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The nonparametric regression with a random design model is considered. We want to recover
the regression function at a point xo where the design density is vanishing or exploding. Depending
on assumptions on local regularity of the regression function and on the local behaviour of the
design, we find several minimax rates. These rates lie in a wide range, from slow £(n) rates, where
£ is slowly varying (for instance (logn)~1), to fast n='/24(n) rates. If the continuity modulus of
the regression function at xo can be bounded from above by an s-regularly varying function, and

if the design density is B-regularly varying, we prove that the minimax convergence rate at xo is
n’s/(1+23+5)é(n).
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1. Introduction
1.1. THE MODEL. Suppose that we have n independent and identically
distributed observations (X;,Y;) € R x R from the regression model

(1.1) Y= f(Xi) + &,

where f: R — R, the variables (&;) are centered Gaussian of variance o2 and
independent of X7,..., X, (the design), and the X; are distributed with density pu.
We want to recover f at a chosen xy.

For instance, if we take the variables (X;) distributed with density

_ B+1
ngrl + (1 — xo)P+L

p(z) |z — 20| 10,1 (2),
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for zg € [0,1] and 8 > —1, then clearly when 3 > 0 this density models a lack
of information at zy and conversely an exploding amount of information if —1 <
(3 < 0. We want to understand the influence of the parameter 3 on the amount of
information at x( in the minimax setup.

1.2. MOTIVATIONS. The pointwise estimation of the regression function is a
well-known problem, which has been intensively studied by many authors. The first
authors who computed the minimax rate over a nonparametric class of Hélderian
functions were Ibragimov and Hasminski (1981) and Stone (1977). Over the class
of Holder functions with smoothness s, the local polynomial estimator converges
with the rate n=3/(1+2%) (see Stone (1977)) and this rate is optimal in the minimax
sense. Many authors worked on related problems: see, for instance, Korostelev and
Tsybakov (1993), Nemirovski (2000), Tsybakov (2003).

Nevertheless, these results require the design density to be non-vanishing and
finite at the estimation point. This assumption roughly means that the information
is spatially homogeneous. The next logical step is to look for the minimax risk at a
point where the design density p is vanishing or exploding. To achieve such a result,
it seems natural to consider several types of design density behaviour at xg and to
compute the corresponding minimax rates. Such results would improve the statis-
tical description of models (here in the minimax setup) with very inhomogeneous
information.

When f has a Hélder type smoothness of order 2 and if u(x) ~ 2° near 0, where
B > 0, Hall et al. (1997) show that a local linear procedure converges with the
rate n~4+P) when estimating f at 0. This rate is also proved to be optimal.
In a more general setup for the design and if the regression function is Lipschitz,
Guerre (1999) extends the result of Hall et al. for 8 > —1. Here, we intend to
develop the regression function estimation for degenerate designs in a systematic
way.

1.3. ORGANIZATION OF THE PAPER. In Section 2 we present two theorems
giving the pointwise minimax convergence rate in the model (1.1) for different
design behaviours (Theorems 1 and 2). In Section 3 we construct an estimator
and in Section 4 give upper bounds for this estimator (Propositions 4 and 5). In
Section 5 we discuss some technical points. The proofs are delayed until Section 6
and well-known facts about the regular and I'-variation are given in the Appendix.

2. Main Results
All along this study we are in the minimax setup. We define the pointwise
minimax risk over a class ¥ by

/
(21) Ra(5.0) £ (i sup B, (1T, (x0) — o))

where infr, is taken over all estimators T, based on the observations (1.1), with
being the estimation point and p > 0. The expectation E'f , in (2.1) is taken with
respect to the joint probability distribution P’ | of the pairs (Xi,Yi)i=1,... n-

2.1. REGULAR VARIATION. The definition of regular variation and the
main properties are due to Karamata (1930). The main references on regular vari-
ation are Bingham et al. (1989), Geluk and de Haan (1987), Resnick (1987), and
Senata (1976).
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Definition 1 (Regular variation). A continuous function v: Rt — R™T is regu-
larly varying at O if there is a real number 3 € R such that:

(2.2) Yy > 0, hlin& v(yh)/v(h) = yP.

We denote by RV(8) the set of all the functions satisfying (2.2). A function in
RV(0) is slowly varying.

