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Abstract

In this note we introduce the notion of Newton-Cotes integral corrected by Lévy
areas, which enables us to consider integrals of the type [ f(y)dz, where f is a cm
function and z,y are real Holderian functions with index o > 1/(2m + 1), for any
m € N*. We show that this concept extends the Newton-Cotes integral introduced
in [8], to a larger class of integrands. Then, we give a theorem of existence and
uniqueness for differential equations driven by x, interpreted using this new integral.

Key words: Fractional Brownian motion - Lévy area - Newton-Cotes integral - Rough
differential equation.
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1 Introduction

Recent applications of stochastic processes are based on a modelling with differential equa-
tions driven by a fractional Brownian motion (fBm in short) B, of the type

¢ t
Xy = x + / b(X,)ds + / o(X,)dBE, telo1], (1.1)
0 0
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where X = {X;, t € [0,1]} is the unknown continuous process and zy € R and b,0 : R — R
are the given data, see e.g. [3, 5] and the references therein. It is well-known that the fBm
B of Hurst index H € (0,1) is a semimartingale if and only if H = 1/2, that is when it
is the standard Brownian motion. Then, for H # 1/2, the sense of [} o(X,)dB in (1.1)
is not clear and has to be precised. Let us make a short recall of the three theories of
integration with respect to fBm which are nowadays frequently used.

(a) In Russo-Vallois’ theory [18], the (symmetric) integral is defined by

¢ ¢ ZS &€ ZS
/ Z,d°BY = limO —ucp & / % (BE, — B ds, (1.2)
0 & 0

provided the limit exists. When the integrand Z is of the type Z, = f(B), recent results
- see [2, 8] - show that f(f f(BE)d°BE exists for all regular enough functions f : R — R
if and only if H > 1/6. When Z, = h(B V,) with V' a process of bounded variation
and h : R? — R a regular function, it was shown in [13] that fot h(BE,V,)d°BI exists if
H >1/3. When H < 1/3, one can extend the definition (1.2) and give a sense to

t
| s voas! (1.3)
0

with the help of the m-order Newton-Cotes integral, which was introduced in [8] - see
Definition 2.1 thereafter. Choosing m sufficiently large exhibits a stochastic integral which
makes sense to (1.1) for any H € (0,1) [13]. However, one needs to suppose somewhat
arbitrarily that the solution to (1.1) is a priori of the type f(BH V).

(b) Another formalism relies upon the Malliavin calculus for fBm, in the sense of
Nualart-Zakai [15], and more specifically on Skorohod’s integration operator §7. Com-
bining this with techniques of fractional calculus and Young integrals, one can then study
(1.1) for H > 1/2 in any dimension - see [17], and also Nualart’s survey article [16] for
other topics of this theory.

(c) Finally, one can make a sense to (1.1) with the help of Lyons’ theory of rough paths
[9]. Roughly speaking, the goal of this theory is to give sense to quantities such as f,y w,
where w is a differential 1-form and ~ a curve having only Holder continuous regularity. In
order to use it, it is then necessary to reinterpret (1.1) using a differential 1-form, through
the formulation

Xy =z + / w (1.4)
7([0,2])

with v = (BE,t, X;) € R? and w = o(x3)dz; + b(r3)dzs. Recent results [4, 7] establish
that one can solve (1.4) only when H > 1/4, but in any dimension. Rough path theory has
rich ramifications - see the monograph [10], but requires a formalism which is sometimes
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heavy.

It is quite natural to ask whether these different theories may intertwine with each
other, and how. For instance, the following link is established between (a) and (b) in [1]:
fixing a time-horizon T" and H > 1/2, if u is a stochastic process such that

T T
/ / | Dgug| [t — s~ 2dsdt < +oo
o Jo

and regular enough, then its symmetric integral along B exists and is given by

T T T
/ wd°B = §7(u) + CH/ / Dguy|t — s|*" 2dsdt,
0 o Jo

where D, stands for the Malliavin derivative and 67 for the Skorohod integral [15]. The
present note wishes to link (a) and (c). We propose a correction of the Newton-Cotes
integral d¥®™ by some Lévy areas, which are the central object in rough paths’ theory.
Our new integrator d*™ defines, for any m € N*

/ g dt e,

when f: R — Ris C™ and z, y are any fractal functions of index a > 1/(2m+1) (Theorem
2.5). Compared to a) our class of integrands is much more satisfactory, because y need not
depend on z anymore. Compared to b) and c¢) we reach a lower level for H, but a main
drawback is that our approach is genuinely one-dimensional.

