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1 Introduction

The tropical semiring M is the semiring NU{+oo} equiped with minimum as sum
and usual addition as product. This semiring which is often used in the context of the
analysis of discrete event systems (cf [1] for instance), appeared initially in language
theory in Simon’s solution of the finite power property problem (see [16]). It was also
used by Hashigushi in the same context (see [5]) and in his study of the star-height of
rational languages (see [6] for instance). The tropical semiring was then strongly explored
in connection with language theory (see [17] for a survey).

Among several important questions concerning M was the equality problem. We re-
cently solved it by proving that it is undecidable to decide whether two M-rational series
over an alphabet A are equal when |A| > 2 (see [12]). Hence this shows in particular that
the equational theory of M-rational expressions is also undecidable when A has at least
two letters.

On the other hand, the equality of two M-rational series over a one-letter alphabet
A = {a} is decidable (see [12, 17] for this classical result). Therefore a natural question
occurs : is it possible to find a ”good” complete axiomatization of the equational theory
of one-letter M-rational expressions 7 As we will see, this paper proposes an answer to
it. In fact, this question is connected to the general theory of rational identities over
an arbitrary semiring that we already studied (see [8, 11]). This theory is the natural
generalization of the usual theory of ordinary boolean rational identities that was studied
by a lot of authors (see [3, 7, 9] for more details).

We can now recall that a complete axiomatization of usual one-letter boolean expres-
sions, due to Redko, is known (see [3, 13] for instance). Thus this paper can be seen as
the generalization of Redko’s result for the tropical semiring. It is also interesting to note
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the reader will find among the lines of our results a new proof of Redko’s theorem, using
the natural embedding of the boolean semiring B into M. ?

Hence our paper gives a new contribution to the study of the equational theory of
rational expressions with multiplicities in a semiring. We finally recall that complete
systems of rational identities are known in the usual boolean case (see [3, 9]) and in the
ring case (see [10]). This paper proposes also such a complete axiomatization for one-
letter expressions with multiplicities in the tropical semiring, which is here the maximal
general case that we can consider as we already saw. It may certainly be an interesting
challenge to obtain the same kind of results for other special semirings.

2 Preliminaries

2.1 The tropical semiring

The tropical semiring M is the semiring NU{+oc} equiped with addition and product
defined by z @ y = min(x,y) and by x ® y = x + y for every z,y € NU {+o0}. Note that
the units of M for sum and product are respectively equal to Opy = 400 and 15, = 0. We
refer to [6, 12, 17] for all details concerning M. The symbols & and ® will also be used
throughout this paper to denote addition and multiplication of series with multiplicities
in the tropical semiring.

2.2 M-rational expressions and identities

Let A be an alphabet and let 2 be the set of functional symbols which is defined
by 2 = {®,®,*} UM where & and ® are symbols of arity 2, where * is a symbol of
arity 1 and where every element of M is considered as a constant. Then the M-rational
expressions are exactly the elements of the free Q-algebra F(A,(2) constructed over A
that we quotient by the usual axioms of M-algebra and by the rules

VpeM, p"=0

that connects the formal star with the real star in M. In particular, the set of M-rational
expressions is a M-algebra that we denote by EriRat(A). We refer to [8, 11| for more
details concerning the construction of this algebra.

We can now define a unique M-algebra morphism ¢ that preserves stars and maps
ErmRat(A) into the M-algebra M << A>>, by the formulas
Vae A ela)=a € M<<A>> .

In other words, € is just the mapping that associates with every M-rational expression the
M-rational series that corresponds naturally to it (see [2, 15] for more details on rational
series). This leads us to the important notion of rational identity.

DEFINITION 2.1 : Let E, F be two M-rational expressions. Then we say that the
pair (E, F) is a M-rational identity and we denote it by E =~ F iff ¢(F) = €(F).

2 This natural embedding maps 0 € B onto +00 and 1 € B onto 0.



Note : Hence E = F'is a rational identity iff ' and F' are two M-rational expressions
that denote the same M-rational series.

DEFINITION 2.2 : Let (A) be a set of M-rational identities. Then a M-rational
identity E ~ F is said to be deducible from (A) and we denote it by

(A ExF

iff one can obtain the identity E ~ F after a finite number of elementary deductions that
consist in using an identity of (.4), making a substitution in an already deduced identity
or using one of the following deduction rules
0 EFE~F ExF F~G ExF GxH FExF,GxH FExF
Ex~FE F=xEFE’ E~xG " E®oGrFoH EQQGrFQH E*~F*’

A system of M-rational identities is then said to be complete iff every M-rational
identity is deducible from it. As we explained, the purpose of this paper is to construct
such a system when A is a one-letter alphabet.

We can now give the important definition of rational inequality.

DEFINITION 2.3 : Let E, F be two M-rational expressions. Then we say that we
have the M-rational inequality F < F iff we have F ~ E @ F.

Notes : 1) As in the boolean case, it is not difficult to see that we have E < F iff there
exists a M-rational expression G such that £ & G ~ F.

2) Observe that the natural order on M which is used in definition 2.3 is the opposite
of the usual order <y on N. Hence E < F' iff ¢(F) is bigger than €¢(F') in the ordering of
M << A>> induced by the usual ordering of N !

As in the boolean case (cf [3] p. 36), it is easy to prove that we have
1. E<XF, F<GF+ E<G, 2 E<F F<EF E~F,
3. E<XF G<HF E®G<FoH, 4 E<F G<HVF EQG<FQ®H,
5. (M), (S),E<F F E*<F*

for every M-rational expressions F, F, G, H. Property 2 is important since it will be as
in the boolean case the basis of our proofs by inequalities for M-rational identities.

