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1. Introduction

The Schrodinger operator H = —A+¢q(||z||) with a radial potential ¢, acting on the unit
ball of R?, through a decomposition via spherical harmonics (see [[J], p. 160 — 161), is
unitary equivalent to a collection of singular differential operators H,(q), a € N acting
on L%(0,1), with Dirichlet boundary conditions, defined by
d? ala—+1

Ha)e) = (1 + L ) o) = i), €Al EC
With this splitting, it makes sense to study inverse spectral problems not for H itself
but for each H,.

The inverse spectral problem for these operator is the construction for each a € N,

Xz

of a regular coordinate system A\ x x® for potentials ¢ € L2(0, 1) where \* represent the
spectrum of H, and k* are convenient complementary data (regularity means stability
of the inverse spectral problem).

This question is not new and has been answered: Borg [A] and Levinson [[[{]
first, proved that A\° x k% was one-to-one on L%(0,1); then Péschel and Trubowitz [[[§]
completed this result obtaining \° x % as a global real-analytic coordinate system on
L%(0,1). Guillot and Ralston [[3] extended their results to A! x !, passing through
the singularity inside the equation. Next Zhornitskaya and Serov [4], and Carlson [],
proved that for all real a > —1/2, A\* X k® is one-to-one on L%(0,1). Finally, the author
BT] completed theses works proving that for all a € N the map A\ x xk* was a local
(hence global) diffeomorphism on L%(0,1).

Then, it is natural and interesting to wonder if these kind of results can be found
for an other physical equation: the Dirac equation. Hence, as the radial Schrédinger
operator, the Dirac operator with a radial electric potential acting on the unit ball of R?
is decomposed (see for instance [2J]) into a collection of operators H, defined on [0, 1]

by

H (V)Y (z) = (l X _01 }% T [ 0 _O% } +V(x))Y(m) ~ Y (2), (1)

where Y = (Y1,Y32), A € C and

_a
T

V(x):{Q(x)+m },mER,
0 ql=)—
with general boundary conditions
sin 3

Written this way, the Dirac operator seems to be unadapted in view of inverse
spectral problems. Indeed for a = 0, as raised by Levitan and Sargsjan in [[Lf](Chap. 7)
and pointed out more generally by Clark and Gesztesy in [§] (section 6), the existence
of a gauge transformation on the potential V' leaving the spectrum invariant leads to
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choose a normal form for the problem, namely, the AKNS system, obtained from ([])
considering potentials V' of the following shape:

_ | —a(@) p(x) 2 2
Vi = | I PO e 0.0 x 220, )

Moreover, there are some clues showing that the inverse spectral problem is kind
of degenerated: for instance, the Ambarzumian type theorem obtained by Kiss [[4] who
proves that for all m # 0 and g € C([0, 1]; R), if Hy(V') has the same eigenvalues as Hy(0)
then ¢ = 0. An other reason, to turn to the AKNS operator, is it similarity with the
Schrodinger operator as figured out the papers of Grébert and Guillot [II] and Amour
and Guillot [J]. And finally, technical difficulties arise when computing asymptotics for
solutions of the Dirac equation, see remark page [J.

Our purpose is the stability of the inverse spectral problem for H, (([l)-(B)-(B))-
For this, we construct for each a € N, a spectral map \* x k* for potentials V' with
spectral data A and some norming constant x®. The framework is the work of Grébert
and Guillot [ for the regular operator (a = 0). They constructed a local coordinate
system A° x k% on L2(0,1) x L2(0,1) and proved it is global on HZ(0,1) x HZ(0,1)
for j = 1,2. With the singularity, interesting problem arise and add supplementary
difficulties, especially when we study the invertibility of the Fréchet derivative of A* x k®.
For this, we use some transformation operators who, roughly speaking, reduce the
singularity.

Our result is that for all @ € N | A\* x % is a local diffeomorphism on L2(0,1) X
L2(0,1) and one-to-one on Hg(0,1) x Hx(0,1). Moreover, we locally describe sets
of isospectral potentials as smooth submanifolds of L%(0,1) x L(0,1) with explicitly
tangent and normal spaces.

2. The direct spectral problem

We will omit proofs which are nearly repetitions of the regular case (for details see [B7]).

2.1. Solutions Properties

In this section, V' is any 2 x 2 matrix with LZ(0, 1) coefficients. A fundamental system
of solutions for ([J) when V = 0 is given by

e = 5[0 ] sy e o))

where j, and 7, are spherical Bessel functions (see section [[.1)). These functions are
called fundamental since their wronskian is equal to 1. From their behavior near = = 0,
R(z, )\) is called the regular solution, it is analytic on [0,1] x C; S(x, \) is called the
singular solution, it is analytic on (0, 1] x C.

Following Blancarte, Grébert and Weder [H], we construct solutions for ([[) by a
Picard’s iteration method from R and S.
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Let R and S be defined by

Rz, A V)= Re(z, A V), S\ V)= Si(z,AV)
k>0 k>0
with
Ro(z, A\, V) = R(z, \),
v 4
Rii1(z, A\, V) :/ Gz, t, )V (t)Re(t,\,V)dt, keN; )
So(z, A\, V) = S(x A),
5
Skr1(x, A\, V) = /g:pt)\ Se(t, A, V)dt, keN. 5)
G is called Green function and is given by (see [H])
G(x,t,\) = S(x, VR(t,\)" — R(z, \)S(t,\)". (6)

This construction is justified with the following

Lemma 2.1 Series defined by (), respectively by (B), uniformly converge on bounded
sets of [0,1] x C x (L2(0,1))*, respectively of (0,1] x C x (L2(0,1))*, towards solutions
of (fl). Moreover, they satisfy the integral equations

R(z,\, V) = R(z, \) + /ga:t)\ R(t, N, V)dt,

Sz, \, V) = S(z,\) /g:pt)\ )S(t, A, V)dt,
and the estimates

A < [Im A|z o
R A V)| < € (o)

S\, V)| < Celma= Lt Py
) Y — €T Y

with C uniform on bounded sets of (L& (0, 1))4.
Proof. We give it for R, it is similar for S. Estimate (&.2) for Bessel functions gives

< [Im \|z x a.
R < oo () )

Iterative relation (H) leads to
Ri(x.\V) = / G, t, NV (1)R(E N, (8)
0
which, combining ([}) and the Green function estimates ([A.4), is bounded by

)\ < 2 ‘Im)\|m L /x t dt
|R1(ZL‘, 7V)| —C € 1+|>\|ZE 0 |V( )| )

By successive iterations and recurrence, for all positive integer n, we get

|R,(z, M\, V)| < O™ i ale |v )|dt
A= T 1+|)\|
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This proves uniform convergence on bounded sets of [0,1] x C x (L(0, 1))* for R and
the estimate. Integral equation follows from ([)). O
This uniform convergence gives us the following

Proposition 2.1 (Analyticity of solutions)

(a) For all x € [0,1], R(x,\, V) is analytic on C x (LZ(0,1))*. Moreover, it is real
valued on R x (L3(0,1))*.

(b) The map R : (A, V) — R(-,\, V) is analytic from C x (L2(0,1))* to H*([0,1],C2).

(¢) For all x € (0,1], S(z,\,V) is analytic on C x (L?C(O,l))4 and real valued on
R x (L3(0,1))".
Let W(), V) be the wronskian of R and S, defined by:

W V) =W (R(x, AV, S(x A, V)) — det (R(x, A V), S, A, V)) .

Recall that W(A, V) is independent of . We follow the construction of a similar solution
by Guillot and Ralston in [3: W(A, V) is not equal to 1. However, as we will see further,
for |A| large enough, W doesn’t vanishes (see Theorem B-J). Thus we may define the
so-called singular solution by

S(z,\ V)

S(x,\, V) = WAV)

€ (0,1].

