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Introduction

The strongest explosive is
neither toluene nor the atomic
bomb, but the human idea.

Grigore Moisil (1906-1973)

Partial differential equations are of crucial importance in the modeling and
the description of natural phenomena. Many physical phenomena from fluid
dynamics, continuum mechanics, aircraft simulation, computer graphics and
weather prediction are modeled by various partial differential equations. The
central equations of general relativity and quantum mechanics are also partial
differential equations. The motion of planets, computers, electric light, the
working of GPS (Global Positioning System) and the changing weather can
all be described by differential equations.

The goal of this work is to apply some basic methods of the nonlinear
analysis in order to develop a qualitative study of some classes of stationary
partial differential equations. Their nonlinearities are essential for a realistic
description of several natural questions, such as existence and uniqueness of
solutions, asymptotic behaviour, approximation and so on. However, the tools
for solving the equations, in particular the numerical tools, are rather general
in this work, but they may have future relevance for other applied problems.

We discuss some classes of nonlinear elliptic equations from the perspective
of three basic methods: the maximum principle, the calculus of variations, and
nonlinear operator theory. Our starting point is related to the Laplace opera-
tor, but we emphasize various generalizations of the linear Laplace equation,
including linear perturbations of the Laplace operator or quasilinear problems

involving variable exponents. That is why we are concerned with classical
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solutions, but also with weak solutions either in classical Sobolev spaces or in
generalized Sobolev spaces (functions spaces with variable exponent endowed
with the Luxemburg norm). Our arguments and proofs rely essentially on one

of the following basic results in nonlinear analysis:

The Maximum Principle. Let Q be a bounded domain in RN and
assume that u € C?(Q2) N C(Q), Au >0 in Q. Then

21618u(x) = a%%éu(x) .
Moreover, the following alternative holds: either u is constant in Q or u <
maxgeon u(z) in €.

Ekeland’s Variational Principle (weak form). Let X be a Banach
space and assume that F': X — R is a functional of class C* which is bounded
from below. Then, for any € > 0, there exists x. € X such that F(z;) <
infyex F(x) + e and || F'(ze)||zex+ < e.

The Mountain Pass Theorem. Let X be a real Banach space and let
F : X — R be a C'-functional. Suppose that F satisfies the Palais-Smale

condition: any sequence (u,) in X such that
sup | F(up)| < o0 and | F' (un)||x+ — 0
n

has a convergent subsequence.

We also assume that F' fulfills the following geometric assumptions:

AR, c¢o > 0 such that F(u) > co, Vu € X with ||u|| = R;

F(0) < ¢o and there exists v € X such that ||v|]| > R and F(v) < cp.

Then the functional F' possesses at least a critical value c, characterized

by

= inf F(p(t
¢ = Inf max (p(t))

where P = {p € C((0, 1], X); p(0) =0, p(1) = v}.
The above Palais-Smale “compactness condition” was introduced in [118]

and is intensively used in many arguments related to the existence of critical

points.
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In the last chapter of this work we apply a nonsmooth version of the
Mountain Pass Theorem (for locally Lipschitz functionals that are not neces-
sarily of class C!) which is due to Chang (see [26]). The name of the above
result is a consequence of a simplified visualization for the objects involved in
the theorem. Indeed, consider the set {0, v}, where 0 and v are two villages,
and the set of all paths joining 0 and v. Then, assuming that F'(u) represents
the altitude of point u, the hypotheses of the theorem are equivalent to say
that the villages 0 and v are separated by a mountains chain. So, the conclu-
sion of the theorem tells us that there exists a path between the villages with
a minimal altitude. With other words, there exists a “mountain pass”.

In Chapter 4 we apply the following Zs-symmetric version (that is, for even
functionals) of the Mountain Pass Lemma (see Theorem 9.12 in Rabinowitz
[126]).

Symmetric Mountain Pass Theorem. Let X be an infinite dimen-
sional real Banach space and let F € C'(X,R) be even, satisfying the Palais-
Smale condition and F(0) = 0. Suppose that

(I1) There exist two constants p, a > 0 such that F(z) > a if ||z|| = p.
(I12) For each finite dimensional subspace X1 C X, the set {x € X1; F(x) > 0}

is bounded.

Then F' has an unbounded sequence of critical values.

The Saddle Point Theorem. Let X be a real Banach space and let
F : X — R be a functional of class C' satisfying the Palais-Smale condition.
Suppose that X =V & W with dimV < oo and, for some R > 0,

Fv)<a<p < inf F(w).
A

Then F' has a critical value ¢ > (3, characterized by

c=inf max F(p(v)),
PEP veV, |v|<R (p(v))

where P := {p € C(V N Bg, X); p(v) = v, for allv € dBR}.

We also apply several times in the present work the following elementary

results.
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Holder’s Inequality. Let p and p’ be dual indices, that is, 1/p+1/p' =1
with 1 < p < oo. Assume that f € LP(2) and g € Lp'(Q), where () is an open
subset of RY. Then fg € L'(Q) and

<(/ rf<x>|pdx)1/p- ([ lote)r'az) "

The special case p = p' = 2 is known as the Cauchy-Schwarz inequality.

/Q f(2)g(x)da

The Sobolev Embedding Theorem. Let €2 be a bounded open subset
of RN, with a C' boundary. Assume that 1 <p < N and u € W'P(Q). Then
u € LP (), where p* = Np/(N — p). We have in addition the estimate

[ull o= () < C llullwre)

the constant C' depending only on p, N and ().
Moreover, W'P(Q) is compactly embedded in LI(Q), for each 1 < q < p*
(Rellich-Kondrashov ).

Hardy’s Inequality. Assume that 1 < p < N. Then

u(z)? p .
L o S e [, 1vura

for any u € WYP(RY) such that u/|x| € LP(RY). Moreover, the constant
pP(N — p)~P is optimal.

Lebesgue’s Dominated Convergence Theorem. Let f,, : RN — R be
a sequence of functions in L*(RY). We assume that

(i) fo(z) — f(x) a.e. in RV,

(ii) there exists g € L'(RY) such that, for all n > 1, | f.(2)| < g(z) a.e. in
RY.

Then f € LY(RN) and ||f, — f||z2 — 0 as n — oc.

In this thesis we have also applied several results from the monographs
Barbu [11], Drabek, Kufner and Nicolosi [42], Evans [51], Gilbarg and Tru-
dinger [62], Hyers, Isac and Rassias [73], Jabri [75], Jebelean [76], Kristaly
and Varga [88], Kufner and Persson [89], Mawhin and Willem [104], Niculescu
[111], O’Regan and Precup [115], Precup [123, 124}, Renardy and Rogers [137],
Struwe [144], Varga [150], and Willem [151, 152].
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This work is divided into five chapters. The first three parts are devoted

to the study of several classes of semilinear elliptic problems on bounded
domains or on the whole space. We are concerned with: (i) classical solutions
on the whole space (entire solutions) for nonlinear eigenvalue problems or
logistic type equations in anisotropic media; (ii) weak solutions for a subcrit-
ical perturbation of a linear eigenvalue problem with sign-changing potential.
Chapters 4 and 5 deal essentially with quasilinear partial differential equa-
tions. Chapter 4 is mainly devoted to the study of some classes of quasilinear
eigenvalue problems in Sobolev spaces with variable exponent. In Chapter 5
we establish several existence results for a multivalued Schrédinger equation
on the whole spaces and for a Schrodinger elliptic system with discontinuous
nonlinearity. Our results in the last chapter extend a theorem a Rabinowitz
for a singlevalued Schrédinger equation on RY. We give in what follows a

more precise description of the main results contained in this work.

In Chapters 1 and 4 we are concerned with some classes of nonlinear eigen-
value problems associated to linear or quasilinear elliptic operators. Our in-
terest for spectral problems can be motivated by the following quotation of
S. H. Gould [65] which asserts, in fact, that the mathematical spectrum is
partly made of “eigenvalues”, a strange word which has not been immediately
adopted: The concept of an eigenvalue is of great importance in both pure
and applied mathematics. The German word “eigen” means “characteristic”
and the hybrid word eigenvalue is used for characteristic numbers in order to
avoid confusion with the many other uses in English of the word “character-
istic”. There can be no doubt that “eigenvalue” will soon find its way into the
standard dictionaries. The English language has many such hybrids: for ex-
ample “liverwurst”. We conclude these historical comments with the following
deep remarks which are due to M. Zworski [157]: Figenvalues describe, among
other things, the energies of bound states, states that exist forever if unper-
turbed. These do exist in real life [...]. In most situation however, states do
not exist for ever, and a more accurate model is given by a decaying state that
oscillates at some rate. Eigenvalues are yet another expression of humanity’s
narcissist desire for immortality.

Chapter 1 deals with a nonlinear perturbation of the linear eigenvalue
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problem

—Au=AV(z)u inQ,

(1)

u € HH(Q),
where Q is an arbitrary open set in RY, N > 3. Problems of this type
have a long history. If Q is bounded and V' = 1, problem (1) is related to
the Riesz-Fredholm theory of self-adjoint and compact operators (see, e.g.,
Theorem VI.11 in Brezis [18]). The case of a non-constant potential V' has
been first considered in the pioneering papers of Bocher [17], Hess and Kato
[72], Minakshisundaran and Pleijel [105] and Pleijel [120]. For instance, Mi-
nakshisundaran and Pleijel [105], [120] studied the case where € is bounded,
Vel®),V>0inQand V >0in Qy C Q with [Qy| > 0. An important
contribution in the study of (1) if €2 is not necessarily bounded has been given
by Szulkin and Willem [146] under some additional assumptions on V. In our
framework we assume that V : RY — R is a Hélder function that satisfies

(V) VeL®®RY), VI =Vi+Va#0, Vi € LN?RY), lim |z]*Va(z) = 0.

|z|—o0

For any R > 0, denote Br = {z € RY; |z| < R} and set

M (R) = min {/ Vuldz; ue Hi(Br), | V(z)ulds = 1} |
Br

Br

Consequently, the mapping R —— A\(R) is decreasing and so, there exists
A = limp_o A1 (R) > 0. We first state a sufficient condition so that A is

positive. For this aim we impose the additional assumptions
there exist A, & > 0 such that VT (z) < A|z|727%, forall z € RY (2)

and
lim [2 "DV V() = 0. (3)

Theorem 1. Assume that V satisfies conditions (V'), (2) and (3).
Then A > 0.
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The next result asserts that A plays a crucial role for the nonlinear eigen-

value logistic problem

~Au=AV(z)u— f(u)) inRN,

u>0 inRY, (4)
lim wu(z) =0,
|z|—o0

where the nonlinear absorption term f : [0, 00) — [0, 00) is a C'—function such

that
(/1) £(0)=f(0) = 0 and liminf fi“) > 0;

(f2) the mapping f(u)/u is increasing in (0, +00);

() im T

The following existence and non-existence result shows that, in fact, A is
as a bifurcation point in Problem (4).

Theorem 2. Assume that V and f satisfy the assumptions (V), (2), (f1),
(f2) and (£3).

Then the following hold:

(i) problem (4) has a unique solution for any A > A;

(ii) problem (4) does not have any solution for all A < A.

Theorems 1 and 2 are the original results contained in the first chapter of

this work. These theorems are included in Radulescu [129].

In Chapter 2 we first consider the nonlinear problem

—Au = p(z)f(u) in RN
u>/ in RV (5)

u(z) — ¢ as |x| — oo,

where N >3, ¢ >0, p € L (RY), p > 0 and p # 0. The nonlinearity

loc

f:(0,00) — (0,00) satisfies f € C2?(0,00) (0 < a < 1) and has a sublinear

loc

growth, in the sense that

(f1) the map u — f(u)/u is decreasing on (0, 00) and lim,_,~ f(u)/u = 0.
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We point out that condition (f1) does not require that f is smooth at the

origin. A model example of such a nonlinearity is f(u) = u®, with —oco < a <
1. This function has a singularity at the origin, provided o < 0.

Our study is motivated by the celebrated paper by Brezis and Kamin
[19], where it is considered the sublinear elliptic equation without condition at
infinity

—Au = p(x)u® in RV, N > 3, (6)

with 0 < o < 1, p € L (RY), p > 0 and p # 0. Brezis and Kamin proved
that the nonlinear problem (6) has a bounded solution u > 0 if and only if
the linear problem

—Au = p(x) in RY

has a bounded solution. In this case, Problem (6) has a minimal positive so-
lution and this solution satisfies lim inf |, u(z) = 0. Moreover, the minimal
solution is the unique positive solution of (6) which tends to zero at infinity.
Brezis and Kamin also showed that if the potential p(z) decays fast enough at
infinity then Problem (6) has a solution and, moreover, such a solution does
not exist if p(z) has a slow decay at infinity. For instance, if p(x) = (1+]z|P) !,
then (6) has a bounded solution if and only if p > 2. More generally, Brezis
and Kamin have proved that Problem (6) has a bounded solution if and only if
p(z) is potentially bounded, that is, the mapping z — [pn p(y)|z — y|> VN dy
is in L>°(RM).

In our first result in Chapter 2 we suppose that the growth at infinity of
the anisotropic potential p(x) is given by

(p1) [3° r®(r)dr < co, where ®(r) := max|y|—, ().

Entire solutions of (5) decaying to zero at infinity have been studied in
Cirstea and Radulescu [27] for ¢ = 0, provided that: p satisfies (pl), there
exists § > 0 such that the mapping u —— f(u)/(u 4+ ) is decreasing on
(0,00), lim,\o f(u)/u = +oo and f is bounded in a neighborhood of +oc.
Our main purpose in the present chapter is to consider both cases { = 0
and ¢ > 0, under the weaker assumption that the mapping v — f(u)/u
is decreasing on (0,00). We point out that the assumption “u +—— f(u)/u is

decreasing on (0, 00)” has been introduced in Brezis and Oswald [20]. However,
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their framework is related to bounded domains, while our analysis is on the
whole space.

The next two theorems are the main results contained in Radulescu [134].

Theorem 3. Assume that ¢ > 0. Then Problem (5) has a unique classical
solution.

In the case ¢ = 0 we impose the stronger condition
(p2) fooo rN=1(r)dr < oo.

Additionally, we suppose that
(f2) f is increasing in (0, 00) and lim,~ o f(u)/u = +oo.

Theorem 4. Assume that ¢ = 0 and assumptions (p2), (f1) and (f2) are
fulfilled. Then Problem (5) has a unique classical solution.

Our arguments are related to some ideas found in Cirstea and Radulescu
[27], Edelson [43], Lair and Shaker [91], and Lazer and McKenna [94]. In
contrast with the approach on bounded domains (as developed in Brezis and
Oswald [20]), our novelties are the following:

(i) Our proofs of existence combine the analysis on bounded domains with
a comparison argument, while Brezis and Oswald use minimization techniques.

(ii) Our proofs of uniqueness rely essentially on the maximum principle,
while Brezis and Oswald introduce a subtle energy method which is reminiscent

of the device used in the theory of monotone operators.

Next, we study the problem

—Au+ q(2)|Vul® = p(x)u™ in RV

u>0 in RY (7)
lim wu(z) =0,
|z|—o0

whereN23,a>0,’y>0,p,qeCO’Q(RN),p>0anquOinRN. Set

loc

O(r) := ‘m|axp(m). We impose no growth hypothesis on ¢ but we suppose that
ZT|=T

p satisfies the following decay condition to zero at infinity:

(e 9]

/ r(r)dr < oo.

0
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In particular, potentials p(z) which behave like |z|~® as |z] — oo, with a > 2,
satisfy this assumption.

We prove the following theorem which is the main result in Radulescu
[130].

Theorem 5. Under the above hypotheses, the problem (7) has a unique

classical solution.

In Chapter 3 we study a boundary value problem related to the linear
eigenvalue problem (1), but under different hypotheses on the sign-changing

potential V(z). More precisely, we assume that
(H) Vt#£0 and V € L?(Q),

where s > N/2 if N > 2 and s = 1 if N = 1. As usually, we have de-
noted VT (x) = max{V(x),0}. Obviously, V = VT — V~, where V~(z) =
max{—V(x),0}.

In order to study the main properties (isolation, simplicity) of the principal

eigenvalue of (1), Cuesta [32] proved that the minimization problem

min{/ |Vul?dz; v € HH(Q), /V(:C)u2d:c = 1}
Q Q

has a positive solution ¢; = ¢1(€2) which is an eigenfunction of (1) corre-
sponding to the eigenvalue Ay := A\ (Q) = [, V1 [*dz.

In Chapter 3 we consider the perturbed nonlinear boundary value problem

—Au =MV (x)u+g(zr,u) in Q,
uw=0 on 0N, (8)

uz0 in Q.

After multiplication with ¢ and integration by parts we obtain that problem
(8) does not have any solution if g has a constant sign in 2. Our main purpose
in Chapter 3 is to provide sufficient conditions in order to obtain at least one
solution. The original results are stated in Theorems 6 and 7 and are contained
in Radulescu [131]. Throughout this chapter we assume that g : 2 x R — R

is a Carathéodory function satisfying g(z,0) = 0 and with subcritical growth,
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that is,
lg(z, 5)] < ag-|s|" + bo, for all se R, a.e. z€Q,

for some constants ag, by > 0, where 2 < r < 2*. We recall that 2* denotes
the critical Sobolev exponent, that is, 2* := ]\2,—]_\[2 if N > 3 and 2* = 400 if
S
N € {1,2}. Set G(z,s) := [ g(z,t)dt.
0
In the next two theorems, we prove the existence of a solution under the

following assumptions on the potential G:

(G1)q lim sup Gﬁ’ 5) <b< oo uniformly a.e. 2z€Q, q¢> 2;
jslooo |8
-2
(G, l‘n‘n inf 9z, 8)8| m Glz,s) >a >0 uniformly a.e. z€Q;
S§|—00 S

g(z,8)s — 2G(x, s)

S < —a <0 uniformly a.e. z€Q.
s

(G5 lim sup

|s|—o0

Theorem 6. Assume that G satisfies conditions (G1)q, (G3 )y [or (G3),]
and
(Gs)
limsup&?(s) <a< M <p< liminf&ﬁ’s)
50 5 |s[po0 8
with > 2N/(q—2) if N >3 or p > q—2if 1 < N < 2. Then Problem (8)

has at least one solution.

uniformly a.e. = € ),

Theorem 7. Assume that G(z,s) satisfies (G5 ), [or (G3),], for some
w >0, and

G(z,s)
2

(Gy4) lim

o =0 uniformly a.e. x € ().
s|—00 S

Then Problem (8) has at least one solution.

A pioneering result of Ambrosetti and Rabinowitz [5] asserts that the semi-

linear boundary value problem
—Au =uP! in
u >0 in Q (9)

u=2~0 on 9N



tel-00011384, version 1 - 15 Jan 2006

14

has at least a nontrivial solution in H} (), where Q € R¥ is a smooth bounded
domain, 2 <p < 2N/(N—2)if N >3 and p € (2,00) if N =10or N =2. The
proof relies on the Mountain Pass Theorem.

This equation is called the Kazdan—Warner equation and the existence
results are related not only to the values of p, but also to the geometry of €2. For
instance, problem (9) has no solution if p > 2N /(N —2) and if Q is a starshaped
domain with respect to a certain point (the proof uses the Pohozaev identity,
which is obtained after multiplication in (9) with x - Vu and integration by
parts). If 2 is not starshaped, Kazdan and Warner proved in [82] that problem
(9) has a solution for any p > 2, where (2 is an annulus in R".

Under the same assumptions on p, similar arguments based on the Moun-

tain Pass Theorem show that the boundary value problem

—Au — u=uP? in Q
u>0 in €
u=0 on 0,

has a solution for any A < A;, where A; denotes the first eigenvalue of (—A) in
H&(Q) Moreover, by multiplication with ¢; and integration on 2 we deduce
that there is no solution if A\ > Ay, where ¢ stands for the first eigenfunc-
tion of the Laplace operator. Our first purpose in Chapter 4 is to study a
related problem, but for a more general differential operator, the so-called
p(z)-Laplace operator. This degenerate differential operator is defined by
Apyu = div(|Vu[P®)=2Vy) (where p(z) is a certain function whose prop-
erties will be stated in what follows) and that generalizes the celebrated p—
Laplace operator, defined by Ayu := div(|Vu|P~?Vu), where p > 1 is a con-
stant. The p(x)-Laplace operator possesses more complicated nonlinearity
than the p—Laplacian, for example, it is inhomogeneous.

Let Q be a bounded open set in RV (N > 2) with smooth boundary. Set

C+(Q) = {h; he C(Q), h(z) > 1for all z € Q}.
For any h € C;(Q) we define

h* = sup h(z) and h™ = inf h(z).
e €
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For any p(z) € C4(Q), we define the variable exponent Lebesgue and Sobolev

spaces
LP@(Q) = {u; u:Q — R is measurable and / lu(z)|P®) dz < oo}
Q

and
wir@(Q) = {u e LP@(Q); |Vu| € LP@(Q)}.

On these spaces we define, respectively, the following norms

IWWwZHﬁ{u>0;/‘u@)
Q

1
and

p(z)
dzx < 1} (called Luxemburg norm)

Consider the boundary value problem

—div(|Vu[P®)=2Vy) = AP~ 4 a1 in Q
u=0 on 02 (10)
w>0, uz0 inQ,

where )\, ¢ € R and p € C(Q) such that p* < N.
We say that u € Wol’p(x)(Q) is a solution of Problem (10) if u > 0, u # 0
in © and

/ \VuP®) =2y Vods = )\/ wP® " ydy +/ u? tvdz, Yo € Wol’p(z) ().
Q Q Q

A crucial role in the statement of the next result is played by the nonlinear

eigenvalue problem
—div(|Vu[P®)=2Vu) = AulP®) 2y in Q
u=0 on 0f}.
Let A denote the set of eigenvalues of (11), that is,
A=A

p(z) = 1A € R; X is an eigenvalue of Problem (11)}.
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Set
A* = )\;(x) =inf A.
The following existence property is the main result contained in Radulescu
[132].
Theorem 8. Assume that A\ < A\* and pt < ¢ < Np~ /(N — p~). Then

Problem (10) has at least a solution.

Next, we consider the problem

—div((|Vul|Pr@®)=2 4 |Vu|P2®)=2)Tu) = —Aju|™ @2y 4 |[u|i®) 2y, 2 € Q

u=0, x € 0N,
(12)
where
N -m(x) ”
if m(z) < N
m(z) := max{p1(z),p2(v)} < q(z) < N —m(z)

for any €  and all A > 0.
Under these assumptions, we prove the following multiplicity result which

is contained in Radulescu [133].

Theorem 9. For every A\ > 0 problem (12) has infinitely many weak

solutions, provided that 2 < p; fori € {1,2}, m™ < ¢~ and ¢* < Ji,vfg;.

Our next result asserts that we can not expect to obtain infinitely many
solutions, provided the signs are reversed in the right hand-side of (12). Indeed,

consider the problem

—div((|Vul|Pr@®)=2 4 |Vu|P2®)=2) V) = Au|™®) 2y — [u|t®) 2y, 2 Q

u =0, x € 0N.
(13)
We prove (see Radulescu [133])

Theorem 10. There exists \* > 0 such that for any A\ > \*, problem (13)

N-m~

has a nontrivial weak solution, provided that m* < ¢~ and ¢* < F2—.
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There are strong similarities but also differences between problems (12)
and (13). We first observe that the signs are reversed in the right hand-
sides. Next, Problem (12) admits infinitely many solutions for any A > 0. In
contrast, Problem (13) admits at least one solution, provided \ is sufficiently

large.

