12[5.)% DL+ D [a(R) | + (205 5)2 D21+ k]2 (k)2
k

k

In particular, ||| < C|Ql|6,l'

r+s,s —
(i) Under the assumptions of Proposition @, the operator @g’ﬁ;) has a
matriz representation so that

s AB ~ 2 r
Z (14 |k)? )(Z |©((1+1)kp )|) < C(|Q[|d+1,s|%|§+1,\7‘|+d+4+
2
21 8IBL 1 arars) (L R0 202 () 2
k

(1 Wi41,81B15 1 pyara) D (L [R)P T 20202 (k) 2 (F.16)
k

In particular,

AB
ol PIEc (TN IR o (/A - I

Proof. Assertion (i) is integral part of the proof of Proposition @ In order
to prove (i) note that

DTy = D Rai(p — k= ¢, C.k)B(C. k),
¢ez?
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where R 1 is defined by formula (F.11)). The needed result follows from ([F.14))
and Lemma E ]

Proof of Proposition @

We give the proof of representations ) and () only, and begin with
proving (p.15). Note that

A(Ya g) = AT(Y7 glvf%) + 7’§2A1(Y5 51755)7

where

Ar('a 'ap) = %(A('a ) \/ﬁ)+A(" ) _\/ﬁ))aAi('a 'ap) =

21-1/5 (A(" ) \/ﬁ)_A(" ) _\/E))

Assuming k; # 0 and noting that in this case &2 = 1 — &2, we arrive at the
identity

A(Y,€) = A (Y, &) +ibo Ay (Y, &) = A(Y,€)  where Ag(Y, &) = Ag(Y, &1, 1-€7).

From the Taylor formula we conclude that for ky # 0,

A9 =3 GrlAAro ey @R En
Ra(¥.€) = [105 A, 560,601~ 9P s

0

Recalling symmetry property @) we obtain

A +iA;

= {Re A+ ig&Im A} (Y,0,1) = Ao(Y, &),

Y i[a& (Im A — i&Re A)} (Y,0,1) = —vA, (Y, &)

a{?l (-Ar + @§2Az)

o= [(agl — 0e,)(Re A +i€&Im A) + i€oIm A} (Y,0,1) =
—20%A5(Y, &),
which being substituted into (F-17) leads to
A(Y,€) = Ag(Y, &) — vAL (Y, &2)i€1 + 12 As(Y, &) (i€1)? + Ra(Y, ). (F.18)

Noting that

ikyi&y = —% + mwﬂ),
ik (16, = (%)2% _ (%)Qm(wﬁ FITHR)) LK), (F.19)

7

160" = iy u2|1rjl(k)|3(yk% I ERDLE).
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we get for ky # 0,

2

ik A(Y, ) = Aj(Y, &) (k1) ™7 + Pa(Y, &) L(k) + Qa(Y;€). (F.20)
=0

Here the remainders are given by

1
TG

Ra(Y.€)) (AT +IT7 ()]). Qa(Y,k) =

Pa(Y,k) = Ao+ g (e F2

k1
v2|[T~1(k)]

1

G

Next set Pa(Y,k) = Qa(Y,k) = 0 for k; = 0 and denote by P4, Q4 the
pseudodifferential operators with the symbols P4, Q4. With this notation,

decomposition (5.15)) easy follows from (F.2(). It remains to note that formulae
(E.17) and (F.21)) imply the estimate

PBalo, +1Qalg; < |As,

which along with Proposition %lds inequalities (.20) for P4 and Q4.
Let us turn to the proof of (H.1€). We begin with the observation that for
k1 # 0, the product of the symbols of the elementary operators 2; and 20 is
equal to
A;W =8+ &Im AjIm W, (F.22)

where S ; are the symbols of the elementary operators associated with the func-
tions /L-VV. Multiplying both sides of () by W (Y, &2) and using the identities

it = =(7) 7=+ (3) e (4 + 1 ) LG,

e 1 1 1 1
VT TR

L(k)