Regularity of R leads to existence of derivatives, obtained following [I]:

Proposition 2.2 For all v € (L%(0,1))", we have

[dyR(z, A, V)] / Ga, t, )\, V()R A\, V)dt, (9)
OR
S @A V) =~ [dyR(x A V)] (1), (10)

where

G(x, t, \, V) =S, M, VIRENV)T =Rz, N\, V)S(E, N V)T,
Notations 1 For simplicity, we name the components of solutions by

_ Y1<.§U,)\,p,Q) _ Y2<x7)\7p7Q)
R@’A’p’Q)_[Zl(aﬁ,A,p,q)  S@hp 9= Zy(x, A, p,q)

and we introduce the following quantities

CL(SU, )\7P7 q) = - [K(SU, )\7P7 Q)ZQ(.T, )\7p7 q) + Zl<x7 )\7P7 Q)Y2<.T, )\7p7 q)] )
b(l’, )\7P7 q) = [K(SU, )\7P7 Q)Y2<.T, )\7p7 q) - Zl<x7 )\7P7 Q)ZQ(.T, )\7p7 q)] .

Now precise derivative expressions for AKNS potentials defined by (B). First, we
define LZ(0, 1)-gradients for multiple variable functions.
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Definition 2.1 Let H be an Hilbert space. For a continuously differentiable complex
valued map f: (p,q) — f(p,q), the LA(0,1)-gradient with respect to (p,q) is the vector
valued function

of of
\Y ==, =
paf ( op’ dg )
af af . , L :
where 3’ resp. B0 is the Riesz representant of the partial differential D, f, resp. D, f
P q
defined by

dpgf (v1,v2) = Dy f(v1) + Do f(v2), (v1,02) € H x H.

Remark. If f is valued in C", this notation is understood component by component.

Corollary 2.1 (AKNS Gradients) For all (p,q) € L%(0,1), we have

OR
{a—p(af, A D, q)] (t) = L (t) [5(96, Ap @) 2Yi(t, N, p, ) Z1(t, A, s q)]
+R(z, A, p, q)a(t, A, p, q)], (11)
OR 9 5
a—q<x7 )‘7p7 Q) (t) = ]I[O,:B} (t) |:8<.§L’, )‘7p7 Q) [Zl<t7 )‘7]77 Q) - Y1<t7 )‘7]77 Q) ]
+R(z, A, p, )bt A, p, q)] : (12)
OR v 5 )
a(l‘a A7p7 Q) = 0 [ - S($, )‘7p7 Q) [}/1(1‘:, )‘7p7 Q) + Zl(ta Aapa Q) ]
+R(w, A, p, ) [Yi(t, A, p, @)Ya(t, A, p, @) + Z1(t, A, p, q) Za(t, A, p, q)] ] dt.(13)
2.2. Spectra

Condition at x = 0 selects a solution collinear to R, condition at x = 1 reduces spectrum
to an eigenvalues-sequence. To this end, we set:

Notations 2 Let D(\, V) be defined by:

DA\ V)=R(1L,AV) - ug. (14)
Moreover, for all u = (a,b) € C?, we define u™ by
<a7 b)l = (b7 _a’)' (15)

Proposition 2.3 D is analytic in A and V. The roots of A — D(\, V) are exactly the
eigenvalues for ([)-(B). Moreover, if V' is real-valued, they are all simple.

Proof. Analyticity of D comes from R. Since {R,S} is a basis for the solutions of (),
the identification between eigenvalues and roots of A — D(\, V') follows.

Now suppose V is real-valued et let Ay be an eigenvalue of the problem. Simplicity lies
on

oD
||R(> Ao, V) ||i§(0,1) = _(R(L Ao, V) ) uﬁl)a()‘(ﬁ V) (16)
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Indeed, from ([) and ([() we have

oD
a(AOv V) == (S(17 Ao, V) ’ uﬁ) ”R<7 Ao; V)”ifg(o,l)'
Then, rewriting the wronskian of R(1, A, V') and S(1, Ao, V') in the orthonormal basis
{ug,ug'}, we obtain (R(1, Ao, V) - ug") (S(1, X, V) - ug) = 1. O
From now, V' is defined by (), corresponding to an AKNS operator.

2.3. H:(0,1)-estimates

In order to obtain accurate asymptotics, we add some regularity on potentials. We use
this roundabout method not because of the singularity a/z in the equation, but because
of the AKNS operator itself. Indeed, contrary to the Schrédinger operator, there is no
explicit decreasing for the Green function G with respect to A; so we have to force it
allowing some derivation. For the regular case (a = 0), see for instance [L1].

Theorem 2.1 For (p,q) € (H:(0,1))*, we have

T
1+ |Az|

uniformly on [0,1] x Cx (HA(0,1) x HE(0,1)), where ||V||§{é(071) = ||p||§{é(0,1)+||q”§{é(071)'

a+1
R(z, A\, p,q) — R(z, )\)‘ < C’||V||Hé(071) { } In[2 4 [Az[]emAa+CIVl2 - (17)
Proof. From relation (f]) at k =1 and (f), we have

Ru(e Apia) = Sola, \) / " Rot, \) TV (8)Rolt, )it

— Ry(z,\) / So(t, \) TV (t)Ro(t, \)dt
= So(z, ) /O ' [q(t) (R3(t, \)? — Ry(t, N)?) + 2p(t) Ry (t, \) R (¢, )] dt
~ Fale ) [ [a(®) (S5 AR ) = Syt VR )

+p(t) (S5 (t, ) RA(t, \) + S3(t, )Ry (t, N))] dt.

We can write Ry(x, A\, p,q) = A"*[X(¢q) + Y(p)], where

Xt = | O] {1 00 s 0 a0

} /Ozv [Tla (M) Ja (AE) — ma—1 (AL) Jao1 (ML) } g(t)dt,
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Estimation for X(q):
Integrating by parts, we get

1 0
%0 =5 o 10
L1 a1 (AZ) Ja1 (M) 4 Ja1 (A7) a1 (AE) | . /
Y ) ) o (At t)dt.
) [ e ) o O) — 3o Oy ) 72 20T
Estimates ([A.2),([A.4) and Sobolev inequality ||q|| < C”qHHé(O,l) give

C ‘)\x‘ a+1
x| << i | 1
X< (Teme) @™ el (19)

+

Estimation for Y (p):

With notations from lemmas Appendix A.T and [Appendix A.J, integration by parts
gives :

v = 00 ] ([sRonso]| -1 [ Roosod)

0

_l J_jl 83 ] (RFQ(At)p(t)r _ % /0 ' B(At)p’(t)dt) .

0

When |A\z| <1. Estimations A.9, A.3 and part (i) from lemmas and
[Appendix A.2 lead to

C ‘)\x‘ a+1

Yol< s (tone) o

When |Az| >1. Now, we only consider Y (p) second component, the proof is similar
for the first one. Terms to estimate contain :

g(x,t) :=n, (\x) F1(At) — jo (A\x) Fo(At), 0<t<uz.