In a celebrated paper, Rabinowitz [126] studied the semilinear elliptic equa-
tion
—Au+ a(x)u = f(z,u) in RV,

Rabinowitz proved the existence of a ground-state solution (mountain-pass
solution), under suitable conditions on a and assuming that f is smooth,
superlinear and subcritical. Our purpose in the last chapter is to provide two
generalizations of this result. We are first concerned with the multivalued

problem

—div (|VulP® =2V u) + a(@) [ul® " 2u € [f(z,u), f(zx,u)] in RY

u>0, u#0 in RY,
(14)
where
f(z,t) := lim essinf {f(z,s); [t —s| <e};
e\o0

Fla,t) = lim esssup {f(a,3); [t = s| <<}

We assume that a € LfgC(RN ) is a variable potential such that, for some

ag > 0,

a(x) > agp ae. z € RY  and ess| l‘im a(zr) = +o0. (15)
xTr|—0o0

In (14) we suppose that f : RN x R — R is a measurable function such
that, for some C' > 0, ¢ € R with p™ <¢+1< Np~ /(N —p~) if p~ < N and
pt <q+1<+ocoif p™ > N, and > p™, we have

If(z, )| < C(lt] + |t]9)  ae. (z,t) e RN xR; (16)

f(z,t)

tpt-1

lim esssup { ; (z,t) € RY x (—5,5)} =0; (17)
e\0
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0< ,u/ot f(z,8)ds <tf(x,t) ae. (z,t)€ RY x [0, +00). (18)

The following original result is contained in Radulescu [135].

Theorem 11. Assume that hypotheses (15)—(18) are fulfilled. Then Prob-

lem (14) has at least one solution.

Next, we consider the multivalued system

—Auy +a(@)ur € [f(z,ui(z),u2(2)), flz,ui(z),uz(z))] ae zeRY
g(

—Aug + b(x)uz € [g(x,u1(x),u2(x)),g(z,u1(x), u2(x))] ae € RV,
(19)
where a(r) > a > 0, b(z) > b > 0. We assume that f,g : RV x R? — R are

nontrivial measurable functions satisfying the following hypotheses:

|f(z,t)| < C(|t] + |t[P) for a.e. (z,t) € RN x R?

lg(z,t)| < C([t| + [t|P) for a.e. (z,t) € RN x R?, 2
where p < 2%;
%Erg)esssup {W, (z,t) € RN x (=6, +5)2} =0 o)
%i_r% esssup { |g(|a;,| t)|; (z,t) € RY x (=4, +5)2} =0

We suppose that the mapping F : RV x R? — R defined by F(z,t1,t3) :=
fotl flz, 7, t2) dT + fg2 g(x,0,7) dr satisfies

to t1
F(x,t1,t2) = /g xz,t1,T dT—i—/f(ac,T,O) dr
3 0 (22)
and F(x,t1,t3) = 0 if and only if t; = t3 = 0;
there exists p > 2 such that for any 2 € RV
tli(-x tlatQ) +t2g($ tlatQ)a t1> t2 Z 0
t1f(z,t1,t2) + tag(z, t1,t2); t1 > 0,12 <0
0 < pF(z,t1,t2) < - (23)
t1f(z,t1,t2) + tag(z, t1,t2); t1, t2 <0
(z,t1,t2) ( );

+tag(z,t1,t2); t1 < 0,12 >0.
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We prove the following existence result which is contained in Radulescu
[136].

Theorem 12. Assume that conditions (20)-(23) are fulfilled. Then Prob-

lem (19) has at least a nontrivial solution.

It is a big pleasure to thank Professor Radu Precup for his constant support
and for his high level guidance during the preparation of this dissertation.

I would like to express my sincere thanks to Professor loan Vrabie, Pro-
fessor Csaba Varga, and Professor Petru Jebelean, who kindly accepted to act
as referees for this Ph. D. thesis. I am particularly indebted to Professor Ioan
Vrabie for the very careful reading of this work and for his remarks which

substantially improved a preliminary version of my thesis.

December 9, 2005
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Chapter 1

Entire solutions of nonlinear
eigenvalue problems

Data aequatione quotcunque
fluentes quantitae involvente
fluxiones invenire et vice versa.
[“Tt is useful to differentiate
functions and to solve
differential equations.”]

Sir Isaac Newton to Leibniz,
1676

Abstract. In this chapter we are concerned with positive solutions decaying
to zero at infinity for the logistic equation —Au = X\ (V(x)u — f(u)) in RY, where
V(z) is a variable potential that may change sign, A is a real parameter, and f is an
absorption term such that the mapping f(¢)/t is increasing in (0, 00). We prove that
there exists a bifurcation non-negative number A such that the above problem has

exactly one solution if A > A, but no such a solution exists provided A < A.

1.1 A class of nonlinear eigenvalue logistic problems
with sign-changing potential and absorption

In this chapter we are concerned with the existence, uniqueness or the non-
existence of positive solutions of the eigenvalue logistic problem with absorp-
tion

—Au=\(V(x)u— f(u)) in RY, N >3, (1.1)

20
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where V' is a smooth sign-changing potential and f : [0,00) — [0,00) is a
smooth function. Equations of this type arise in the study of population
dynamics. In this case, the unknown u corresponds to the density of a pop-
ulation, the potential V' describes the birth rate of the population, while the
term — f(u) in (1.1) signifies the fact that the population is self-limiting. In
the region where V is positive (resp., negative) the population has positive
(resp., negative) birth rate. Since w describes a population density, we are
interested in investigating only positive solutions of problem (1.1).
Our results are related to a certain linear eigenvalue problem. We recall
in what follows the results that we need in the sequel. Let {2 be an arbitrary
open set in RN, N > 3. Consider the eigenvalue problem

—Au=AV(z)u inQ,
(1.2)

u € HH(Q).
Problems of this type have a long history. If € is bounded and V' = 1, prob-
lem (1.2) is related to the Riesz-Fredholm theory of self-adjoint and compact
operators (see, e.g., Theorem VI.11 in Brezis [18]). The case of a non-constant
potential V' has been first considered in the pioneering papers of Bocher [17],
Hess and Kato [72], Minakshisundaran and Pleijel [105] and Pleijel [120]. For
instance, Minakshisundaran and Pleijel [105], [120] studied the case where
is bounded, V € L*(Q), V> 0in Q and V > 0 in Qy C Q with [Qy| > 0. An
important contribution in the study of (1.2) if € is not necessarily bounded
has been given by Szulkin and Willem [146] under the assumption that the

sign-changing potential V' satisfies

VeLL(Q), VI =Vi+Va#0, Vi € LV2(Q),
H _
(H) %11% |z — y|*Va(x) = 0 for every y € 9, | lim |z]?Va(z) = 0.

z|—00
z€l zEN

We have denoted V*(z) = max{V(z),0}. Obviously, V = V* — V~ where
V™ (z) = max{—V(z),0}.
In order to find the principal eigenvalue of (1.2), Szulkin and Willem [146]

proved that the minimization problem

min{/ |Vu|?dz; v € HH(Q), /V(a:)u2da: = 1}
Q Q
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has a solution 1 = ¢1(§2) > 0 which is an eigenfunction of (1.2) corresponding
to the eigenvalue A1 (Q) = [, |Ve1|?dz.

Throughout this chapter the sign-changing potential V : RN — R is as-
sumed to be a Holder function that satisfies
(V) Ve L®®RY), Vvt =i +Vh #0, V1 € LN?(RY), ‘ 1|im |2 *Va(z) = 0.

xTr|—0Q

We suppose that the nonlinear absorption term f : [0,00) — [0,00) is a

C'-function such that
f'(w)

(f1) f£(0) = f(0) =0 and liin\iglf7>0;

(f2) the mapping f(u)/u is increasing in (0, +00).
This assumption implies lim, 4 f(u) = +00. We impose that f does not

have a sublinear growth at infinity. More precisely, we assume

(3 im0 e

Our framework includes the following cases: (i) f(u) = u? that corre-
sponds to the Fisher equation (see Fisher [57]) and the Kolmogoroff-Petrovsky-
Piscounoff equation [83] (see also Kazdan and Warner [81] for a comprehensive
treatment of these equations); (i) f(u) = uN*t2/(N=2) (for N > 6) which is
related to the conform scalar curvature equation, cf. Li and Ni [96].

For any R > 0, denote Bp = {x € RY; |z| < R} and set

AM(R) = min{/ |Vul|*dz; v € H}(BR), /
Br

V(z)uldr = 1} . (L3)
Br

Consequently, the mapping R — A1(R) is decreasing and so, there exists

A= lim M\(R)>0.

R—o0

We first state a sufficient condition so that A is positive. For this aim we

impose the additional assumptions
there exist A, a > 0 such that VT (z) < Alz|727, forall z € RY (1.4)

and
liH(l) 2PN =D/NY, () = 0. (1.5)
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Theorem 1. Assume that V' satisfies conditions (V'), (1.4) and (1.5).
Then A > 0.

Our main result asserts that A plays a crucial role for the nonlinear eigen-

value logistic problem

—Au=AV(z)u— f(u)) inRY,
u>0 inRN, (1.6)

lim wu(x)=0.
|x|—o00
The following existence and non-existence result shows that A serves as a

bifurcation point in our problem (1.6).

Theorem 2. Assume that V' and f satisfy the assumptions (V'), (1.4), (f1),
(£2) and (f3).

Then the following hold:

(i) problem (1.6) has a unique solution for any A > A;

(i) problem (1.6) does not have any solution for all A < A.

The additional condition (1.4) implies that V* € LN/2(RY), which does
not follow from the basic hypothesis (V). As we shall see in the next sec-
tion, this growth assumption is essential in order to establish the existence of
positive solutions of (1.1) decaying to zero at infinity.

In particular, Theorem 2 shows that if V(x) < 0 for sufficiently large |x|
(that is, if the population has negative birth rate) then any positive solution
(that is, the population density) of (1.1) tends to zero as |z| — oo.

We also refer to the recent papers Alves, Carriao and Miyagaki [4], Am-
brosetti and Wang [6], Cabré [21], Dall’Aqua [33], deFigueiredo [35], Delgado
and Suarez [36], Grossi, Magrone and Matzeu [68], Kabeya, Yanagida and
Yotsutani [78], Oruganti, Shi and Shivaji [117], Shi and Shivaji [143], Taira
[147] for further results related to problems of this type.
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1.2 Proof of Theorem 1

For any R > 0, fix arbitrarily u € Hg(Bg) such that / V(z)u?dr = 1. We
B
have "

1—/ V(x)quacS/ V+(x)u2dx—/ Vl(:c)u2dm+/ Vo(x)u’dz.
BR BR BR BR

Since Vi € LN/?2(RYN), using the Cauchy-Schwarz inequality and Sobolev em-
beddings we obtain

| Viwtdo < Wl s o, < CllVillpvag [ [Vafdz,
Br Br
(1.7)
where 2* denotes the critical Sobolev exponent, that is, 2* = 2N/(N — 2).
Fix € > 0. By our assumption (V'), there exist positive numbers §, R; and
R such that R™! < § < Ry < R such that for all x € Bp satisfying |z| > Ry

we have

lz|?Va(z) < e. (1.8)
On the other hand, by (V), for any x € Br with |z| < § we have
|2 PN =D/NY, (1) < e (1.9)

Define 2 := w;Uwy, where wy := Bg\ Bg,, w2 1= Bg\?l/R, and w := Bpg, \ Bs.
By (1.8) and Hardy’s inequality (see [70]) we find

2
/ Va(x)uldz < e/ u—2dx < C’ge/ |Vu|?dz. (1.10)
w1 w1 |£L’| Br

Using now (1.9) and Hélder’s inequality we obtain
2 u?
< —
/w2 Vo(z)u“dx < e/w2 |x’2(N_1)/Ndx

X N2 12N
2
€ [/w <|$’2(N—1)/Ndx> da:] [l
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By compactness and our assumption (V'), there exists a finite covering of @
by the closed balls B, (1), ..., By, (z)) such that, for all 1 < j < k

if |z —az;| <r; then |z — xj|2(N_1)/NV2(x) <e. (1.12)
There exists r > 0 such that, for any 1 < j <k

. , J2(N-1)/N hd

if |z —x;| <r then |z — zj] Vg(ac)gk.
Define A := U?ZlBT(wj). The above estimate, Holder’s inequality and Sobolev
embeddings yield

Vo(z)ulder < — — dx
Lmn kS B (ey) o = ag PO
2/N

HUH%Q*(BR)

IN
Enl e
—
S
3
&
[
8
\
8
T
Y
=
L
I
Z
SN—
<
QU
8
—

IN
Q

. L 2/N .
— ———dx Vul“dzx
K (/B a1 ) /BR’ |
€ "l N N 2
= CE (/ 75 des> / |Vul|“dz
0o S Br

= C'/ \Vul|?dz,
Br

for any j =1,...,k. By addition we find

/Vg(:v)ugdmg 04/ |Vul|?dz. (1.13)
A Br

It follows from (1.12) that V5 € L>®(w \ A). Actually, if x € w\ A it follows
that there exists j € {1, ..., k} such that r; > |z — x| > r > 0. Thus,

Va(z) < r2N-D/N¢,

Hence
/ Vo(x)uldz < er_Q(N_l)/N/ ulde < C’5/ \Vu|?dz. (1.14)
w\A w\A Br

Now, by inequalities (1.7), (1.10), (1.11), (1.13) and (1.14) we have

2/N

—1
)q(R) > {ClH‘/lHLN/2(RN) + Coe + Cs ((5 — R_l) +Cy + C5}
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and passing to the limit as R — oo we conclude that
-1
A> (C]_||‘/]_||LN/2(RN) +026+0352/N+C4+C5) > 0.

This completes the proof of Theorem 1. O

1.3 An auxiliary result

We show in this section that the logistic equation (1.1) has entire positive
solutions if A is sufficiently large. However, we are not able to establish that
this solution decays to zero at infinity. This will be proved in the next section

by means of the additional assumption (1.4). More precisely, we have

Proposition 1. Assume that the functions V and f satisfy conditions (V'),
(f1), (f2) and (f3). Then the problem

—Au=AV(z)u— f(u)) nRY,

(1.15)
u>0 inRY
has at least one solution, for any A > A.
Proof. For any R > 0, consider the boundary value problem
—Au=A(V(z)u— f(u)) in Bpg,
u>0 in Bp, (1.16)

u=0 on 0Bg.

We first prove that problem (1.16) has at least one solution, for any A > A\;(R).
Indeed, the function w(xz) = M is a supersolution of (1.16), for any M large
enough. This follows from (f3) and the boundedness of V. Next, in order to

find a positive subsolution, we consider the minimization problem

min / (|Vu|2 - )\V(;r)ug) dx .
UGHol(BR) BR

Since A > A (R), it follows that the least eigenvalue y; is negative. Moreover,
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the corresponding eigenfunction ey satisfies

—Ael — )\V(x)el = M1€1 in BR,
e1 >0 in Bg, (1.17)

e1 =0 ondBg.

Then the function u(z) = ee;(x) is a subsolution of the problem (1.16). Indeed,
it is enough to check that

—A(eer) — XeVep + Af(eer) <0 in Br,

that is, by (1.17),
eprer + Af(eer) <0 in Bg. (1.18)

But
feer) = ef'(0)ey + gero(1), as € — 0.

So, since f’(0) = 0, relation (1.18) becomes
ger (u1 +o0(1)) <0

which is true, provided € > 0 is small enough, due to the fact that pu; < 0.
Fix A > A and an arbitrary sequence R} < Ro < ... < R, < ... of positive
numbers such that R,, — oo and A\;(R;) < A. Let u,, be the solution of (1.16)
on Bpg,. Fix a positive number M such that f(M)/M > ||V jeo@n). The
above arguments show that we can assume u, < M in Bg , for any n > 1.
Since up41 is a supersolution of (1.16) for R = R,,, we can also assume that
Up < Upt1 in Bg,. Thus the function u(x) := lim, o uy(z) exists and is
well-defined and positive in RY. Standard elliptic regularity arguments imply
that u is a solution of problem (1.15). O

The above result shows the importance of the assumption (1.4) in the
statement of Theorem 2. Indeed, assuming that V satisfies only the hypothesis
(V), it is not clear whether or not the solution constructed in the proof of
Proposition 1 tends to 0 as |z| — oo. However, it is easy to observe that
if A > A and V satisfies (1.4) then problem (1.6) has at least one solution.
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Indeed, we first observe that
eei(z), ifx € Bgr

u(z) = (1.19)
0, if x ¢ BR

is a subsolution of problem (1.6), for some fixed R > 0, where e; satisfies

(1.17). Next, we observe that u(z) = n/(1 + |x|?) is a supersolution of (1.6).

Indeed, w satisfies

2[n(1 + |2[*) — 4]a?]
(1+ |z[*?

—Atu(x) = u(z), z e RY.

It follows that @ is a supersolution of (1.6) provided

2[n(1 + |2[*) — 4|z?]
(1 + [z[*)?

n

This inequality follows from (f3) and (1.4), provided that n is large enough.

1.4 Proof of Theorem 2

We split the proof of our main result into several steps. We will assume the
conditions (V'), (1.4), (f1-f3) are satisfied by V', f throughout this section.

Proposition 2. Let u be an arbitrary solution of problem (1.6). Then there
exists C > 0 such that |u(z)| < Clz|>~N for all v € RV,

Proof. Let wy be the surface area of the unit sphere in RY. Consider the

function VTu as a Newtonian potential and define

1 / Vi(y)uly) ,

M= 2w ke

RN ‘.’I]—

A straightforward computation shows that
~Av=VT(z)u  in RV, (1.20)
But, by (1.4) and since u is bounded,

Viyuly) <Cly[7**,  forall y e RY.
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So, by Lemma 2.3 in Li and Ni [96],

v(x) < Clx|™¢, for all z € RY,

provided that « < N — 2. Set w(x) = Cv(x) — u(x). Hence w(x) — 0 as
|x| — oo. Let us choose C sufficiently large so that w(0) > 0. We claim that
this implies

w(z) >0,  forall z€RY. (1.21)

Indeed, if not, let o € RN be a local minimum point of w. This means that
w(zo) < 0, Vw(xzp) =0 and Aw(zg) > 0. But

Aw(zg) = —CV ™ (wo)u(zo) + X (V(wo)u(xo) — f(u(o))) <0,
provided that C' > A. This contradiction implies (1.21). Consequently,
u(z) < Cv(x) < Clz|™¢, for any z € RY.
So, using again (1.4),
VH(@)u(z) < Clz| 2729, for all z € RY.
Lemma 2.3 in Li and Ni [96] yields the improved estimate
v(x) < Clz| 2, for all = € RY,

provided that 2a < N — 2, and so on. Let n, be the largest integer such that
nqa < N —2. Repeating n, +1 times the above argument based on Lemma 2.3
(i) and (iii) in Li and Ni [96] we obtain

u(z) < Clz|*~V, for all z € RV,
O

Proposition 3. Let u be a solution of problem (1.6). Then V*tu, V= u, f(u) €
LYRY), and v € HY(RY).
Proof. For any R > 0 consider the average function

1 1

E(R) = W /aBR U(l’)dO' = E . U('I“l')d(f,
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where wy denotes the surface area of S™V~1. Then

_ 1 ou 1 ou 1

_ 1 [ Ou _ ou [ A .
' (R) on Jon. ay(mc)da N BT o 8V(x do e /BR u(z)dx

wy BN 13 (R) = —)\/ V(@) — f(u)) de =
Br (1.22)

—)\/ VT (z)udz + A (V7 (z)u+ f(u)) da.
Br Br

By Proposition 2, there exists C' > 0 such that [a(r)] < Cr~N+2, for any
r > 0. So, by (1.4),

/ VT (z)udz < CA/ lz| N7z < C,
1<z <r 1<a|<r

where C' does not depend on 7. This implies V*u € L'(RY).

By contradiction, assume that V~u + f(u) ¢ L'(RY). So, by (1.22),
@' (r) > 0 if r is sufficiently large. It follows that u(r) does not converge to 0
as 7 — o0, which contradicts Proposition 2. So, V"u+ f(u) € L'(RY). Next,
in order to establish that v € L?(RY), we observe that our assumption (f1)
implies the existence of some positive numbers a and ¢ such that f'(t) > at,
for any 0 < ¢t < 6. This implies f(t) > at?/2, for any 0 < t < §. Since u decays
to 0 at infinity, it follows that the set {z € R™; u(x) >} is compact. Hence

/ ulde = / ulda —|—/ uldr < / uldx + 2/ f(u)dz < 400,
RN [u>6] [u<d] [u>d] a Ju<d]

since f(u) € L'(RY).
It remains to prove that Vu € L?(RYM)N. We first observe that after

multiplication by v in (1.1) and integration we find

/ |Vu|*dx — / u(x)a—u(a:)da = )\/ (V(x)u — f(u))dz,
BR 8BR 81/ BR
for any r > 0. Since Vu — f(u) € LY(RY), it follows that the left hand-side

has a finite limit as » — oo. Arguing by contradiction and assuming that
Vu & L*>(RNV)N | it follows that there exists Ry > 0 such that

0 1
/ u(x)—u(x)da > / |Vu|?dz, for any R > Ry. (1.23)
OBR 81/ 2 Br
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Define the functions
0
A(R) = / u(m)—u(m)da, B(R) = / uz(:v)da, C(R) = / ]Vu(x)\de.
OBp ov 9Bn Br
Relation (1.23) can be rewritten as

A(R) > - C(R), for any R > Ry. (1.24)

N[

On the other hand, by the Cauchy-Schwarz inequality,

U

A*(R) < </BBR u2d0> </63R g,,

Using now (1.24) we obtain

2d0> < B(R)C'(R).

C?(R)
! > f > Ry.
C'(R) > 1B(R) or any R > Ry
Hence q A o
— — < fi > . 1.2
T [C(r)+/0 B(t)]r:R_O’ or any R > Ry (1.25)

But, since u € L*(RY), it follows that [;* B(t)dt converges, so

b [ +00 (1.26)
R—oo Jo B(t) B ' '

On the other hand, our assumption |Vu| & L2(RY) implies

1
li — = 0. 1.2
A em) =0 (1.27)

Relations (1.25), (1.26) and (1.27) yield a contradiction, so our proof is com-

plete. O

Proposition 4. Let u and v be two distinct solutions of problem (1.6). Then

RIEI;O . u(m)a(az)da =0.

Proof. By multiplication with v in (1.6) and integration on Br we find

Vu - Vudz — / w2 o = )\/BR (V(z)uv — f(u)v) da.