we arrive at

2
ik S(Y, k) = 3 (k) (Y, 52)—(1)21m AoIm W%—kL(k)US(Y, k)+Vs (Y, k),
1

° v
Jj=0

where the symbols Ug(Y, k) and Vs(Y, k) are defined by

132 1 . .
Us=PsW+ (=) ———— (vk? + T} (k)|)Im Aglm W—
s= P+ (7) TR R+ T () Aol

1 L ~
W (Im Al + (’Lk/’l) Im AQ)Im W,

Vs:QAW+V

1 S ~
W(Im Ay + (iky) " 'Im AQ)IID w.
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Recall that W and A are smooth function on tori T2 which do not depend on
k. Setting Ug(Y,k) = Vg(Y,k) = 0 for k1 = 0, denoting by g and Ug the
pseudodifferential operators with the symbols Ug, Vs and arguing as before we
obtain desired identity (f.1§). It remains to note that estimate (f.21) follows
from Proposition ([F.]]) which completes the proof.

G Dirichlet-Neuman operator

In this section we deduce the basic decomposition for the Dirichlet-Neumann
operator and prove Theorem @ Let us denote the change of coordinates by

r = 2(y), v=(X,z3), y=(Y,y3),
X = X(Y), zmz=ys+0(Y), (G.1)

where

1Y) =n(X(Y)),
and X (-) is a diffeomorphism of the torus of the form (B.§) satisfying the Condi-
tion @ Let us notice that with the new coordinate Y = (y1,y2) the lattice IV
is generated by the two wave vectors (1,£1). We still denote the lattice of peri-
ods by T'. For a function u(x) we define u(y) by u(y) = u(z(y)). The Jacobian
matrix of the above diffeomorphism reads

0y, X1 0y, X1 0
Bi(Y)=| 0,,X2 9y, X2 O
aylﬁ ayzﬁ 1
and the determinant satisfies J = detB(Y) = detB;(Y). Now, we use the
following identities for any scalar function u, and vector function V :

Voule(y) = (81)79, i),
Vo Vi) = 3V, (BT ).

With these identities, the Dirichlet-Neumann operator ) takes the new fol-
lowing form
A@ = Oa Y3 S (—O0,0),

¢|93:0 - 1/}(Y)7
Vo — 0asys— —oo,

1 -
Gt = S(AY)V, ) 5, @2)
where
A = Vy - (AY)V,y9),
A = J(BiB;)"! (symmetric matrix)
detA = J.
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Notice that for computing the new expression of G,, we used the fact that
®(x) = 3 — n(X) is such that ®(y) = y3, hence V,® = (B})es.

We already defined the 2x2 matrix G(Y) of the first fundamental form of
the free surface, and we have

g11 g12 aylﬁ
BiB.(Y) = g12 g2 OyM
61/177 ayzn 1

We assume that elements of the matrix A(Y") are smooth 27-periodic functions,
and for some p and [, satisfying the following inequalities for 9 < p <1,

Ao — Allce < ce, ||Aller < Ey,  where Ag = 7 'diag {1,7%,1}, (G.3)
where, by construction, the estimates of A and Ag — A would come from

llcesr +[IVO)llcon
[Inllesrr +[VOllgst < el), s <1,

N
Q
o

(G.4)

A

where V is defined in (B-§). By the factorization theorem, there are first order
pseudodifferential operators G* so that

A = a33(y, +G7)(y, +G7), (G.5)

e kY GERY 400 as |k| — oc.

It follows from ([G.d) that
1, < ~
Gntp = 3(;%% — agG” ). (G-6)
Hence the task now is to split G~ into a sum of first and zero order pseudodif-

ferential operators. The corresponding result is given by the following

Theorem G.1 Under the above assumptions there is €y depending on p and |
only such that for all € € (0,¢), the operator G~ has the representation

G~ =0y +Gy +G7,, (G.7)

in which the pseudodifferential operators G, ,G; , have the symbols G, and G
defined by

Gy = %(ivafvyG; — 2GT +Cy), (G.8)
1
Git(Y, k) = a—(iaglkl + iaggkg + D), (Gg)
33
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where

1/2
D(Y, k) = { Z as3imkikm — (asiky + a32k2)2} ,

1<j,m<2
; 9 . 9 (G.IO)
Ci1(YV k)= — Oy, im ) hkm, 2b=— Oy, a3;.
08 = 5 5 ) o S

The zero-order pseudodifferential operator G satisfies the inequality

1Go Iomm—1 S clA—Aollcn, m>0, n<i, (G.11)

m,n—1

and for any u € H' Y (R?/T), r < p—8 and 1 < s < | — 8, the rest term has
the bound