2.3 The classical axioms

Conway introduced in [3] a family of boolean identities that he called classical azioms.
In fact, these identities are universal (see [8, 11]). In our case, they are exactly equal to
the following M-rational identities

(M) (ab)* =~ 0@ a(ba)*d and (S) (a@®b)* ~a*(ba*)*
together with the family of M-rational identities indexed by n € N and defined by
(P(n)) a*~0®ad...®a" ") (a")*.

Classical axioms are very important since a lot of useful identities are consequences of them
(cf [3] for instance). Note also that Redko’s theorem (cf [3] p. 34-40) says that classical
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axioms are a complete axiomatization for one-letter usual boolean rational expressions.
However let us now give some results involving classical axioms in our framework.

LEMMA 2.1 : Let i €N and let p € M. Then we have
(M) F a(pa’)* = (pa')*a .

Proof : If i = 0, there is nothing to prove. Hence we can suppose that ¢+ > 1. In this
case, we can write

(M) F a(pa®)* ~ a (0@ pa*~'(pa')*a) = (0 & pa‘(pa’)*) a =~ (pa')* a .

This ends therefore our proof. g

Note : It follows from lemma 2.1 that every polynomial of M|a] commutes with any
expression of the form (pa')* with respect to (M).

Let us also recall the following classical identity whose proof goes as in the usual
boolean case (see [3] p. 36).

LEMMA 2.2 : We have (M), (S) F a'b* < (a ®b)* .

3 Normalized one-letter M-rational expressions

3.1 A family of M-rational identities
Let us first prove the following lemma.
LEMMA 3.1 : Let p,q € M. Then we have in M <<a>>
(pa)* ® (qa)" = ((p® q)a)” .

Proof : An obvious computation shows that we have
+o0o

(pa)* = P ip o (3.1) .
i=0
We easily get from relation (3.1) that
+00
(pa)* ® (ga)" = @ a" min (ip+jg)  (32).
n=0 -

It is then easy to deduce that (pa)* ® (ga)* = ((p @ ¢)a)* when p or ¢ is equal to +oo.
Thus let us now suppose that p and ¢ are in N. Then we can write

ip~+jg = (i+7)min(p,q) =n(p&q)
for every i, j € N such that ¢+ j = n. Hence min,, ;—, (ip+ jq) = n (p® ¢), the minimum

being obtained either for i« = 0 or for j = 0. Reporting this result in relation (3.2), we
clearly get (pa)* ® (gqa)* = ((p @ ¢)a)*. This ends our proof. g

The previous lemma shows therefore that the M-rational identities

(P(p,q) ((p®q)a)* = (pa)* ® (qa)*
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are consistent for every p,q € M.
Let us now give the following result.

PROPOSITION 3.2 : Let r,s,p, g be four elements of M. Then there exists an integer
N € N such that we have for every £ > N

(M), (P(p,q)) F r(pa)* & s(qa)* = Py(a) @ ta* (ma)*
where t,m € M and where Py(a) is a polynomial of M|a] of degree < k.

Proof : Our result is clearly true with N = 0 when r or s are equal to +00. Indeed if
r = +oo for instance, we get by iterated uses of (M)

(M) F r(pa)* & s(ga)* = s(ga)* ~ () (s+iq) a’) @ (s+kq) a* (qa)"

i=0
The conclusion is also clear with N = 0 when p = ¢ since we have in the same way

(M) F r(pa)* & s(ga)* = (r & 5)(pa)* ~ (r & 5) @ (D ip a') ® kp a* (pa)") .

i=0
Let us now suppose that r,s € N and that p # ¢q. We can also suppose that p = p @ ¢
for instance. Since p <y ¢, there exists N € N such that r+pk <y s+qk for every integer
k > N. Let then k > N. Using iteratively (M), we easily get

k—1

(M) F r(pa)* @ s(ga)* ~ ( P((r+ip) @ (s+iq))a’) & a*((r+kp)(pa)* & (s+kq)(qa)*) -

On the other hand, we can vzfrfte
(P(p,q) F (r+kp)(pa)* & (s+kq)(qa)” = (qa)"((r+kp)(pa)* & (s+kq))  (3.3) .
But since (r+kp) & (s+kq) = r+kp, we easily get
(M) = (r+kp)(pa)” ® (s+kq) = ((r+kp) & (s+kq)) @ (r+kp) ® (pa)(pa)®

F (r+kp)(pa)” @ (s+kq) = (r+kp)(0 @ (pa)(pa)”)
F o (r+kp)(pa)* & (s+kq) =~ (r+kp)(pa)* (3.4) .

Hence it follows from relations (3.3) and (3.4) that
(M), (P(p,q)) = (r+kp)(pa)* ® (s+kq)(ga)* = (r+kp)(ga)*(pa)* ~ (r+kp)(pa)* .

Thus all our computations shows that

(M), (P(p,@) + r(pa)* @ s(qa)* = (€D ((r+ip) & (s+ig)) a') & (r+kp) a* (pa)’

|
—

S
Il
)

This ends therefore our proof. g

COROLLARY 3.3 : Let (r;);i—1,m and (p;)i=1,m be two families of M elements of M.
Then there exists an integer N € N such that we have for every k£ > N

(M), (P(p,0))pgem = €D i (pia)" » Pi(a) @ ta* (ma)’

=1



where t,m € M and where Py(a) is a polynomial of M|a] of degree < k.