In the second part of the paper we prove existence and uniqueness for (1.1) driven by a
fractal function of index o > 1/(2m + 1) through our integral d*™, under some standard
conditions on the coefficients (Theorem 3.2). The proof relies on Banach’s fixed point
theorem. Finally, we notice that for m = 1 and vy, = g(xy, ¢;) with ¢ of bounded variation,
one can choose a first order Lévy area such that the operators d4'' and d° actually coincide
(Proposition 4.2). We are not sure whether an identification with Newton-Cotes integrals
can be pursued for m > 2, because of the (crucial) Chasles relationship in the definition of
Lévy areas.

This paper was mainly inspired by [7], more precisely by its first draft. For example,
our constance lemma 2.7, which is key in establishing Theorem 2.5, can be viewed as
a continuous analogue to the "sewing lemma” 2.1 therein. The possibility of reaching
any value of H after considering families of Levy areas is also strongly suggested in [7].
However, our framework is continuous and in particular, our integrals are true integrals
for H > 1/3, which may look more natural. Above all, we feel that this formalism is one
of the simplest possible, and provides a handy framework for a more advanced stochastic
analysis of (1.1), examples of which can be found in [11] and [14].
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2 Newton-Cotes integrals corrected by Lévy areas

We fix once and for all m € N* and a € (1/(2m + 1),1). We also consider, without loss
of generality, functions which are defined on the interval [0,1]. Denote by C* the set of
fractal functions z : [0,1] — R of index «, i.e. for which

3L > 0 such that Vs, ¢ € [0,1], |z; — 25| < Lt — s|*. (2.5)

Introduce the interpolation measure v, given by

1
V1:§(50+51) 1fm:1,
2m—2 1
(2(m — Du—k) :
Vm = Z </ (H j s du 5j/(2m72) if m Z 2,
i=0 \70 \kzj

where § stands for the Dirac mass. This measure is the unique discrete measure carried
by the numbers j/(2m — 2) which coincides with Lebesgue measure on polynoms of degree
smaller than 2m — 1. In [8], the Newton-Cotes integral was defined followingly:

Definition 2.1. Letz : [0,1] = R, 2 : [0,1] — R? and h : R?* — R be continuous functions.
The integral defined by:

t t 1
/ h(zg)dNCma, ' Jim ! / ds (Tsye — ) / h((1 — a)zs + @zsie ) Um(da)  (2.6)
0 0 0

e—0

provided the limit exists, is called the m-order Newton-Cotes integral I,,(h,z,x) of h(z)
with respect to x.

Remarks 2.2. (a) When m = 1, Newton-Cotes integral is a true integral which coincides
with the symmetric integral fot h(zs)d°zs given in Definition (1.2).

(b) When m > 2, Newton-Cétes integral is not a true integral anymore since if h(z) = h(Z),

the identification . .
/ h(z,)dNS", :/ h(Z,)dNO™
0 0

does not hold in general.

Notice that there is no reason a priori that the integral I,,(h, z,z) exists. In [13], this
was established when z is of the form u — f(z,,¢,) where ¢ : [0,1] — R has bounded
variations and f : R? — R is regular enough. In order to extend the class of integrands,
we wish to define a new concept of integral. To do so, let us first define the notion of Lévy
area:
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Definition 2.3. Let z,y : [0,1] — R be two functions belonging to C* and v : [0,1] — R?
be the curve given by vy = (x4, y¢). If r,s,t € [0, 1], we denote by T,.s the oriented triangle
with vertices 7, vs and v;. We say that A is a Lévy area of order 2m — 2 associated to
v if Vs, t € [0,1] P — Au(P) is a linear map from Poy,,_o (the space of polynomials in y
with degree < 2m —2) into R, if Vr,s,t € [0,1], Yk € {0,...,2m — 2},

An(y) + Au(y®) + Au(y) = — / /T yhdady 2.7)

and if 3¢ > 0 s.t. Vs, t € [0,1], Yk € {0,...,2m — 2}, V€ € [ys, yi] :
[Aatlly =1 < et — s, (2.8)

Remark 2.4. From (2.8), we see that A, (P) =0 for any s € [0,1] and P € Py, _». From
(2.7) and since [[, y*dxdy = 0, we see that Ay(P) = —Ay(P) for any s,¢ € [0,1] and
P € Pyps.