1GZ1ullr < cellullr—r, 197 ulls < c(Eiflullr—1 + ellulls—1). (G.12)
Moreover, operators Gi , Gy , GZ; verify the following symmetry properties
g;u(iY*) = g;u*(iY), i=1,0,-1, u*(Y)=u(™). (G.13)

Proof. First we rewrite the operator A in the form
0? 0
A:a33—2+2a33—l3+a33(3, C=C+C, B=B1+b (G14)
y3 ys

with differential operators

2 2
Co=azy > aidy 0y, Ci=azy > (9yai)dy,,

ij=1 1,5=1

(G.15)
2 2
Bi = az Z azjOy,, 2b=az Z Oy, as;-
j=1 j=1
Combining (G.5) and (G.14) we obtain
Gt+¢ =28, G'Gg =cC. (G.16)
We find the solution of ([G.16) in the form
GF =g + g + X, (G.17)
with
G +G; =2By, Gi +G; =2b, (G.18)

where the symbol of pseudodifferential operator G; is given by formula (@),
G, satisfying ([G.11) and X being unknown. It follows from these formulae that

i = (-2 + G
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and for any integers m > 0 and n <1
167 lonn + 1o [onn—1 + 1Bl 1 < cllA = Aollcn. (G-19)
Representation (@) from Proposition @ yields the decompositions

Gigr =6 4+ g 4+ Ry,

(G.20)
957 =G5 + Ror, GiGy =G + Ruo.

Here the second order pseudodifferential operator gf) have the symbol Gfo,
and satisfies the identity

@ = ¢, (G.21)

the first order pseudodifferential operators g}”, gﬂ,), and gé}) have the symbols

GV = —i0,Gtoy Gy, c.22)
iy =GfGy. G =Gier,
and satisfy the identity
W4 g g _e o, (G.23)
Now from ([G.14) and ([G.21) we have

GIF + G; =28, GIFG; =y

which leads to
GE =B + (B2 — (Cy)'/?

and since ass > 0 for £ small enough, and noticing from ([G.10) that

1
(Bf =)'/ = —D,
ass

the formula ([G.9) follows. For obtaining Gy, we use ([G.23), (G.23) which leads

to (G.9)

It is then clear that G|, is a pseudodifferential operator of zero order which
satisfies ({G.11]). Now, the symmetry properties ) for G; and G; follow
from (E), (G.8), the evenness of a, ass, ai1, asz in y1 and yo, the oddness of
b and aj2 in y; and yo, and the evenness in y;, oddness in ys of a3, and the
oddness in y1, evenness in yo of ass.

Inequality (@) from Proposition @ along with ) implies the estimates

[Rorulls + [[Rioulls + [Riulls < cl|A — Agllgs+s[[A — Aol cslullo +
+c||A — Ag|Ze||ulls- (G.24)
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Substituting identities (G.20),([G.2]) and (G.29) into (G.16) gives the equation

for the operator X

X2 4 (—A)2X + X(—A) 2+ UX + XV + W =0, (G.25)
where
U= (G +67),V=-(G +G),
W = *(R1 + Rio + Ro1 + nga)

Our task is to prove the existence of a ”small” solution X to (G.23).
Introduce the Banach spaces of bounded operators

Xs=Fs1sNFss11, Ys=F,s1, Zs=F;,
supplemented with the norms
[X]x, = 1Xle, oo + 1 X[e s Ve = 1DME,cors [2]lz = [Z]]e, .-
It follows from ([G.19), Corollary [F.5, and ([G.24)that for all r < p — 8,
U,y + Vi, + Wz, < ce, (G.26)

where the constant ¢ depends on [ and p only. The rest of the proof is based on
the following lemma which is proved at the end of this section.