Proof : We argue by induction on M. The case M =1 is easy and the case M = 2 is
given by proposition 3.2. Let us now suppose that our result holds at order M —1 with
M > 3. Applying the induction hypothesis, we obtain an integer K such that

M-1

(M), (P(p:0))pgem = D ri(pia)” = Pe(a) & ta* (ma)*

i=1
holds for every £ > N under the conditions of proposition 3.2. Hence, using iteratively
(M), it follows that we can write for every k£ > K

(M), (P(p,@)pger = D ri(pia)” = Q(a) ® a* (t (ma)* & (rm+kpm) (Pma)’)

i=1
where we set Qx(a) = Py(a)®rm®@0® pra® ... (k—1)p, a*~!) which is a polynomial
of M[a] of degree < k. But proposition 3.2 shows that there exists NV such that

(M), (P(m,pm)) £ t(ma)" @ (rm~+kpm) (pma)” = Ra(a) © pa” (ga)”

holds for every n > N, where R,, is a polynomial of degree < n of M|a] and where p, ¢
belongs to M. It is now easy to conclude to our corollary. g

We can also give the following result.

PROPOSITION 3.4 : Let p,q € M. Then we have
(M), (P(p,q)) & (pa)” @ (qa)" = ((p & @)a)" .

Proof : Let us suppose for instance that p = p @ q¢. Then we can clearly write that
(P(p,q)) F (pa)* @ (qa)* ~ ((pa)" & 0)(qa)

Using the same method as in the end of the proof of proposition 3.2, we easily get

(M), (P(p,q)) F ((pa)* ®0)(qa)* =~ (pa)* (qa)* = (pa)* .

Our proposition follows now immediately from the two above deductions. -
The following result will also be useful in the sequel.

PROPOSITION 3.5 : Let p,g € M and let 7,5 € N. Then there exists an element
r € M, an integer k € N and a polynomial P € M|a| such that

(M), P(i), P(j), (P(jp.iq)) + (pa')* ® (qa?)* ~ P(a) (ra*)’
Proof : Using (P(j) and P(i), we can write :
P(j) F (pa')* = Q;(pa’) (jpa”)* and P(i) - (qa7)" ~ Qi(qa’) (iga¥)*

where 0 (a) denotes for every k € N the polynomial Q; = 1®a®...®a*!. Using lemma
2.1, it follows immediately that

P(i), P(j), (M) F (pa’)* ® (qa?)* = Q;(pa’) Qi(qa?) (jpa”)* (iga”)*

from which, using P(jp,iq), we now easily get the result claimed by the lemma. g



3.2 Normalized expressions

As an immediate corollary of proposition 3.5, we get the following result.

PROPOSITION 3.6 : The family of M-rational expressions defined by
Pl@e @ Qpilapa)  (3.5)

pEM,IEN

where P and @,; are polynomials in M|a] is additively and multiplicatively closed with
respect to the identities (M), (P(p,q))p,gem and (P(n))npen-

Proof : Our family is clearly additively closed. It is also multiplicatively closed with
respect to the above identities according to lemma 2.1 and proposition 3.5. -

We can also easily obtain the following consequence of proposition 3.6.

COROLLARY 3.7 : The family of M-rational expressions defined by
N-1
o @ gia' (pi CLN)*) (3.6)
i=0

where N, K € N, where P is a polynomial of M[a] of degree < K and where (p;)i=on—1
and (¢;)i=o,n—1 are elements of M with gy # +00, is additively and multiplicatively closed
with respect to the identities (M), (P(p, q))p.qem and (P(n))nen-

Proof : According to proposition 3.6, it suffices to see that every M-rational expression
of type (3.5) can be rewritten in form (3.6) using the desired identities. Note first that
using (P(n))nen, one can easily write any expression of type (3.5) as

a) ® 6—90 Ri(a) (r;a™)* (3.7)

where R and every R; is a polynomial of M]a], where N, M € N and where (7;)i=o,m
are elements of M. Applying now several times (M) that allows to write (ra’¥)* =~
0@ ra™ (ra™)*, we can easily rewrite an expression of form (3.7) as

Qe o (@ o (@ run(ra”)))

where Q € MJa], where L and every M) belong to N and where every r; and r;; is in
M. Using now corollary 3.3, we can immediately conclude that the previous expression
is equivalent to an expression of the form

6? P/ca )

with respect to (M) and (P(p, q))pqgem- 1t suffices now to use (M) in order to reduce the
previous expression to an expression of the same form but with P of degree < K. Thus
this ends our proof since we can clearly suppose that gy # +oc. -

According to corollary 3.7, we can give the following definition.



DEFINITION 3.1 : A one-letter M-rational expression E is said to be normalized
when FE has the form (3.6).

The following proposition gives the main property of normalized expressions.

PROPOSITION 3.8 : Let E, F' be two one-letter normalized M-rational expressions
such that ¢(F) = €(F). Then we have

(M)i (P(p7 Q))P,qEMa (P(n))HEN F ExF.