)\ a+1
If |\t| <1. As for |Az| < 1, we get |g(x,t)] < 2C (1 J|r ‘|”)|\x|) olm Az

If |A\t| >1. Using points (i) from lemmas [Appendix A.]l and [Appendix A.J,
expressions (A.6) and (A.7), it follows :

g('rv t) = na()‘x>ra<>‘t)

—a [cos ()\:c — %)01(2)@ + sin ()\a: — %) Si(2)\t)] P,(\x)
+a [sin ()\x — %)ci(Z)\t) — Cos ()\x - %) Si(2)\t)] I,(\z)

aTm

F (PyO)pa(M) — L(A2)ga(M)) cos [)\(x —9t) - 7]
— (P(A2)qa( M) + L(Az)pa(Mt)) sin [A(x —9t) — %} .
(To lighten, the polynomial variable X is replaced by 1/X.) First term is bounded
by Ce™A# thanks to (KJ). The last two terms are uniformly bounded by
Celm™A@=2t) on the considered area. Now remains the following expression

aTm

h(z,t) := cos ()\:E - %)Ci@)\t) + sin <)\x — 7) Si(2At).
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According to [fI] and [B], we have

o log(2%)  sinz 1 cos z 1

ci(z) = —y — 5 + . 1+ O =)~ 1+ 0, =) )
. ™22 cosz 1 sin z 1

Si(z) = TV (1 Lo, (;)) - (1 Lo, (;)) |

Thus, we get

h(z,t) = — {7+ M} Ccos ()\:E — a_w) + wsin ()\x - a_7r>

2 2 Y 2
—QLM (1 + 0 (@)) sin [)\(x —2t) -
_ﬁ (1 10, (@)) cos [Mz —26) — 7).

The last three terms are also uniformly controlled by Cel™(@=2). the first one is
bounded by C'In |At|e™*  Combining the above estimates, we obtain the following
uniform estimate

C Azl e
Yl =5 (1‘+|A‘x|) In 2+ [Al2]|Ip] gy o™ " (19)

Relations ([§)-(I9) and the concavity rule

2 2
P B B T

imply
[Az]

C
<
|R1(:c, A,]%Q)‘ = |)\‘a+1 <1+ \)\37‘

From this estimate, as in the proof of lemma B.1], we deduce estimate ([[7). O
Remark. A similar computation for the Dirac operator is not easy, even if a = 0.

a+1
)l eVl e (20)

Indeed, when we compute the term R;, we do not only get a term, loosely speaking,
in O(1/A) but also in O(1). And when iterating this, we get at each time a new
term O(1) and O(1/\). A way through this problem is given in [PZ] using the latter
gauge transformation to deduce, for any a € N, some partial results from AKNS to
Dirac operator: spectrum, asymptotic expansion for eigenvalues and eigenvectors, Borg-
Levinson theorem type. ..

2.4. L&(0,1)-Estimates
To transform H{ (0, 1)-estimates into LZ(0, 1)-estimates, we need an auxiliary lemma
(for the regular case, see [{], [[7 and [L0]).

Lemma 2.2 Let Vo € L2(0,1) x LA(0,1), 70 > 0, > 0 and let V. € HL(0,1) x H:(0,1)
such that |Vo — V||, < . Then, for allV € L&(0,1)x L&(0,1) such that ||V — Vo, < 7o
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and for all (x,\) € [0, 1] x C*, we have
In |\

R(2, A\, p,q) — R(x, )| < C (7“0 e+ WHVsHHé(OJ))

z a
‘Im)\|1'+C||V||2' 21
: (HIMI) ‘ 2

Proof. Since V. € HL(0,1) x H(0,1), estimate (RO) obtained during the proof of
Theorem R.1 becomes

C_(_af ™ e
|R1<.§U, )\7 ‘/;3>| < |)\|a+1 <1+ |)\l’|) In [2_'_ ‘)\|x]H‘/;”Hé(O,1)€‘I A :

Using ||[Vo — V.||, < e and ||V — Vpl|, < 79 in (§), estimations (A7) and (A7) lead to

C AT “ .-
Rife o)~ Ba(e 0 VOl < i (1‘“1%') (1o + £)elime,

Combining these two inequalities, we get

€T “ ln[2+|)\‘x] b
el < () (et o )

Iterating this with (), we deduce for every n € N

cntl In[2 4+ |\|x]
[Rua(@. M p, )] < — (ro+6+7w ||Ve||Hé<o,1>)

() ([ o)

Then, summing up, estimation (B1]) follows. OJ

We now deduce the following

Proposition 2.4 Let (p,q) € (L%(0,1))*, we have uniformly on [0, 1],

_ x ¢ [Im \|z 29
Reedpa) = B 4o | (50 ) @] mse @)

Proof. From Lemma B.3 with rq = 0, given 6 > 0 there exists A\s > 0 such that

T a
_ cs( T\ mxzrcvi,
Ra A ma) = Re N <0 (5750 ) ,

for all A such that |A| > As. O

2.5. Spectrum localization

Theorem 2.2 (Counting Lemma)

Let (po, qo) € LA(0,1) x L&(0,1), there exist € > 0 and an integer Ny > 0 such that for
all (p,q) € L4(0,1) x LA(0,1) with ||(p,q) — (po, qo)||L%(071) < g, the following statements
hold:

e For all |n| > Ny, A\ — D(\,p,q) has exactly one root in })\ — (mr + 9+ ﬁ)} <3,
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e A\ — D(\p,q) has exactly 2Ny + 1 — a root counted with multiplicity in
A= (F+8) < (Not3)m

e \— D(\ p,q) has no root elsewhere.

Proof. Let € > 0, from estimate (I) and using Lemma notations, we have

CemA+CIVI, In |>\|
RO Ap0) - RO < C (20 SR ).
R A
Bessel functions relation ([A.G) implies the following uniform estimate on |A| > 1
1[ cos(A—) elmAl
1, A 2 —_— 2

wo = o[ Lo |+ o () )

which leads, together with the previous one, to

. am A 1 -
A*D(A,p, q) — sin <ﬁ t5 - )\)) < (25 + ‘)|\| | V2 HH1 0.1) W) CeClVizemAl

Now introduce the circles:

e for n € Z, ~, is defined by

2

’)\— (m+%+ﬁ)’:

2 2

e for n € N, (), is defined by

A= (S +8)| = <n+%)7r

We choose € > 0 such that Ce€lIVl:2¢ < %. Moreover, on each circle we have

1
A > <N0—|—§)7T— =+

and since the map ¢t — lnt decreases on e, oo[, we can pick up Ny > 0 such that

C@ |)\| ||V||H101 <3

8

Thus, we get the following

1 1 aTm
A*D(A,p, q) — sin (ﬁ + %ﬂ —~ )\) ) < e =2 eltm (A=5=8)1.

Using the following estimate for all k¥ € Z (see Lemma 2.1 in [L§])
ezl < 4|sinz| for |z — kx| > Z,

on the sets v, and Cl,, with 2 = A — 4% — 3, we obtain

AD(A, p,q) — sin <ﬁ+a§—)\>) < ‘sin <ﬁ+a§—)\>‘.
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Now, the use of the Rouché Theorem let us conclude that the analytical functions
A — AD(A\ p,q) and A\ — sin (ﬁ+ o= )\) have the same number of roots counted
with multiplicity inside theses circles. To show there is no other elsewhere, we just have
to consider an other circle C'y with N > Ny and apply again the Rouché Theorem. []

Now, we can order eigenvalues: when n > Ny, Ao (p, q) is the eigenvalue surrounded
by 7,. Next, we order lexicographically the 2Ny + 1 — a eigenvalues lying in Cl,, in
other words, for k =a — Ny, ..., Ng — 1:

Re Aak(p, q) < ReAas1(p;q)

or

ReAr(p,q) = ReAapsr(p,q) and  ImAqk(p, q) < ImAqpi(p,q).
To continue the numbering, the eigenvalue included in 7y_,,, for n > Ny, must be A\, _p14.
To put it directly, we say that for n > Ny — a, A\, _, is the eigenvalue surrounded by

Y—(n+a)-
The localization gives us the following locally uniform estimates on LZ(0,1) X
L(0,1)

Nan(p:@) = (n+3) T+ B+0(1), n—oo, [O1)] <, (24)
)\m,n(p,q):—<n+g>7r+ﬁ+(’)(1), n — 00, \o<1>\gg. (25)

Proposition 2.5 Let (p,q) € L&(0,1) x L&(0,1).
Nan(p,0) = (n+sgn(m)35 ) m+B+0(1) , |n| = +oo. (26)
Proof. Relation (PJ) at x = 1 and definition ([4) give

6|Im)\\
D()\,p,q):R(l,)\)-UBJrO( G )

then, estimate (B3) implies

. an eltm A|
D()\,p,Q):FSIH<B+7_>\> +0< |)\|a )

According to the counting lemma, we have

Nan(p.0) = (n+sgn(n)3 ) 7+ 8+ 0(1),  |n| = o0,

knowing that |O(1) | < 7. We evaluate D(X\,p,q) at A = A, ,(p, q) and use the above
estimates to get

1 1
W sin (O(1)) +o (|)\a,n|a) .