We can now give the main result and the central definition of this paper:

Theorem 2.5. Let x,y € C* with o > 1/(2m + 1) and A be a Lévy area of order 2m — 2
associated to v = (x,y). For f : R — R a C*"-function, define

I(f) = 5_1/0 du(:pu+6—xu)/0 f((1 = a)yu + ayyre)Vm(da)

et G ) S 0 Al )

k=0

for every e > 0. Then the family {I7(f), € > 0} converges when ¢ | 0. Its limit is denoted

= /0 1 f(yu)d* ™,

and is called the Newton-Cotes integral corrected by A of f(y) with respect to x.

The proof of Theorem 2.5 relies upon the two following lemmas. We fix f € C*™(R,R)
once and for all.

Lemma 2.6. Set

2] 1
IN(g) = 2n5_1/0 du(l‘u—i—e?" - xu)/o f((l - a)yu + ayu—l—aQ*")VTn(da)
2m—2

e[]
+ 2”871 kz T 1 / f(kJrl)(yu)Au,u—I—aQ*"[(y - yu)k]du

for every e > 0 and n € N. The sequence of functions {I,,, n € N} converges uniformly on
each compact of 10,1], and the limit I, verifies

Iso(e) = 12(f) + O(el@mehatine), (2.9)
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Proof. First, assume that m = 1. In this case, we have

In(E) _ 2n€—1 </6[E] f(yu) + f(yu-l-eZ*") (l‘u+€2—n . :Eu)du n /6[5] f/(yu)Au,u—f—aQ”du) :

2

where, for the simplicity of the exposition, we wrote Ay instead of Ay (1). Decomposing
the integral into dyadic intervals and making a change of variable, we first get

121 e
[n(g) — ong-1 / (k+1) |:f<yu) + é(yu+€2_n)

(xu-i—eZ*" - xu) + fl<yu>Au,u+52":| du

= Z / |: yk _'_f yk—i—l) ($Z+1—$2) + f/(y]?) Z7k+1:| du.

where, for sunphClty of exposition, we wrote T = Teo-n(kyu), Yp = Ye2-n(ktu) and Ap, =
Aco-n(kqu),e2-n(t+u)- Dividing again in two, we find

T )+ f) (o5l o

Lin() = 0 2 el = o) 4 T A | du

+

k=
1]

) f(ygljll) + f(y;zlj—12) n n n n

Z /0 - 5 - (%/;LJ:Q %#1) + f' (yQI:r—f—ll)AQI:—i}l,zk—i-Q du.
k=

On the other hand after another change of variable, we can rewrite

a1

, | e )+ F W) " nt1y gn

In(e) = 5 /0 - B 22 (le:&2 —:1:2,:1) + f'(y +1>A212—%k+2 du
0 L

1 é o f(ygé:ll) + f(yg,;:lg) n+1 n+1 n+ly\ gn+l

9 ; 5 (372k+3 372k+1) + f (Yo 1) Ade 10043 | du-
k=0 L

Writing J,,(¢) = I,11(g) — I,,(¢), this yields

1 n n n n n n
Jn(e) = ) Z / +1)A +2k+1 + f <y2lj+11)‘42:4:1 2%k+2 f (192;1)‘42:%%2
=0
1

f(y% )+ ()

f(y;,;:ll) + f(yg/;:lQ)( n+1 nil Y

+ 5 (a5l — ) + 5 Logro — Togp1
Fls) + Flysdl) .
_ 5 + (xQIjJ:Z :L‘2I;H) du
E]W*l 1
1 n+1 AnJr n+1 An+1 o n+1 An+1
T3 Z ; Lf (o) noert L W) A oee — (W) s okes
k=0
Fls) + Fsdl) . Flse) + Fsl) "
+ o (aprl, — a2t + + o (ahly — )

2 2
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Flumth) + Flymtly)

n+1 n+1
($2k+3 - $2k+1)} du

1 ! n n n n n n
) Z /0 [fl@zijl)Az/:;kH + fl<y2/:1)142/:4:1,2k+2 + f/(yQI:rl)AZI:-:Q,Zk

k=0
FysiD + Flystl) . FlysE) + flusdly) .
5 - (5521:rj1_5’72/§+1)+ - B = (%lﬁQ—leﬁl)
Flus + flustl) . e
o )T TWsa) (s, gy du 4 O((e2
2