Proof : Using the identities (P(n))nen, We can transform the two normalized expressions
E and F into expressions of form (3.7) with the same N. Using the method involved in
the proof of corollary 3.7, we can then rewrite E and F' in normalized form but with the
same N. Using iteratively the identity (M), one can also choose the same K. Hence we
showed that

=

(M), (P(n))nex, (P(p,;0))pgem b E=Pla)® o (P ga (pia”)")

=4 S”
|
- o

(M), (P(1))new, (P(2,0))pgem = F = Qa)® o (D rid (sia")")

1=

o

where the two above expressions are normalized. Since €(E) = €(F), it is easy to see that
we must have P = Q and p; = s; and r; = s; for every i € [0, N — 1]. Hence the identity
E ~ F can be deduced from the desired family of identities. u

4 Commutative axiomatization

One-letter M-rational expressions can be considered as commutative M-rational ex-
pressions. This means that we work with respect to the axiom ab = ba (see also [3] p.
91). Hence we can also study their commutative axiomatization. Let us first introduce

the commutative identity
() (a®b)* =~ a*b*

(which is only true in the commutative case) whose consistency follows from the boolean
case (cf [3] p. 91). We can now give the following result.

PROPOSITION 4.1 : The system (M), (S), (P(p,q))pgem; (P(n))nen and (C) is a
complete system of commutative identities for one-letter M-rational expressions.

Proof : Note first that it suffices to prove that normalized one-letter M-rational expres-
sions are stable by star with respect to the above identities, in order to get our result.
Indeed, it will then follow from corollary 3.7 that every one-letter M-rational expression
can be reduced to a normalized form using the desired identities since the letter a is
normalized. It is then easy to conclude using proposition 3.8. Thus let

K-1 N1 .
E=@ pd ® @ qa™™ (ria™)
i=0 i=0

be a normalized expression. Using (C'), we obtain



©) F B~ @ (pid) ® 0 (@ ™ (™)) (A1) .

—

However, using (M), we can clearly write
(M) = (gia™* (ria™)*)* = 0® g; X (ria")* (g a™* (ria™)*)*
for every i € [0, N — 1]. It follows immediately that
(M), (S) F (ga™® (r;aV))* = 00 ¢; a* ¥ (g;a" ™K Dria)*
and hence, using (C), we obtain
(M), (S), (C) F (g a™ (r;a™)")* = 0® ¢; a** X (q;a"E)* (r;a™)* (4.2)

for every i € [0, N — 1]. It follows now from relations (4.1) and (4.2) and from corollary
3.7 that E* can be reduced to a normalized form with respect to the identities involved
in the statement of our result. Thus this ends our proof. -

Note : We can easily adapt the proof of theorem 1 of [3] p. 92 in order to get a normal
form (with respect to the identities involved in proposition 4.1) for every commutative
M-rational expression over an arbitrary alphabet A, as a finite sum of terms of type
kww (kywy)* ... (k,w,)* where w,ws, ... w, are words of A* and where k,, k1, ..., k, are
elements of M. In fact, it might also be possible to adapt the proof of Redko’s theorem
(see [14]) given by Conway (see [3] p. 93-95) in order to show that the system (M),
(S), (P, 9))pgem; (P(n))nen and (C) is a complete system of commutative M-rational
identities for every alphabet A.

5 Non-commutative axiomatization

In the sequel, (A) always denote the system (M), (S), (P(p,q))p.gem and (P(n))nen
of M-rational identities. Let us now recall that, as we saw in the proof of proposition
4.1, the research of a complete system of M-rational identities for one-letter M-rational
expressions can be reduced to the research of a system (B) of M-rational identities con-
taining (A) such that E* can be reduced in a normalized form with respect to (B) for
every normalized one-letter M-rational expression E. Thus let then

K—1 . N-1 _
E=@ pd & P ¢a™™ (na") (5.1
i=0 i=0

be such a normalized one-letter M-rational expression.

5.1 First reduction

Let then F' denote the one-letter M-rational expression

K-1 N-1
F=@Q pa) ® @ (0&qa"™ (ga™")" (ria")).
i=0 i=0

Following the lines of the proof of proposition 4.1, but using lemma 2.2 instead of axiom
(C), we can easily obtain that
(M), (S) v F<SE*.
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Observe also that the proof of proposition 4.1 shows that we have e¢(F) = ¢(E*). Using
now corollary 3.7, we easily get a normalized one-letter M-rational expression U such
that (A) + F =~ U. Hence we have

(M), (S) - U< E*  (5.2)

where U is a normalized one-letter M-rational expression such that e(U) = ¢(E*). Since
every identity between normalized expressions can be deduced from (A) according to
proposition 3.8, we immediately get (A) = E < U from which it follows that

(A v E*<U* (5.3) .
Thus, according to relations (5.2) and (5.3), we have
(A) F U<SE*<U* (54).
Since €(U) = e(E*), it follows that e(U) = €(U*) (cf [3] p. 35). Hence we can reduce our
initial problem to the research of a system of identities (B) containing (A) such that
B) F U~U*  (55)

for every normalized one-letter M-rational expression U for which ¢(U) = ¢(U*). Indeed
if (B) is such a system, we have
(B) v E*~U

according to relation (5.4). Hence (B) is a system of identities with respect to which the
star of every normalized one-letter M-rational expression can be reduced to a normalized
form, as desired.

5.2 Second reduction

Hence a system (B) of M-rational identities for which relation (5.5) holds under the
required conditions, is necessarily complete. Let then
N-1

U= Pa) ® a®V where V = € g ad' (r;a") (5.6)

i=0
be a normalized one-letter expression such that ¢(U) = e(U*).

LEMMA 5.1 : Under the previous assumptions, we have
e((@V)) =0@e(a™V) .

Proof : Note first that we clearly have
08 e(a®V) <e(a®V)*  (5.7).