Lemma G.2 Under the above assumptions, there exist €9 > 0 and ¢ > 0 de-
pending on p and I only such that for e € (0,e0) equation () has a solution
satisfying the inequalities
|X]|x,. <ce when 0<r<p-—38,
[Xulls < cle||lulls—1 + Eiljullo) when 1<s<I[-—S8. (G.27)

Moreover the operator X satisfies the following symmetry property
Xu(£Y™) = Xu™ (£Y).
Proof. We start with the consideration of the simple linear operator equation
(—=AV2x + X(—A)V? = Z with Z e Z,. (G.28)

It is easy to see that for any Z € Z, satisfying ) and having the matrix form
with elements Zj, , operator X has the matrix representation with elements

1

M T N+ NG)

Zyp, where N(k) = (k 4 72k3)1/?

which obviously yields the estimate

[¥llx, < c(m)l 2]z (G.29)

s
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Hence the mapping Z +— X defines a bounded linear operator = € £L(Zg, X;).
Let us consider the sequence of operators X,, defined by the equalities

Ko =0, Xniy = ~F(X2+UXy + XV + W),
Note that U is a pseudodifferential operator which symbol U (Y, k) satisfying the
inequalities

1UCK)ller < csy [Upaa)] < ee(1+|p))~"* gl

It is easy to see that for any X € X,., the operator Y X has a matrix represen-
tation with the matrix elements

UX)p = Z fj(k —4,9)Xgp
q€eZ?

We have

(L+ K@)k | < c2 Y (L4 Tk —al) " [ X (14 g,
q

which gives

S+ kP [ @ law)] <
k P
30 [0S0l K+ ) A )|

p q

CEQZ[Z L+ |g— k) p+1((1+|q| THZ' aplla( )|)r§

q

c522[1+|q|r+12| Al < 203, S0+ ) )P

IN

P
Thus we get

[UX]|z, < clUlly,..[|¥]x,
Repeating these arguments we obtain

[XV]z, < Vv, [¥]x,,

and

122z, < el Xz, <Xk,
inequality ([G.29) yields the estimates

[ Xnrallx, < ce(lXnllx, +1) + [ Xallk, (G-30)

which holds true for all € (1, p — 8). On the other hand, since

X2 — X2 = (Xog1 — X)) Xgr + X (X1 — Ay)

n
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we have
[Xnt1 — Xallx, < cl|Xn — Xaoallx, (e + [[Xnllx, + | Xn-1lx,)- (G.31)

Here the constant ¢ depends on ¢ and 7 only. It follows from ([G.30) that for all
e € (0,e0(p,7), the values || X,||x, are less than ce. From this and ([G.31) we
conclude that for all small € the sequence X, converges in X,.. Repeating these
arguments and using Corollary F.§ gives the tame estimate ([G.27), and the
lemma follows once we observe that the symmetry property of X follows from
the uniqueness of X and from the equivariance with respect to the required

symmetry of the equation ([G.25). m
In order to complete the proof of Theore, it remains to note that

operator G~ := —X with X given by Lemma [G.2 satisfies ([G.12). m
Proof of Theorem B.§ It follows from formulae ([G.9), (G.6), and (G.7)
that we can write

G = (D~ an(; + G-},

where the first order pseudodifferential operator D has the symbol D(Y, k). Then
we define

ass ,— ass ,_
gO = 7790 P gfl = 77971,

and the symmetry properties follow from the evenness of J, ass and from Theo-
rem [G.1] and Lemma [G.d. The zero order pseudodifferential operator Gy satisfies
(B:29) and from Proposition [F.1 we have

Goull, < cellull,, 0<r<p—4
||g0U||S S C(EHUHS + El||’ll,||0>, 0 S S S l _ 4, (G32)

while the operator G_1 satisfies

G-1ully < cellullr—1, 1<r<p-=38,
|G-1ulls < clellulls—1 + Eillullo), 1<s<1-8. (G.33)

We then deduce the estimates (B.23) in using (G.4).
Now our task is to calculate the symbols G;. It is convenient to introduce

the scalar I(Y") and linear form II(Y, k) defined by
I=J/Vdet G, TI=G 'Vyi-k.

Recall the identity

ass Z ajmk:jk:m—( Z agmkzm)2

1<j,m<2 1<m<2

= det A((A™")22k? — 2(A rokn&e + (A7)1k).