By identification, we found the result. [

0=

Remarks Theses results have to be compared with those in the regular case (a = 0):
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e Asymptotics of solutions and eigenvalues localization for L2 (0, 1)-potentiels are only
locally uniform. This is due to the operator by itself and not to the singularity.
In [[7] is given a pair of potentials with identical L2(0,1)-norm whose eigenvalues
numbering (localization) are different.

e A new phenomenon, relative to the numbering, is this loss of a eigenvalues lying
near 0. It may be seen as the analogue of the shift by a/2 in the eigenvalues
asymptotics of the radial Schrodinger operator (see for instance [13] when a = 1
and [B1] for general a).

3. Spectral Data

From this point, (p,q) are real-valued. Thus, (Aun(p,q))nez is a strictly increasing
sequence of real numbers. We set some notations :

Notations 3 We define

Ru(t,p,q) = R(t, \an(p,q),p,q) and S, (t,p,q) = S, Aan(p,q),p,q).

Let G (t,p, q) be the normed eigenvector with respect to Ao (V') defined by

Rn(t,p,q)
Gn t’ b TP ENTIG
629 =R el

We also define
An(z,p,q) = (an(z,p,q), bn(z, P, q))

where a,(x,p,q) = a(z, An(p, 9), ;@) and by (z,p,q) = b(z, Aan(p, @), p,q) (a and b are
given on page ).

3.1. Regularity, derivatives

Eigenvalues regularity and associated derivatives follows like in [[1]] and [[[§] as pictured
by the next proposition.

Proposition 3.1 For all n € Z, (p,q) — Aan(p,q) is a real-analytic map on
L3(0,1) x L&(0,1). Its L&(0,1)-gradient is given by

a)\a n
o\ o\ B — = 2Gn71(t’p7 CJ) Gn,Q(tapa q)a
VpgAan = ( aa’n, 8a’n) with a)\p (27)
b o = Gnaltp )’ = Gualtp )"

Like in [1§], or simply following [LT], we need more information to recover a complete
parametrization of (L2(0,1))*. Boundary condition at # = 1 defining each eigenvalue
is an orthogonality relation following one direction. It sounds reasonable that the
knowledge of a similar data in a complementary (here orthogonal) direction is enough.

Definition 3.1 For all n € 7Z, we call normalization constants the quantities

Kva,n(pu q) = Rn(17p7 Q) : uﬁl- (28)
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Following [[[T], we get :
Proposition 3.2 For all n € Z, (p,q) — FKan(p,q) is a real-analytic map on
L%(0,1) x L&(0,1). Its L&(0,1)-gradient is given by

Voy.okan
e = An(xapa Q) + <Rn(7pa Q)asn('apa q>>vp,q>\a,n(p7 q) (29)

Ra,n

Now, precise the behavior of theses normalization constants.

Proposition 3.3 Let (p,q) € L&(0,1) x L&(0,1), we have

ol 0) = 1 S S PG

In| + %] 7T) ||

(I+o0(1)) , |n]— 4. (30)

Proof. Introducing (B2) in the x,,, definition leads to

1

Kan = e (ja_l (Aan) €08 B+ Jo (Aan)sin B + 0(1)).

Relation ([A.g) implies

Aan 2
Now, with (B), we get
1 am
an — a —1 —> 1 ) ,
Ka, (7 T sgand)m (cos <n7r + (sgn(n) — 1) 5 )+ o(1)

(=" <cos [aw%] + 0(1)) :

- (n + sgnnj)"me

Setting the signum of n gives the result. [

3.2. Orthogonality relations

The following results, especially the corollary, confirm the choice of the additional data:
we have added only complementary data. As in [[[I], we obtain

Proposition 3.4 For all (j, k) € Z?, we have
(i) <Vp7q>‘a7jv vpvq)‘a,kL> =0,
(ii) (A (., 9), Vopghar) = Ok,
(i) <Aj(~,p, q), Ax(,p, q)L> = 0.
Before giving the corollary, be more specific:

Definition 3.2 A vector family (uy)rez of an Hilbert space is called free or its elements
are linearly independent if each element of the family is not in the closed span of the
others. More precisely:

Vk € Z, w ¢ Span{u;|j € Z,j # k}.
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Corollary 3.1 For all (j,k) € Z?, we have
(i) <Vp,q"’€a,j> Vp,q/’{a,kl> =0,
(1) <Vp,q“a,jv Vp,q)‘a,kj_> = Ka,j(P, 4)0j k-
(VpgAan)nez Y (Vpakan), ez i a free family in Lg(0,1) x Lg(0, 1).

3.3. The spectral map

Introduce the quantities A\, ,(p, ¢) and K4, (p, g) such that

a/ ~
hm@&)Z(n+%Mm§)W+ﬁ+%w@&)
(="
Kan(Py Q) = 77—~ —a
[(Inf +5) ]

Now, with the estimates (Bg) and (B0), we define the spectral map A* x k% : L4(0,1) X
L2(0,1) — co(Z) x co(Z) by

X% K] (0,0) = (Cain (B 0z (R (92 4) e ). (31)

where ¢o(Z) is the space of sequences (uy)nez which tend to 0 when |n| — co.

(14 Fan(p q)) .

Following [I§ or [[J], to obtain regularity of A\* x x® from its components, some
uniformity is needed. To this end, we introduce some transformation operators.

3.4. Transformations operators

Such operators were first introduced by Guillot and Ralston in [[3] for the inverse
spectral problem of the radial Schrodinger operator when a = 1; then used and extended
to any integer a by Rundell and Sacks in [P{] and by the present author in [BT].

We construct similar operator adapted to the AKNS operator. An important
difference, excepted the matrix form, is a better structure of the converse operators
compared to the Schrédinger operator. These operators turn to be adapted to the
spectral data, since both vectors family corresponding to \* and k* are well transformed.
The proofs of the following lemmas are similar to those in [RQ]. The main tool is the use
of Bessel function’s properties (for a detailed proof see [R9]). Now, give some notations.