Since €(U) = €(U*), we also have ¢(U*) = ¢(U) for every integer k¥ > 1. Hence, using
relation (5.6), we can write

P(a) ® e(a®V) = (P(a) ® e(a®V))* = P(a)* @ e((a®*V)*) ® Ry, (5.8)

with some series Ry € M <<a>> for every k£ > 1. Looking only on the terms of degree
> K in relation (5.8), we get that

e(a®V) = e((a®V)*) @ Sy (5.9)
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with some series Sy € M << a>> for every k£ > 1. Adding all relations (5.9) for every
k > 1, we immediately obtain

00 e(a®V) =e((aBEV))® S (5.10)

where S denotes the series of M << a >> which is the sum of all the series Sy for k£ > 1.
Hence relation (5.10) shows that

e((a®V)*) <0 e(a®V) (5.11) .

The lemma follows now immediately from relations (5.7) and (5.11). g

Let us now suppose that (B) is a system of M-rational identities that contains (.A)
and such that
(B) F (afV)* =~ 0@ XV (5.12).

Then we can give the following lemma.

LEMMA 5.2 : Under the previous assumptions and hypotheses, we have
(B) H U*=~U.

Proof : Since €(U) = €(U*), the constant term of U is 0. Hence if P = +o00, we must
have K =0 and U = V and it is then easy to deduce our lemma from relation (5.12). Let
us now suppose that P # 4+00. We can then write P = 0 @ a ) with some polynomial @)
of MJa] of degree < K —1. It follows that we have

S) FU=00aQ®aXV) =~ (aQ®aXV)*

from which we immediately deduce
K—1

(S), (P(K)) F U= ( P (aQad"V)") ((aQ & a*V)¥)* (5.13) .

=0
But we clearly have
@Q® (V) <e(U") =00 aQ @ e(a™V) .
Considering only the elements of degree > K in the previous inequality, we obtain
(aQ @ e(a®V))E < e(akV) .

Hence, since every identity between any product of normalized expressions (that can be
normalized with respect to (A)) is deducible from (A) according to proposition 3.8 and
corollary 3.7, we get

(A) F (aQ®ad*V)E <XV  (5.14) .

It follows now from relations (5.13) and (5.14) that

K—1
(A) F U <( (aQ @ a*V)") (a*V)* .
i=0
Hence, using hypothesis (5.12), we can write
K-1

(B) F U* g(@(aQ@aKV)i)(O@aKV) (5.15) .

1=0
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Let us denote by G the M-rational expression that appears at the right member of relation
(5.15). Observe that we have

€(G) < (aQ @ e(a™V)) (08 e(a™V)) < (e(U"))? = e(U*) = €(U) .
Hence, using again proposition 3.8 and corollary 3.7, we get
(A F GLSU (5.16) .
It follows now immediately from relations (5.15) and (5.16) that
(B) H U*<U.
Since the converse inequality is an obvious consequence of (M), the lemma follows now

easily. This ends our proof. g

Hence lemma 5.2 shows that we can reduce our problem to the research of systems
of M-rational identities (B) containing (A) such that relation (5.12) holds when V is a
one-letter M-rational expression of the form (5.6) for which relation (5.12) is consistent.
Indeed we proved that such a system (B) is complete.

5.3 Third reduction

Let now W be a one-letter M-rational expression of the form
N—1
W=d(P a a* (ria™)* ) (5.17)
i=0

such that e(W*) = 0 @ ¢(W). We are now looking for a system of M-rational identities
that allows to deduce the identity W* ~ 0@ W since such a system is complete according
to our study. Let us then consider the set
M={0} U U {K+i+nN, neN} CN.
i€[0,N—1], gi#+00

It is easy to deduce that M is a submonoid of N from the fact that e(W*) = 0 & e(W).
Hence M = F U (0N + k&) where ¢ is a strictly positive integer, where k£ € N and where
F' is some finite subset of N (see exercice 5.1.2 of [4]). In particular, since gy # +oo by
hypothesis, K and K + N must be in 6N. Thus N € éN. The same method shows that
i € 0N for every i € [0, N — 1] such that ¢; # +oo. It follows now easily that we have

M-1
W = a(SL ( @ s aéi (Ti a&M)* )
i=0
with some integers L and M. Let us then consider the M-rational expression
M—1 .
Ws=a" (P gia (ria™)*).
=0

Since we clearly have W (a) = W;s(a?), we also get e(Wy) = 0 & e¢(W;). As one can now
immediately see, working with Wy rather than W, we can suppose that 6 = 1. This is
exactly equivalent to suppose that the set M associated with W is

M=FU(N+k)
where k£ € N and where F is some finite subset of [0,k — 1]. In other words, this means

equivalently that we can suppose that g; # +oo for every i € [0, N — 1].
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5.4 Fourth reduction
Let us now write K = kN + r with 0 < r < N. Hence we get

% :akN”(G__B Gd (ria¥))  (5.18)

where ¢; is different from +oo for every i € [0, N — 1]. We then have
N—r—1

W= (@ g (ma)) @ V(@D gl (aV))
1=0

1=N-—r

Using now (M), we deduce easily from this last relation that
N-r—1

(M) = WaPa) ® a¥ OV (P (g+m:)a (ria™)*)
i=0
r—1
@ a*IN (P g pina (ria")) (5.19)
1=0
where P(a) denotes the polynomial of degree < (k + 1)N defined by
N—-r—1

P(a) = a*V+ ( @ G a

Reindexing the expression involved in relation (5.19) we get
(M) - W = P(a) ® a*+ON @ ga ) (5.20)

with some new non-infinite coefficients ¢;. Let now W' be the one-letter M-rational

expression which is defined by
N-1

W= a 0N (@) dha (rea™))
=0
Using lemma 5.1, we obtain ¢(W"*) = 0 & ¢(W’). Moreover it follows easily from relation
(5.20) and lemma 5.2 that we can reduce the research of a system (B) of M-rational
identities such that (B) F W* ~ 0@ W to the research of a system such that (B) +
W™ ~ 0@ W'. Hence this proves that we can suppose that 7 = 0 in relation (5.18).