Br 0By OV
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So, by Proposition 3, there exists and is finite limpg s faBR u%da. But, by
the Cauchy-Schwarz inequality,

o 1/2 1/2
/ u—do| < (/ u2d0> </ ]Vv|2do> . (1.28)
oBr OV 9B 9B

Since u, |Vu| € L*(RY), it follows that [;° (faBR (u? + |VU]2)d0) dx is con-

vergent. Hence

lim (u® + |Vv|*)do = 0. (1.29)
R—o0 OBp
Our conclusion now follows by (1.28) and (1.29). O

PrOOF OF THEOREM 2. (i) The existence of a solution follows with the
arguments given in the preceding section. In order to establish the uniqueness,
let u and v be two solutions of (1.6). We can assume without loss of generality
that u < wv. This follows from the fact that @ = min{u, v} is a supersolution of
(1.6) and u defined in (1.19) is an arbitrary small subsolution. So, it sufficient
to consider the ordered pair consisting of the corresponding solution and v.

Since u and v are solutions we have, by Green’s formula,

ov ou _ flv)  fw)
/83R (uay—vay> do =\ BRuv (v_ u) dz.

By Proposition 4, the left hand-side converges to 0 as R — co. So, (f1) and
our assumption u < v force u = v in RV,

(ii) By contradiction, let A < A be such that problem (1.6) has a solution
for this A. So

/ |Vu|?dx —/ u@da = )\/ (V(z)u? — f(u)u) dz.
Bpr OBRr al/ Br
By Propositions 3 and 4 and letting R — oo we find
/ |Vul*dz < )\/ V(x)uldz. (1.30)
RN RN
On the other hand, using the definition of A and (1.3) we obtain

A V§2dx§/ V¢ |2da, (1.31)
RN RN

for any ¢ € C3(RY) such that Jen V32dx > 0.
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Fix ¢ € C2(RY) such that 0 < ¢ < 1, ¢(z) = 1 if |2| < 1, and ((z) = 0

if || > 2. For any n > 1 define ¥,,(z) = (,(x)u(z), where (,(z) = ((|z|/n).
Thus ¥, (z) — u(z) as n — oo, for any = € RY. Since u € H'(RY), it follows
by Corolarry IX.13 in Brezis [18] that u € L*N/(N=2(RN). So, the Lebesgue

Dominated Convergence Theorem yields
U, —»u  in LPN/WO=2(RN),
We claim that
VU, — Vu  in LA2(RV)N, (1.32)
Indeed, let Q, := {z € RY; n < |2| < 2n}. Applying Holder’s inequality we
find
VU, = Vaul[ 2@y < (16— DVul 2myy + [[uVEnll20,) <

(G — 1)VU||L2(1RN) + HUHLQN/(N*?)(QH) ’ ||VCn||LN(RN)-
(1.33)
But, since |Vu| € L2(RY), it follows by Lebesgue’s Dominated Convergence
Theorem that

nlLrgo (¢ — 1)VU||L2(RN) = 0. (1.34)
Next, we observe that
IVCallLn gy = [IVC] r gy (1.35)

Since u € L2N/(N=2)(RN) then
Tim_ [l av/v- g, = 0. (1.36)

Relations (1.33)—(1.36) imply our claim (1.32).
Since V*u? € LY(RY) and V*U2 < V*4? | it follows by Lebesgue’s Dom-
inated Convergence Theorem that
lim VEW2dy = VEulda.
Consequently
lim VIU2dy = / Vuldz. (1.37)
RN RN

n—oo
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So, by (1.30) and (1.37), it follows that there exists ng > 1 such that

VUidr >0, for any n > nyg.

RN

This means that we can write (1.31) for ¢ replaced by ¥,, € C3(RY). Using
then (1.32) and (1.37) we find

/ \Vu|?dx > A/ Vuldz. (1.38)

RN RN
Relations (1.30) and (1.38) yield a contradiction, so problem (1.6) has no
solution if A < A. ]
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Chapter 2

Entire solutions of nonlinear
elliptic equations

As far as the laws of
mathematics refer to reality,
they are not certain; and as far
as they are certain, they do not
refer to reality.

Albert Einstein (1879-1955)

Abstract. In the first part of this chapter we study the nonlinear elliptic problem
—Au = p(z)f(u) in RN (N > 3), lim;|—oo u(z) = ¢, where £ > 0 is a real number,
p(z) is a nonnegative potential belonging to a certain Kato class, and f(u) has a
sublinear growth. We distinguish the cases £ > 0 and ¢ = 0 and we prove existence and
uniqueness results if the potential p(z) decays fast enough at infinity. Our arguments
rely on comparison techniques and on a theorem of Brezis and Oswald for sublinear
elliptic equations. Next, we consider the Emden-Fowler equation —Au+ ¢(x)|Vu|* =
p(xr)u™ in RV, where a and v are positive numbers, p and ¢ are locally Holder
functions in RY, with p > 0 and ¢ > 0. In the last section of this chapter we prove
that the above equation has a unique positive solutions decaying to zero at infinity.
Our proof is elementary and it combines the maximum principle for elliptic equations

with a theorem of Crandall, Rabinowitz and Tartar.

35



tel-00011384, version 1 - 15 Jan 2006

36

2.1 Entire solutions of sublinear elliptic equations
in anisotropic media

In their celebrated paper [19], Brezis and Kamin have been concerned with
various questions related to the existence of bounded solutions of the sublinear

elliptic equation without condition at infinity
~Au=p(x)u® inRN N >3, (2.1)

where 0 < a < 1, p € LL (RY), p > 0 and p # 0. We summarize in what
follows the main results obtained in Brezis and Kamin [19]. Brezis and Kamin
proved that the nonlinear problem (2.1) has a bounded solution u > 0 if and

only if the linear problem
—Au = p(x) in RY

has a bounded solution. In this case, Problem (2.1) has a minimal positive
solution and this solution satisfies lim inf|,_,o, u(x) = 0. Moreover, the min-
imal solution is the unique positive solution of (2.1) which tends to zero at
infinity. Brezis and Kamin also showed that if the potential p(x) decays fast
enough at infinity then Problem (2.1) has a solution and, moreover, such a
solution does not exist if p(x) has a slow decay at infinity. For instance, if
p(z) = (1 + |2[P)~!, then (2.1) has a bounded solution if and only if p > 2.
More generally, Brezis and Kamin have proved that Problem (2.1) has a
bounded solution if and only if p(z) is potentially bounded, that is, the map-
ping © — [pn p(y)|z — y[> Ndy € L=(RY). We refer to Brezis and Oswald
[20] and Krasnoselskii [85] for various results on bounded domains for sublin-
ear elliptic equations with zero Dirichlet boundary condition. Problem (2.1) in
the whole space has been considered in Badiale and Dobarro [8], Edelson [43],
Egnell [48], Fukagai [58], Kawano [80], Lair and Shaker [91], Mabrouk [101],
Naito [108], Radulescu [129], Wu and Yang [155], under various assumptions
on p. Sublinear problems (either stationary or evolution ones) appear in the
study of population dynamics, of reaction-diffusion processes, of filtration in
porous media with absorption, as well as in the study of the scalar curvature
of warped products of semi-Riemannian manifolds (see, e.g., Bandle, Pozio
and Tesei [10], Dobarro and Lami Dozo [41], Eidus [49], O’Neill [113]).
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Our purpose in the first part of this chapter is to study the problem

—Au=p(z)f(u) in RN
u>/{ in RV (2.2)
u(x) — ¢ as |z| — oo,

where N > 3 and ¢ > 0 is a real number.

Throughout the chapter we assume that the variable potential p(x) satisfies
p€LE(RYN), p>0andp0.

In our first result we suppose that the growth at infinity of the anisotropic
potential p(zx) is given by

(p1) [o° r®(r)dr < oo, where ®(r) := max|,—, p(z).

Assumption (pl) has been first introduced in Naito [108].

The nonlinearity f : (0,00) — (0, 00) satisfies f € CIOO’?(O,OO) 0<a<l)

and has a sublinear growth, in the sense that

(f1) the mapping u — f(u)/u is decreasing on (0, 00) and lim, o f(u)/u =

We point out that condition (f1) does not require that f is smooth at
the origin. The standard example of such a nonlinearity is f(u) = uP, where
—00 < p < 1. We also observe that we study an equation of the same type
as in Brezis and Kamin [19]. The main difference is that we require a certain
asymptotic behaviour at infinity of the solution.

Entire solutions of (2.2) decaying to zero at infinity have been studied
in Cirstea and Radulescu [27] for ¢ = 0, provided that: p satisfies (p1), there
exists # > 0 such that the mapping u — f(u)/(u+ ) is decreasing on (0, o),
lim,\ o f(u)/u = +o00 and f is bounded in a neighborhood of +occ0. Our main
purpose in the present chapter is to consider both cases ¢ = 0 and £ > 0,
under the weaker assumption that the mapping u — f(u)/u is decreasing on
(0, 00).

Under the above hypotheses (pl) and (f1), our first result concerns the
case £ > 0. We have

Theorem 3. Assume that { > 0. Then Problem (2.2) has a unique classical

solution.
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Next, consider the case ¢ = 0. Instead of (pl) we impose the stronger

condition
(p2) fooo rN=1d(r)dr < oo.

We remark that in Edelson [44] it is used the stronger assumption

/ PN ARAN=2G (r)dr < 0, for some A € (0,1).
0

Additionally, we suppose that
(f2) f is increasing in (0, 00) and lim,~ o f(u)/u = +oo.
A nonlinearity satisfying both (f1) and (2) is f(u) = uP, where 0 < p < 1.

Our result in the case £ = 0 is the following.

Theorem 4. Assume that { = 0 and assumptions (p2), (f1) and (f2) are
fulfilled. Then Problem (2.2) has a unique classical solution.

A major role in our arguments is played by the Maximum Principle for
elliptic equations (see Gilbarg and Trudinger [66], resp. Rus [138, 139] for a
variant corresponding to elliptic systems).

We point out that assumptions (pl) and (p2) are related to a celebrated
class introduced by Kato, with wide and deep applications in Potential Theory
and Brownian Motion. We recall (see Aizenman and Simon [3]) that a real-
valued measurable function ¢ on R belongs to the Kato class K provided
that

lim sup /I _ By =0,
z—y|<a

a—0 RN
where F denotes the fundamental solution of the Laplace equation. According
to this definition and our assumption (pl) (resp., (p2)), it follows that ¢ =
b(J2]) € K, where (Jz) := 2N 30 (|a]) (resp., $(|a) := |z @(|a])), for al
x # 0.

2.2 Proof of Theorem 3

In order to prove the existence of a solution to Problem (2.2), we use a result
established by Brezis and Oswald (see [20, Theorem 1]) for bounded domains.
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Consider the problem

—Au = g(x,u) inQ
©w>0, w#0 inQ (2.3)
=0 on 0N,

where  C RY is a bounded domain with smooth boundary and g(z,u) :
2 x [0,00) — R. Assume that

for a.e. z € Q the function u — g(z,u) is continuous on [0, c0)

and the mapping u — g(x,u)/u is decreasing on (0, 00);

2.4)
for each u > 0 the function z —— g(z,u) belongs to L>(2); (2.5)
3C > 0 such that g(z,u) < C(u+1) ae. 2 €Q, Vu>0. (2.6)

Set

ap(x) = il{% g(z,u)/u and (oo () = uan;O g(x,u)/u,
so that —oo < ag(z) < 400 and —00 < ax(z) < +00.

Under these hypotheses, Brezis and Oswald proved in [20] that Problem
(2.3) has at most one solution. Moreover, a solution of (2.3) exists if and only
if

AM(—A —ap(x)) <0 (2.7)

and
M(—A = ax(x)) >0, (2.8)

where A\j(—A — a(z)) denotes the first eigenvalue of the operator —A — a(x)

with zero Dirichlet condition. The precise meaning of A\j(—A — a(x)) is

M(=A — a(z)) = inf /\wy? - / ag?

PEH} (), H<P||L2(Q):1
[¢70]

Note that / ap? makes sense if a(z) is any measurable function such that

[¢7#0]
either a(z) < C or a(x) > —C a.e. on .
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For any positive integer k we consider the problem

—Auy, = p(x) f(ug) , if [2] <k
w > 0, if 2] < k (2.9)
ug(z) =4, if |z| = k.

Equivalently, the above boundary value problem can be rewritten

—Avy = p(a) (o +0) , if 2] <k (2.10)

ve(x) =0, if |z| = k.

In order to obtain a solution of the problem (2.10), it is enough to check the
hypotheses of the Brezis-Oswald theorem.

e Since f € C(0,00) and ¢ > 0, it follows that the mapping v — p(x) f(v+

¢) is continuous in [0, 00).

e From p(:c)w = p(w)ﬂfijﬂ%ﬁ, using positivity of p and (f1) we de-

duce that the function v — ,0(:13)”7‘*'Z is decreasing on (0, c0).

e For all v > 0, since p € L (RY), we obtain that p € L>(B(0,k)), so

loc

the condition (2.5) is satisfied.

e By limy, oo f(v +¢)/(v+1) =0 and f € C(0,00), there exists M > 0
such that f(v+¢) < M(v+ 1) for all v > 0. Therefore p(z)f(v + £) <
oIl Lo (B(0,k)) M (v + 1) for all v > 0.

o We have )
ao(z) = lim pla)flv+0) _ +00
v\,0 v
and
plx)flv+4€) . flo+0) v+l
(oo () = ’Uhl& = vlingo p(x) p— = 0.

Thus, by Theorem 1 in Brezis and Oswald [20], Problem (2.10) has a unique
solution v which, by the maximum principle, is positive in |z| < k. Then
u = v + £ satisfies (2.9). Define uy, = ¢ for |z| > k. The maximum principle

implies that £ < up < upyq in RV,
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We now justify the existence of a continuous function v : RV — R, v > £,
such that u, < v in RY. As in Lair and Shaker [91], we first construct a
positive radially symmetric function w such that —Aw = ®(r) (r = |z|) in RY

and lim, ., w(r) = 0. A straightforward computation shows that

r ¢
_ 1-N N-1g
K /0 ¢ /0 o (0)dodc,

0o ¢
_ 1-N N-1
K _/0 ¢ /O NP (0)dodc,

provided the integral is finite. An integration by parts yields

T ¢ 1 T d ¢
1-N N—1 _ 2-N N-1
/0 ¢ /0 o T ®(0)dod¢ = N—2/0 dCC /0 o T ®(0)dod(

_ ﬁ <_T2—N /0 UN_1<I>(a)da+/OT <<I>(<))

<—|—oo

where

Moreover, w is decreasing and satisfies 0 < w(r) < K forall > 0. Let v > ¢
be a function such that w(r) = m~! SJ(T)_E f(tt+e)
m__¢
such that Km < [ Wdt'
Next, by L’Hopital’s rule for the case = (see [110, Theorem 3, p. 319]) we

have

5 st T x40 z
lim ————— = lim — li . = .
w1—>oo x Z—00 f(x + E) xLHolo f(l' + f) T+l oo

This means that there exists z; > 0 such that fo iG] > Ky forallx > 2. It
follows that for any m > x1 we have Km < fo ftt dt.

Since w is decreasing, we obtain that v is a decreasing function, too. Then

v(r)—£ " v(0)—£ t m t
/0 f<t+f>‘“§/o ferpt=m ):’"KS/O Rk

It follows that v(r) < m + £ for all r > 0.

From w(r) — 0 as r — oo we deduce that v(r) — £ as r — oo.

By the choice of v we have

_lov—4 _lwu—d 1 (vt ' 9
Vw—af(v)vqj and Aw_mf(v)Av+m<f(v)> |Vol*.
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Since the mapping u — f(u)/u is decreasing on (0, 00) we deduce that

m
v—/
By (2.9), (2.11) and our hypothesis (f1), we obtain that ug(xz) < v(z) for each
|z| < k and so, for all z € RV,

Av < %f@mw = - F)D(r) < —f(0)D(r). (2.11)

In conclusion,
up Sug < ..o Sup Supgr <L S,

with v(x) — ¢ as |z| — oo. Thus, there exists a function v < v such that
ur, — u pointwise in RY. In particular, this shows that u > ¢ in RY and
u(z) — £ as |x| — oo.

A standard bootstrap argument (with the same details as in Lair and
Shaker [91]) shows that w is a classical solution of the problem (2.2).

To conclude the proof, it remains to show that the solution found above
is unique. Suppose that v and v are solutions of (2.2). It is enough to
show that u < v or, equivalently, Inu(z) < Inwv(z), for any = € RY. Ar-
guing by contradiction, there exists Z € RY such that u(Z) > v(%). Since
limy oo (Inu(z) — Inv(z)) = 0, we deduce that maxgy (Inu(r) — Inv(z)) ex-

ists and is positive. At this point, say xg, we have

V(lnu(xzo) —Inwv(zg)) =0, (2.12)
» Vu(zo)  Vu(zo)
u(ro)  olwo) 219
By (f1) we obtain
flulwo)) _ f(v(z0)
u(zg) v(xo)
So, by (2.12) and (2.13),
0 > A(lnu(xo) — Inv(zg))
_ 1 . ulx _ L . vz _—_ ul\lax, 2 1 . v\ 2
- ’LL(I‘()) A ( 0) v 330) A ( 0) u2 T |v ( 0)‘ +’02($0) ’V ( 0)|

_ Aulw)  Aow) <f(U(xo))0_ oY

u(zo) v(zo) u(zo) v(xo)

which is a contradiction. Hence v < v and the proof is concluded. O
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2.3 Proof of Theorem 4

2.3.1 Existence

Since f is an increasing positive function on (0,00), there exists and is finite
lim,\ o f(u), so f can be extended by continuity at the origin. Consider the
Dirichlet problem

—Aup = p(x) f(ug) , if|z| <k (2.14)

ug(x) =0, if |z| = k.

Using the same arguments as in case ¢ > 0 we deduce that conditions (2.4)
and (2.5) are satisfied. In what concerns assumption (2.6), we use both as-
sumptions (f1) and (f2). Hence f(u) < f(1) if v < 1 and f(u)/u < f(1)
if w > 1. Therefore f(u) < f(1)(u+ 1) for all w > 0, which proves (2.6) .
The existence of a solution for (2.14) follows from (2.7) and (2.8). These con-
ditions are direct consequences of our assumptions lim, .o f(u)/u = 0 and
lim,\ o f(u)/u = +00. Thus, by the Brezis-Oswald theorem, Problem (2.14)
has a unique solution. Define uy(z) = 0 for |x| > k. Using the same arguments
as in case £ > 0, we obtain uj, < upyq in RY.

Next, we prove the existence of a continuous function v : RN — R such
that uy < v in RY. As in Lair and Shaker [91], we first construct a positive
radially symmetric function w satisfying —Aw = ®(r) (r = |z|) in RV and

lim, . w(r) = 0. We obtain

T ¢
w(r) =K — /gl—N/aN—1<I>(a)dad§,
0 0

where

¢
K= /glNO/aNlé(a) do d¢ (2.15)

0
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provided the integral is finite. By integration by parts we have

r ¢ r

/gl N/aN 1o (0 )dod{ = —~— 1 /dg<2 NjaN1®(a)dadg:
0

0

T 1 00

( N/UN Lo( )da+/§¢>(g)d< <5 2/ CO(¢)d¢ < .

0 0 0
(2.16)

Therefore -
w( 5" /C@(C)d(, for all » > 0.
0

Let v be a positive function such that w(r) = U(r t/f(t)dt, where ¢ > 0

is chosen such that K¢ < [t/ f(t)dt. We argue in what follows that we can
find ¢ > 0 with this property. Indeed, by L’Hopital’s rule,

This means that there exists 1 > 0 such that fom t/f(t)dt > Kx for all z > x;.
It follows that for any ¢ > x1 we have K¢ < [t/ f(t)dt

On the other hand, since w is decreasing, we deduce that v is a decreasing

t t
Fph=evl= /ft

It follows that v(r) < ¢ for all r > 0.

From w(r) — 0 as r — oo we deduce that v(r) — 0 as r — oo.

function, too. Hence

v

—

r) v

t
——dt <

ft)

—

0)

o
o

By the choice of v we have

1 1 v 1/ v
Vw = - ¢ T )Vv and Aw = CMAU+C<M> |Vol?. (2.17)

Combining the fact that f(u)/u is a decreasing function on (0, co) with relation
(2.17), we deduce that

YN ()

v v

Av <c

O(r) < —f(v)®(r). (2.18)
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By (2.14) and (2.18) and using our hypothesis (£2), as already done for proving

the uniqueness in the case ¢ > 0, we obtain that ug(z) < v(z) for each |z| < k
and so, for all z € RV,

We have obtained a bounded increasing sequence
up Sug <. S U SUgyr S S0,

with v vanishing at infinity. Thus, there exists a function v < v such that
u — u pointwise in RY. A standard bootstrap argument implies that u is a
classical solution of the problem (2.2).

2.3.2 Uniqueness

We split the proof into two steps. Assume that u; and us are solutions of
Problem (2.2). We first prove that if u; < wg then u; = up in RY. In the
second step we find a positive solution u < min{uj,us} and thus, using the

first step, we deduce that u = w; and u = ug, which proves the uniqueness.

STEP I. We show that u; < ug in RV implies u; = ug in RY. Indeed, since

f) {0},

u1 Aug — ug Auy = p(x)ujusg (
u9 (75}

it is sufficient to check that
/ (ulAuQ — uQAul) =0 (2.19)
RN

Let 1 € C§°(RY) be such that ¢(z) = 1 for |z| < 1 and ¥ (z) = 0 for |z| > 2,

and denote 1, := ¥ (x/n) for any positive integer n. Set

I, = / (u1 Aug — ugAug )tppde.
RN

We claim that I,, — 0 as n — 0o. Indeed,

|1, §/ \ulAUQWndx—l—/ lug Ay [t de .
RN RN
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So, by symmetry, it is enough to prove that J, := [pn |uiAug|tppdz — 0 as

n — oco. But, from (2.2),

I, :/RN |u1f(U2)p($)\¢ndl“:/n

2n
u/“|u1<x>f<uQ(x>>p<x>ktvdr

|x|=r
2n 2n
S/ O (r) / \ul(a:)f(uQ(x))]dxdrg/ D(r) / |uq ()| M (ug + 1)dxdr.

|z|=r lz|=r

(2.20)
Since uy(x), uz(x) — 0 as |z| — oo, we deduce that u; and uy are bounded in
RYN. Returning to (2.20) we have

2n
w .
Tn gM(HuQHLw(RN)H)'st (@) - 55 [ @)V
x|>n n
< C/ O(r)rNtdr - sup |ug(z)].
0 |z|>n

Since uy(z) — 0 as [¥| — oo, we have sup,>, |u1(z)| — 0 as n — oo which
shows that J, — 0. In particular, this implies I,, — 0 as n — oo.

Taking f, := (u1Aug — usAuy)y, we deduce fp(x) — ui(z)Auz(z) —
ug(z)Aui(x) as n — oo. To apply Lebesgue’s Dominated Convergence The-
orem we need to show that uj Aus — usAu; € L (RN). For this purpose it is
sufficient to prove that uj Aug € LY(RY). Indeed,

[ ] < sy [ 18] =C [ lo@)f).
RN RN RN

Thus, using f(u) < f(1)(u+ 1) and since uz is bounded, the above inequality
yields

[ sl <c [ o +1)
RN RN
< C/ / O (r)dxdr < C/ (r)yrV ! < 400
0 |z|=r 0

This shows that ujAus € L'(RY) and the proof of Step I is completed.