Remark. Roughly, a regularly varying function behaves as a power function
times a slower term. Typical examples of such functions are 2%, 2 (log(1/z))" for
v € R, and more generally any power function times a log or a composition of
log-functions to some power. For other examples, see the references cited above.

2.2. THE FUNCTIONS CLASS
Definition 2. If § > 0 and w € RV(s) with s > 0 we define the class Fs(zo,w)
of functions f: [0,1] — R such that
Vh <4, inf — P(x — < w(h),
<o, nf \z—salclﬁghlf(x) (z = z0)| < w(h)
where k = |s] (the largest integer smaller than s) and Py is the set of all the real

polynomials with degree k. We define £,(h) £ w(h)h™%, the slow variation term
of w. If « > 0, we define

U(e) £ {f:[0,1] — R such that || flle < a}.

Finally, we define
Ss.a(z0,w) £ Fs(xo,w) NU(a).

Remark. If we take w(h) = rh® for some r > 0, then we get the classical Holder
regularity with radius . In this sense, the class Fs(xo,w) is a slight generalization
of the Holder regularity.

Assumption M. In what follows, we assume that there exists a neighbourhood
W of 2y and a continuous function v: RT — R7T such that:

(2.3) Ve e W, p(x) = vlfe — o).

This assumption roughly means that close to zy there are as many observations
on the left of zy as on the right. All the following results can be extended easily to
the non-symmetric case, see Section 5.1.

2.3. REGULARLY VARYING DESIGN DENSITY. Theorem 1 gives the minimax
rate over the class ¥ (see Definition 2) for the estimation problem of f at x¢ when
the design is regularly varying at this point.

We denote by R(zg, 3) the set of all the densities u such that (2.3) holds with
v € RV(0) for a fixed neighbourhood W.

Theorem 1. If
o (556) € (0,+OO) x (71,4*00) or (Svﬂ) € (07 1] X {71}7
o ¥ =13} o, (20,w) with w € RV(s), o, = O(nY) for some v > 0 and hy,

given by (2.5),
® L S R(an ﬁ);
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then we have
(2.4) R (3, p) = 028/ A28 p=s/AF2s48)y - (n=1) a5 n — +oo,

where £, , is slowly varying and where < stands for the equality in order, up to
constants depending on s, 5 and p (see (2.1)) but not on o. Moreover, the minimazx
rate is equal to w(hy,), where hy, is the smallest solution to

\/2n foh v(t) dt-

Example. The simplest example is the non-degenerate design case (0 < u(xg) <
+00) with the class ¥ equal to a Holder ball (w(h) = rh*, see Definition 2). This
is the common case found in the literature. In particular, in this case, the design
is slowly varying (6 = 0 with the slow term constant and equal to limg_,,, pu(z)).
Solving (2.5) leads to the classical minimax rate

(2.5) w(h) =

0_25/(1+25)7,,1/(1+2s)nfs/(1+2s) )

Example. Let § > —1. We consider v such that foh v(t)dt = hPT(log(1/h))>
and w(h) = rh*(log(1/h))”, where «, are any real numbers. In this case, we find
that the minimax rate (see Section 6.5 for details) is

025/ (1425+0) .(B+1)/ (1425+) (n( )a77(1+ﬂ)/5) 75/(1+25+ﬁ).

logn

We note that this rate has the form given by Theorem 1 with the slow term
lo(h) = (log(1/h))B+N)=s0)/(A+2548) = When ~(1 + ) — sa = 0, there is no
slow term in the minimax rate, although there are slow terms in v and w. Again,
if =0 and v = sa, we get the minimax rate of the first example, although the
terms v and w do not have the classical forms.

Example. Let 3= —1, a > 1, and v(h) = h=(log(1/h))~%. Let w be the same
as in the previous example with 0 < s < 1. Then the minimax convergence rate is

on~Y%(logn)@~1/2,

This rate is almost the parametric estimation rate, up to the slow log factor.
This result is natural since the design is very “exploding”: we have a lot of in-
formation at zp, thus we can estimate f(xg) very fast. Also, we note that the
regularity parameters of the regression function (r, s, and ) have (asymptotically)
disappeared from the minimax rate.

2.4. T-VARYING DESIGN DENSITY. The regular variation framework in-
cludes any design density behaving close to the estimation point as a polynomial
times a slow term. It does not include, for instance, a design with a behaviour
similar to exp(—1/|x — xo|) and defined as 0 at zo, since this function goes to 0 at
x( faster than any power function.
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Such a local behaviour can model the situation where we have very little infor-
mation. This example naturally leads us to the framework of I'-variation. In fact,
such a function belongs to the following class introduced by de Haan (1970).