Noting that det A = .J, A=t = J~!B{B;, we conclude from this that

2
asz3 Z ajmkjkmf( Z agmkm) :(BTBl)QQk%72(BﬁBl)12k1k2+(BTB1)11k%

1<j,m<2 1<m<2
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Hence, by the definition of the metric tensor G,

2
as3 Z jmki&m — ( Z asmkm) = gook? — 2g12k1k2 + g11k3,
1<j,m<2 1<m<2
which yields
2
ass > agmkikm — ( 3 agmkm) = (det G)G 'k - k. (G.34)
1<j,m<2 1<m<2
Substituting this relation into D (see ([G.10)) finally gives
D(Y, k) = VAei G G (Y, k). (G.35)

Noting that G; = %D we obtain the needed formula ( . The calculation of
Gy is more delicate task. Since ass = det G/J, formula (G.§) yields

a2 . 2
(2IG1)Gy = iViGiVy Gy — 25 0, a5+ — 3 9y ajmbnm.
as3 i ass o2
It follows from the definition of the form II that
2 2

Z a3mkm = —a33H, Zc’)yj a3; = — diVy (a33ka). (G36)

m=1 j=1
From this, ([G.9), and ([G.3) we conclude that

G| = —1G; —ill, G{ =1G; —Il,
and hence
1

a33

. 2
N 0y ajmkm. (G.37)

ass

(QIGl)Ga =1V (IGl —iH)Vy(—IGl —iH) (IGl +’LH) divy (aggka)-i—

jym=1

Next differentiating both sides of () with respect to k; we arrive to
2 2
2a33 Z ajmkm — 2a3j Z a3mkm = (det G)(’)k] G%,
m=1 m=1
which along with (G.36) and the identity det G/az3 = J leads to

2
Z ajmkm = a33H8ij + JGlakj G;.

m=1
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Substituting this expression into ([G.37) we finally obtain

1
(QIGl)Ga = in (IGl —iH)Vy(—IGl —iH) — a— (IGl +’LH) diVy (a33VkH)+
33
 divy (a3gnvkn + JlekGl). (G.38)
as3

Let us calculate the real part of Gy. It is easy to see that

IG
(2IG,) Re Gj = IV,GVyll — V,IIVy (IG,) — 31 divy (as3 Vi),

as
which along with the equality Iass = v/det G implies
(2G1) Re Gj = V1.G1-VylI-V,II.-Vy G, -G, divy (V,IT) =G, V,II-Vy In Vdet G.
Noting that
divy (ViII) + ViIIL- Vy In Vdet G = div(V,II),

and recalling

ass det G _
GO = *TGO = *TGO y (G39)

we obtain

det G det G
Re Go = 2 2 (V11 - Vy Gy — VG, - Vy D) + S—JQ

i 1D).
217G, div(VII)

From this and the identities

1 1
=G 'Vyi G = —G %k G = — 1k
Vi G Vyin, ViGy GlG ., VyGy 2G1VY(G )

we obtain the desired formula (B.19) for the real part of Go. Next (G.39) yields
(QIGl) Im Ga = —Ival . Vy(IGl) - VkH . VyH—

1 1
—HdiVy(aggka) + —diVy [Hvk (a33H) + JlekGl} =
ass3 a33

J 1
2 Gydivy (ViG1) + Gy (—VyJ - IVYI) ViG.
a33 ass

Since J/azz = I? and

1 J? 1
— J -1 I=— Vdet G =12 vdet G
ass VY VY (det G)3/2 VY ¢ vV det G VY ¢ ’
we have

2Im G5 =1 div (V;G,).
Recalling ([G.39) we obtain (B.2]) and the theorem follows.
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Invariant form of ReGq. In the rest of the section we prove the formula

(B-24). We start with the calculation of the quadratic form
Q(Y,GE) :== Q(Y, &) = Qui&l +2Q1261& + Q3.
It follows from (B.21)) and the identity Go,,G~'G = —9,,G that
- 2 1
QY€)= ) (§0,G)a- €~ 50y, (GE- O)a; — Ve &,
j=1
where the vector field q = G~ !Vy7. Thus we get
~ 13
Qop = ) Z (ayagjﬁ + ay;agjoz - angozﬁ)qj - aiﬁﬁ’
j=1

which along with the equality gag = 0,1 - 0y, yields

2
Qap = (Z q;0y,r — e3) : dfayﬁr-
j=1

On the other hand, since 7 = r - e3, the expression for q reads

1 (g220y, T — g120y,T) - €3
det G | (—9120y,r + 99110,,1) €3 [~

q:

Now set
a=0,r, b=0J,r, c=axbhb.