LEMMA 5.3 : Let W be a one-letter M-rational expression of form (5.18) with r =0
such that e(W*) = 0@ ¢(W). Then we have r; = r; for every 4,5 € [0, N — 1].

Proof : Note first that we clearly have
(e(W)|a™F%) ~, 4100 min (5.21)

for every i € [0, N — 1]. On the other hand, an easy computation using lemma 3.1 shows

that we have
N-1

(W) = abV ( @ (i, + - +q,) qirtt (min(r;,,...,r;) aN)* ) (5.22)

i1 yeenyiy =0
for every integer [ > 1. Hence we have in particular for every ¢ € [0, N — 1]

eW?) = a®N ((go+q) a* ((ro ® ;) a™)* @ S;)

13



where S; is some series of M <<a>>. Thus we asymptotically have
(e(W2)|a™N+%) <y (ro ® ri)n (5.23)
for every i € [0, N — 1] when n — +o0. But e(W*) = 0@ e(W)®e(W?) & ... =0d (W)
by hypothesis. Hence we asymptotically have
(e(W)|a™™*") <y (e(W?)|a™™*7)  (5.24) .

It follows now easily from relations (5.21), (5.23) and (5.24) that r; <y ro & r; for every
i € [0, N —1]. Hence we proved that r; <y ro for every i € [0, N — 1].

On the other hand, relation (5.22) shows that we have

eWN)=a"™ (Nga"i((r;®...®r)a")* ®S;) = a*™ (Nga (r;a™) & S;)

with some series S; € M <<a>> for every i € [0, N—1]. Using the same king of argument
than above, we easily asymptotically obtain

(e(W)|a™) <n (e(W)[a"™) <x rsm

when n — 400 for every i € [0, N — 1]. It follows now easily from these last relations and
from relation (5.21) that ro <y r; for every ¢ € [0, N — 1]. Thus our study shows clearly
that 7o = r; for every i € [0, N — 1]. This ends our proof. g

Let now (B) be a system of M-rational identities such that
B) F Wm0 W  (5.25)

for every one-letter M-rational expression W of type
N—1 _
W=ad" (P ga)(ra)* (5.26)
i=0

with every ¢; # +o00. Lemma 5.3 and our previous study show then that (B) is a complete
system for one-letter M-rational expressions. On now on, we shall therefore focus on
obtaining a system such that deduction (5.25) holds under assumption (5.26).

Note : In the boolean case, we would necessarily have W = a*¥ (1+a+...+a"V 1) (aV)*
at this step of our proof. Since W is equivalent to W’ = a*" a* with respect to the identity
(P(N)), it is then easy to prove that W* &~ 1 + W with respect to (M), (S) and (P(N)).
Hence we obtained a new proof of the classical Redko’s result that states that (M), (5)
and (P(n))nen is a complete system of identities for usual one-letter boolean rational
expressions (cf [3, 13]).

5.5 Analysis of relation (5.25)

Let us now study the M-rational expressions of form (5.26) such that relation (5.25)
holds. We first give the following result.

LEMMA 5.4 : Let W be a one-letter M-rational expression of form (5.26). Then the
two following assertions are equivalent

L. e(W*) =0 e(W) 2. (WA <0 e(W).

14



Proof : Note first that 1 = 2 is obvious. Let us suppose now that assertion 2 holds.
It follows then by an easy induction on n that we have for every n > 1

e(W™) <0de(W) .

Adding all these relations, we get e(W*) < 0@e(WW). Assertion 1 follows now immediately
since the converse inequality is obvious. This ends our proof. g

COROLLARY 5.5 : Let W be a one-letter M-rational expression of form (5.26). Then
we have e(W*) = 0@ ¢(W) iff the two following conditions hold

1. Forevery l € [0,N —1], q+kr<y min (¢ +g))
itj=l
i,je[OJ,N—l]
2. Forevery l € [0,N —2], ¢+ (k+1)r<y min (¢ +gq)

i+j=I+N
i,j€[0,N—1]

Proof : Let us compute first ¢(W?2). Using lemma 3.1, we easily get

N-1
e(W?) = a2 ( @ 4o T,aN) — a2 ( D (6+q) ati) (ra™)*
i,j=0
It follows therefore from the above identity that
N-1 N-2
(W) =@ (@ min(s:+ ) )ra™) @ V(D min 0+ 45) ey
i+j= i+j

=0

Thus the second condition of lemma 5.4 is clearly equivalent to the two conditions 3

1. Forevery L€ [0,N —1], q+ (I +k)r <ylr+ mjn (¢ + q5)
2. Forevery l € [O,N —=2], q+(+k+1)r<ylr + m1n ((Iz + ¢;)
+j=

Moreover these two last conditions are clearly equivalent to the two conditions of our
corollary which follows now immediately from lemma 5.4. g

When the two conditions of corollary 5.5 are satisfied for some k = kg, they are also
obviously satisfied for every k < ky. This implies in particular that they are always
satisfied with £ = 0. Hence if X denotes the one-letter M-rational expression

_ (Q__ao ga)(ray  (5.27),

which is such that W = a*¥ X, we have ¢(X*) = 0 ® ¢(X) according to corollary 5.5.