STEP II. Let uj, ug be arbitrary solutions of Problem (2.2). For all integer
k > 1, denote Q := {z € RY; |z| < k}. The Brezis-Oswald theorem implies
that the problem

—Avg = p() f(vg)  in

v =0 on 08,
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has a unique solution v; > 0. Moreover, by the Maximum Principle, vy > 0
in Q. We define vy, = 0 for || > k. Applying again the Maximum Principle
we deduce that vy < vgy1 in RY. Now we prove that vy < w7 in RV, for all
k > 1. Obviously, this happens outside ;. On the other hand

—Auy = p(z)f(u1) in Q

up >0 on 0f

Arguing by contradiction, we assume that there exists T € {2 such that
vg(T) > w1 (T). Consider the function h : Q; — R, h(z) = Invg(z) — Inu(z).
Since u; is bounded in € and infsn, u1 > 0 we have \ﬁfk h(z) = —oo. We
deduce that maxq, (Invg(x) — Inug(z)) exists and is positive. Using the same
argument as in the case £ > 0 we deduce that vy < u; in g, so in RN,
Similarly we obtain v, < ug in RY. Hence v, < @ := min{uy, ug}. Therefore
Vg < Vg1 < ... < u. Thus there exists a function u such that vy, — w point-
wise in RV . Repeating a previous argument we deduce that v < 7 is a classical
solution of Problem (2.2). Moreover, since u > v > 0 in  and for all £ > 1,
we deduce that w > 0 in RY. This concludes the proof of Step II.

Combining Steps I and II we conclude that u; = uo in RV, O

2.4 Entire positive solutions of the singular Emden-
Fowler equation with nonlinear gradient term

Singular semilinear elliptic problems have been intensively studied in the last
decades. Such problems arise in the study of non-Newtonian fluids, boundary
layer phenomena for viscous fluids, chemical heterogeneous catalysts or in the
theory of heat conduction in electrically conducting materials. For instance,
problems of this type characterize some reaction-diffusion processes where the
unknown u > 0 is viewed as the density of a reactant (see, e.g., Aris [7]). In

this framework a major place is played by the Emden-Fowler singular equation
—Au = p(z)u 7, z €, (2.21)

where Q is an open set (bounded or unbounded) in R (N > 3), v > 0, and

p:Q — (0,00) is a continuous function. For a comprehensive study of the
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Emden-Fowler equation we refer to Dalmasso [34], Edelson [44], Fulks and
Maybee [59], Jin [77], Kusano and Swanson [90], Shaker [141], Wong [154] and
the references therein. If 2 is bounded, Lazer and McKenna proved in [94] that
(2.21) has a unique positive solution if p is a smooth positive function. The
existence of entire positive solutions for v € (0, 1) and under certain additional
hypotheses has been established in Edelson [44] and in Kusano-Swanson [90].
For instance, Edelson proved the existence of a solution provided that

0o

/ PN TIHAN=2) max p(z)dr < oo,

1 |z|=r
for some A € (0,1). This result is generalized for any v > 0 via the sub and
super solutions method in Shaker [141] or by other methods in Dalmasso [34].
For further results related to singular elliptic equations we also refer to Cal-
legari and Nashman [22, 23], Coclite and Palmieri [30], Crandall, Rabinowitz
and Tartar [31], Gomes [63].

The purpose of this chapter is to extend some of these results in the more
general framework of singular elliptic equations with nonlinear gradient term.
Problems of this type arise in stochastic control theory and have been first
studied in Lasry and Lions [93]. The corresponding parabolic equation was
considered in Quittner [125]. Elliptic problems with nonlinear gradient term
have been also studied in various contexts (see, e.g., Bandle and Giarusso
[9], Grenon and Trombetti [66], Maagli and Zribi [100], Maderna, Pagani and
Salsa [102]).

We study the problem

—Au+ q(2)|Vul® = p(x)u™ in RV

u>0 in RY (2.22)
lim wu(z) =0,
| =00

where N > 3, a > 0 and v > 0. We assume throughout this chapter that p,
qe CO’Q(RN), p>0and ¢ >0in RV. Set

loc

®(r) = maxp(x). (2.23)

|z|=r
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We impose no growth hypothesis on ¢ but we suppose that p satisfies the

following decay condition to zero at infinity:
oo
/r@(r)dr < 00. (2.24)
0
In particular, potentials p(x) which behave like |z|~% as |x| — oo, with a > 2,
satisfy this assumption.

Our main result is the following:

Theorem 5. Under the above hypotheses, the problem (2.22) has a unique

classical solution.

Proof. We first establish the existence of at least one solution of problem
(2.22). For this purpose, for any integer n > 1, we consider the auxiliary

boundary value problem

—Au+ q(z)|Vu|* = p(x)u™ in B,
u>0 in B, (2.25)

u=0, on 0B,,

where B, := {x € RY; |z| < n}. We observe that the function u = ep; is a
subsolution of (2.25), provided that € > 0 is sufficiently small, where ¢1 > 0
is the first eigenfunction of (—A) in H}(B,). In order to find a supersolution

of (2.25), we observe that any solution of

—Au=p(x)u™” in B,
w>0 in B, (2.26)

u=0 on 0B,

is a supersolution of (2.25). But problem (2.26) has a solution, by Theorem
1.1 in Crandall, Rabinowitz and Tartar [31]. Denote by wu, this solution.
By standard bootstrap arguments (see Gilbarg and Trudinger [62]), u, €
C?(B,) N C(B,). Also, by the maximum principle, it follows that wu, < u,y1
in By,. Until now we know that there exists u(x) := lim,, o up(z) < +00, for
all z € RV,
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Next, we establish the existence of a positive smooth function v such that
un <vin RV, Let ® be defined by (2.23) and set

T ¢
w(r) =K — /gl—N/aN—1<I>(a)dadc,
0 0

where

00 ¢
K = /glN/aNl@(a) dod¢  for any r >0, (2.27)
0 0

provided that the integral is convergent. Then —Aw = ®(r) and lim, o w(r) =
0.
We prove in what follows that K < +o00. An integration by parts yields

r ¢ r

¢
1-N [ _N-1 o a1 [ DN [ N _
O/C 0/0 ®(o)dod{ =(2—N) 0/ng O/U ®(0)dodC

(N —2)71 —TQ—N/UN*@(U) da+/g<1>(<) d¢
0

0
(2.28)

Next, by L’Hopital’s rule,

lim | =27 [ oV 7@ (o) do + [ ¢R(C)dC | =

T o0 ) 0/\ ) O/\
—faN_1<I>(a) dU—H’N_QfC‘I)(C) g

lim —Y N3 g =

r—00 r

tim [ co(0)dc = [ cac)dc <o,
0

0

by our assumption (2.24). Thus, we obtain that

K:(N—z)—l/@(g)dg<oo.
0

So, by the definition of w, w(r) < (N —2)~1 [ ¢(®(¢)d(, for any r > 0.
0
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Set
o(r) = [e(2 +7)w(n)] /T,

where
¢i=[K(2+)]/H).

In particular, from w(r) — 0 as r — oo, we deduce that v(r) — 0 as r — oo.

Since w is a decreasing function, it follows that v decreases, too. Hence

v(r) v(0) c
/tlﬂdt < / 1 dt = cw(0) = cK = /t1+7dt.
0 0 0

It follows that v(r) < ¢ for all r > 0.
On the other hand,

1 1 1
Vw= =0V and Aw= ~v'"Av+ = (vl+7), |Vol2.
c c c

Hence

Av < v 7AW = —coTTTB(r) < —vT7B(r). (2.29)

By (2.26) and (2.29) we obtain that u, < v in B,,. Therefore

up Sug <o S Up SUpyy S-SV

— )

with v vanishing at infinity. Now, standard bootstrap arguments (see Gilbarg
and Trudinger [62]) imply that u(z) := lim,_ o un(x) is well defined and

smooth in RY. Moreover, u is a classical solution of problem (2.22).

We justify in what follows the uniqueness of the solution to problem (2.22).
Suppose that v and v are arbitrary solutions of (2.22). In order to establish the
uniqueness, it is enough to show that v < v in RY. Arguing by contradiction,
it follows that max,cpn (u(z) — v(z)) =: M > 0. Assume that u(z¢)—v(zo) =
M. Then u(xg) > v(zg) > 0, Vu(zg) = Vo(zg) and A(u — v)(zg) < 0. But

Alu—wv)(zo) = q(20) [[Vulzo)|* — [Vo(z0)|*] + p(0) (v (20) — v (w0)) =

p(xo) (v (x0) — u™ 7 (20)) >0,

which is a contradiction. This implies that v < v, and so v = v in R¥. O
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Chapter 3

Semilinear elliptic problems
with sign-changing potential
and subcritical nonlinearity

Nature and Nature’s law lay hid
in night: God said,“Let Newton
be!,” and all was light.

Alexander Pope (1688-1744),
FEpitaph on Newton

Abstract. In this chapter we establish existence and multiplicity theorems for a
Dirichlet boundary value problem at resonance, which is a nonlinear subcritical per-
turbation of a linear eigenvalue problem studied by Cuesta. Our framework includes
a sign-changing potential and we locate the solutions by using the Mountain Pass

lemma and the Saddle Point theorem.

3.1 Subcritical perturbations of resonant linear prob-
lems with sign-changing potential

Let Q be an arbitrary open set in RY, N > 2, and assume that V : Q — R is

a variable potential. Consider the eigenvalue problem

—Au=AV(z)u inQ,

u € H ().

52
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Problems of this type have a long history. If € is bounded and V = 1, prob-
lem (3.1) is related to the Riesz-Fredholm theory of self-adjoint and compact
operators (see, e.g., Theorem VI.11 in Brezis [18]). The case of a non-constant
potential V has been first considered in the pioneering papers of Bocher [17],
Hess and Kato [72], Minakshisundaran and Pleijel [105] and Pleijel [120]. For
instance, Minakshisundaran and Pleijel [105], [120] studied the case where
is bounded, V € L>*(Q), V> 0in Q and V > 0 in Qy C Q with |Qg] > 0.
An important contribution in the study of Problem (3.1) if Q and V' are not
necessarily bounded has been given recently by Cuesta [32] (see also Szulkin
and Willem [146]) under the assumption that the sign-changing potential V'

satisfies
(H) VT #£0 and V € L*(Q),

where s > N/2if N > 2 and s = 1 if N = 1. As usually, we have de-
noted V*(x) = max{V(x),0}. Obviously, V = VT —V~, where V™ (z) =
max{—V (z),0}.

In order to study the main properties (isolation, simplicity) of the principal

eigenvalue of (3.1), Cuesta [32] proved that the minimization problem

min{/ |Vul?dz; v e HH(Q), /V(l’)u2d$ = 1}
Q Q

has a positive solution ¢1 = p1(€2), which is an eigenfunction of (3.1) corre-
sponding to the eigenvalue A1 := A\ (Q) = [, V1 [2da.
Our purpose in this chapter is to study the existence of solutions of the
perturbed nonlinear boundary value problem
—Au=MV(@)u+g(z,u) inQ,
u=0 on 09, (3.2)
uZ0 in Q,

where V satisfies (H) and g : 2 xR — R is a Carathéodory function satisfying
g(z,0) = 0 and with subcritical growth, that is,

lg(z,5)| < ag-|s|"* + bo, for all se R, a.e. x€ Q, (3.3)
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for some constants ag, bg > 0, where 2 < r < 2*. We recall that 2* denotes
the critical Sobolev exponent, that is, 2* := ]\2,—]}2 if N > 3 and 2" = 400 if
N e{1,2}.

Problem (3.2) is resonant at infinity and equations of this type have been
first studied by Landesman and Lazer [92] in connection with concrete prob-
lems arising in Mechanics.

s

Set G(z,s) = [ g(z,t)dt. Throughout this chapter we assume that there
0

exist k, m € L*(Q), with m > 0, such that

|G(x,s)| < k(z), for all s € R, a.e. x € Q; (3.4)
lim i(I)lf G(x2, s) = m(z), a.e. x € (). (3.5)
S§— S

The energy functional associated to Problem (3.2)

1

F(u):2/Q(|Vu|2 MV (x d:U/Gxu

for all u € H3(Q).

From the variational characterization of A\; and using (3.4) we obtain
Plu) > —/ Gla,u(@))de > — k|1 > —oc,
Q

for all u € H}(2) and, consequently, F is bounded from below. Let us consider
Up = anep1, where a,, — co. Then the estimate [, V1> = M1 Jo V(z)e?
yields F(uy,) = —fﬂ x,appr)dr < |k|; < oco. Thus, limy, o F(u,) < o0.
Hence the sequence (uy,), C H(Q) defined by u, = a1 satisfies |u,| — oo
and F'(uy,) is bounded. In conclusion, if we suppose that (3.4) holds true then
the energy functional F' is bounded from below and is not coercive.

In the next two theorems, we prove the existence of a solution if V €

L*>(Q), under the following assumptions on the potential G:

G
(G1)q lim sup ‘(:"8) <b< oo uniformly a.e. x€Q, q> 2;
|s|—o0
-2
(G lim inf 9z, 5)s — 2G(x, 5) >a >0 uniformly a.e. x€(;

|s|—o00 Ells
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g(z,8)s — 2G(x, s)
|s[#

(G5 ) lim sup < —a <0 uniformly a.e. z€Q.

|s|—o0

Theorem 6. Assume that G satisfies conditions (G1)q, (G4 ), [or (G5 )] and

(Gs)
2 2
lim sup M <a< << l|iI|ninf @ uniformly a.e. x €,
s—0 S s|—o0 S

with u > 2N/(q—2) if N >3 or p>q—2 if 1 < N < 2. Then Problem (3.2)
has at least one solution.

Theorem 7. Assume that G(z,s) satisfies (G5 ), [or (G3 )], for some pu > 0,

and

G(x,s)
2

=0 wuniformly a.e. x €.

(Gq) lim

[s| 200 S
Then Problem (3.2) has at least one solution.

The above theorems extend to the anisotropic case V' # const. some results
of Gongalves and Miyagaki [64] and Ma [99].

3.2 Auxiliary results

Throughout this section we assume that Q C RY is a bounded domain with

smooth boundary. We start with the following auxiliary result.

Lemma 1. Let g : Q x R — R be a Carathéodory function and assume that

there exist some constants a, b > 0 such that
lg(z,t)] < a+0lt]"/*, forallt e R, a.e. x €.
Then the application p(z) — g(x,p(z)) is in C(L" (), L*(£2)).

Proof. For any u € L"(§) we have

/\g(x,u(w))]sdx < /(a—l—b\u!r/s)sd:):g 28/(a5+b8\uv)dm
Q

Q Q
gc/(1+]u\r)dw<oo.
Q



tel-00011384, version 1 - 15 Jan 2006

56
This shows that if ¢ € L"(Q2) then g(z,¢) € L*(Q2). Let up, u € L" be such

that |u, —u|, — 0. By Theorem IV.9 in Brezis [18], there exist a subsequence
(un, )k and h € L" such that u,, — w a.e. in Q and |u,, | < h a.e. in Q. By
our hypotheses it follows that g(u,, ) — g(u) a.e. in Q. Next, we observe that

19(tn)| < @+ Blug, [ < a+ b/ € L3(Q).

So, by Lebesgue’s Dominated Convergence Theorem,
9(uny) — g(w)l2 = ﬁwm— wlds £ 0.

This end the proof of the lemma. ]
The application ¢ — g(z, p(z)) is the Nemitski operator of the function g.

Proposition 5. Let g : 2 x R — R be a Carathéodory function such that
lg(x,8)] < a+bls|"™! for all (z,s) € 2 xR, with 2 < r < 2N/(N — 2) if
N >2o0r2<r<ooifl <N <2 Denote G(x,t) fo (z,s)ds. Let
I: H}(Q) — R be the functional defined by

— ;/]Vu\de— );/V(x)uzdx—/G(fﬂau(x))dx
Q Q @

where V€ L°(Q) (s > N/2if N>2,s=1if N=1).
Assume that (up), C HY(Q) has a bounded subsequence and I' (up) — 0 as

n — oco. Then (uy), has a convergent subsequence.

Proof. We have

/

(I (u),v) = /Vqudx—)\l/V(:n)uvd:n— /g(x,u(ac))v(x)dac.
Q

Q Q
Denote by
(a(u),v) = /Vqudx
Q
J(u):)\;/V( u2dx—|—/G:U u(z))dz
Q

It follows that
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and I'(u) = a(u) — J (u). We prove that a is an isomorphism from H}(Q)

onto a(HZ()) and J' is a compact operator. This assumption yields

= @ (I (un) + T (wn)) = lim a™ (T (un))).

n—00
But J is a compact operator and (uy,), is a bounded sequence. This implies
that (J (upn))n has a convergent subsequence and, consequently, (uy,), has a
convergent subsequence. Assume, up to a subsequence, that (un), C HZ(Q)
is bounded. From the compact embedding H}(2) — L"(Q), we can assume,

passing again at a subsequence, that u, — u in L"(2). We have

17 (un) = T ()

< sup / (9@, un(2)) — g, u(x))) v(z)de
v||<1
+ sup )\1/\/ n — w)vdz
lol<1
< s / 192, un(@)) — g(z, u(@))|[o(@)|da
v||<1
+ A sup/ Viz)(uy, —uw)v|de
oo [ V@)= 5
r—1
< sup (/ 9(as ) — g(a u>|r—*dx) ol
HvH<1
+ A1 sup/]V —u)v|dzx
o<1

r—1

< c sup (/ lg(x, un) — g(x u)|7T1dx) ' vl
lv]l<1

+ M |VLs - Jun — ula - |v]g,
where a, § < 2N/(N —2) (if N > 2). Such a choice of a and (3 is possible due
to our choice of s.
By Lemma 1 we obtain g € C(L", L"/("=1)). Next, since u,, — v in L" and
u, — u in L?, it follows by (3.6) that J'(u,) — J (u) as n — oo, that is, .J' is
a compact operator. This completes our proof. ]

Let V denote the linear space spanned by 1. Set
I:={yc C(B,H}(Q)); v(v) = v, for all v € OB}

and denote B :={v € V; |v| < R}.
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Proposition 6. We have v(B)(\W # 0, for all v € T.

Proof. Let P : H}(Q) — V be the projection of H} in V. Then P is a linear
and continuous operator. If v € 9B then (P o~)(v) = P(y(v)) = P(v) = v
and, consequently, P o~y = Id on dB. We have P o~ ,Id € C(B, H}) and
0 ¢ Id(0B) = 0B. Using a property of the Brouwer topological degree we
obtain deg (P o v,IntB,0) = deg(Id,IntB,0). But 0 € Int B and it follows
that deg (Id,Int B,0) = 1 # 0. So, by the existence property of the Brouwer
degree, there exists v € Int B such that (P oy)(v) = 0, that is, P(y(v)) = 0.
Therefore y(v) € W and this shows that v(B) N W # (. O

3.3 Cerami’s compactness conditions

Let E be a reflexive real Banach space with norm | - | and let I : E — R be
a C! functional. We assume that there exists a compact embedding F — X,
where X is a real Banach space, and that the following interpolation type

inequality holds:
(H1) lulx <)~ tult, forallueE,

for some ¢ € (0,1) and some homogeneous function 1) : E — R of degree one.
An example of such a framework is the following: E = H}(Q), X = L%((Q),
(u) = |u|y, where 0 < 1 < ¢ < 2*. Then, by the interpolation inequality (see
[18, Remarque 2, p. 57]) we have

_ 11—t ¢
lulg < W,ﬁ Ylulb.,  where 5 = T + 5

9« < c|ul, for all u € HJ (). Hence

The Sobolev inequality yields |u
lulg < k\u]}l—tuuﬂt, for all u € H}(Q)
and this is a (H1) type inequality.
We recall below the following Cerami compactness conditions (see [24]).

Definition 1. a) The functional I : E — R is said to satisfy condition (C) at
the level ¢ € R [denoted (C).] if any sequence (uy)n C E such that I(uy) — ¢

and (1 + [un]) - | (un)| g+ — O possesses a convergent subsequence.
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b) The functional I : E — R is said to satisfy condition (C) at the level
¢ € R [denoted (C).] if any sequence (un)n, C E such that I(u,) — ¢ and
(L4 unl) - 1 (un)

g+ — 0 possesses a bounded subsequence.

We observe that the above conditions are weaker than the usual Palais-
Smale condition (PS).: any sequence (up)n, C E such that I(u,) — ¢ and
|’ (un)| 5+ — 0 possesses a convergent subsequence.

Suppose that I(u) = J(u) — N(u), where J is 2-homogeneous and N is
not 2-homogeneous at infinity. We recall that J is 2-homogeneous if J(Tu) =
72J(u), for all 7 € R and for any u € E. We also recall that the functional
N € CYE,R) is said to be not 2-homogeneous at infinity if there exist a,
c¢ > 0 and p > 0 such that

(Ho) (N (u),u) — 2N (u)] > ap(u)* — ¢, forallu € E.

We introduce the following additional hypotheses on the functionals J and
N:

(Hs) J(u) > k|u|?, forallu € F

(Hy) IN(u)] < blul% +4d, forallu € F,

for some constants k, b, d > 0 and ¢ > 2.

Theorem 8. Assume that assumptions (Hy), (Hs), (Hs) and (Hy) are ful-
filled, with qt < 2. Then the functional I satisfies condition (C‘)c, for all
ceR.

Proof. Let (uy), C E such that I(u,) — ¢ and (1 + |un])|I (un)| g+ — 0. We

have

/

(I (u),u) =21 (u)| = |(J (u) = N' (), u) — 2 (u) + 2N (u)|
= [(J' (w),u) = 2J(u) = ((N'(u), u) — 2N (u))].
But J is 2-homogeneous and

J(u+tu) — J(u)
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This implies (J' (), u) = 2.J(u) and
(I (), u) = 21(w)| = [(N'(u), u) — 2N (u)| .
From (H2) we obtain
(T (), u) = 21(u)| = [(N'(u), u) — 2N (u)| = agp(u)* — c.
Letting u = u,, in the inequality from above we have:
atp(un ) < ¢+ |1 (un)| - fun] + 211 ()| -

Thus, by our hypotheses, for some ¢y > 0 and all positive integer n, ¥ (u,) < co
and hence, the sequence {¢(uy)} is bounded. Now, from (H;) and (Hy) we

obtain
I (tn) = Lun) + N (un) < blun % +do < b (un) ™" + o
Hence
J(un) < bolun|® + do, foralln € N,

for some by, dgp > 0. Finally, (Hs) implies
clun]? < bolun|® + do, for all n € N.

Since ¢t < 2, we conclude that (uy)y is bounded in E. O

Proposition 7. Assume that I(u) = J(u) — N(u) is as above, where N :
E — E* is a compact operator and J : E — E* is an isomorphism from E

onto J' (E). Then conditions (C). and (C). are equivalent.