Noting that

gu=a-a giz=a'b, gn=>b-b,
bxc=(b-b)a—(a-b)b, axc=(a-b)a—(a-a)b,

we obtain
(det G)g1 = (b xc)-e3, (det G)go =—(axc)-es.
From this and the identity
[(bxc)-esla—[(axc)-es]b—|cl?es=—(c-es3)c,
which holds true for all a,b € R? and ¢ = a x b, we conclude that
(det G)(q10y,T + q20,,r) — |c|?e3 = —(c - e3)c.

Noting that |c|? = det G and c - e3 = J we arrive at

2
J

g i0y.r —ez = — n,

j:1q] . ’ det G
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where n = c¢/|c| is the unit normal vector to X. Substituting this identity into

(G:41) gives Qup = —(n- OyoysT)J/Vdet G which leads to

- J

Q(Ya g) = _\/m(lfgf +2M& & + Ng%)

Since

G1(Y,G¢) = GE - € := EE} + 2F&1& + GES,

we finally obtain

det G {G?( 1 o, Gg)} _ Vet G L& +2M&E + NE (G.43)
1

2.2 Y, G¢) J 2B +2F61& + GE)

Our next task is to express div q via the geometric characteristics of 3. First
we do this in the standard coordinates Y = X with = 7. In this case

_ 1 14 0y,n%,  —0,,1m Oyn ) 9
Gl ——— vall> O Guall ) et G = 14|V, T =1,
1 + |V77|2 ( 789177 ayzna 1 + a.741772 | 77|

and q = (1 + |Vn|?)~1Vn, which leads to the formula

det Gdivq: vdet Gldiv( Vn ):\/det Gt +€27 (G.44)
2J2 J 2 NSESNYE J 2

where €; are the principal curvatures of ¥ at the point r. Next note that Vn is
a covariant vector field on X, hence G™1V7 is a vector field on ¥. Since div is
an invariant operator on the space of vector fields on X, the left side of ()
does not depend on the choice of coordinates, hence

det G _, vdet G € + & vdet G LG —-2MF + NFE
div q = = . (G.45)
2.2 J 2 J 2(EG — F?)

Combining ([G.49) and ([G.45) gives the desired identity (B.24). If we define
by n(¢) the normal curvature of ¥ in the direction ¢ at a point r, then (B.24)
becomes

J 1
N Re Go(V,G¢) = (81 + & — n(¢)),

which leads to

Corollary G.3 Assume that the manifold 3 has a parametric representation
r(Y) = (TY +V(Y),7(Y)), Y € R? s0 that V and 7}, which are not defined yet,
satisfy all hypotheses of Theorem @ Assume also that the parametric form

J
Vdet G
of the normal derivative operator is given for any bi- periodic smooth function

w(Y). Then the manifold ¥ is defined by the operator & up to a translation and
a rotation of the embedding space.

Bu =

Gpio (T+V), a(X)=u(Y(X)),
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Proof. Note that for all k € Z2,

1, , J
lim —e MFY geinkY — G1(Y, k) = VG~1k - k,
n—oco n Vdet G 11 k)

nlingo Re {e—ink‘YQjeink‘Y _ \/dgt—GGl(Y7k)} = ﬁ@ Re Go(Y, k)

Since Gy is a homogeneous function of &, it follows from this that the right hand
sides of these equalities are defined by the operator & for all k¥ € R? and, in
particular, for k = G¢ with an arbitrary ¢ € R2. Hence the first fundamental
form G¢ - € and the difference & + 2 — n(€) are completely defined by & for
all directions £ at each point of ¥. Hence the principle curvatures of 3 are also
defined by the operator &. It remains to note that, by the Bonnet Theorem, the
first fundamental form and the principal curvatures define ¥ up to a translation
and a rotation of the embedding space. ®m

H Proof of Lemma p.§

To be able to compute all terms in (5.99), let us rewrite the system ([.6),
(E) formally as a scalar equation for ¢ and express the orders ¢ and &2 of

the differential computed at w§N), N > 3. Then the operator £+ $ is up to
order €2 closely linked with the new form of this operator after applying the
diffeomorphism computed at Lemma @

Indeed we can formally solve (E) with respect to 1 in powers of ¢ as

1 1 1

and replace 1 by this expression in (@) We then obtain a new scalar formal
equation for ¥, under the form £(¢, u) = 0, where