5.6 Fifth reduction

Let us consider again the one-letter M-rational expression W of relation (5.26). Two
cases can occur : either k =0 or £ > 1. When k£ > 1, we can in fact always suppose that
k = 1. Indeed, if we are in this case, we can write

3 When k = 0, condition 1 is obtained for I = 0 by looking on the coefficient of a’¥ of relation

e(W?) < 0@ e(W) and not on its constant term.
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N-1

(P(k) F W=d™ (P u @ jra®™) (kr a*V)*

=0

Thus it follows immediately from the previous relatlon that

Nk—1
(P(k)) F W=ad™( P ir]{]m (gi+jr) a') (kr a*)*
=0 ‘TNT

It follows now easily from this last relation that we can suppose that £ =1 when k£ > 1
in relation (5.26). Thus we can suppose that either £ =0 or £ = 1 in relation (5.26).

5.7 Study of the case k=1

In all this subsection, we suppose that £ = 1 in relation (5.26). Then we have.
LEMMA 5.6 : Under the previous assumptions, ¢; >y r for every i € [0, N — 1].

Proof : Condition 1 of corollary 5.5 taken with [ = 0 shows that gy + ¢ >n qo + 7, hence
that go > 7. Let now ¢ € [1, N — 1]. Suppose first that 2i >y N. Since 2i <y 2N —2, we
can write 2i = N+j with j € [0, N — 2]. Condition 2 of corollary 5.5 give us then

G+ q; >N~ q; +2r 2§ 2r

from which it immediately follows that ¢; >y 7. Let us now suppose that 2¢ <y N. Let
then [ be the smallest integer such that 2'4 >y N. Using the previous study, we obtain

Goi—1; >N T (5.28) .
On the other hand, the first condition of corollary 5.5 shows that
i+ Qi 2N T, Q2+ G2 2nGai T 7, ooy Qo2+ Qo2 2N Qo1+ T
It is now immediate to deduce from all these inequalities and from relation (5.28) that

g; >n r. This ends therefore our proof. g

Hence lemma 5.6 shows that we can consider the M-rational expression
N-1

Y= (P (g—r)d") (ra")” (5.29) .

i=0
Moreover it is easy to deduce from the two conditions of corollary 5.5 that we have
e(Y*) = 0@ €(Y) since k = 1 here. We can now give the following result.

LEMMA 5.7 : Let now (B) be a system of M-rational identities that contains (A) and
such that (B) - Y*~0@® Y. We have then (B) - W*~ 0 W.

Proof : Note first that we have in our case for every i € [0, N — 1]
(€V)]a*) =g +r(G—1) and (e(W)|a™™) =g +r(j—1)

respectively for every j and for every j > 1. Since (e(W)|a’) = +oo for every i € [0, N—1],
it follows immediately from these computations that e(W) < ¢(Y'). Hence we get

(A F W<Y (530

according to proposition 3.8. Using relation (5.30), we can write
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(A) - W 0aWeW2W <0aW e W2Y*.

Let now (B) be a system of M-rational identities as in the statement of our lemma. It
follows then from the previous relation that we have

B F W*<o0eWeoW2(0aY)~0aWaeW2eW?2y  (5.31).

However since k = 1 here and since ¢(W?) < ¢(W*) = 0@ e(W), we clearly have e(17?)
e(W). Using again proposition 3.8, we obtain immediately from corollary 3.7 that (A)
W2 < W. Tt follows then easily from relation (5.31) that

B) F W*<0eWaeWY  (532).
However, using relation (5.30), we can see that
eWY)<e(Y?) <e(Y)=0@eY) .

Hence e(WY) < 0@ €(Y). Using now the fact that the only integers 7 such that e(WY)
has a non-infinite coefficient on a’ are necessarily > N and the fact that ¢(Y) and (W)
have the same coefficients on every a* with i > N as shown at the beginning of this
proof, we deduce easily from the previous inequality that e(WY') < ¢(W). Using again
proposition 3.8, we deduce immediately from corollary 3.7 that

(A) - WY <W.
Hence it follows now easily from relation (5.32) that
(B) - W*<0@W .

Since the converse inequality is an obvious consequence of (M), it follows that the identity
W* ~ 0@ W is deducible from (B) under our hypotheses. This ends our proof. -

<
-

Hence lemma, 5.7 shows that the case £ = 1 can be in fact reduced to the case k = 0.
According to the study of section 5.6, we can now suppose that £ = 0 in relation (5.26).

5.8 Sixth reduction

Thus our study shows that if (B) is a system of M-rational identities such that
B) F Wr=0aW (5.33)

for every one-letter M-rational expression W of type
N-1 '
W=(P gad)(ra)* (5.34)
i=0

with every ¢; # 4+00 and such that relation (5.33) is consistent, then (B) is a complete sys-
tem of M-rational identities for one-letter M-rational expressions. Observe that identity
(5.33) makes sense iff the following conditions are satisfied

1. Forevery L€ [0,N —1], ¢ <y min (¢ +g¢;)

i+j=l
1,j€[0,N—1]

2. Forevery l € [0,N —2], ¢+r<y min (¢ +g)
itj=l+N
i, €[0,N—1]
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according to corollary 5.5. It is easy to check that if the two above relations hold, they
are also satisfied with gy = 0. Using again corollary 5.5, this shows that the M-rational
expression

Z=0a Aé__;l gia')(ra™)*  (5.35)

satisfies to €(Z*) = 0@ €(Z) and hence to €(Z*) = €(Z) since €(Z) = 0@ €(Z) because the
constant term of €(Z) is now 0. We can now give the following lemma.