~

Proof. Tt is enough to show that (C'). implies (C).. Let (up), C E be a
sequence such that I(u,) — ¢ and (1 + |un|)|I (un)|

obtain a bounded subsequence (uy, )i of (tn),. But N is a compact operator.

g — 0. From (C), we

Then N/(“nk,) 4 f € E*, where (uny,) is a subsequence of (un,). Since

(uny,) is a bounded sequence and (1 + |up,, DIz (uny, )| = — 0, it follows that

s (uny, )| — 0. Next, using the relation
/1—1 / /
Uny, = J (! (unkl) +N (unkl)) )

we obtain that (un, ) is a convergent subsequence of (un)n. O
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3.4 Proof of main results

PROOF OF THEOREMS 6 AND 7. We will use the following critical point
theorems, which are obvious extensions of the Mountain Pass and Rabinowitz

Theorems, corresponding to the Cerami compactness condition.

Theorem 9. Let E be a real Banach space. Suppose that I € C'(E,R)
satisfies condition (C)e, for all ¢ € R and, for some p > 0 and u; € E with

[ur] > p,
max{I(0), I(u1)} <& < B < inf I(u).

Then I has a critical value ¢ > ﬁ, characterized by

N s
¢ = inf max (v(7)),

where I' :== {y € C(]0,1], E); v(0) =0,7(1) = u1}.
Theorem 10. Let E be a real Banach space. Suppose that I € C'(E,R)

satisfies condition (C)., for all ¢ € R and, for some R > 0 and some E =
VeW withdimV < oo,

ax I(v)<a<B< inf I(w).
ve\r/r,l"vﬁ(:R (U) sa<fs u}élW (w)

Then I has a critical value ¢ > 3, characterized by

¢ = inf I(h(v)),
¢ = jnf cmax  I(h(v))

where T' = {h € C(V( Bg, E); h(v) = v, for all v € OBR}.
In our arguments we use the following auxiliary result.

Lemma 2. Assume that G satisfies conditions (G1), and (G3), [or (G3),.],
with uw>2N/(q—2) if N >3 or pu>q—2 if 1< N < 2. Then the functional
F satisfies condition (C). for all ¢ € R.

Proof. Let

N(u) = /;I/V(m)quac + /G(az,u)d:p and J(u) = %Hu”2
Q Q
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Obviously, J is homogeneous of degree 2 and J' is an isomorphism of F =
H(Q) onto J'(E) ¢ H-*(Q). It is known that N' : E — E* is a compact

operator. Proposition 7 ensures that conditions (C). and (C). are equivalent.

~

So, it suffices to show that (C'). holds for all ¢ € R. Hypothesis (H3) is trivially
satisfied, whereas (H4) holds true from (G1),. Condition (G1), implies that

G(z,t) <1
151>0 14> [s|  [t]7

Therefore there exists so # 0 such that

Gla,t
sup ﬁq b and  Glait) <BltlY, for all £ with [ > |so].
>l

The boundedness is provided by the continuity of the application [—sg, so] 2
t — G(z,t). It follows that [ G(z,u)dx < blulg + d. By the definition of
Q

N(u) and since ¢ > 2, we deduce that (H4) holds true if |ul, < 1. Indeed,
we have |uly < k|u|, because Q is bounded. Therefore |ul3 < k|ul? < k|ul
and finally (Hy) is fulfilled. Hypothesis (H7) is a direct consequence of the
Sobolev inequality. It remains to show that hypothesis (Hz) holds true, that
is, the functional N is not 2-homogeneous at infinity. Indeed, using assump-
tion (Gy ), (a similar argument works if (G5 ),, is fulfilled) together with the
subcritical condition on g yields

sup inf g(z, t)t — 2G(x,t)

>a>0.
s[>0 [t]>]s] [t|~

It follows that there exists sg # 0 such that
[t]>[sol s

Hence

g(x, t)t — 2G(x,t) > alt|*, for all [t| > |so .
The application t — g(z,t)t — 2G(x,t) is continuous in [—sp, So], therefore it
is bounded. We obtain g(z,t) — 2G(x,t) > ai|t|* — c1, for all s € R and a.e.
x € . We deduce that

’

(N (), 1) — 2N (u)] = /(g(:n,u)u 96 (a, u))da
Q
> ar|ulf; — ez, for all u € H}(Q).
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Consequently, the functional N is not 2-homogeneous at infinity.

Finally, when N > 3, we observe that condition p > N(q — 2)/2 is equiv-
alent with p > 2*(¢ — 2)/2* — 2. From 1/q = (1 —t)/u + t/2* we obtain
(1—/u = (2" — at)/(2"). Hence (2* — qt)/q < (1— )2 — 2)/(q - 2)
and, consequently, (¢ —2%)(2 — tq) < 0. But ¢ < 2* and this implies 2 > tq.
Similarly, when 1 < N < 2, we choose some 2** > 2 sufficiently large so that
w>2"(q—2)/(2" —2) and t € (0,1) be as above. The proof of Lemma is
complete in view of Theorem 8. O

Our next step is to show that condition (G3) implies the geometry of the

Mountain Pass theorem for the functional F'.

Lemma 3. Assume that G satisfies the hypotheses

(G1)q lim sup Gﬁ’ s) <b< oo uniformly a.e. xe)
|s]—o0 S
(Gs)
2 2
lim sup M <a< A <p<L 1|ir|ninf G|(a’:2,s) uniformly a.e. x € ().
s—0 S s|—o0 S

Then there exists p, v > 0 such that F(u) > v if |u| = p. Moreover, there
exists p1 € H}(Q) such that F(tp) — —o0o as t — 00.

Proof. In view of our hypotheses and the subcritical growth condition, we

obtain
2G 2G(x,t
liminf @ > ( is equivalent with sup inf # > 0.
|s|—o0 S s£0 [t>[s] 1
There exists sg # 0 such that inf &fﬂ > 3 and therefore % > 3, for

[t|>[so
all [t| > |so| or G(x,t) > 1p3t2, provided |t| > [so|. We choose to such that

lto] < |so| and G(z,to) < 38|to|?. Fix e > 0. There exists B(e,ty) such that
G(z,t9) > (B8 —¢)|to|> — B(e, o). Denote B(e) = SUP|¢,|<|so| B(€:t0). We
obtain for any given € > 0 there exists B = B(e) such that

1
G(z,s) > §(ﬂ—e)|s|2—B, forall s e R, a.e. €. (3.7)

Fix arbitrarily € > 0. In the same way, using the second inequality of (G3)
and (G1), it follows that there exists A = A(g) > 0 such that

2G(x,t) < (a+e)t> +2(b+ A(e))|t]?, forallteR, ae. ze€Q. (3.8)
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We now choose € > 0 so that a + & < A\; and we use (3.8) together with the
Poincaré inequality to obtain the first assertion of the lemma.
Set H(x,s) =\ V(z)s?/2+ G(x,s). Then H satisfies

H
(Hi)q lim sup (z,5) <b< o0, uniformly a.e. 2 € ()
|s]—o0 ’S’
(Hs)
2H 2H
lim sup #s) <a <A < B < liminf @ ) uniformly a.e. z€€.
s—0 S |s]—o0 S

In the same way, for any given € > 0 there exists A = A(¢) > 0 and B = B(e)
such that

%(ﬁ—e)sz—B <

e

(z,5)
(3.9)
(a+¢)s® + Als|?, foralls e R, ae. z € Q.

IN
N

We have

1 1 1
P =gl = [ Hude = Sl - S+ lul} - Alul
Q

1 etao 9
> - 1- — Ak|u[?.
> 5 (1= 55 ) e - vt

We can assume without loss of generality that ¢ > 2. Thus, the above estimate
yields F'(u) > « for some v > 0, as long as p > 0 is small, thus proving the
first assertion of the lemma.

On the other hand, choosing now £ > 0 so that §—e > A1 and using (3.9),

we obtain

B—
2

We consider ¢; be the Aj-eigenfunction with |p1] = 1. It follows that

08—¢
A1

g
lul3 + B|Q|.

1
Flu) < Slul? -

1
F(t@1)§2<1— >t2+B\Q]—>—oo as t — o0.

This proves the second assertion of our lemma. O

Lemma 4. Assume that G(x,s) satisfies the conditions (G5 ), (for some p >
0) and

(Ga) lim &%)

o 5— =20, uniformly a.e. x € ().
§|—00 S
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Then there exists a subspace W of H}(Q) such that H}(Q) =V & W and
(i) F(v) = =00, as [v] — o0, v e V;
(i1) F(w) = 00, as Jw] — o0, w € W.

Proof. (i) The condition (G5 ), is equivalent with the fact that there exists
so # 0 such that

g(x,s)s —2G(x,s) < —als|*, forall |s| > |so| =R1, ae. z €.

Integrating the identity

iG(l’,S) _ g(.’IJ,S)SQ — Q‘S‘G(was) _ g(.%', 3)|S| — QG(l’,S)
ds |s|2 st B |s]3

over an interval [t,T] C [R, c0) and using the above inequality we find

T
G(z,T) -3 1 1
T2 a/s ds— T2 @)
t

Since we can assume that p < 2 and using the above relation, we obtain

a
—

> 0.

G(z,t) > at", for all t > R, where a = 5
Similarly, we show that
G(z,t) > alt|", for |t| > Ry .

Consequently, limp; ., G(z,t) =o00. Now, letting v = tp; € V and using the

variational characterization of A1, we have

F() 2 - [ Gla,o)dz ——00,  as o] = [dlir] - oo.
Q
This result is a consequence of the Lebesgue’s Dominated Convergence Theo-
rem.
(ii) Let V =Sp (p1) and W C H}(Q2) be a closed complementary subspace
to V. Since A; is an eigenvalue of Problem (3.1), it follows that there exists

d > 0 such that
[ |Vw|?dz

inf 2 >N\ +d.
O;élzilew JV(z)wdz ~ 1+
Q
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Therefore
Jw|> > (A + d)|w|3, for all w € W.

Let 0 <e <d. From (G4) we deduce that there exists 6 =d(¢) > 0 such that

for all s satisfying |s| > J we have 2G(z,s)/s?> < ¢, a.e. € Q. In conclusion

1
G(a;,s)—§532§M, for all s e R,

where .
M := sup (G(.CL‘,S)—ES2> < 00.
|s|<6 2
Therefore
1 A1 1
) 2 gloft - 1wl - el -
> (1— Aiié) |lw|? = M = N|w|> - M, forallweW.

It follows that F'(w) — oo as |w| — oo, for all w € W, which completes the

proof of the lemma. O

PROOF OF THEOREM 6. In view of Lemmas 2 and 3, we may apply the
Mountain Pass theorem with u; = t11, t; > 0 being such that F(t1¢p1) <0
(this is possible from Lemma 3). Since F'(u) > v if |u| = p, we have

max{F(0), F(u))} =0=a < u iﬁ1f F(u) = 8.
ul=p
It follows that the energy functional F' has a critical value é > B > 0 and,
hence, Problem (3.2) has a nontrivial solution u € H}(Q). O

PrROOF OoF THEOREM 7. In view of Lemmas 2 and 4, we may apply the
Saddle Point theorem with 3 := inf,ew F(w) and R > 0 being such that
supjy|=r F'(v) := & < (3, for all v € V (this is possible because F(v) — —oo
as |v| — oo). It follows that F' has a critical value ¢ > (3, which is a weak
solution of Problem (3.2). O
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Chapter 4

Boundary value problems in
Sobolev spaces with variable
exponent

If T have seen further it is by
standing on the shoulders of
giants.

Sir Isaac Newton (1642-1727),
Letter to Robert Hooke, 1675

Abstract. In the first part of this chapter we consider a class of nonlinear
Dirichlet problems involving the p(z)-Laplace operator. Our framework is based on
the theory of Sobolev spaces with variable exponent and we establish the existence
of a weak solution in such a space. Next, we study the boundary value problem
—div((|Vu[Pr @) =2 4| Vu|P2 () =2)Vu) = f(x,u) in Q, u = 0 on S, where  is a smooth
bounded domain in RY. We focus on the cases when fu(z,u) = #(—|u|™®) =2y +

|u|9®)=2y), where m(z) := max{p;(x),pa(z)} < q(x) < ]yf:;((?) for any x € Q. In

the first case we show the existence of infinitely many weak solutions for any A > 0.
In the second case we prove that if A is large enough then there exists a nontrivial
weak solution. Our approach relies on the variable exponent theory of generalized
Lebesgue-Sobolev spaces, combined with a Zs-symmetric version for even functionals

of the Mountain Pass Lemma and some adequate variational methods.

67
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4.1 Basic properties of Sobolev spaces with variable
exponent

In this section we recall the main properties of Lebesgue and Sobolev spaces
with variable exponent. We point out that these functional spaces appeared
in the literature for the first time already in a 1931 article by W. Orlicz [116],
who proved various results (including Holder’s inequality) in a discrete frame-
work. Orlicz also considered the variable exponent function space LP(*) on the
real line, and proved the Hdélder inequality in this setting, too. Next, Orlicz
abandoned the study of variable exponent spaces, to concentrate on the theory
of the function spaces that now bear his name. The first systematic study of
spaces with variable exponent (called modular spaces) is due to Nakano [109].
In the appendix of this book, Nakano mentions explicitly variable exponent
Lebesgue spaces as an example of the more general spaces he considers [109,
p. 284]. Despite their broad interest, these spaces have not reached the same
main-stream position as Orlicz spaces. Somewhat later, a more explicit ver-
sion of such spaces, namely modular function spaces, were investigated by
Polish mathematicians. We refer to the book by Musielak [107] for a nice
presentation of modular function spaces. This book, although not dealing
specifically with the spaces that interest us, is still specific enough to contain
several interesting results regarding variable exponent spaces. Variable expo-
nent Lebesgue spaces on the real line have been independently developed by
Russian researchers, notably Sharapudinov. These investigations originated
in a paper by Tsenov [149]. The question raised by Tsenov and solved by
Sharapudinov [142] is the minimization of ff |u(z) — v(z)|P@dx, where u is a
fixed function and v varies over a finite dimensional subspace of LP(*)([a, b]).
Sharapudinov also introduces the Luxemburg norm for the Lebesgue space and
shows that this space is reflexive if the exponent satisfies 1 < p~ < p* < oo.
In the 80’s Zhikov started a new line of investigation, that was to become
intimately related to the study of variable exponent spaces, namely he consid-
ered variational integrals with non-standard growth conditions. These notions
have been widely applied in various fields, including electrorheological fluids
(sometimes referred to as “smart fluids”), which are particular fluids of high

technological interest whose apparent viscosity changes reversibly in response
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to an electric field. The electrorheological fluids have been intensively studied
from the 1940’s to the present. The first major discovery on electrorheolog-
ical fluids is due to Willis M. Winslow [153]. He noticed that such fluids’
(for instance lithium polymetachrylate) viscosity in an electrical field is in-
versely proportional to the strength of the field. The field induces string-like
formations in the fluid, which are parallel to the field. They can raise the
viscosity by as much as five orders of magnitude. This phenomenon is known
as the Winslow effect. For a general account of the underlying physics we
refer to Halsey [69], while for some technical applications we refer to Pfeiffer,
Mavroidis, Bar-Cohen and Doljin [119]. We just remember that any device
which currently depends upon hydraulics, hydrodynamics or hydrostatics can
benefit from electrorheological fluids’ properties. Consequently, electrorheo-
logical fluids are most promising in aircraft and aerospace applications. For
more information on properties and the application of these fluids we refer to
Acerbi and Mingione [2], Diening [38], Halsey [69] and Rabinowitz [126].

We recall in what follows the main properties of Sobolev spaces with vari-
able exponent.

Let Q be a bounded open set in RV,

Set

C(Q) ={h; he C(Q), h(z) > 1forall z € Q}.

For any h € C;(Q) we define

h* = sup h(z) and h™ = inf h(z).
e €

For any p(z) € C4(Q), we define the variable exponent Lebesgue and Sobolev

spaces
LP@(Q) = {u; u:Q — R is measurable and / lu(z)|P®) dz < oo}
Q

and
W@ (Q) = {u e LP@(Q); |Vu| € LP@(Q)}.

On these spaces we define, respectively, the following norms

IUIp<z)=inf{M>0;/’u(x)
Ql K

p(z)
dr < 1} (called Luxemburg norm)
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and

lull = ulp@) + [Vl -

Variable exponent Lebesgue and Sobolev spaces resemble classical Lebesgue
and Sobolev spaces in many respects: they are Banach spaces [84, Theorem
2.5], the Holder inequality holds [84, Theorem 2.1], they are reflexive if and
onlyif 1 < p~ < p' < oo [84, Corollary 2.7] and continuous functions are dense
if p* < oo [84, Theorem 2.11]. The inclusion between Lebesgue spaces also
generalizes naturally [84, Theorem 2.8]: if 0 < Q] < co and py, p2 € C4(Q) are
variable exponent so that p;(x) < pa(z) in © then there exists the continuous
embedding LP2(®)(Q) — LP1(®)(Q), whose norm does not exceed |Q| + 1.

We denote by L' (*)(Q) the conjugate space of LP(*)(Q), where 1/p(x) +
1/p/(z) = 1. For any u € LP™*)(Q) and v € LV (*)(Q) the Holder type inequality

/uv dx
Q

An important role in manipulating the generalized Lebesgue-Sobolev spaces

1 1
< | — 4+ ) [ulp@) V] 4.1
(5= + 777=) Pl (41)

holds true.

is played by the modular of the LP(*)(Q) space, which is the mapping Pp() :
LP@)(Q) — R defined by

Pp(z) (w) = /Q ufP™) da.

If (u,), u € LP®)(Q) and pt < oo then the following relations hold true

- +

ulpy > 1 = Julp ) < pp) () < Jul), (4.2)
+ —

[Un — Ulp@) =0 & ppa)(un —u) — 0. (4.4)

Spaces with p™ = oo have been studied by Edmunds, Lang and Nekvinda [45].

Denote by Wol’p(x)(ﬂ) the closure of C§°(Q) in W) (). On this space
we can use the equivalent norm ||ul| = [Vul,(,). The space (Wol’p(z)(Q), I|-1) is
a separable and reflexive Banach space. The dual of this space is denoted by
Wo_l’p/(x)(Q). We note that if ¢ € C(Q) and ¢(x) < p*(x) for all z € Q then
the embedding W& P (r)(Q) < L4@)(Q) is compact, while W(} P (r)(Q) is con-
tinuously embedded into LP*(®)(Q), where p*(z) denotes the critical Sobolev
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exponent, that is, p*(z) = Np(z)/(N — p(z)), provided that p(z) < N for all
zeq.

Remark 1. If pi(z), pa(z) € C+(2), then m(x) € CL(N2), where m(x) =
max{pi(z),p2(x)}, for any x € Q. On the other hand, since p1(x), p2(z)
m(zx) for any x € Q, it follows that W&’m(m)(ﬂ) is continuously embedded in
WoPo(Q) fori € {1,2}.

IN

We refer to Diening [38], Edmunds and Rakosnik [46, 47], Fan and Han
[52], Fan, Shen and Zhao [53], Fan, Zhang and Zhao [55], Fan and Zhao
[56], Kovacik and Rakosnik [84] and Ruzicka [140] for further properties and

applications of variable exponent Lebesgue—Sobolev spaces.

4.2 A nonlinear eigenvalue problem

The Mountain Pass Theorem is due to Ambrosetti and Rabinowitz [5] and is
one of the most powerful tools in Nonlinear Analysis for proving the existence
of critical points of energy functionals. One of the simplest versions of the
Mountain Pass Theorem asserts that if a continuously differential functional
has two local minima, then (under some natural assumptions) such a function
has a third critical point. This fact is elementary for functions of one real
variable. However, even for functions on the plane the proof of such a theorem
requires deep topological ideas. The Mountain Pass Theorem has numerous
generalizations and has been applied in the treatment of various classes of
boundary value problems. We refer to the recent monograph by Jabri [75] for
an excellent survey of some of the most interesting applications of this abstract
result. We do not intend to insist on the wide spectrum of applications of the
Mountain Pass Theorem. We remark only that this theorem has been applied
in the last few years in very concrete situations. For instance, in Lewin [95] it
is considered a neutral molecule that possesses two distinct stable positions for
its nuclei, and it is looked for a mountain pass point between the two minima
in the non-relativistic Schrodinger framework.

As showed in Ambrosetti and Rabinowitz [5], one of the simplest applica-

tions of the Mountain Pass Theorem implies the existence of solutions for the
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Dirichlet problem

— Ay =Pt in Q
u >0 in Q (4.5)
u=0 on 0,

where 2 C RY is a smooth bounded domain, 2 < p < 2N/(N —2)if N >3
and p € (2,00)if N=1o0or N =2.

This equation is called the Kazdan—Warner equation and the existence re-
sults are related not only to the values of p, but also to the geometry of (.
For instance, problem (4.5) has no solution if p > 2N/(N — 2) and if Q is
a starshaped domain with respect to a certain point (the proof uses the Po-
hozaev identity, which is obtained after multiplication in (4.5) with x - Vu and
integration by parts). If 2 is not starshaped, Kazdan and Warner proved in
[82] that problem (4.5) has a solution for any p > 2, where  is an annulus
in RY.

Under the same assumptions on the subcritical exponent p, similar argu-

ments show that the boundary value problem

—Au— I =uP! in
u>0 in €
u=0 on 01,

has a solution for any A < A;, where \; denotes the first eigenvalue of (—A) in
H{ (). The proof of this result relies on the fact that the operator (—A — \I)
is coercive if A < A\;. Moreover, by multiplication with ¢; and integration on
Q) we deduce that there is no solution if A > Ay, where 1 stands for the first
eigenfunction of the Laplace operator. We refer to Precup [122] for interesting
localization results of solutions to problems of the above type, as well as for a
lower bound of all nontrivial solutions.

The main purpose of the first part of this chapter is to study a related
problem, but for a more general differential operator, the so-called p(z)—
Laplace operator. This degenerate differential operator is defined by A, )u :=

div(|Vu[P®)=2Vy) (where p(x) is a certain function whose properties will be
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stated in what follows) and that generalizes the celebrated p-Laplace oper-
ator, defined by Apyu := div(|Vu[P~2Vu), where p > 1 is a constant. The
p(z)-Laplace operator possesses more complicated nonlinearity than the p—
Laplacian, for example, it is inhomogeneous. We only recall that A, describes
a variety of phenomena in the nature. For instance, the equation governing
the motion of a fluid involves the p—Laplace operator. More exactly, the shear
stress 7 and the velocity gradient Vu of the fluid are related in the manner
that 7(x) = r(z)|Vu|P~2Vu, where p = 2 (resp., p < 2 or p > 2) if the fluid
is Newtonian (resp., pseudoplastic or dilatant). Other applications of the p—
Laplacian also appear in the study of flow through porous media (p = 3/2),
Nonlinear Elasticity (p > 2), or Glaciology (1 < p < 4/3).

Assume that § is a smooth bounded open set in RN (N > 2), \ is a real

parameter and p € C ().

Consider the boundary value problem

—div(|Vu[P®)—2Vy) = MP@ -1 4 a1 in Q
u=20 on 0N (4.6)
w>0, uz0 inQ,

where p € C () such that p™ < N, and ¢ is a real number.