EW, 1) = Lo+ (11— p1e) C10 4+ E (¥, 1) + E3(¥, 1, ) + Ol — pe* |9 + || [*),

where

Sop = 0k v+ G0

1
211/} = 7_2831 1/)7
He
and & and &3 represent quadratic and cubic terms in 1, respectively. Let us
write the formal solution found at Theorem @ for 1 = €3 = £/2, under the
form (N > 3)
PV g1 + 245 + O(e?),

fre + %1 + O(€%),

"
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where
11 = sinxy cos Ty,

then we have the identities

Loy1 = 0,
Lotvo + E2(Y1,01) = 0, (H.2)
Los + p 11 + 2E2(1,¥2) + Es(Y1,¢1,¢1) = 0.

Now, we may observe that the operator (@) we want to invert acts on d¢ =
01 — bdn. Since b is O(e) and dn may be expressed formally linearly in terms of
01 in differentiating formally (@), we have formally

OpE (Y, p)(1 4+ H(, ) = KL(, ) — R(E, 1) (H.3)

where £(¢, u) is the linear operator we want to invert, x is the function we
introduced at Theorem @, and the operator H (v, 1) is such that formally

09 = (1+H(4,n))oo,
and R(0, ) = 0. Since we set

v o= M+ 0E), N>3
po= po+e’m(n)+0E), po= pe(r),
we have
EWP o+ %) = 0(e%), R =0(?),
hence

BpE (W, 1) = Lo + 2 1 + 26 (W, ) + 38 WP, 4P, ) + O(3).

Making now the change of coordinates computed at Lemma @, the new
expressions of operators £g, £1, &2 (1#,52), ), E3(11,11, -) take the following form

newgy = £+ +2e7 + 0,
newg; = £” +eg{! +0(?),
new&y(vr,) = EVW, ) +eEV O, ) +0(),

new€s(¢r,¢1,) = &0, 40, +06),
and the functions 1,19 are transformed into
new ¢, = @ 4 EW) + 521/1§2) +0(e%)
newiys = éo) + Ewél) + O(&?).
Moreover, we have thanks to Lemma, @

K(Y) = 1+er(Y)+e%ma(Y) +O(),
newH(, ) = eHi+e*Ha + O(e%).
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Hence, identities ([L.9) lead to

gy =0,
£Pp0 + 2y + 2op® = o,
Lot + PO,y = 0, (H5)
20 4 2oV 4280 (9@ M) 4 N (@ @) = 0,

Lot + 2@ 4260 (@ V) + &0 (@, @ @) = 0. (H.6)

We deduce from these formulae and from ([I.3), that the linear operator obtained
after the change of coordinates satisfies

L+9=2L0+enM +293 +0(?)
with
kLo + 91 = gV 42800 ) + goH, (HL.7)

koo + k19D + 63 = &P 4y 20 426D (@ ) 4260 ({0 ) 4280 (V) 4
367,00, + {2 + 267 0, ) | 1 + Lo,

We now compute the terms under the integral in () First we observe (thanks

to (E.4), (E.d))
2515(1)1/,(0) _ 251{261)1/1(0) + 252(0) (1/,(0)7 ¢(0))} + qu/,(o)
= g5 {—gop!" — 280} + Hyp©
=~ +208) + Hip©),

hence
—9WerlnWp@ = eV (" + 200 + 260 (@, i) +
HAED (@O, ) 4 goH (v + 2057) +
—r1 Lo (M 4 20y — 5@,
Moreover
5@ = gD p® 4y gOpO 4 2gf (@ @) 4 26l (@) 4

+26 (), @) + 36 (@, @ @) — 55D 4
+ {280 + 260 @0, )} 190 + £oHp®
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and in using again (H.4), (H.5), (H.6), and (F.7) we obtain
PO — 5(1)3615(1)1/}(0) - *2,U1£§O)7/)(0) _ 20(31/)5)0) + 21/}51) + 7/1?)) +
+2o{Ha (0" +2057) + Hau© — i}

Hence (5.99) leads to
a= -2 [ (00O 0ay.
T2

Since 1
0) _ 2
£ = —M—gayl

we finally obtain the result of Lemma .4

I Fluid particles dynamics

The kinematic and dynamic boundary conditions (@, ) give two equations
for two unknowns 7 and . Assume for the moment that we know 7 i.e. the free
surface . The question is can we restore Y without solving PDE equations?
The answer is yes: it suffices to solve a problem of moving a heavy single mass
point along the free surface, or equivalently to find the corresponding geodesic
flow on the surface with an appropriate metric.