Notations 4 For alln € N, let U, and V,, be defined by

Un(z) = { HEL } and  V,(z) = {

Lemma 3.1 For alla € N, let
Sa1: L2(0,1) x LE(0,1) — L&(0,1) x L&(0,1)
(».9) — (Surlp], Sa2ld])

" op(t)
t2a+1 )

and  S,olq](z) = q(:z:)—2(2a—|—1):c2“+1/ tgg?th

T

xn

0 } z € [0,1].

with  S,1[pl(x) = p(x) —2(2a+1)x2“/

T
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Moreover, we set Sy = IdL%(O,l)XL(QC(O,l)- We have the following properties:

(7') The adjOint Of Sa+1 is SaJrl*[fu g] = (Sa,l*[f] 7Sa,2*[g]> where
.07 (f)w) = 7o) = 255 [ g

Sa2"[9)(x) = g(z) — 22a11) /0 ’ 2 g (8)dt.

p2at2
(ii) The family {S,} pairwise commutes: S,Sp = SpSa for all (a,b) € N2,
(iii) S, is bounded on L%(0,1) x L&(0,1).
(iv) Let Noiq1 :=ker S,1%, then Ny = Vect(Usq, Vagi1).
(v) Sai1 is a linear isomorphism between L2(0,1) x L2(0,1) and Nyyi™.
Its inverse is the bounded operator on LZ(0,1) x L%(0,1) defined by

Aunilf.9) = (Suz’F] Sua”le).
(vi) ®, and V, defined by
] ~2a(@il)

o) = | o

" (@)5ula) — ()i (2
) = ~Na—1\T)Ja\T) — Na\T)Ja-1\T
v = | e o) |

satisfy the relations

Dpig = —Sur1"[Pa] and Vo = —Su117[V,).
Lemma 3.2 For all a € N we define T, by
Ty =(—1)""8uS01--- 51, Ty =—5,. (32)
Let T,[1.g1 = (TX/1. 721g]). then

i) T, is a bounded, one-to-one operator on L%(0,1) x L2(0,1) such that for all
C C
p,q € LA(0,1) and all A € C

[oon [0 Jo- [[200] npaom o

[ w0 [P0 Ja= [[ 00 T paoar (34)
(ii) The adjoint of T, T;1f,9) = (T'[f], T2 [g]) verifies

0,0u) = 72| S0 | and ) =7z | 2O (3)

and

Ker(T)) = EB Ny.
k=1
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u L
(iii) T, defines a linear isomorphism between LZ(0,1) x LZ(0,1) and <€B Nk> .
k=1
Its inverse is the bounded operator on LZ(0,1) x L%(0,1) defined by

Bilf.g) = (T21/].72"lg).

3.5. Asymptotics upgrade

The following asymptotics are delicate to obtain since we want them to figure both
asymptotic behavior with respect to n and singular behavior with respect to x.
Transformation operator will help us to handle this difficulty.

First, give a tool ensuring us some uniformity with respect to potentials. It is a
Riemann-Lebesgue type lemma:

Lemma 3.3 (Lemma A.1. in [B](See also [17]))

1
</ f<t>€2m(k+€k)tdt) e E% (Z)
0 keZ

uniformly with respect to (f, (ex)rez) on bounded sets of LA(0,1) x (X(Z).
Give an useful writing shortcut:
Notations 5 Let (f)nez a sequence of LF(0,1) functions. The equality

falz) =), z€0,1], neZ

means

(I fallooInez € Gr(Z).

Theorem 3.1 Uniformly on [0,1] and locally uniformly on LZ(0,1) x L%(0,1) we have
the following estimate:

T a
)‘a n\M» 4)y V> - ) )‘a n\F» ’ < PR 2 ) )
R Ao 0):0) = Rl 0] < € | 5| @0 ol = o0, 0
and locally uniformly on L%(0,1) x L4(0,1), we have
Nan(p.0) = (n+sgn(n)3) 7+ 3+ (), |n| = oc. (37)

Proof. We first prove a similar estimate for Ry(z, Ao (p,q),p,q). For this, recall (see
the proof of Theorem R.0]) that Ry(x, A\, p,q) = A7%[X(q) + Y (p)]. Thus notations from
Lemma B.1] give

riro =] o™ | w0 [ 1

1 [ jo1 (A7) } / ' [“[Oml
+ ~ . \I[a )\t : ’
A“[ —Ja (Ax) | Jo (A1) Ljo,a1
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Estimate (B4) implies that \,, = nm + &, with (,,),, € (F(Z). Then, lemmas B.Z and
give uniformly on [0, 1] and locally uniformly on L(0,1) x L&(0,1):

)<t
nez
in other words
€2<n) a1 ()\‘1 ”x) 62 (n> Ja—1 (Aa,nx)
b v I ES v Rl

From ([A7J), we obtain

C@) [ Jam1 Vo) r o\,

, < oz .
Aan” { B | S S g B (38)

For the first term in Ry (x, Ao (P, q), p, ¢) we split [0, 1] in two:

|Aanx| > 1t Since uniformly on [0, 1],

1 ORI
| @) [ bo.s (1) (1) ]dt =)

and
L gl < 2| Aanl

14 anlr T 1+ Aaalr]

1 2a
Ljo,1 (£)p(t) ] ( 2[Aanlx ) 2
D, (Agnt) - ’ dt| < | —————— 07 (n).
/0 (Pan) [ L+ [Aan|z )

o (1)a(1)
<o(cBim) [ [l ]

where C' > 0 is uniform in x and n, then

/01 Bt { o1 (£)p(2) } il < C(%)Q /0 'A“’"Il{ :Zgg" }dt.

Lo, ()q(t)
Lemma [Appendix A.3 gives the good bound.

1

we get

| Aanz| < 1: Estimate (A2) gives

/ 0, () [ Lo ()p(?) ]dt

Lo, (t)q(t)

Combining theses two estimates, we get uniformly on [0, 1] and locally uniformly on
L4(0,1) x LA(0,1):

/ 0, () { Lo.1(p(t) ]dt

o[ _Aanlz e n
Lo,2 (t)q(t) s¢ ( ) “(n). (39)

L+ [Aanlz
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Estimate ([A.3) together with (BY) and (B9) gives

Ry(2, Aan(ps ), q)) < (ﬁ) (*(n)

locally uniformly on LZ(0,1) x LZ(0,1) and uniformly on [0, 1].

With the recurrence relation and the estimation for G(x,t, A), follows uniformly on
[0, 1] and locally uniformly on LZ(0,1) x L(0,1):

C* v k T ‘o
Reato )] < G5 ([ 00 laodar) (77 ) o,

summing up, we get the result. Eigenvalues estimate is deduced directly from
R(z, Aan(p,q),p,q)’s estimate and from (P4)-(E5). O

In a very similar way, we upgrade the control of the singular solution and doing it
justify the choice and existence of the singular solution as announced in the first remark.

Theorem 3.2 Let (p,q) € LA(0,1) x LZ(0,1), then uniformly on (0,1] and locally
uniformly on LA(0,1) x L4(0,1) we have:

14+ | Agnlx

S A2 ).12) = S(2 anlp )| < € [FE Lo

X

] ) (n). (40)

Proof. As for the regular solution, we obtain (see [RJ]) the uniform estimate in x € [0, 1]
and locally uniform on L%(0,1) x L2(0,1):

S(@, Xan(p: ), p,q) = S(z,A) + O ([M] ) 2(n).

T

Then, we get easily W(Aa.n(p,q),p,¢) = W(Xan(p; q),0)+£3(n) = 14+£*(n) and through

S(z, A\, p,q
S(z,\,p,q) = W

Straightforward calculations let us deduce the following estimations:

, we reach the result. [

Corollary 3.2 Uniformly on [0,1] and locally uniformly on L%(0,1) x L4(0,1), when
|n| — oo, we have

RaC )P = <z (1 £20). (1)
<Rn('7pa Q)asn('apa Q)> :£2(n)7 (42)
_ ja—l (Aa,nl‘) 2 n
Gulap) = | 10 | ) (43)
prq)‘a,n(pa q) = (I)a()‘a,nx) + Ez(”)? (44)
panp) = i em) = S e (45)
"0 = i+ 4] el
A, p,0) = Ualrama) + (). (46)

vp,q/’ia,n (p? q)

P = U,(Aant) + (n). (47)
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Now, the spectral map can be correctly defined by

N x g L3(0,1) x LE(0,1) — *(Z) x 1*(Z)
(v.0) — (Canlp, nez: (Fon(p, @)nez )

’J

and, following [[§ and [[J], previous analyticity results and the local uniformity with

respect to the potentials give us:

Theorem 3.3 A\ x k% is a real-analytic map on L3(0,1) x L4(0,1).