Definition 2. Let A be a real number. We say that u € Wol’p(w)(Q) is a
solution of Problem (4.6) if u >0, u# 0 in Q and

/ [Vul[P®)2VuVods = )\/ POy dy +/ witvdz, Vv € Wol’p(m)(Q)-
Q 0 Q

A crucial role in the statement of our result will be played by the nonlinear

eigenvalue problem

—div(|Vu[P®=2Vy) = A|ulP®) 2y in Q
u=0 on 0f? (4.7)
uz0 in Q.

It follows easily that if (u, \) is a solution of (4.7) then

B fQ |Vu|p(x)dx
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and hence A > 0. Let A denote the set of eigenvalues of (4.7), that is,

A=Ay ={X €R; Xis an eigenvalue of Problem (4.7)} .

In Garcia Azorero and Peral Alonso [60] it is showed that if the function p(x)
is a constant p > 1 (we refer to Brezis [18] for the linear case p(z) = 2), then
Problem (4.7) has a sequence of eigenvalues, sup A = 400 and inf A = \; =
A1p > 0, where A, is the first eigenvalue of (—A,) in W, ?(2) and

VulP®@ g
Mo, = mf JalVul™dr
wewiP@\{oh) Jo [ulP@dz

In Fan, Zhang and Zhao [55] it is showed that for general functions p(z) the

set A is infinite and sup A = 400. Moreover, it may arise that inf A = 0. Set

A=A ):ian.

e
In Fan, Zhang and Zhao [55] it is argued that if N = 1 then A* > 0 if and only
if the function p(x) is monotone. In arbitrary dimension, \* = 0 provided that
there exist an open set U C 2 and a point x¢ € U such that p(zg) < (or >)
p(z) for all x € OU.

Theorem 11. Assume that X < \* and p™ < ¢ < Np~ /(N —p~). Then
Problem (4.6) has at least a solution.

We cannot expect that Problem (4.6) has a solution for any A > A*. Indeed,
consider the simplest case p(x) = 2, take A > A\ and multiply the equation in
(4.6) by ¢1 > 0. Integrating on 2 we find

(A—Al)/ugold:r—l—/uq_l<p1dx—0
0 Q

which yields a contradiction.

The proof of the above result relies on the celebrated Mountain Pass The-
orem of Ambrosetti and Rabinowitz [5]. We refer to Dinca, Jebelean and
Mawhin [39, 40] for variants of Theorem 11 corresponding to the p—Laplace

operator.
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4.3 Proof of Theorem 11

Our hypothesis A < A* implies that there exists Cy > 0 such that
/(Vv|p(x)—)\|v|p(x))d:v > Co/ |VulP@) da for all v € Wol’p(gc)(Q). (4.8)
Q Q

Set
wi™l, ifu>0,
g(u) =
0, ifu<O
and G(u) = [, g(t)dt. Define the energy functional associated to Problem
(4.6) by

1 Lp(x)
Ju:/ VuP@) — \|ulP®) d:L‘—/G’LLd.’IJ for all u € W' .
) = [ o (90PN o~ [ G ;

Observe that
|G(u)| < Cul?

and, by our hypotheses on p(x) and ¢, we have Wol’p(m)(ﬂ) — L%(Q2), which
implies that J is well defined on WO1 P (x)(Q).

A straightforward computation shows that J is of class C' and, for every
ve W&@(@(Q)’

J (u)(v) = /Q(\Vu|p(””)_2Vu Vo — AMulP®~2uw)ds — /Qg(u)vd:n.

We prove in what follows that J satisfies the hypotheses of the Mountain

Pass Theorem.

Firstly, let us observe that we may write, for every u € R,
l9(w)] < Jul?™h.

Thus, for all u € R,

Next, by (4.8) and (4.9),

Jw) > / yvuv)(r)dx—c/\uwdx
p Q Q

: (4.10)
e / \VulP@dz — Oy ||ul|d,dx
Q
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for every u € I/VO1 P (‘r)(Q), where C7 and (5 are positive constants. So, by
relation (4.3) and using the continuous embedding Wol’p(x)(ﬂ) — L9(Q) com-
bined with the assumption p™ < ¢ we find, for all u € I/VO1 P (‘T)(Q) with
|ul| = [Vulym) = R sufficiently small,

+
J(u) > C4 |Vu|§($) —Cj \Vu|g(z) >cp>0.
For the second geometric assumption of the Mountain Pass Theorem, we

choose ug € Wol’p(x)(ﬂ) such that ug > 0 in Q. Since p™ < ¢, it follows that if
t > 0 is large enough then

tp(x) t4
J(tu :/ VP — \ug[P®) daz—/uqdﬂc<0.
(tu0) = | o5 (IVwol® = Auopt)) e~ |

VERIFICATION OF THE PALAIS-SMALE CONDITION. Let (u,) be a sequence
in Wol’p(x)(Q) such that
sup |J (up)| < 400 (4.11)
n

" (wn) lyyr—1.07 @) — O as n — 0o. (4.12)

We first prove that (u,) is bounded in WO1 P (m)(Q). Remark that (4.12)
implies that, for every v € WO1 P (x)(Q),

/(|Vun|p 2V, - Vo — A |up [P® 2 u,0)de = / g(up)vdx + o(1) |jv]| .
Q Q

(4.13)
Choosing v = u, in (4.13) we find

/(wthmmm@ym:/ﬂ%mmwﬂmme (4.14)
Q Q

Relation (4.11) implies that there exists M > 0 such that, for any n > 1,

‘/ \Vun]p(’”) —A ]un\p(x)) dx — / G(un)dx
Q

But a simple computation yields

<M. (4.15)

gémw%mzq/ammﬂ (4.16)

Q
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Combining (4.14), (4.15) and (4.16) and using our assumption p* < ¢ we find

/ G(un)dz = O(1) + o(1) [[un] . (4.17)
Thus, by (4.14) and (4.17),
/ ViunP@ iz = O(1) + o(1) [Jun]

which means that (uy) is bounded in I/VO1 P (x)(Q).
It remains to prove that (u,) is relatively compact. We first remark that

(4.13) may be rewritten as

/ V[P =2 Yy, - Vodz = / h(z,up)vdzx 4+ o(1) ||v||, (4.18)
Q Q

for every v € VVO1 P(@) (Q), where
hw,u) = g(u) + A ful D2 u,

where A < \* is fixed. Obviously, h is continuous and, since ¢ < Np(z)/(N —

p(z)) for all x € €, there exists C > 0 such that

|h(z,u)] <C (1 + |u|(Np(w)_N+p(x))/(N_p(x))) for all z € Q and u € R.
(4.19)

Moreover
h(z,u) =0 (|u|Np($)/(N_p(x))) as |u| — oo, uniformly for x € Q. (4.20)

Define A : Wol’p(x) Q) — WP @)(Q) by Au = —div(]VuP®)=2Vw). Then
A is invertible and A~! : WP @)(Q) — W()l’p($)(Q) is a continuous opera-
tor. Thus, by (4.18), it suffices to show that h(z,u,) is relatively compact
in WL @) (Q). By continuous embeddings for Sobolev spaces with variable
exponent, this will be achieved by proving that a subsequence of h(x,uy) is

convergent in
(LNP@/(N=p(@) () y* = [NP@)/(Np(@)=N+p(2) () |
Since (uy,) is bounded in Wol’p(m)(Q) c LNP@)/(N=p(#))(Q) we can suppose
that, up to a subsequence,

Uy — u € LNP@/IN=p) () a.e. in Q.
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Moreover, by Egorov’s Theorem, for each é > 0, there exists a subset A of Q2
with |A| < § and such that

Up — U uniformly in O\ A.
So, it is sufficient to show that
/ (1) — h(u)|NPE/ D@ -N42@) g <
for any fixed n > 0. But, by (4.19),

/ ’h(u)|Np(m)/(Np(m)—N+p(x))d$ <C /(1 + |u|Np(m)/(N—p(:r)))dli’
A A

which can be made arbitrarily small if we choose a sufficiently small § > 0.
We have, by (4.20),

/ () (10) [ VP@) (NP2 ~N42(@) gy < / g VPO N=2()) g 0| A

which can be also made arbitrarily small, by continuous embeddings for Sobolev
spaces with variable exponent combined with the boundedness of (uj) in
VVO1 p(@) (©2). Hence, J satisfies the Palais-Smale condition. Thus, by the Moun-

tain Pass Theorem, the boundary value problem
—div(|Vu[P®)—2Vu) = AuP® =2y + g(u) in Q
u=20 on 02

has a weak solution u € Wol’p(x)(Q) \ {0}. It remains to show that u > 0.
Indeed, multiplying the equation by v~ and integrating we find

/ IV~ |P® dg — )\/ (u™)P@dx = 0.
Q Q

Thus, since A < A*, we deduce that v~ = 0 in € or, equivalently, v > 0 in
Q. O

A careful analysis of the above proof shows that the existence result stated
in Theorem 11 remains valid if u9~! is replaced by the more general nonlin-

earity f(z,u), where f(z,u): Q — R is a continuous functions satisfying

f(z,u)| < C(jul + |u[*™"), VzeQ VueR
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with p~ < ¢ < NpT /(N —pt)if N>3and g€ (p~,00)if N=1or N =2,

[z, 1)
t

lim sup { ‘

’ : (x,t) € Q x (—5,5)} =0 uniformly for x € Q
e\.0

and
0 < pF(r,u) <uf(x,u) for 0 < u large and some p > p™,

where F(z,u) = [ f(x,t)dt.
The following result shows that Theorem 11 still remains valid if the right
hand-side is affected by a small perturbation. Consider the boundary value

problem

—div(|VuP®=2Vu) = Nul[P® 24 + [u|972u + a(x) in
(4.21)

u=0 on 02,

where a € L>(Q), p € C;(Q) such that p™ < N, and ¢ is a real number.

Corollary 1. Assume that A < \* and pt < q < Np~ /(N —p~). There exists
d > 0 such that if ||a||p~ < & then Problem (4.21) has at least a solution.

Proof. For any u € VVO1 P (w)(ﬂ) define the energy functional

E(u):/ﬂp(lcc) (\Vu|p(x AlulP@ :c—/ ]u\qdac—/ a(x)udx .

We have already seen that if @ = 0 then Problem (4.21) has a nontrivial and
nonnegative solution. If ||al|z is sufficiently small then the verification of
the Palais-Smale condition, as well as of the two geometric assumptions can
be made following the same ideas as in the proof of Theorem 11. Thus, by
the Mountain Pass Theorem, the functional F has a nontrivial critical point
u € I/VO1 P (x)(Q), which is a solution of Problem (4.21). However, we are not
able to decide if this solution is nonnegative. This result remains true if a > 0,

as we can see easily after multiplication with 4~ and integration. O
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4.4 A nonlinear eigenvalue problem with two vari-
able exponents

We study in what follows the boundary value problem

—div((|Vu|Pr®)=2 4 |Vu|P2®)=2)Vy) = f(x,u), for z€Q (4.22)

u =0, for x € 90N

where Q@ € RV (N > 3) is a bounded domain with smooth boundary and
1 < pi(z), pi(z) € C(Q) for i € {1,2}. We are looking for nontrivial weak
solutions of Problem (4.22) in the generalized Sobolev space W1"(®)(Q), where
m(x) = max{p;(x), p2(z)} for any = € Q. We point out that problems of type
(4.22) were intensively studied in the past decades. We refer to Chabrowski
and Fu [25], Fan and Zhang [54], Fan, Zhang and Zhao [55] for some interesting
results.

We study Problem (4.22) if f(z,t) = £(=AJt|™®) =2t 4 [t|9®)=2¢), where

N -m(x) £

— if m(x) < N
m(x) = max{p (z), pa(2)} < q(w) < { N (@)

+00 if m(xz) > N,

for any x € Q and all A > 0.
We first consider the problem
—div((|Vul|Pr@®)=2 4 |Vu|P2®)=2)Tu) = —Aju|™ @2y 4 |[u|i®) 2y, 2 € Q

u =0, x € 0N.
(4.23)
We say that u € Wol’m(x)(Q) is a weak solution of problem (4.23) if

/(\Vu|p1(x)_2 + |Vu[P2 =2 TuVe d —|—)\/ u|™®) =20 dx
Q Q

—/ ]u|q(m)72uv dx =0,
Q

for all v € Wol’m(x)(ﬂ).
We prove
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Theorem 12. For every A > 0 problem (4.23) has infinitely many weak solu-

tions, provided that 2 < p; fori e {1,2}, m™ <q~ and ¢* < ]ifv;%: )

Next, we study the problem

—div((|Vul|Pr®)=2 4 |Vu|P2®)=2) V) = Au|™®) 2y — [u|i®) 2y, 2 Q

u =0, x € 0N.
(4.24)
We say that u € Wol’m(m)(Q) is a weak solution of problem (4.24) if

/(\Vu|p1(m)_2 + |VuP2 @) =2\ TV da —)\/ ™)~y da
Q Q

—|—/ |u|9® =2y do = 0,
Q

for all v € Wol’m(x)(ﬂ).
We prove
Theorem 13. There exists \* > 0 such that for any X > X\* problem (4.24)

N-m~
N—m~—

has a nontrivial weak solution, provided that m*™ < ¢~ and ¢* <

There are strong similarities but also differences between problems (4.23)
and (4.24). We first observe that the signs are reversed in the right hand-
sides. Next, Problem (4.23) admits infinitely many solutions for any A >
0. In contrast, Problem (4.24) admits at least one solution, provided A is

sufficiently large.

4.5 Proof of Theorem 12

The key argument in the proof of Theorem 12 is the following Zs-symmetric
version (for even functionals) of the Mountain Pass Lemma (see Theorem 9.12
in Rabinowitz [126]).

Theorem 14. Let X be an infinite dimensional real Banach space and let
I € CYX,R) be even, satisfying the Palais-Smale condition (that is, any
sequence {xn} C X such that {I(z,)} is bounded and I' (x,) — 0 in X* has a
convergent subsequence) and I(0) = 0. Suppose that

(I11) There exist two constants p, a > 0 such that I(z) > a if ||z|| = p.
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(I2) For each finite dimensional subspace X1 C X, the set {x € X1; I(xz) > 0}

1s bounded.

Then I has an unbounded sequence of critical values.

Let E denote the generalized Sobolev space T/V1 m(x)(Q).
The energy functional corresponding to problem (4.23) is defined by J) :
E — R,

1

1 1
J(u) = VulPr®) dm—{—/ Vau|P2®) dg —i—)\/ u|™®) dg
= [ v o) ern@s)' |

~ m!u\qm dx.
A simple calculation based on Remark 1, relations (4.2) and (4.3) and the
compact embedding of E into L*@®)(Q) for all s € C'(Q) with s(z) < m*(x)
on  shows that J) is well-defined on E and J\ € C'(E,R) with the derivative

given by

(Jy(u),v) = / (V1@ =2 4| VuP2@) =) TuVo de +A / ™2y da
Q Q

—/ u|9®) 2y d,
Q

for any u, v € E. Thus the weak solutions of (4.23) are exactly the critical
points of Jy.

Lemma 5. There exist n > 0 and o > 0 such that Jy(u) > a > 0 for any
u € E with ||ullmz) = n-

Proof. We first point out that since m(x) = max{p;(z),p2(z)} for any x € Q
then
[Vu(z)|Pr® + |Vu(z) 2@ > | Vu(z)|™®), vee . (4.25)

On the other hand, we have
u(@)|” + |u(@)|” > Ju(@)1"), Vo e (4.26)

Using (4.25) and (4 26) we deduce that

Tu) > /]Vu\m(” L </ |t d:):—I—/ fuf” dx)
max{pl ap2} Q Q
— / |Vu|™®) dg — i . (/ lu|? dx—i—/ Ju?" dx> ,
Q q Q Q

(4.27)
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for any u € E.

Since m* < ¢~ < ¢t < m*(z) for any z € Q and E is continuously
embedded in L4 (Q) and in L7 () it follows that there exist two positive
constants C; and Cq such that

ullm@) > C1 - lulgrs  |ullm@) = C2 - ulg-, Yu € E. (4.28)
Assume that v € E and ||u|;,) < 1. Thus, by (4.3),
v i =, (1.29)
Q

Relations (4.27), (4.28) and (4.29) yield

1 " 1 q
(& M)+ (G Mol
ot -t m
= (B Ml =0l ) -l

for any u € E with [[ul],;,(z) < 1, where 8, v and § are positive constants.
We remark that the function g : [0,1] — R defined by

1 1

mT
Jx(u) — [ e

v

gty =B =y tT T gt

is positive in a neighborhood of the origin. We conclude that Lemma 5 holds
true. 0

Lemma 6. Let Ey be a finite dimensional subspace of E. Then the set S =
{u € Ey; Jx(u) > 0} is bounded.

Proof. In order to prove Lemma 6, we first show that

LV dr < Ky (P + el ), Yue B (4.30)
o pi(z) = m(@) m(@)”” '

where K is a positive constant.

Indeed, using relations (4.2) and (4.3) we have
- + - +
/Q\vuv’l(z) dr < |Vl o+ IVul? o= lull)! g +llul? ), Ve € Bl (4.31)

On the other hand, Remark 1 implies that there exists a positive constant K
such that
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Inequalities (4.31) and (4.32) yield

/Q!VUIM(””) do < (Ko - [[ullna))P* + (Ko - [[ullm)Pt, Vo€ B

and thus (4.30) holds true.
With similar arguments we deduce that there exists a positive constant K>
such that

L V@ de < Ky (Jul2 . + [[ul ), Vue B (4.33)
o p2(x) = m(@) m(@)’? ‘ .

Using again (4.2) and (4.3) we have
m(x m m+t
/Q\u| @) dg < Ul + [Ulm@), Vv € E.

Since E is continuously embedded in L™®)(Q), there exists of a positive con-
stant K such that

The last two inequalities show that for each A > 0 there exists a positive
constant K3(A) such that

1 - +
] —— V™) dz < K3(A) - (JJul|™ m E. (4.34
A [ S T de < K- (i + ). Vue B (430)
By inequalities (4.30), (4.33) and (4.34) we get
I(w) <Ky Julf, i Ko - ([|ull”? i
M) < K-l + llf) ) + Ko (lull, + Tl
(x) (z) (z) (z)
- 1
+K3(A) - uﬁx—l—ugz —/ ul?® de,
s (lellm) + Nelliiy) = o [ 1l

for all u € E.
Let w € F be arbitrary but fixed. We define

Qe ={z e Julz) <1}, Q>=0\Q.
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Therefore
J < Ky - (|fu)? WOy LK P2
) <K <Huum)+uuum>+ - <\uu o+l
m+ xT
FRS(ON) - (s + el / 1) de
< Ky - (ull %, + )+K2-(Hu|| o+ )

m™T 1 x
+K3(N) - (lullmy + lelme) — +/ u|?™) dx
qa’ Jas

< K- - pl— pi_ K - pg

< K-l + ) + K - (ul, + lal,)
m- m 1

O - (e + el = = /Q ¢ da

- +

< Ky - (Tl + Nl ) + Ko -l + lull,,)
1

) - (i + lllic) - /Q ul?” da

1 _
+— lul?  dz.
q" Ja.

But there exists a positive constant K, such that, for all u € F,

1

qj ’U‘q7 S K4.

Hence
- +
Ix(u) §K1.<||u||ﬁ§(x)+|yu\|ﬁ;(x))+K2.<\|u|| +||u”m(x)>
m— mt 1 -
+E30) - (Il + el ‘q+/9|“|q do + Ko,

for all u € E. The functional | - |,- : £ — R defined by

B 1/q~
- = ( [t dm)
Q

is a norm in E. In the finite dimensional subspace E; the norms | - |, and
| - llm(x) are equivalent, so there exists a positive constant K = K(F1) such
that

HuHm(x) <K -l|ul,-, Yuc .

As a consequence we have that there exists a positive constant K5 such that
Py py
In(w) < K- (lully) + lulle) + K- (HUII ot IIuIIm(x )

+
+K3(A) - (i) + lullme) = Ks - llullf, ) + K,

m(x)
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for all u € F1. Hence

- + - +
Ky - (HUH%(@ + H“Hfﬁ(z)) + Ko - (HuHZf(m) + Hquj(x))—i—

K (N) - (Jull Ty + Tullz) = Ks - lullly ) + Ko >0, Vues

and since ¢~ > m™ we conclude that S is bounded in E. The proof of Lemma

6 is complete. O
Lemma 7. Assume that {u,} C E is a sequence which satisfies the properties:
| Ta(un)| < M (4.35)

Jy(un) = 0 asn — oo (4.36)

where M is a positive constant. Then {u,} possesses a convergent subsequence.

Proof. First, we show that {u,,} is bounded in E. Assume by contradiction the
contrary. Then, passing eventually at a subsequence, still denoted by {u,},
we may assume that ||uy/|p ) — oo as n — oo. Thus we may consider that
|Unlmz) > 1 for any integer n.
By (4.36) we deduce that there exists N1 > 0 such that for any n > N; we
have
PACSIES?

On the other hand, for any n > N fixed, the application
E3v— (Jy(un), )
is linear and continuous. The above information yields
(7 (n), ) < (T3 @) |- [0llmgay < Nollmys Yo € B, 0> Nu.
Setting v = u,, we have

~llunllmzy S/ |V [P ) daz+/ |V, [P2@) dx+)\/ ™)
Q Q Q

— | 1un]™ d < [|unln().
Q
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for all n > N;. We obtain
—Wﬂmm—/WWmW@dw—/wa”@dx
Q Q

(4.37)
—)\/ |up|®) da < —/ [un|?®) da |
Q Q

for any n > NVj.
Assuming that ||uy||;,z) > 1, relations (4.35), (4.37) and (4.2) imply

1 1
M N > = - =) [P (@) P2
> I(up) > <m+ q‘) /Q(]Vu | + |Vu,|P?'%) dx

1 1 1
+ A-()-/unm(x)d$- U || (2
A = lunlle

1 1 1
— — =) V™ dz — —|Jug||s
<"ﬁ' q‘) A; | £ Nnllna)

Lo(1 1 o
2 \r ) [tnl [y — qi\|un\\m(x)-

AV

Letting n — oo we obtain a contradiction. It follows that {u,} is bounded in
E.