+1 +1 +1 +1 +1 1
; [fl<ygk+1)Agk+1,2k+2 + fl<ygk+1)Agk+2,2k+3 - f/(ygk+1)‘43k++1,2k+3

o

| —
S—_
>,

k=

n+1 n+1 n n
f(y2k+2) + (y2lj—+3) n+l n+l f(y21:r+11) + f(?/zl;t32) ntl n+1
5 ($2k+3 - $2k+2) + 5 ($2k+2 - $2k+1)

n+1 n+1
+
f(yzk+1) : f<y2k+3> (xg]:;:?, _ 37;1:4:1)} du + O(<827n)a/\(3a71))
[t]n-1 1 1
1 . Flyss) = Flusel) , "
5 Z /0 [f/(y2;1)A (T'Y2k+2’Y2k+l’Y2k) + L 2 - (1‘22—1 - l‘2l:;:1)
k=0
Fst) = Fsil) n
5 L (le:&2 _x21;t:1) du
[t]n-1 1 1
1 . Fss) — FWsdls) 0
5 Z 0 [fl<y2;£1>A (T’Y2k+3’Y2k+2’Y2k+1) + + 2 - ('TZI:-:l _'TZI;L—:Q)
k=0
n+ly n+1
f(y2k+1) 5 f(y2k+2) (373/:4:3 _ SU;L;:Z&Q)} du + O(((&_an)a/\(?;afl))
1 [%]27171 1 ynJrl _ynJrl
n+1 2k+2 2k+1 n n
5 A f,(y2l<j_ ) |:A (T“f2k+2“f2k+1“/2k) + - 9 - (5522_1 - 'T2I:—J:1)
k=0
n+1 n+1
Yo, — Yory1, n n
%(5"2&2 - x21ﬁ1)] du
[z -
n 2k+3 2k+2 n n
5 /0 f,(y2l:_+11) |:A (T“/2k+3“/2k+2“/2k+1) + %(1‘22:1 - "E2l:32)
k=0

n+1 n+1

Yort1 — Yor n " i
%(fﬂﬂizs —%:#)] du + O((gg ) A(3 1))’

where A (T ) stands for the oriented area of the triangle Ty, and where the simplifications
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come from (2.8), the C?-regularity of f and the fact that z,y are a—Holder. Now since

[(Ye = o) (Ta — ) = (Ya — vb) (e — 25)] = A (Tape), (2.10)

DO | —

we finally obtain
Lij1(e) = I(e) = O((e27)*Go7),

which yields the desired uniform convergence of {I,, n € N} towards some I.,. Besides,
since Io(e) = I2(f), we have

Ino(e) = I2(f) + O(e*"E*D).

This completes the proof in the case m = 1. Let us explain briefly how it extends in the
general case m > 2. Let A,, be the set of dyadics of order n on [0, 1] and use the notation
t'=t+2"and 7= tj;—t/ for t € A,. Let {w,} be the sequence defined by

wn = 3w =20 [ 11 e+ g (do)
teA, 0

+ X G 2 S Al - '

teAn,

Using a Taylor expansion - see Lemma 6.2 in the first draft of [7], one can show that there
exists a decomposition w, 1 — w, = U, + V,, with |U,| < cston(l=2m+1a) 414

V=% % (Z {15 D) Ace [y = y)*] = F* D (g0 Aw [y — w)’“]}) -

|
k=0 k+1)' teA,

Hence, |V,| < cst2n(1=(m+12) and the sequence {w,} converges absolutely. One can then
finish the proof exactly as in the case m = 1.
(I

Lemma 2.7. The function I, is constant on [0, 1].

Proof. As for the proof of Lemma 2.6, we only consider the case m = 1. The general
case m > 2 can be handled analogously, with heavier notations. Once again, we set A
for As(1). It is clear from the definition of I, and the unicity of the limit /., that

Io(1)=1L,2H=I.02%)==1,02")=--- (2.11)

for all n € N. We next prove that I, is constant on dyadics. From (2.11) and an induction
argument, it suffices to prove that, if k27" and (k + 1)27" are two dyadics such that
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Io(k27") = Io((k+ 1)27™) = ¢, then I((k + 1/2)27") = (. Using the notation k)" =
k2-(+m) we have, for any m € N,