Its Fréchet derivative is given by the linear map from L%(0,1) x L3(0, 1) to (*(Z) x (*(Z):
dp,q()‘a X ’ia)(v) = < (<vp,q)‘a,na U))nez ) (<vp,qga,na U>)n€Z >

4. The inverse spectral problem

Now, give the main result

Theorem 4.1
dpo(A* X k) is an isomorphism between L%(0,1) x LZ(0,1) and (*(Z) x (*(Z).

Proof. In view of the relation

Vighan = (—1)" [(\n\ + g) W] Vpghan,
corollary B implies that (VA an),cz U (VpgRan),ey is a free family in Lg(0,1) x
L%(0,1). Let define r,, and s, by

Tn(T) = vpvq)‘a,N(x) - (I)aO‘amx)v (48)
$n(x) = Vp gRan () — Vo(Agn). (49)

With lemma B3, we have for all v € L2(0,1) x L2(0, 1),
Tomraa)o) = [ ([0 Lo ote)) mploar, o0
(VouanV)0) = [ ([ co@et) Js.0) moar, 0

—sin (2X, ¢

where R,, = B}[r,] and S,, = B}[s,]. Introduce operator F' defined by
sin (2Aqnt) cos (2Ag nt)
F = ' t ’ t
(w) ({< { COs (2)‘a,nt) } i )’w>}nez’ {< { — sin (2)‘a7nt)  Sult),w nez ’
in order to get d, ,(A* X kK%)(v) = F o T,[v]. From lemma B.2, T, is a bijection between

. il
L2(0,1)x LZ(0,1) and <@ Nk> . Thus, we have to prove that F' is a bijection between
k=1

<@ Nk> and (?(Z) x (*(Z). To this end, we will show that the operator F sending
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functions in LZ(0,1) x LZ(0,1) into their Fourier coefficients (or, in other words, the
scalar products) with respect to the family

7= (wwin{] ié‘éi‘éiz:’:ii |+ m}

w0} )

is a invertible map from L2(0,1) x LZ(0,1) to £*(Z) x £*(Z). For this, recall the following
property (see [[[§]: Appendix D, theorem 3).

Lemma 4.1 Let {f,}nez be a free family of vectors in an Hilbert space H close to an
orthonormal basis {e tnez of H, ie S || fo — enlls < co.

Then { fn},cz 5 a basis for H and the map F : & +— {(fy, %) }nez is a linear isomorphism
from H onto (*(Z

).
Estimates ([4), () and (f7) lead to r, = ¢*(n) and s, = ¢*(n). Boundedness of B
thus gives R, = (*(n) and S,, = ¢*(n) which, together with the orthogonal basis of
L2(0,1) x L2(0,1)

ri= [0l pre ) [ @l )9 ] o)

cos (2((n+ %)m+ ) t) —sin (2 ((n+ &)7 + 3) ¢t

and a correct arrangement of each vectors family (see remark bellow ), prove the
closeness of F and Fy. Lemma [.2 gives the freedom of F and thus lemma (. is
applicable. [J

Remark. At first sight, the “loss” of eigenvalues appeared in the counting lemma
and the non-zero kernel of the transformation operator seem to be barriers to solve
the inverse problem. In fact, it is not, it helps us to fit correctly vectors family F
and Fy. Be more speciﬁc let f), and f}, be defined by (F3), in other words, we
just write Fy = { fnl, nz, n e Z}. For F we choose the following numbering: set
F ={fn1, fn2, n € Z} where for any integer n > 0,

sin (2Xg 1) | cos(2Agnt)
cos (2 nt) } + Balt), fualt) = { —sin (24 1) } + Su(t),

for any integer n such that n € [—a, —1],

o) = |

fn,l = U—Zn—27 fn,Q = V—2n—17
and for all integer n such that n < —a — 1,

sin (2Ag ntal)
cos (2 ntal)

cos (2, n+at)

Sntal(t).
—sin (24 +at) + Sntalt)

) = | | Rusal®). fralt) =

With this notation and using the eigenvalue estimate [B7), for j = 1,2, (fn;)n is

0
nj)n Whenever n — 400,

asymptotically ¢?-close to (
In order to prove the freedom of F, give a little extension with the following
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Proposition 4.1 Let (E, 1, E,2)nez be a free vector family in L%(0,1) x L2(0,1)
satisfying the following properties:

(i) Duality : there exists a bounded vector family (Fy, 1, Fp2)nez in L3(0,1) x LE(0,1),
such that
<En,j7Fm,j> :07 (n,m) GZZ, j:1’2

<En,17 Fm,2> = <En,27 Fm,1> = 5n,m7 v(”u TTL) € Z2'
(i1) Asymptotics:

B, - T;([ sin (2\qnt) } +en,1), P ({ €08 (2Aqnt) } +en,2)

cos (2Aq ) —sin (2Ag 1)

wlth (HGNJ||LD2§(071)XLD2§(071)>7L€Z 6 E%(Z); j = 17 2
(iii) Summability: for any k € [0,2a — 1], there exists w € C§°([0, 1], R?) such that for
allm € 0,2a — 1], (w, Wy,) = g and
(w, eng))nes € G&(Z), j=1,2.

Then, the following family is free in L&(0,1) x L3(0,1)
a1 sin (2Ag 0 t)
— ’ /
7= (s { | g | e}
a1l cos (2Ag nt)
et [ GGi [ v} )

Proof. Since T} is bounded and (E,, 1, By 2),, o5 is free, condition (73) implies the freedom
of the following family

ey ] Fen®} 04| “atoney | +emf

Let k € [0,2a — 1], we define Wy, by W), = Uy, if k is even and W), = V}, otherwise.
Show that W is not in the closure of Vect (F \ {Wj}). (Precisely, we should prove
iteratively that Wy ¢ Span {F \ {W;,j € [k,2a — 1]}}, which is not necessary since it
suffices to set o) = 0 for m € [k,2a — 1] in the next expression.) For this, suppose the
contrary: there exists a vector sequence defined for j € N by

; » , in (2, nt)
W9t = G W, (¢ G (] sin(Aan L
i (1) Z Ay, (t) + Z a, 08 (2Xont) + ena(t)
me[0,2a—1],m#k ne[—N;,Nj] ’
, 2Aant)
) cos (2Aa.n e
* Z " <l—sin(2)\ant) +enall) ).
ne[—N;,Nj] ’
with N; < oo, o) a by € R such that W,Ej) — Wy in L3(0,1) x L2(0,1). Recall
j—oo

that T,/ (W,,) =0 for m =0,...,2a — 1, thus the sequence
W) = Y B

n€[—N;,N;j]
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converges towards 0 in L3(0,1) x L4(0,1) when j — oo, and point (%) leads to
(54)

n .
J—00

1

o) :/ w9 - Fyydt — 0,
0
(55)

Jj—o0

1
b :/ wW - F,dt — 0.
0

and gives the uniform boundedness of (ag )) and (bﬁ{ )) with respect to n and j.
Now consider w € C°([0,1],R?) as in (7). Its smoothness and support property

imply that for all N € N,

o [y Jar [t [ 3ty Ju=o ().

Thus, second part of (4ii) shows the summability of

{(orm[ by rem)}

and
O e R

We complete the proof writing

()= 52 w{a(| ionny | n0))

- 2Aa.nt)
+ bglj) <w7 ( [ CO'S ( a,n :| + €n, (t)) >,
ne[[—zN;Nj}] —sin (2, ,1) 2

indeed, this shows, by dominated convergence, that

<w,Wl§j)> — 0,

Jj—o0
which is in contradiction with the definition of w. So F is a free family. J

Lemma 4.2 F is a free family in L%(0,1) x LZ(0,1).