Since {uy} is bounded in F, there exist a subsequence, again denoted
by {u,}, and ug € E such that {u,} converges weakly to uy in E. Since
E is compactly embedded in L™®)(Q) and in LY®)(Q) it follows that {u,}
converges strongly to ug in L™®)(Q) and L4*)(Q). The above information

and relation (4.36) imply
(Jy(un) — J\ (), un — ug) — 0 asn — oo.
On the other hand, we have
/Q(|Vun|p1(x)_2Vun + [V, P2 @2V0,,) - (Vu, — Vug)de
— /Sz(]Vuolpl(x)2Vuo + |Vuo P2 @2 Vug) - (Vuy, — Vug)da
= (J3(un) = J3(u0), tup — o) (4.38)
X [ = ol ) — )

+ / (Jun |y, — g |1 ) (g, — o) d.
Q
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Using the fact that {u,} converges strongly to ug in L) (Q) and inequality
(4.1) we have

[ Gl = o)) — ) | <
Q

/ |un|q(m)_2un(un — ) dz

Q
|uo|7®) =2 (uy, — ug) da:
Q

+

<

Cs - [Jun|™ 7Y o) Jun — ol gy + Ca - w097 gy [tn — woly(w) »
q(x)—1 q(x)—1

where C3 and C} are positive constants. Since |u, — uolq(x) — 0asn — oo we
deduce that

lim | (|7, — uo) 7™ ug) (un — ug) daz = 0. (4.39)

n—oo Q

With similar arguments we obtain

lim [ (Jun ™y, — uo|™® Y ug) (un — ug) da = 0. (4.40)

n—oo [¢)

By (4.38), (4.39) and (4.40) we get

lim [ (|Vu '@ 72V, + [V, [2@) -2V, — [V [P0 -2V,

n—oo 0

— VP22V ug) - (Vup, — Vug) da = 0.
(4.41)
Next, we apply the following elementary inequality (see [37, Lemma 4.10])

(€726 — " 2) - (€ =) > CleE—o[", Vr>2 &y eRN. (4.42)

Relations (4.41) and (4.42) yield

lim [ |Vu, — Vuo|"'® d + / |V, — Vug|P2® de =0
Q Q

n—oo

or using relation (4.25) we get

lim [ |V, — Vue|™® dz = 0.
Q

n—0oo

That fact and relation (4.4) imply [[u, — ug|lm(z) — 0 as n — oco. The proof

of Lemma 7 is complete. O
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PROOF OF THEOREM 12 COMPLETED. It is clear that the functional J)
is even and verifies J,(0) = 0. Lemma 7 implies that .J satisfies the Palais-
Smale condition. On the other hand, Lemmas 5 and 6 show that conditions
(I1) and (I2) are satisfied. Applying Theorem 14 to the functional J) we
conclude that equation (4.23) has infinitely many weak solutions in E. The

proof of Theorem 12 is complete. (|

4.6 Proof of Theorem 13

Define the energy functional associated to Problem (4.24) by I : E — R,

I (u) :/ ! |Vu[PH®) d:z+/ ! |V P2(@) dx—)\/
o p1() o p2(x) Q

1
—i—/uq(x) dx.
o a@) "

The same arguments as those used in the case of functional Jy show that I,

is well-defined on E and I, € C'(E,R) with the derivative given by

u|™®) dx

b
m(z)

(Iy(u),v) = /(\Vu]pl(x)_Q + |VuP2@) =2\ VuVu do — )\/ ™2y da
Q Q
+/ |92y d,
Q

for any u, v € E. We obtain that the weak solutions of (4.24) are the critical
points of 1.
This time our idea is to show that I possesses a nontrivial global minimum

point in E. With that end in view we start by proving two auxiliary results.

Lemma 8. The functional I, is coercive on E.

Proof. In order to prove Lemma 8 we first show that for any a, b > 0 and

0 < k <l the following inequality holds

a.tkb.tlga.(g)k/(lk), V> 0. (4.43)
Indeed, since the function
[0,00) 5t —
is increasing for any 6 > 0 it follows that
a—b-t"7F <0, Vt> (%)UU_M ,
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and

tho(a—b-tF) <a-th<a- (%)k/(l_k), Vite [0, (Z)lm_k)} .

The above two inequalities show that (4.43) holds true.
Using (4.43) we deduce that for any z € Q and v € E we have
A [ gt 17@)/ (@) =m(@)

A 1
A m(z) _ q(z) < q
m- ful@)] + fuf@)] “m~ | m~

A [/aegrym @ =m) oy ey e/ —mo)
0y o))
m m m

where C is a positive constant independent of v and x. Integrating the above

<

inequality over ) we obtain

/ |u|™®) da — / u|?®) de < D (4.44)
m-

where D is a positive constant independent of w.
Using inequalities (4.25) and (4.44) we obtain that for any u € E with

[|2/[(z) > 1 we have

I(u) = 1/ |V (@) dx—)\/ | ™) da:+1+/ |u|?@) dz
qa’ Ja
1
> |||, u|™®) dy — /UQ(z)daz>
el = (2= [ = [

1
> —lullne =D

Thus I is coercive and the proof of Lemma 8 is complete. O
Lemma 9. The functional I is weakly lower semicontinuous.

Proof. In a first instance we prove that the functionals A; : F — R,
1
A;(u :/ —|VulPi® dz, Vie{1,2
) = [ vl 1.2)
are convex. Indeed, since the function

[0,00) 5t — ¢
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is convex for any € > 1, we deduce that for each x €  fixed it holds that

i ()
P il
2 2

pi(7)

< IR 4 S, Ve g e RY, i e (1,2},

Using the above inequality we deduce that

pi(w)

1 1
< §|Vu]p"'(z) + §|V’U|pi($), Vu,v € B, x € Q, i € {1,2}.

Vu+ Vo
2

Multiplying with ﬁ and integrating over ) we obtain

A <u—2w> < %Axu) + %Ai(u» Yu,v € B, i € {1,2}).

Thus A and Ay are convex. It follows that A; + Ay is convex.

Next, we show that the functional Ay 4+ As is weakly lower semicontinuous
on E. Taking into account that Aj + A is convex, by Corollary I11.8 in Brezis
[18] it is enough to show that A; + Ay is strongly lower semicontinuous on E.
We fix u € F and € > 0. Let v € E be arbitrary. Since A1 + Ao is convex and
inequality (4.1) holds true we have

A(v) + Ao(v) > Ag(w) + Ao(w) + (A} () + A5(w),v — u)

> Ax(u) + As(u) —/ V@ (v — )| do

Q
- / VU@ (0 — u)| da
Q
> Ay(u) + Ag(u) — Dy - Hvu‘pl(x)il‘ 7)(1()92)1 |V (u — U)|p1(x)
p1(x)—
— Dy Hvu|p2($)_l| po) |V (u— v)’m(z)
po(z)—1
> Ai(u) +A2(u) — D3 - [[u— 0| e

> Ai(u) + Ao(u) — €

for all v € E with

€
= || Vulpr @)= e + ||[Vulp2@ =1 0

p1(z)—1 po(x)—1

[w = V[l ,
where D1, Dy and D3 are positive constants. It follows that A+ As is strongly
lower semicontinuous and since it is convex we obtain that Ay + As is weakly

lower semicontinuous.
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Finally, we remark that if {u,} C F is a sequence which converges weakly
to u in E then {u,} converges strongly to u in L™®)(Q) and L¢®)(Q). Thus,

I, is weakly lower semicontinuous. The proof of Lemma 9 is complete. 0

Proor oF THEOREM 13. By Lemmas 8 and 9 we deduce that I is
coercive and weakly lower semicontinuous on F. Then Theorem 1.2 in Struwe
[144] implies that there exists uy € E a global minimizer of I, and thus a weak
solution of problem (4.24).

We show that wu) is not trivial for A large enough. Indeed, letting tg > 1
be a fixed real and €2; be an open subset of © with |2;| > 0 we deduce that
there exists ug € C§°(2) C E such that ug(z) = ty for any z € Q; and
0 <wup(z) <tpin 2\ Q;. We have

1 1
I)\(Uo) :/ 7)|Vu0’pl(l‘) dx+/£2|vu0|p2(;r) d$

Q pl(ﬂf 112(90)

—)\/ |ug|™®) daz—f—/ ——Jug|?® dx
Q m)\(@ a q(z)
AN m(z)

<L — /91 |uo| dx

A e
<L—$t0 “Ql‘,

where L is a positive constant. Thus, there exists A* > 0 such that I\ (up) < 0
for any A € [\*,00). It follows that I(uy) < 0 for any A > A* and thus u) is
a nontrivial weak solution of problem (4.24) for A large enough. The proof of

Theorem 13 is complete. O
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Chapter 5

Two multivalued versions of
the nonlinear Schrodinger
equation on the whole space

I don’t like it, and I'm sorry I
ever had anything to do with it.

Erwin Schrodinger talking about
Quantum Physics

Abstract. We first establish the existence of an entire solution for a class of sta-
tionary Schrodinger equations with subcritical discontinuous nonlinearity and lower
bounded potential that blows-up at infinity. In the second part of this chapter we
prove the existence of an entire solution for a class of stationary Schrodinger systems
with subcritical discontinuous nonlinearities and lower bounded potentials that blow-
up at infinity. The abstract framework are related to Lebesgue—Sobolev spaces with
variable exponent. The proofs are based on the critical point theory in the sense
of Clarke and we apply Chang’s version of the Mountain Pass Lemma without the
Palais—Smale condition for locally Lipschitz functionals. Our results generalize in a
nonsmooth framework a theorem of Rabinowitz [127] on the existence of ground-state

solutions of the nonlinear Schrédinger equation.

93
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5.1 General results on the stationary Schrodinger
equation

In 1923, L. de Broglie recovers Bohr’s formula for hydrogen atom by associating
to each particle a wave of some frequency and identifying the stationary states
of the electron to the stationary character of the wave. Independently and the
same year, Schrodinger proposes to express the Bohr’s quatification conditions
as an eigenvalue problem. The Schrédinger equation plays the role of Newton’s
laws and conservation of energy in classical mechanics, that is, it predicts
the future behaviour of a dynamic system. The linear form of Schrodinger’s
equation is

8m2m

o (B(x) - V(@) v =0,

where 1 is the Schrodinger wave function, m is the mass, h denotes Planck’s

A+

constant, F is the energy, and V stands for the potential energy. The structure
of the nonlinear Schrédinger equation is much more complicated. This equa-
tion is a prototypical dispersive nonlinear partial differential equation that has
been central for almost four decades now to a variety of areas in Mathematical
Physics. The relevant fields of application may vary from optics and propa-
gation of the electric field in optical fibers (see Hasegawa and Kodama [71],
Malomed [103]), to the self-focusing and collapse of Langmuir waves in plasma
physics (see Zakharov [156]) and the behaviour of deep water waves and freak
waves (the so-called rogue waves) in the ocean (see Benjamin and Feir [14],
Onorato, Osborne, Serio and Bertone [114]). The nonlinear Schrédinger equa-
tion also describes various phenomena arising in: self-channelling of a high-
power ultra-short laser in matter, in the theory of Heisenberg ferromagnets
and magnons, in dissipative quantum mechanics, in condensed matter theory,
in plasma physics (e.g., the Kurihara superfluid film equation). We refer to
Ablowitz, Prinari and Trubatch [1], Grosse and Martin [67], Sulem [145] for a
modern overview, including applications.

Schrodinger gives later the now classical derivation of his equation, based
upon the analogy between mechanics and optics, and closer to de Broglie’s
ideas. He also develops a perturbation method, inspired by the work of Lord

Rayleigh in acoustics, proves the equivalence between his wave mechanics and
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Heisenberg’s matrix, and introduces the time dependent Schrodinger’s equa-
tion .

=~ A+ V@Y=l mRY (N22),  (6)
where p < 2N/(N —2) if N > 3 and p < 400 if N = 2. In physical problems,
a cubic nonlinearity corresponding to p = 3 is common; in this case (5.1)
is called the Gross-Pitaevskii equation. In the study of Eq. (5.1), Oh [112]
supposed that the potential V' is bounded and possesses a non-degenerate
critical point at x = 0. More precisely, it is assumed that V belongs to the
class (V4) (for some real number a) introduced in Kato [79]. Taking v > 0
and h > 0 sufficiently small and using a Lyapunov-Schmidt type reduction,
Oh [112] proved the existence of a standing wave solution of Problem (5.1),

that is, a solution of the form
U(x,t) = e By (a) . (5.2)

Note that substituting the ansatz (5.2) into (5.1) leads to

2
—% Au+ (V(z) — B)u = |uPu.

The change of variable y = A~ 'z (and replacing y by z) yields
—Au+2(Vi(x) — E)u = [uP~u in RV, (5.3)

where Vi(z) = V(hz).
If for some ¢ € RV \ {0}, V(z + s¢) = V(z) for all s € R, equation (5.1) is

invariant under the Galilean transformation
1

Thus, in this case, standing waves reproduce solitary waves travelling in the
direction of €. In other words, Schrodinger discovered that the standing waves
are scalar waves rather than vector electromagnetic waves. This is an impor-
tant difference, vector electromagnetic waves are mathematical waves which
describe a direction (vector) of force, whereas the wave Motions of Space are
scalar waves which are simply described by their wave-amplitude. The im-

portance of this discovery was pointed out by Albert Einstein, who wrote:
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“The Schrodinger method, which has in a certain sense the character of a field
theory, does indeed deduce the existence of only discrete states, in surprising
agreement with empirical facts. It does so on the basis of differential equations
applying a kind of resonance argument”. (On Quantum Physics, 1954).
In a celebrated paper, Rabinowitz [126] proved that Equation (5.3) has
a ground-state solution (mountain-pass solution) for & > 0 small, under the
assumption that inf gy V(z) > E. After making a standing wave ansatz,
Rabinowitz reduces the problem to that of studying the semilinear elliptic
equation
—Au+a(x)u = f(x,u) in RY, (5.4)

under suitable conditions on @ and assuming that f is smooth, superlinear
and has a subcritical growth. A related equation has been considered in Lions
[97], where it is studied the problem

—Au+u = a(x)uP!
u>0 inRY
uwe HY(RN),

where 2 < p < 2N/(N —2) and a(z) > aeo = lim|;_ a(x). The complemen-
tary case has been studied in Tintarev [148].

Our purpose in this chapter is to study two multivalued versions of Equa-
tion (5.4). We first consider a more general class of differential operators, the
so-called p(x)—Laplace operators. This degenerate quasilinear operator is de-
fined by App)u = div(|Vu[P®=2Vy) (where p(z) is a certain function whose
properties will be stated in what follows) and it generalizes the celebrated
p-Laplace operator Ayu := div (|Vul[P~2Vu), where p > 1 is a constant. The
p(z)-Laplace operator possesses more complicated nonlinearity than the p—
Laplacian, for example, it is inhomogeneous. In the last part of this chapter
we establish the existence of a weak solution for a class of nonlinear Schrédinger

systems.
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5.2 Entire solutions of a multivalued Schrodinger
equation in Sobolev spaces with variable expo-
nent

The analysis we develop throughout this chapter is carried out in terms of
Clarke’s critical point theory for locally Lipschitz functionals and in general-
ized Sobolev spaces. That is why we recall in this section some basic facts
related to Clarke’s generalized gradient (see Clarke [28, 29] for more details)
and Lebesgue-Sobolev spaces with variable exponent.

Let E be a real Banach space and assume that I : E — R is a locally

Lipschitz functional. Then the Clarke generalized gradient is defined by
OI(u) = {€ € E*; I°(u,v) > (£,v), for all v € E},

where I°(u,v) stands for the directional derivative of I at u in the direction

v, that is,
1 -1
I°(u,v) = limsup (w+Av) = I{w) .

w—u )\
AN0

For any function h(x,-) € L (R) we denote by h (resp., h) the lower

loc
(resp., upper) limit of A in its second variable, that is,
h(x,t) := lim essinf {h(z,s); |t —s| <e};
e\0

h(z,t) = ;1{% esssup {h(z,s); |t —s| <e}.

Let a € L (RY) be a variable potential such that, for some ag > 0,

loc

a(x) > ag ae. t €RY  and ess |xl‘imooa(x) =+00. (5.5)

Let p: RN — R (N > 2) be a continuous function. Set p* := sup,cpn~ p()

and p~ = inf, g~ p(x). We assume throughout this section that p™ is finite.

Let f: RY x R — R be a measurable function such that, for some C > 0,

qeR withpt <¢+1< Np /(N—p )ifp~ <N and pt < ¢+ 1< +oo if
p~ > N, and p > p*, we have

|f(z, )] < C(t] + [t]7) a.e. (z,t) € RN x R; (5.6)
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: (z,t) € RY x (—5,5)} =0; (5.7)

lim esssup {‘f
e\0 -1
0 < puF(z,t) <sf(zx,t) ae (z,t)€ RY x [0, +00). (5.8)

Our hypothesis ¢ < Np~ /(N — p~) enables us to allow an almost critical
behaviour on f. We also point out that we do not assume that the nonlinearity
f is continuous.

Let E denote the set of all measurable functions u : RV — R such that
la(z)]Y/P®) y € LP@(RN) and [Vu| € LP@(RN). Then E is a Banach space

if it is endowed with the norm
lull = |la@)]"" u] -+ [Vuly

We remark that E is continuously embedded in Wl’p(w)(RN ). In the case
p(z) = 2 and if the potential a(z) fulfills more general hypotheses than (5.5),
then the embedding £ c LI+ (RY) is compact, whenever 2 < ¢ < (N +
2)/(N —2) (see, e.g., Bartsch, Liu and Weth [12] and Bartsch, Pankov and
Wang [13]). We do not know if this compact embedding still holds true in our
“variable exponent” framework and under assumption (5.5).
We denote by (-, -) the duality pairing between E* and E.
Set F(z,t) fo f(z,s)ds and
U(u) = x F(z,u(z))dz.
We observe that ¥ is locally Lipschitz on E. This follows by (5.6), Holder’s
inequality and the continuous embedding £ C L4tY(RY). Indeed, for all
u, v € F,
W (u) = V()] < Cllu—vle,

where C' = C(||ul|g, ||[v||g) > 0 depends only on max{||u| g, |[v] £}

In the first part of this chapter we are concerned with the problem

—div (|VuP® 2V ) + a(z)|ulP@ 2 € [f(z,u), f(z,u)] in RN
w>0, uz0 in RY .
(5.9)

We notice that the semilinear anisotropic case corresponding to p(x) = 2

has been analyzed in Gazzola and Radulescu [61].



tel-00011384, version 1 - 15 Jan 2006

99
We refer to Bertone-do O [16] and Kristaly [86] for the study (by means of

other methods) of certain classes of Schrodinger type equations which involve

discontinuous nonlinearities.

Definition 3. We say that uw € E is a solution of Problem (5.9) if u > 0,
u#0, and 0 € 0I(u), where

1
)= [ —— (V@ p@) g _/ Fla,ut)d E.
() /RN o) (|vu\ +a(z)|ul ) oo | Flautyde,  Vue

The mapping I : E — R is called the energy functional associated to
Problem (5.9). Our previous remarks show that I is locally Lipschitz on the
Banach space E.

The above definition may be reformulated, equivalently, in terms of hemi-

variational inequalities. More precisely, u € F is a solution of (5.9) if u > 0,
uw#0in RV, and
/ (\Vu|p(”")_2VuVU + a(x)|u|p(””)_2uv) dx + / (—F)(z, u;v)dz > 0,
RN RN
forallv e F.

Our main result is the following

Theorem 15. Assume that hypotheses (5.5)-(5.8) are fulfilled. Then Problem

(5.9) has at least one solution.

Proof. We first claim that there exist positive constants C; and Cy such that
fz,t) > Cit'1 — Oy a.e. (z,t) € RN x [0, +00). (5.10)
Indeed, by the definition of f we deduce that
flx,t) < f(z,t)  ae (2,t) € RY x [0, +00). (5.11)
Set F(x,t) fo x, s)ds. Thus, by our assumption (5.8),
0 < pF(x,t) <tf(x,t) a.e. (z,t) € RN x [0, +00). (5.12)
Next, by (5.12), there exist positive constants R and K such that

F(z,t) > Kit*  ae. (z,t) € RY x [R, +00). (5.13)



tel-00011384, version 1 - 15 Jan 2006

100
Our claim (5.10) follows now directly by relations (5.11), (5.12) and (5.13).
Next, we observe that
Ol (u) = —div (|VulP®2Vu) + a(z)[u[P® 2w — 8¥(u)  in E*.
So, by [58, Theorem 2.2] and [106, Theorem 3|, we have

OV (u) C [f(z,u(x)), f(z,u(x))] ae. r € RV,

in the sense that if w € 0¥ (u) then

flz,u(z)) <w(z) < flz,u(x)) a.e. x € RV, (5.14)

This means that if ug is a critical point of I, then there exists w € 9W(uy)
such that

—div (|[Vuo|P™2Vug) + a(z)|ug/P™ 2ug =w  in E*.

This argument shows that, for proving Theorem 15, it is enough to show
that the energy functional I has at least a nontrivial critical point vy € E,
up > 0. We prove the existence of a solution of Problem (5.9) by arguing that
the hypotheses of Chang’s version of the Mountain Pass Lemma for locally
Lipschitz functionals (see Chang [26]) are fulfilled. More precisely, we check

the following geometric assumptions:
I1(0) = 0 and there exists v € E such that I(v) <0; (5.15)
there exist 3, p >0 such that I >3 on {ue€FE; |ul|lg=p}. (5.16)

VERIFICATION OF (5.15). Fix w € C®(RV)\ {0} such that w > 0 in RY.

In particular, we have

/ (]Vw[p(z) + a(:v)wp(x)> dr < +00.
RN

So, by (5.10),
(@)
- M p(z) p(z) _
I(tw) /RN o) (Nw| + a(z)w )dz U (tw)
"
< / (|Vw|p(m) + a(:n)wp(x)> dx 4 Cot / wdx
Pb— JrN RN

s / whdzx forallt > 0.
RN
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Since, by hypothesis, 1 < p™ < p, we deduce that I(tw) < 0 for t > 0 large

enough.

VERIFICATION OF (5.16). Our hypotheses (5.6) and (5.7) imply that, for
any € > 0, there exists some C, > 0 such that

f(z,t)| <elt| +Celt?  ae. (z,t) € RY x R. (5.17)

By (5.17) and Sobolev embeddings in variable exponent spaces we have, for
any u € I,
1 A
U(u) < 5/ —— |u|P @ e + —— lu| T dx
rN p(x) qg+1 Jpn

1
< p(a:)d C q+1
=€ &N p(@) |ul T+ Oy ||uHLq+1(RN)7

where ¢ is arbitrary and Cy = C4(e). Thus, by our hypotheses,

1
I — Vo |P®) @) dp — U(ut
(u) é o (907 + al@) ) do = ()
T T 1
> | IVl a0 = )P de = Calull i gy 2 6> 0,
for ||u||g = p, with p, € and (3 are small enough positive constants. O

Denote
P = {y € C(0,1), B); 7(0) = 0, 7(1) # 0 and I(7(1)) < 0}

and

:= inf I(~(t)).
¢i=Inf max (v(t))

Set

Ar(u) :== min ||C]|g~ -

¢€dl(u)

We are now in position to apply Chang’s version of the Mountain Pass Lemma
for locally Lipschitz functionals (see Chang [26]). So, there exists a sequence
{un} C E such that

I(u,) — ¢ and Ar(un) — 0. (5.18)

Moreover, since I(|u|) < I(u) for all u € E, we can assume without loss of

generality that u, > 0 for every n > 1. So, for all positive integer n, there
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exists {wy} € 0¥ (uy,) C E* such that, for any v € E,

/ (]Vun]p(x)*QVuan + a(x)uﬁ(x)*lv> dz — (wp,v) — 0 as n — o0o.
RN

(5.19)
Note that for all w € E, u > 0, the definition of ¥ and our hypotheses yield

1
V) < /RN (@) f (@, u(z))dz

Therefore, by (5.14), for every u € E, u > 0, and for any w € 0¥ (u),

K JRN
Hence
I(up) > M;;f /R i (|vun\p<2> + a(x)uﬁ(z)> dz
+l / (|Vun|p(x) + a(:r)u’,’l(””) - wnun) dx + 1/ wpupdr — VU (uy,)
© RN+ wJRrN
> H—p

= /RN (\Vun\p(z) + a(a:)uﬁ(“)> dx
1

+/ (|Vun|p(x) + a(z)ul® — wnun) dx
wJrN

+
e f / <\Vun\p(x) +a(x)uﬁ(x)> dx
Hp RN
+—(—Apa)Un + Aty — Wy, Up)
+
_ KD / (w p() p(a:))
= n +a(z)uh™ ) dr + o(1)||un|| £ -
o o V| () (D)][unl]
This relation and (5.18) show that the Palais-Smale sequence {u,,} is bounded

in E. It follows that {u,} converges weakly (up to a subsequence) in E and
strongly in L} O(f) (RY) to some ug > 0. Taking into account that w, € OV (uy,)
for all m, that u,, — ug in F and that there exists wy € E* such that w,, — wg
in £* (up to a subsequence), we infer that wg € 0¥ (ugp). This follows from
the fact that the map u —— F(z,u) is compact from E into L'. Moreover, if

we take ¢ € C°(RY) and let w := supp ¢, then by (5.19) we get
/ <|Vu0]p(m)_2Vu0Vg0 + a(x)ug(x)flgp - wogo) dr=0.
w

So, by relation (4) p.104 in Chang [26] and by the definition of (—F)?, we
deduce that

/ (IVuo P 2Vug Ve + a(z)ul™ " o)) do + / (—F)"(z, up; )dz > 0.

w
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By density, this hemivariational inequality holds for all ¢ € E and this means
that ug solves Problem (5.9).