. 2n+m 1
In((k+1/2)27") = 2/<;+1/0 Lf () + f Yus er1/2)m ) (Tug (e j2ym — 2u)du
2n+m+1 1 .
+ 2%k + 1 / f(yU)AU,u+(k+1/2)mdU
0
2n+m 1
= 2%k + 1 / [f(yu—klml) + f(?/u+(k+1)g)]($u+(k+1)g - $u+1ml)du
0
2ntm ! / _
LT / F oz ) Aurrz, s du + 0(277)
0
Qk + 2 -n 1 —m|(3a— a
= ory (D2 = g (1) + 0@
2n+m 1
+ ok +1 /0 [f(qurl?_’_l) - f(yu)]<xu+(k+1)gl - xu+1m’_l)du
2n+m 1
~ i1 / [ Wt errym) = FWurrm, ) (@ugrm, — 20)du
0
2n+m+1 1 .
o / F (W) (Auram, ey — Awusr ey + Auurrm, )du
0
2k +2 -n 1 —m[(Ba—1)Aa
= Spp (D2 = Gl (1) 4 02TV,

where the last line comes from (2.10). Making m — oo yields

2k + 2 1

Loo((k +1/2)27") = % +1 2% +1

(=1

which proves that I, is constant on the dyadics of [0,1]. Now since I,(g) is obviously
continuous in € and since the convergence in Lemma 2.6 is uniform, Dini’s lemma entails
that I (¢) is continuous. Hence, I, is constant on [0, 1], as desired.

O

Proof of Theorem 2.5. From Lemma 2.7 and (2.9), we have
I(f) = Io(0) + O(el@mtba=nna)

which, since aw > 1/(2m + 1), proves the convergence of {I7(f), € > 0} towards some limit
1.
O
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3 Differential equations driven by fractal functions

Recent works study equation of type (1.1) in the Russo-Vallois setting and in a Stratonovich
sense. For example, in [6], existence and uniqueness are proved for H > 1/3 with the
following definition (see Definition 4.1 in [6]): a solution X to (1.1) is a process such that
(X, BY) is a symmetric vector cubic variation process (see Definition 3.12 in [6]) and such
that for every smooth ¢ : R? — R and every ¢t > 0,

t t t 1 t
/ Zyd°X, = / Zb(X,)ds + / Zyo(X,)d°BY — 1 / oo'(X,)d [Z, B, B"]
0 0 0 0

where Z, = (X, B) and [Z, B", B"] s the cubic covariation defined in [6], p. 263.
In [13] another type of equation is proposed, relying on the Newton-Cotes integrator and
allowing to reach any value of H, but the solution is supposed a priori to be of the kind
X, = f(BX,V,) with V of bounded variation.

In this section we present yet another approach which is more general and, hopefully,
simpler. We work in the framework of fractal functions with index a > 1/(2m + 1) and
consider the formal equation

dyy = b(y,)dt + o(y,)dz, (3.12)
with x € C* Fix a > 1/(2m + 1) and a time-horizon 7" = 1 once and for all.
Definition 3.1. A solution to (3.12) is a couple (y, A) verifying:
e y:[0,1] — R belongs to C°,
o Ais a Lévy area of order 2m — 2 associated to (x,y),

e Foranyt € |0,1],
¢ ¢
Y = Yo + / b(ys)ds + / o(ys)d M,
0 0

In this definition, we see that the sense which is given to

/0 t o (ys)dzs

in (3.12) is contained in the concept of solution. The proof of the following theorem is a
simple consequence of the Banach fixed point theorem and is mainly inspired by the first

draft of [7].

Theorem 3.2. Let 0 : R — R be a C*™—function and b : R — R be a Lipschitz function.
Then (3.12) admits an unique solution (y, A).

10
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Proof. For simplicity we assume that m = 1 and yy = 0. The general case can be handled
analogously. Consider E“ the set of couples (y, A) with y : [0,1] — R in C* and A a Lévy
area of order 0 associated to (z,y), endowed with the norm