Proof. Let us apply proposition [} For this, we consider the following vectors

En,2 = vz),q:‘%at,nu ne Z7
L onel

En,l = vp,q)\aﬂw
Fn,2 = _vp,q"ia,n )

Fn,l = Vp,q)\at,nJ_7
Results from section B.9 show that (En1, En2)nez are linearly independent and that

condition (3) is verified.

Relations (B0), (B1l) and estimates (f4), (#4) give us condition (7i) with

€n,1 = Ba*[rn]a €n2 = Ba*[sn]7

where r,, and s, are defined by (£§) and ({9).
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Now, condition (%) is left to be proved.
First, there exists w € C°([0, 1], R?) compactly supported in [4, 1] for some § > 0, such
that m € [0,2a — 1], (w, Wy,) = dgm. Second, from the definition of S¥ given in lemma
B, B.|w] is in C*([0,1],R?) and supported in [d,1]. We are now able to prove the
summation properties

Let €, = (el,2) be defined by ,(x, V) = R, (x,V) — R(x, A\y.n(V)) and plug it in
Vp q)\an via (7). We get

n1 (2, V)Gra(w, V) = 2(Ry (2, Aan) + €5) (Ra (7, Aan) + €2) | R 2 @)1,
- (231 (2, Man) Bo (2, Man) + 2R (2, Man) €1 + 2Ro(, Aan) €2
) | O
From (Bf), we have

. €x a
J < (- 2 - ]
@] < (HMMM) Cn), j=1,2

Thus, using (f]), we get

2G 01 (2, V)G, V) = = 2ja(Aan®)ja—1(Aanz) (1 + £3(n))

+ 200" (o1 ) € = a ) €} ) + ()

and

Gra(@,V)? = Gua(@,V)? = (Ja(Nan)? = Ja1(Aan®)®) (1 + £3(n))

2" (= o1 Ran) 3 = Ja(Aan) 2) + € (),

then, we obtain uniformly for = € [0, 1],

Pal@, V) = 2 a1 Qan) 202, V) = o Q) e, V)|

T 00 (Aan2) () + £1(n).
With the uniform estimation on [0, 1], j, (Aenz) = sin ()\a,nx ) +0 < ) we get
(W, en1) = (W, B"[ra]) = (Balw], )

1
= / cos ()\a,nt — %> 2\anen(t, V) - Bylw](t)dt
0 2

— [0 (hant = ) 2t Bl
+{(€°(n) Ba[w], @4 (Ao ) + L' (n)

Now, with lemma B.3, notice that for all f € L2(0, 1), we have uniformly on the bounded
sets of L(0,1),

1 £) 2
[ cos O f||2dt' < 111, ().

1
[ s f(t)dt] o
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This leads for instance to

! : am a 2 a
sin ()\avnt - 7) et V) - Bolw](t)dt| < 202(n) | Aanen - Balto]ll,.
0

(
< 20%(n)€*(n) || Ba [w]l,,
< £ (n)|| Balw]ll,.
And with the transformation operator, we get (€*(n)B,w], Pa(Aanz)) = €*(n).
Consequently, we have (w, e, 1) = *(n).

Now let 3, = (2}, 22) be defined by X, (x, V) = S, (x, V) — S(x, A\s,). With (E0),
we have

|27 (z)| < (M) #n), j=1,2

- T
First, with the definition of A, (z,p,q) and relations (Bf) and (f0), we have
An(xapv Q) - \I[a(Aa,nx) - )\a,n_a(ja—l(Aa,nx)Zn(xa V)l - ja()\a,nl‘)zn(xa V))
+ Ao (Na—1(Aa,n)En (2, V)l — Na(Aan)en(z, V) + £1(n),
which leads, using (9) with (f2), to

m = \I]a<)\a,nx) + €2<n)\11a<)\a,n37)

Ka,n
~Nan ™ (a1 Qan®) T, V) = o) S (2, 1V))
+ Aan (na,l()\am:c)gn(:c, V)l — Na(Aan)en(, V)) + 0 (n).
Then, we get
5a(#) = = Man”“(am1Man?) T (2, V)" = fo(Ran®) (2, V)

+ )\a,na(na—l(Aa,nfL‘)gn(l‘a Vv)L - na(Aa,nx)En(xa V))

+ )V Ngnz) + C(n)V(Nant) + £(n).
Now, with the same arguments as previously, using the transformation operator we find
that

{<w7 6"72>}n€Z c fl (Z)

Thus, proposition [.1] proves the result. [
We can go further in solving the inverse spectral problem. Indeed, we can give
explicitly the inverse of the spectral map’s differential. But first some notations:

Notations 6 For all n € Z, we set

_qu"’fanl (—-1)" qu)‘anL
%’ Yan , = ;L ’ .
Kan (D, q) () [(In] + &) 7]* Kan(p, q)

Xan(p,q) =

Notice that, according to estimations from corollary B.2, we have

Xa,n(pa q) = _\I/a()‘a,nx)J_ + Ez(n)a }/;l,n(pa q) = (I)a()‘a,nx)l + EQ(”) (56)
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Corollary 4.1 \* x k% is a local real analytic diffeomorphism at every point in
L3(0,1) x L%(0,1). Moreover, the inverse of d,,(\* x k%) is the linear map from
(3(Z) x 3(Z) onto L%(0,1) x L%(0,1) given by

(dpg (X X &) THEN) =D EaXan+ Y Yan.

neZ ne”

Proof. First point comes directly from the theorem and the definition of a local
diffeomorphism. Now consider (£,7) € (4(Z) x (%(Z) and let

u = Z énXa,n + Z nnYa,n-

nez ne”

&

Thanks to relation (BJ), the transformation operator lets us write estimations (bg) in
the following way

sin(2A,,, ) cos(2Aqn)

Xan(p,q) = BaH cos(20, 1) } +€2(n)],Ya,n(p, q) = BaH _ sin(2\, 1) } +€2(n)}-

Since B, is bounded and £, n are in £%4(Z), the sum defining v exists in L%(0,1) x L3(0, 1)
. Orthogonality relations from section B.2 imply that for all n € Z

(Vpgrhan, ) =& et (VyRan, U) = .

Thus we have d,,, (A\* x k%) (u) = (£, n), which proves the corollary. [J

We finish the local inverse spectral problem with the description of isospectral sets.
For (po,q0) € L2(0,1) x L2(0,1), we define the set of AKNS potentials with same
spectrum as (po, qo), called isospectral set of (pg, qo), by:

Iso(po, qo, @) = {(p,q) € LE(0,1) x L§(0,1) : A(p,q) = A*(Po; qo) } -

Theorem 4.2 Let (pg, qo) € L3(0,1) x L(0,1), then
(a) Tso(po, qo, a) is a real analytic submanifold of L3(0,1) x L(0,1).
(b) At every point (p,q) of Iso(po, qo, @), the tangent space is

Tp qISO Po, qo, @ {Z nn a,n p7 'n € EI?K(Z>}

nel

and the normal space is

Np7q180 Po, qo, @ {Znn a,n pa ‘n € E]%%(Z)} :

nez

Proof. Notice that the local real-analytic diffeomorphism A\* x xk® defines a chart at each
point (p, q) € Iso(po, qo, a), the definition of a submanifold gives point (a).
Since T}, Iso(po, go,a) = (dpq (A* x &%)~ ({02(z)} x (&(Z)), corollary (1] gives the
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expression of the tangent space. Now, the family (Y, ,)nez is free since (VAo )nez is.
Moreover, it is orthogonal to (Yaml)nEZ- Then we have the first inclusion

{Z NYan(p,@)" 11 € EE(Z)} C NpgIs0(po, qo, ).

nez

Now, every vector orthogonal to (Ya,nl)nez is orthogonal to the gradients (V, 4 Aan)nez,
in other words, is in the kernel of d, ;A*. Thus the second inclusion follows and so does
point (b). O

4.1. A Borg-Levinson theorem on Hg(0,1) x HA(0,1)

Theorem 4.3 \* x k% is one-to-one on Hg(0,1) x HE(0,1).