It remains to prove that ug # 0. If wy, is as in (5.19), then by (5.14) (recall
that u, > 0) and (5.18) (for large m) we deduce that

1
- < I(“’”) - <_Ap(z)un + aup — wnv”n)
2 P 5.20)
1 1 _ (5.
= — (Wn, Up) — / F(x,up)dx < — Un f (2, uy)dz .
p RN D RN

Now, taking into account its definition, one deduces that f verifies (5.17), too.
So, by (5.20), we obtain

¢ 1 2 +1 € 2 Ac +1
0< ) < pi N (eup, + Acul™ )dz = E Hun”L2(RN) + F ”uanLqH(RN) .

In particular, this shows that {u, } does not converge strongly to 0 in L4+t (RN).
It remains to argue that up # 0. Since both |luy||,,- (RN) and ||Vu,l|, - (RN)
are bounded, it follows by Lemma I.1 in Lions [98] that the sequence {u,}
“does not vanish” in LP~ (R™V). Thus, there exists a sequence {z,} C RY and

C > 0 such that, for some R > 0,
/ ul dx > C'. (5.21)
Zn+BR

We claim that the sequence {z,} is bounded in R"Y. Indeed, if not, up to a
subsequence, it follows by (5.5) that

/ a(z)ul dxr — +oo as n — oo,
RN

which contradicts our assumption I (uy) = c+o0(1). Therefore, by (5.21), there
exists an open bounded set D C RY such that

/uﬁ_dx20>0.
D

In particular, this relation implies that ug # 0 and our proof is concluded. [
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5.3 Entire solutions of Schrodinger elliptic systems
with sign—changing potential and discontinuous
nonlinearity

Consider the following class of coupled elliptic systems in RY (N > 3):

—Aug +alz)u; = f(z,ur,u in RY
1 (z)ur = f(x,u1,u2) (5.22)

—Aug + b(x)ug = g(z,ui, uz) in RV,

We point out that coupled nonlinear Schrédinger systems describe some
physical phenomena such as the propagation in birefringent optical fibers or
Kerr-like photorefractive media in optics. Another motivation to the study
of coupled Schrodinger systems arises from the Hartree-Fock theory for the
double condensate, that is a binary mixture of Bose-Einstein condensates in
two different hyperfine states, cf. Esry et all. [50]. System (5.22) is also
important for industrial applications in fiber communications systems (see
Hasegawa and Kodama [71]) and all-optical switching devices (see Islam [74]).

Throughout this section we assume that a, b € Lﬁf’C(RN ) and there exist
a, b> 0 such that

a(x) >a  and b(z) > b ae. in RY, (5.23)

and esslim|,|_,ca(z) = esslim|;_ob(z) = +00. Our aim in this section is to
study the existence of solutions to the above problem in the case when f, g are
not continuous functions. Our goal is to show how variational methods can be
used to find existence results for stationary nonsmooth Schrédinger systems.

Throughout this section we assume that f(z,-,), g(z,-,-) € LS (R?). De-

note:

f(z, ty,t2) = ginéessinf{f(m,sl,@); |ti —si| <0;i=1,2}
fla,ti,te) = %if%esssup{f(l",sl, 52); |ti —si] <05i=1,2}
g(z,t1,t2) = gin(l)essinf{g(x, $1,82); [ti—si| <d6;i=1,2}

gz, ty,t0) = %irr(l)esssup{g(x, S1,82); [ti —si| <d0;i=1,2}.
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Under these conditions we reformulate Problem (5.22) as follows:

—Auy + a(z)uy € [f(z,ur (), uz(2)), f(z,u1(x), u2(z))] ae z€ RY

—Aug + b(z)ug € [g(z,ur(x), ua(x)), Gz, u1 (), uz(x))] ae. z RV,

(5.24)
Let H' = H(RY,R?) denote the Sobolev space of all U = (uy,us) €
Oup 0
(L*(RM))? with weak derivatives ﬂ, g2 (j = 1,...,N) also in L?(RY),
al'j ﬁxj

endowed with the usual norm
U113, = / (IVUP + [U?) dz = / (Veur]? + [Vl + o + ud) dar.
RN RN

Given the functions a, b : RY — R as above, define the subspace

E={U = (uj,up) € H*; /(]Vu1|2 + [Vus|* + a(x)u? + b(z)u3) dr < +oo} .

RN

Then the space F endowed with the norm

1013 = / (Vs + [ Vs + aa)u? + b)) da
RN
becomes a Hilbert space.
Since a(z) > a > 0, b(x) > b > 0, we have the continuous embeddings
H' — LI(RYN R?) for all 2 < ¢ < 2* =2N/(N —2).
We assume throughout the section that f,g: RY x R? — R are nontrivial

measurable functions satisfying the following hypotheses:

|f(x,t)| < C(|t] + |tP) for a.e. (z,t) € RY x R?

(5.25)
lg(z,t)] < C(|t| + [t|P) for a.e. (z,t) € RY x R?,
where p < 2%;
lim esssup { |f(i’t)|; (z,t) € RN x (=6, +5)2} =0
o0 i (5.26)

%in% esssup { |g(m,t)|; (z,t) € RN x (=4, —1—6)2} =0;
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f and g are chosen so that the mapping F' : RN x R? — R defined by
F(x,t1,t2) fo (z,7,t2) dT + ng g(x,0,7)dr satisfies

to t1
F(xz,ty,t9) = /gmtl, dT—i—/f(xTO)d
/ J (5.27)

and F(z,t,t2) = 0 if and only if ¢1 = t, = 0;

there exists p > 2 such that for any 2 € R

(

t1f(x,t1,t2) +tag(w, t1,t2); t1, 12 >0
tif(x,t1,t2) + tag(x,ti,t2); t1 >0, 12 <0

0< /.LF(J},tl,tQ) < : (528)
tif(z,t1,t2) + tag(z, t1,t2); t1, t2 <0
t1f(z, b1, te) + tag(x, t1,t2); t1 <0, 82 > 0.

Definition 4. A function U = (u1,uz) € E is called solution of the problem
(5.24) if there exists a function W = (w1, ws) € L2(RYN,R?) such that

(1) f(x,ur(z),uz(2)) < wi(z) < f(x,ui(z),uz(2)) a.e. x € RY;
g(z,u1(z), uz(z)) < walz) < gz, ui(x), u2(z)) a.e. z € RY;

(44) /(Vu1Vv1 + VuaVug + a(x)ujvr + b(x)ugvy) do = /(w1v1 + wavy) d,
RN RN
for all (vi,v9) € E.

Our main result is the following.

Theorem 16. Assume that conditions (5.25)-(5.28) are fulfilled. Then Prob-

lem (5.24) has at least a nontrivial solution in E.

5.4 Auxiliary results

Let © be an arbitrary domain in RY. Set

Eq=1{U = (u1,uz) € H'(;R?); /(]Vullz + |Vug|? + auf + bu3) < +o0
0
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which is endowed with the norm
1UI%, = /(IVUH2 + [Vual? + a(z)ui + b(z)u3) da .
Q

Then Eq becomes a Hilbert space.
Lemma 10. The functional ¥ : Eq — R defined by Yo(U) = [ F(z,U)dx

Q
18 locally Lipschitz on Eq.

Proof. We first observe that

ul u2
F(,I',U) = F(x’UI,UQ) = /f(ﬂ?,T, u2) dT—F/g(Q?, 077_) dr
0 ) 0
ug u

:/g(m,ul,T)dT+/f(:U,7',O)dT
0

0

is a Carathéodory functional which is locally Lipschitz with respect to the
second variable. Indeed, by (5.25),

t1 t1
|F(z,t1,t) — F(x,s1,t)] = ’/f(x,T,t)dT < ‘/C(‘T,t|+‘7’,t’p)d7'
S1 S1

< k‘(tl,sl,t) ’tl - 81| .

Similarly,
|F(x,t,t2) — F(z,t,82)| < k(ta, s2,t)|ta — s2].

Therefore
[F(z,t,t2) — F,51,82)] < |F(x,t1,t2) — F(x, 51, 12)]
—|—’F($,t1,$2) - F([E,Sl,SQ)’

< k(V)|(ta, 52) — (t1,51)],

where V' is a neighbourhood of (t1,t2), (51, s2).
Set

x1(x) = max{ui(x),v1(x)}, x2(z) = max{uz(x),ve(x)}, for all x € Q.
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It is obvious that if U = (u1,u2), V = (v1,v2) belong to Eq, then (x1,x2) €
Eq. So, by Hélder’s inequality and the continuous embedding Eq C LP(Q; R?),

Vo (U) = Ya(V)| < Clx1 x2llE)IU = Ve, ,
which concludes the proof. O
The following result is a generalization of Lemma 6 in Mironescu and
Radulescu [106].

Lemma 11. Let Q be an arbitrary domain in RN and let f : Q xR? = R be a
Borel function such that f(z,.) € L2 (R?). Then f and f are Borel functions.

loc

Proof. Since the requirement is local we may suppose that f is bounded by

M and it is nonnegative. Denote

t1+% tz-i-%

fm’n(a},tl,h)—< / / ’f(w,sl,SQ)‘md81d82>

tlfi to— L

n

3|

Since f(z,t1,t2) = %in(l)esssup{f(a:,sl,SQ); [ti —si| < ;4= 1,2} we deduce
that for every ¢ > 0, there exists n € N* such that for [t; — s;| < 1 (i = 1,2)

we have |esssupf(x, s1,s2) — f(z,t1,t2)| < € or, equivalently,
f(z,t1,t2) — e < esssupf(z,s1,82) < f(z,t1,t2) +¢. (5.29)
By the second inequality in (5.29) we obtain
f(z,81,8) < f(z,t1,ts) +¢ ae.x€Q for|t; — s < % (1=1,2)

which yields

3=

(w1, t) < (f(z,t1,t2) —l—s)<\/4/n2) . (5.30)
Let

1 _
A= {(81,82) €R2 ; ]ti—si] < ﬁ (i: 1,2); f(x,tl,tg)—&“ < f(m,sl,SQ)}.
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By the first inequality in (5.29) and the definition of the essential supremum
we obtain that |A| > 0 and

3=

fmm < <//(f(a;,sl,32))m dsi d32> > (?(x,sl,:;g) —¢€) |A[1/m. (5.31)
A

Since (5.30) and (5.31) imply

f(l‘,tl,tg) = lim lim fm’n(l',tl,tQ),

n—0o0 Mm—00

it suffices to prove that f,, , is a Borel function. Let
M={f:QxR?* = R; |f| <M and f is a Borel function}

N ={f € M; fmnisa Borel function} .

Cf. Berberian [15, p.178], M is the smallest set of functions having the fol-

lowing properties:
(i) {f € C(AxR%LR); |f| < M} C M;
(i) f® € M and f® 5 fimply f e M.

Since N contains obviously the continuous functions and (i7) is also true for
N then, by the Lebesgue Dominated Convergence Theorem, we obtain that
M =N. For f we note that f = —(—f) and the proof of Lemma 11 is
complete. O

Let us now assume that Q € RY is a bounded domain. By the continu-
ous embedding LPT1(2; R?) «— L2(2;R?), we may define the locally Lipchitz
functional ¥q : LPTL(Q;R?) — R by Uqo(U) = /F(:r, U)dzx.

Q
Lemma 12. Under the above assumptions and for any U € LPT1(;R?), we

have

oVaU)(z) C [f(x,U(x)), f(x,U(z))]x[g(z,U(x)),g(z,U(x))] a.e.T €1,
in the sense that if W = (w1, ws) € OVq(U) C LPT1(Q;R?) then

flz,U(x)) <wi(z) < fz,U(x)) a.e. v €€ (5.32)

g(z,U(z)) <wa(x) < g(x,U(x)) a.e. x €. (5.33)
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Proof. By the definition of the Clarke gradient we have

/(wlvl + wovy) dr < V(U V) for all V = (v1,v2) € LPTH(Q;R?).

Q
Choose V' = (v,0) such that v € LPTL(Q), v > 0 a.e. in . Thus, by Lemma
11,

< hi(z)+v(x)

J / [z, hz(iﬂ))d7'> dx
)

/wlv < limsup (@)
(h1,h2)—U A
Q A0
hi(z)+ v (z
< /( limsup — / f(z, T, hg(x))dT) dx
(h1,h)—=U

AN0 h1 (1’)

Q
< / Fl, un (), us (2))(z) da.
Q

Analogously we obtain

/f(:z:,ul(a;),ug(x))v(a:) dr < /wlv dx forallv >0in Q.  (5.35)
Q Q

Arguing by contradiction, suppose that (5.32) is false. Then there exist
e>0,aset AC Q with |A| > 0 and w; as above such that

wy(x) > f(z,U(z)) +¢ in A. (5.36)

Taking v =14 in (5.34) we obtain

/wlvdm - /w1 do < /f(x,U(x))dm,

Q A A

which contradicts (5.36). Proceeding in the same way we obtain the corre-

sponding result for g in (5.33). a

By Lemma 12, Lemma 2.1 in Chang [26] and the embedding Eq —
LPL(Q,R?) we obtain also that for ¥q : Eq — R, Uo(U) = /F(:U, U)dx we
Q
have

0o(U)(z) C [f(z,U(x)), f(z,U(x))] x[g(x,U(2)),g(z,U(z))]  aeze.
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Let V € Eq. Then V € E, where V : RN — R? is defined by
- Viz) z€Q
o] ove

0 otherwise.
For W € E* we consider Wq € Ef, such that (Wq, V) = (W, V) for all V in
Eq. Set ¥ :FE—R Y(U) = /F(CL‘,U).

RN

Lemma 13. Let W € 0¥ (U), where U € E. Then Wq € 0¥q(U), in the
sense that Wq € 0¥q(Ulq).

Proof. By the definition of the Clarke gradient we deduce that (W,V) <
WO(U,V) for all V in Eq

- U(H+\V)—-U(H
(U, V) = limsup (H +AV) (H)

H—U,HEE A
A—0 -
[ (F(z,H+\V)—F(z,H))dz
= limsup RY
H—U, HEE A
A0 B
J(F(z,H+ \V) — F(z,H))dz
= limsup @
H—U,HEE A
A—0 -
J(F (e, H +AV) — F(a, H))da
= limsup 2 =v(U,V).
H—U, HEEq A
A—0
Hence (Wq, V) < ¥ (U, V) which implies Wq € 00, (U). O

By Lemmas 12 and 13 we obtain that for any W € 0U(U) (with U € E),
W satisfies (5.32) and (5.33). We also observe that for 1, Qs € RY we have
Wa,loina, = Waslana,-

Let Wy : RV — R, where Wy(z) = Wa(z) if x € Q. Then Wy is well
defined and

Wo(z) € [f(z,U(x)), f(z,U())] x [g(2,U(2)),g(z,U(z))]  ae xeRY

and, for all p € C°(RYN,R?), (W, @) = / Woep. By density of C°(RY,R?) in

RN
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E we deduce that (W, V) = / WoV dz for all V in E. Hence, for a.e. x € RV,

RN

W(x) = Wo(z) € [f(2,U(2)), f(z,U(x))] x [g(z,U(z)),5(=, U(z))]. (5.37)

5.5 Proof of Theorem 16

Define the energy functional I : £ — R by

I(U) = % / (|Vu1|2 + |V’U,2|2 + a(m)u% + b(m)u%) dx — /F(w, U)dx
s RN (5.38)
= U1}~ W)

The existence of solutions to problem (5.24) will be justified by a nonns-
mooth variant of the Mountain-Pass Theorem (see Chang [26]) applied to the
functional I, even if the Palais-Smale condition is not fulfilled. More precisely,

we check the following geometric hypotheses:

I(0) =0 and there exists V € E' such that I(V) <0; (5.39)
there exist 3,p >0 such that I >3 on {U € E; ||U||g = p}. (5.40)

VERIFICATION OF (5.39). It is obvious that I(0) = 0. For the second

assertion we need the following lemma.

Lemma 14. There exist two positive constants C1 and Cy such that
f(x,s,0) > Cis" ' —Cy forae zeRYN;se [0, +00) .

Proof. We first observe that (5.28) implies

sf(x,s,0), if s € [0, 400
0<uF@s0 <] LH5Y 0. 0)

S?(ZL‘,S,O), ifse (_0070] )

which places us in the conditions of Lemma 5 in Mironescu and Radulescu
[106].
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VERIFICATION OF (5.39) CONTINUED. Choose v € C°(RY) — {0} so that

v > 0in RY. We have [ (|Vv|? + a(z)v?)dz < oo, hence t(v,0) € E for all
RN
t € R. Thus by Lemma 14 we obtain

t2
I(t(v,0)) = 5 (Vo] + a(z) d:v—//fa:TO
RN
2
<% [(VeP +a() da:—//C’lT“ L Gy)dr
]RN
2
=5 [49eP + aae )d$+02t/vdx—01t”/v“dx<0
RN RN RN

for t > 0 large enough.
VERIFICATION OF (5.40). We observe that (5.26), (5.27) and (5.28) imply
that, for any ¢ > 0, there exists a constant A, > 0 such that

flx,s)| <els| + Ac|s|P
7z, 2)] < els] + Aels for a.e. (z,5) € RN x R?. (5.41)

lg(z,5)| < els| + Acls]”

By (5.41) and Sobolev’s embedding theorem we have, for any U € F,

1|

W) =|v <u1,uQ|<//\fxw|df+//\ga:of|d7

RN RN O

€ Ac
< p+1
< [ (Sl + S ) ds

RN

A,
+/ (;\uﬂz H]uQ|p+1> dx

RN
2A,

+1
ot S EC3HU”2E =+ C4HU”% )

where ¢ is arbitrary and Cy = Cy(g). Thus
1 1 .
I(U) = §HUH% - V() > §HUH% —eC3||U||% — CullU|5 >8>0,

for ||U||g = p, with p, € and (8 sufficiently small positive constants.

Denote

P ={y€C([0,1}, E); 7(0) =0, v(1) #0 and I((1)) <0}
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and
= inf I(~(1)).
¢ = Inf max (v(1))
Set
Ar(U) = min
¢€oI(U)

Thus, by the nonsmooth version of the Mountain Pass Lemma (see Chang

[26]), there exists a sequence {Ups} C E such that
I(Up) — ¢ and Ar(Up) — 0. (5.42)
So, there exists a sequence {W,,} C 0¥ (U,,), Wy, = (wk ,w?), such that
(—Aul, +a(z)ul, —wl, —Au2, + a(x)u?, —w?) -0 in E*.  (5.43)

Note that, by (5.28),

U(U) <

120 u1<0 u2>0 u2<0

/ulf(w,U)—l— / uy fz,U) + / urg(z,U) + / usg(x, U)

Therefore, by (5.37),

U(U) < /iR{ U(x)W(z)de = /iR{ (uiwy + ugwe) dx ,

for every U € E and W € 0¥ (U). Hence, if (-,-) denotes the duality pairing

between E* and E, we have

-2
rw.) =12 96 4190 4 0!+ b)) d
RN

i(( Au + a(x)u,, 1 —w —Au + b(x ) wzn),Um>
1

;<Wm,U> V(Un)

—2
> P2 [ (Tub P4 1902+ ool P+ ) ) o
RN
1
;(( Au + a(z)u,, 1 —w —Au + b(x ) w?n),Um>

HU % = oW Unll &



tel-00011384, version 1 - 15 Jan 2006

115

This relation in conjunction with (5.42) implies that the Palais-Smale sequence
{Un} is bounded in E. Thus, it converges weakly (up to a subsequence) in E
and strongly in L2 (R™) to some U. Taking into account that W, € 9¥(U,,)
and U,, — U in E, we deduce from (5.43) that there exists W € E* such that
Wy, — W in E* (up to a subsequence). Since the mapping U — F(z,U) ia

compact from E to L', it follows that W € 0¥ (U). Therefore

W(z) € [f(z,U(x)), f(z,U(x))] x [g(2,U(2)),g(z,U(x))] ae zecRY

and
(—Aul, +a(z)ul, —wl, —AuZ, + b(x)u?, —w?) =0 =

/(VmVUl + VuaVos + a(x)uivy + b(z)ugue)dr = /(wlvl + wovg)dx

RN RN
for all (v1,v2) € E. These last two relations show that U is a solution of the
problem (5.24).

It remains to prove that U # 0. If {W,,} is as in (5.43), then by (5.28),
(5.37), (5.42) and for large m

O < I(Un) — (-~ Duby o)l — wh, Ao, + by, ), Up)
1
= §<Wm, Un) — /F(a:, Up) dx
RN
1 _
<3| [ wieos [ wieo+ [ ugen)+ [ o)
120 u1<0 uz>0 u2<0

(5.44)
Now, taking into account the definition of f, f,3, g, we deduce that these
functions verify (5.39), too. So, by (5.44),

5 < [ (VP + Adunl?™) do = lUnla + A UnIEL
RN
Thus, {U,,} does not converge strongly to 0 in LPH1(RY;R2). Next, since
{U,»} is bounded in E ¢ LPT(RN;R?), it follows that {U,,} and {VU,,} are
bounded in LPT1(RN; R?). So, by [98, Lemma I.1], there exist a sequence {z, }

and positive numbers C, R such that, for all m > 1,

/Z o)z (5.45)



tel-00011384, version 1 - 15 Jan 2006

116

The next step consists in showing that {z,,} is bounded. Arguing by contra-

diction and using (5.23) we obtain, up to a subsequence,
/ la(z)(u},)? + b(z)(u2,)?] de — +oo asm — oo
RN

But this relation contradicts our assumption I(U,,) — ¢. So, by (5.45), there
exists an open bounded set D C RY such that

[ fat) @ + b)) o=

This relation implies that U # 0, which concludes our proof. O
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