Ayg(1
vl 1A
e sl " = s

Ny, A) = |yol +Sup

With this norm, one can show that E“ is a Banach space. Besides, for every 6 > 0, if
E¢ denotes the set of restrictions of (y, A) € E* to [0,¢], then E§ is also a Banach space
endowed with the norm N. Considering (y, A) € E* and

t t
Y = / U(@Js)dA’lxs +/ b<y3>d57 te [0’ 1]’
0 0

OB ER AT / du—S(re+2)@— ), (s,0) € 0,17,

it is not difficult to prove that (f, A) € E®. Let T : E* — E* be defined by T'(y, A) = (3, A)
and E§(R) be the set of couples (y,A) € Ef verifying N(y, A) < R. Using the same
arguments as in the proof of the first draft of [7], Theorem 11.4, we can show that there
exists R > 0 sufficiently large and § > 0 sufficiently small such that T stabilizes and
contracts E§(R). Thanks to the Banach fixed point theorem, we deduce that 7" admits an
unique fixed point (y,a) € ES(d). Since we can do the same thing on [6, 20], [29, 36] ... we
obtain finally an unique solution (y, A) defined on [0, 1].

4 The case of Russo-Vallois symmetric integral

In this section we show how the corrected symmetric integral (which corresponds to the
case where m = 1) defined in Theorem 2.5 extends the Russo-Vallois symmetric integral,
when the class of integrands is more specific. Here, we fix a € (1/3,1) once and for all.

Lemma 4.1. Let z : [0,1] — R be a function in C*, h: R*> — R be a C*'-function and { :
[0,1] — R be a function of bounded variation. Definey :[0,1] — R by y, = h(zy, ¢;). Then
y € C* and the Russo-Vallois symmetric integral frs ydx exists Vr, s € [0,1]. Moreover, the
function A defined by

Ans(1) = / ydow — 7 ; Y5 (25 — ) (4.13)

is a Lévy area of order 0 associated to v = (x,y), satisfying

3L > 0 such that ¥r,s € [0,1], |A,s(1)] < L|s — r**. (4.14)

11
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Proof. For simplicity we only consider the case y; = h(x;) with h : R — R a C?-function.
The general case can be proven analogously. The fact that y € C* and that frs h(z)d%x
exists for all r, s € [0, 1], is well-known and we refer for instance to [12]. Besides, we know
that [”h(z)dx = H(x,) — H(x,) for any primitive function H of h. With the help of a
Taylor expansion, it is then easy to show (4.14). Finally, the condition (2.7) comes readily
in using the identity (2.10), which proves that A is a Lévy area of order 0 and finishes the
lemma.

(I
The following proposition shows the desired extension.
Proposition 4.2. With the same notations of Lemma 4.1, we have
b b
| twaatia = [ s,
for any function f : R — R of class C%.
Proof. Thanks to (4.14), we have
1
g%e{éfﬁmAwﬁaMuza
which entails the required identification.
(I

Remark 4.3. We do not know if it is possible to construct a Lévy area

l%mwleMWW%s

with the notations of Lemma 4.1, for any function f : R — R of class C*™, in the case
m > 2. An area like

1 s 1
Ars(yq) = T (/ ?/ZH doxu - (:Es - xr)/ (yr + 9(?/3 - yr))q+1 Vm(de))
q +1 r 0
for ¢ < m — 1 would be the most natural candidate but unfortunately, only
[Aally = &) < et — s>
is fulfilled in general, and not (2.8).

Finally, the next corollary show that in Theorem 3.2 our solution-process coincides for
m = 1 with those given in [6, 13|, through a Doss-Sussmann’s representation. If we could
give a positive answer to the above remark, then the identification with [13] would hold
for any m > 2.

12
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Corollary 4.4. When m = 1 and o > 1/3, the unique solution (y,A) to (3.12) can
be represented followingly. The function y : [0,1] — R is given by y; = u(xy, a;) where
u: R? — R is the unique solution to

%(x, v) = o(u(z,v)) and u(0,v) = v for any v € R, (4.15)
and a : [0,1] — R is the unique solution to

da ou -

d—tt = {%(xt, at)} bou(xy,ar) and ag = yo. (4.16)

The function A is the Lévy area associated to v = (x,y) given by (4.13).

Proof. It is clear that y € C* and we know from Proposition 4.2 that

t t
/ a(ys)dA’le = / o(ys)dxs.
0 0

The It6-Stratonovich’s formula established in [12], Theorem 4.1.7, shows that

(g, ar) = u(0, ap) / o (xs,as)dx / % (x5, as)dag (4.17)

for all ¢ € [0,1]. Hence, thanks to (4.15) and (4.16),

t t t t
wo= o + / o(ys)de, + / bys)ds = o + / b(ys)ds + / o(y)d™ e,
0 0 0 0

and consequently, (y, A) is the solution to (3.12).
O
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