As in the case of a radial Schrodinger operator (see for instance [[f]), we introduce
another solution to (fll) with boundary condition at x = 1.

Lemma 4.3 Let p(x,\, V) be the solution of (1) such that
p(1L,A, V) =ug™. (57)
Then p verifies the following properties
(i) ForV = (p,q) € L£(0,1) x L4(0,1) and § > 0, uniformly on [d, 1],

cos (A(1 — ) = ) ]

T A(1—2)
sin (A1) pg) || S K@

o) - |

where K () = exp [/ (|p(t)| + lq(t)] + %) dt} .
(i) For V = (p,q) € H' x H' and § > 0, uniformly on [§,1],
cos (A1 —z) — B) }
sin (A(1 —x) — )

(iii) For all z € (0,1], p(z,\, V) is analytic on C x L%(0,1) x L&(0,1).
(iv) Forn € Z and X = A\ n(V'), we have
Rn(x,V) = kan(V)p(z, \an(V), V). (58)

K(z)
AT

< Ca— = (IV [l + 1)eltm A0

o) - |

Lemma’s proof.
Points (), (ii) et (i) follow directly from a Picard iteration construction of p. Indeed,
we define as in the regular case (see for instance [[[I]) p with

Now prove point (iv): when A = A, ,,(V), according to (B) and (B7), p(1, A\a.n(V), V)
and R(1, Ao (V)) are collinear. Then p(z, Ay, (V), V) and R(x, Aan(V)) solutions of ()
with the same eigenvalue A are also collinear, in other words there exists C,, € R such
that R, (z,V) = Cyp(x, \an(V), V). Using again (B) then (F7) and (), we deduce
that ke, (V) =C,. O
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Proof of Theorem 3. Let V,W € L2(0,1) x L%(0,1) such that (A\* x x*)(V) =
(A x k*)(W). For u € R?, introduce the function
[R(x,\,V)-u—R(x, \,W)-u][p(z, \, V) - u— p(x,\, V) - 1]
D\ V) '
For all x € (0,1], f : A — f(x,\,V,W) is a meromorphic function on C which has

simple poles Ay, (V), n € Z. From the simplicity of poles and since f(A) = h(N)/g()),
the residue of f at A\, (V) is

fla, A VW) =

h(Aan(V))
9 Aan(V))

Using that A\, (V) = Ao n(W) and k4, (V) = Ko n(W), together with relations (B§)
and ([I), we obtain

Res(f, Aan(V)) =

Rz, V) -t — Ry (2, W) - 0]
IR V)5 '
To conclude, we make use of a complex analysis result
Lemma 4.4 (Lemma 3.2 [[I§]) Let f be a meromorphic function on C such that

sup )] =o ()

[A|=rn T'n

Res(f, Aan(V)) = —

for an unbounded sequence of positive real numbers (ry,). Then, the sum of the residues
of f is zero.

Let N > 0 be an integer and C'x be the circle defined by

am 1
(= — (N4 )7
‘A ( y P )‘ ( N 2) :
Estimate [Af(z, A, V,W)| on Cy. From ([[4) and (R) with the help of lemma (£.3), we
have for N large enough

[Im \|z In |)‘|

R(2, A V) - =R, A, W) - ul SOV | g + W] g )e e

Kz .
e A1) gl A W)l UV W e,

IDOLV)| > [R(LA) - ugl — [(R(1,A, V) — R(1,N)) - ug| > %elm.

In [\
We deduce that uniformly for 2 € [§,1] and A € Cy, [Nf(\,V,W)| < C r|l)|\| |

result from lemma [[.4 is valid for f. Since residues of f have the same sign, they

. Thus,

are all zero. In conclusion, we have for alln € Z, u € R? § € (0,1] and z € [§,1],
Rz, V) -u—Ru(x, W) -u= 0. We can deduce, recalling continuousness of eigenvectors
at x = 0, that for all z € [0,1] and all n € Z

Ru(z, V) = Ry(z, W).
Plug this in ([l) to deduce that V = W almost every where on [0, 1]. O
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Appendix

Spherical Bessel functions j, and 7, are defined through

4

3a(2) =\ Tenae2), M) = (CI° T Taijal2), (A1)

where J, is the first kind Bessel function of order v (see [f] for precisions).
The following estimates can be found in [P3].

e Uniform estimates on C:

ja(2)] < Cel™ (i)aﬂ, (A.2)

1+ |z|
1 a
na(2)| < Cellm (—+ 'Z') . (A3)

2|

e Estimations for the Green function G(z, ¢, A) when 0 < ¢ < z:

1+ At
[Im A|(z—t)
|G(z,t,\)| < Ce <1+|)\‘$) ( ; ) (A4)

e Estimations for the Green function G(z,¢, A\) when 0 < x <t < 1:

G(2,t,\)| < CeltmAllE=) (1 * |)\\:c) ( ! ) . (A.5)

L+ [\t
e Trigonometric expression ([ formulas (1 — 2) section 7.11 p.78),
Ja(2) = sin (z - %) P,(z71) + cos (z — %)[a(zfl), (A.6)
Na(z) = cos (z - %)Pa(zfl) — sin (z - %)Ia(z’l) (A.7)
where P, and [, are even, resp. odd, polynomials given by
<a/2
Puz) = 3 (1) (a+ 172, 2m) (22)°™, (P,(0) = 1), (A9)
m=0
<(a-1)/2
I(z) = (—=1)™(a+1/2,2m + 1)(22)*",  (1,(0) = 0), (A.9)
m=0

Fv+1/2+m)
m!l'(v+1/2 —m)

where (v, m) = is the Hankel symbol.
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Appendiz A.1. Technical lemmas

Lemma Appendix A.1 Let fi1(z) = 2j,-1(2)ja(2). Then Fy = [ fi(z)dz such that
F1(0) = 0 verifies the properties

2a+2
@IRE e ({E) ks

1+ |2
(it) Fi(z) = —aci(22) + p, (271) cos (22) 4+ qq (27") sin (22) + 1, (271) if 2 # 0,

t—1
Where ci(z) = / % dt and pg, qa, Ta are resp. even, odd and even, polynomials.
0

Lemma Appendix A.2 Let fo(2) = 14-1(2)ja(2) +1a(2)ja1(2). Then Fy = [ fao(z)dz
such that F5(0) = 0 satisfies the properties

) 1) < O

1
(it) Fy(z) = aSi(2z) — pa (27) sin (22) + ¢, (271) cos (2z) if = # 0.

t
Where Si(z) = sint dt and p,, q, are the previous polynomials.
; p

0

for|z| < 1;

Appendiz A.2. Calculation lemma

The following lemma is adapted from [[f], its proof lies on some Hardy inequalities (for
details see [[i] and [RZ]). Together with the transformation operator, it is an essential
tool for the computation of asymptotics for L2(0, 1) potentials.

Lemma Appendix A.3 (Carlson [[]) Let f € LZ(0,1) and (z,)nen a strictly
positive real sequence such that

20 >0 and 3(01, CQ) € Rj_ X Rj_, Vn € N, ) < Zn+1 — Zn < (.
Then, uniformly on bounded set in L%(0,1),

(1) (1.

f(@)
Znt

dt) € (3(N).
neN

neN
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