Let us begin with the consideration of the motion of a single mass point
along the surface ¥ = {z3 = n(X)}. Assuming that gravity pu acts in the
—e3 = (0,0, —1) direction we can write the governing equations in the form

I+ pez =An, x3=mn(X),

where A is the Lagrange multiplier and n is a normal vector to ¥. Choosing com-
ponents of X as generalized coordinates we rewrite equivalently these equation
in the Lagrange form with the Lagrangian

) ) 1 L
L(X, X) = T(X, X) - U(X) = 56(X)X - X — jm(X),
where GdX - dX is the first fundamental form of the free surface X with
GX)=1T4+Vxn(X)®Vxn(X).

More precisely, we have

d . .
ZOxL(X, X) — 0xL(X, X) = 0.

If we define the moments and Hamiltonian by

. 1
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then the governing equations can be rewritten in the Hamilton form
X =0,H(X,y), §=-0xH(X,y). (L.1)

Next, suppose that a C''-generating function S(X) satisfies the Hamilton-Jacobi
equation

H(X,VxS(X))=h= const , (1.2)

and the periodicity conditions

S(X+27T€1)—27T:S(X+2—7T€2)—2—7T:S(X). (I.3)
T T

Suppose also that X (t) is a solution of the equations
X =G HX)VxS(X), (1.4)

then, it is known that (X (¢),y(t)), with y(t) = VxS(X(¢)), is a solution of the
Hamiltonian system ([.1]), and the surface y = Vx S(X) is an invariant manifold
of (1), the flow being defined by ([L.4).

Finally note that due the periodicity conditions, the mapping X — (X, VxS(X))
defines an embedding of the torus R?/I" into R?/T" x R%. Therefore, {y =
VxS(X)} is an invariant torus of (1)) lying on the energy surface H = h. In
coordinates X the Hamiltonian flow on the torus is given by ([4)

Let us turn to the diamond wave problem. Set

" (r) =ug- X +¢(z), and " (X) = " (z1,22,7(X)),

and recall |ug| = 1. In these notations kinematic condition ([L.9) and dynamic
(

condition ) can be rewritten in the equivalent form
VX(,D* (:131, $2,.T3) = G(X)_le’lb*(X) for T3 = 77(X), (15)
1 1

By construction the equation & = V*(x) determines the trajectories of liquid
particles. From (E), such a particle moving along the free surface satisfies

X =G Y (X)Vxy*(X). (1.7)
On the other hand, equation (E) reads
H(X,Vxy*)=1/2.

Hence S(X) = ¢*(X) is a generating function for the Hamiltonian system (L1]).

From this we conclude that trajectories of liquid particles X (¢), which are
defined by X = G~V x¢*(X), along with y(t) = VxS(X (t)) serve as solutions
of (L1) and belongs to the invariant torus {y = VxS(X)}. In other words,
they coincide with projections (X, y) — X of solutions to (E) belonging to the
invariant torus {y = V4*(X)} C {H = 1/2}. Moreover, since by (B.1) we have
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V = G~'Vxv*, they also coincide with the integral curves of the vector field
V.

Finally note that, by the Maupertuis principle, the projections (X,y) — X
of solutions of @) belonging to the energy surface H = 1/2, coincide with the
geodesics on the manifold ¥ endowed with the Jacobi metric

ds? = (1/2 — un(X)) G(X) dX -dX =2(1/2 - U)T(X,dX).  (L8)

Hence the integral curves of the vector field V' form the geodesic flow associated
with the metric (L.g).

Corollary 1.1 Suppose that 1 is an arbitrary bi-periodic smooth function so
that the hamiltonian system (L)) has an invariant torus {y = VxS(X)} with
a smooth generating function S(X) satisfying the periodicity conditions (L.3).
Then the solution ¢* of the Cauchy problem

¢ (x) = S(X), Onp"(2) =0 for x3=mn(X),

for the Laplace equation, satisfies kinematic and dynamic conditions (E),(E)
(The local existence of such a solution follows from the Cauchy-Kowalewski the-
orem, and the existence and boundedness in the lower half plane is true only for
the “good” choice of generating function.)
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