LEMMA 5.8 : Let (B) be a system of M-rational identities that contains (A) and such
that (B) F Z* ~ Z. Then we have (B) - W*~0® W.

Proof : Indeed, using (M) and (5), it is easy to see that we can write

N-1 N-1
(M), (S) F We0aWW* =08 (P ¢d) (rd" @ P ¢ad)".
i=0 i=0

Using now the fact that ¢ < 0, we get
N-1

(M), (S) F W<0& (_E_B1 ga)(ra" @0 P qa)

=1

from which, using again (.S), we easily obtain
N—1
(M), (S) F W<o0o (P gd) ) Z-=00WZ".
=0

Using now our hypothesis on (B), we deduce that we have
By F wW<o0eWZ  (5.36).

However we can write
N-1 N—1
WZ=( ga') (ra") (0& P ¢ad') (ra")
i=0 i=1
As 0 =0 qo, it follows easily from the above relation that we have
N-1 . N—1 '
WZ=(@ ¢ad) (ra") (08 @ ¢ad) (ra")
i=0 i=0

Using now the deduction (M), (S) F a*a* ~ a* (cf [3] p. 36), we get
N-1 N-1
(M), (S) F WZ=( ga') (ra") (08 (P ¢ad)(ra"))=WeoW?

i=0

i=0 -
Hence we proved that (M), (S) = WZ < W & W?2. Using now relation (5.36), we get
(B) F W*<0eWaeW?.
The converse inequality being an obvious consequence of (M), it follows that
B) F W*~0W o W? (5.37) .

Hence 0@ e(W) = 0 (W) @ ¢(W?). Using proposition 3.8, it follows from corollary 3.7
that (A) F 0W ~ 0W @ W?2. We can now immediately conclude with this deduction
and relation (5.36). This ends our proof. g
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The previous lemma shows that we can suppose that ¢o = 0 in relation (5.34). Indeed
if (B) is a system of M-rational identities such that

B) v Z*~Z (5.38)
for every one-letter M-rational expression Z of type
=0® @ ga')(rd)  (539)
with every ¢; # +o0c and such that relation (5.38) is consistent, then (B) is a complete

system of M-rational identities for one-letter M-rational expressions.

5.9 A new family of M-rational identities

Let us now consider a family ¢ = (¢;)i=1,~ of non-infinite elements of M that satisfies
to the conditions

1. Forevery l € [1,N —1], ¢ <y min (¢ +¢,)

i+j=l
i,j€[1,N—1]
2. gqv <y min_(g; +g;)
i+j=N
4,j€[1,N—1]

3. Forevery l € [1,N —-2], ¢ +g¢v <y min (¢ +¢))
i+j=I+N
i,j€[1,N—1]

Note that these conditions are exactly the conditions given by corollary 5.5 for relation
(5.38) to be consistent when gy = r. We associate then with such a family g the following
M-rational identity

N N-—
(5t(g)) (D gia’) =~ ( @ (gn a™)*
i=1 i=1
whose consistency is given by the following lemma.
LEMMA 5.9 : Under the previous assumptions, (St(g)) is a consistent identity .

Proof : Let us consider the M-rational expression T" defined by

0@69% qNa)

Corollary 5.5 shows then that €(7*) = 0 @ €(T") = ¢(T') since the constant coefficient of
€(T) is 0. But we clearly have

N-1
*

= (08 @ ad)(lawa)),

i=1

from which using (.5), it follows that

T =~ ((qva®)")* (( 69 ga') (av a™)* ((gvan)?)*)" .

Using now star-star identity and the fact that a* a* = a* (cf [3] p. 36), we get
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T* ~ (gna™ (Equ QNCLN)*)*-

Identity (S) allows us then to deduce from this last relation that

N
~ (P ad
1=1

The fact that e(7*) = ¢(T) is now clearly equivalent to the consistency of axiom (St(q)).
Thus this ends our proof. g

The importance of this new family of axioms comes from the following result that
concludes all our study.

LEMMA 5.10 : Let us set gy = r. Then we have
(M), (S), (St((¢i)i=1n)) F Z* = Z .

Proof : Indeed we can write
N
(St((¢:)i=1n) F Z = (D qa*)
i=1

But it is easy to see that the proof of lemma 5.9 shows that

N N—1
(M), (S) F (D aia")" = ((0@ & qiaz)(QNaN)*) =7".
1=1 i=1
Our lemma follows now immediately from the two last relations. g

The previous lemma shows therefore that (A) U (St

(9))gemn nen is a system of M-
rational identities that satisfies to the desired property (5.

q))
38).
5.10 Conclusion

Hence it follows from lemma 5.10 that we have the following theorem that gives a
complete system of M-rational identities for one-letter M-rational expressions.

THEOREM 5.11 : The following system of M-rational identities
(M), (), (P(n))nex, (P(p, @) pgemts (St(P)pern new)

is a complete system of identities for one-letter M-rational expressions.

Notes : 1) One should notice the difference of difficulty between the commutative and
the non-commutative axiomatization of one-letter M-rational expressions.

2) The proof of theorem 5.11 shows in fact that every one-letter M-rational expressions
can be reduced in normalized form using the above identities.
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