Definition 3 (I-variation). A non-decreasing continuous function v: Rt — R*
is I-varying if there exists a continuous function p: RT™ — R* such that

(2.6) vy eR, lim v(h+yp(h))/v(h) = exp(y).

We denote by I'V(p) the class of all such functions. The function p is called the
auxiliary function of v.

Remark. A function behaving like exp(—1/|x — xqg]) close to xo satisfies As-
sumption M with v(h) = exp(—1/h), where v € T'V(p) with p(h) = hZ.
Theorem 2. If
o X =13, a, (zo,w), where w € RV(s) with 0 < s <1, hy, is given by (2.5)
and o, = O(r;, ) for some v > 0 with 1, = w(hy,),
o L satisfies Assumption M with v € TV (p),

then
Rn(3, 1) < by (n™h) as n — o0,

where £, , is slowly varying. Moreover, as in Theorem 1, the minimaz rate is equal
to w(hy,), where hy, is the smallest solution to (2.5).

Example. Let u satisfy Assumption M with v(h) = exp(—1/h%) for a > 0 and
w(h) =rh® for 0 < s < 1. Tt is an easy computation to see that v belongs to the
class T'V(p) for the auxiliary function p(h) = a=th®*L. In this case, we find that
the minimax rate (see Section 6.5 for details) is

r(logn) =5/,
As shown by Theorem 2, we find a very slow minimax rate in this example. We
note that the parameters s and « are on the same scale.

3. Local Polynomial Estimation

3.1. INTRODUCTION. For the proof of the upper bound in Theorem 1 we use
a local polynomial estimator. The local polynomial estimator is well-known and has
been intensively studied (see Stone (1977), Fan and Gijbels (1996), Spokoiny (1998),
Tsybakov (2003), among many others). If f is a smooth function at xg, then it
is close to its Taylor polynomial. A function f € C¥(zg) (the space of k times
differentiable functions at zp with a continuous k-th derivative) is such that for any
x close to xg

S8 (o)

o (z — z0)".

(3.1) f(@) = fwo) + f (o) (x = w0) +... +
Let h > 0 (the bandwidth) and k € N. We define ¢, ,(z) £ (C”_—hz“)J and the space

Vien £ Span{(;,n)j=0.... k}-
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For a fixed non-negative function K (the kernel) we define the weighted pseudo-
scalar product

n

(32) (F g 2 D F(Xg(X)K (Zo2),

i=1

and the corresponding pseudo-norm || - |n.x = /-, Yn.x (K >0). In view of (3.1)
it is natural to consider the estimator defined as the closest polynomial of degree k
to the observations (Y;) in the least square sense, that is:

(3.3) fn = argmin|lg = Y|} .
9€Vi,n

Then fh(xo) is the local polynomial estimator of f at xg. A necessary condition for
fr to be the minimizer of (3.3) is that it solves the linear problem:

(3.4) find f € Vip, such that Vo € Vi, (f,d)nx = (Y, O nxc-

The estimator fh is then given by

(35) fh = P’é\h)
where
(3.6) Py =0ppon +0101,n+ ...+ 0k,

with éh the solution, whenever it makes sense, of the linear system
(3.7) XKoo =Y},
where X/ is the symmetric matrix with entries
(3.8) (X7)jt = {Djns b, 0<4 1<k,
and Y,If is the vector defined by
Y = (Y, 65050 < j < k).

We assume that the kernel K satisfies the following assumptions:
Assumption K. Let K be the rectangular kernel K®(z) = 11/,/<; or a non-
negative function such that:
e Supp K C [-1,1],
e K is symmetric,
o K., =sup, K(z) <1,
e there is some p > 0 and x > 0 such that Va,y, |K(z) — K(y)| < plz — y|*.
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Assumption K is satisfied by all the classical kernels used in nonparametric curve
smoothing. Let us define

(3.9) Ny n = #{X; such that X; € [0 — h,z0 + h]},
the number of observations in the interval [zg — h, ¢ + h], and the random matrix
XK &N IXK

Denote X, £ 0(X1,...,X,) the o-algebra generated by the design. Note that X}
is measurable with respect to X,. The matrix X,f( is a “renormalization” of XhK .
We show in Lemma 6 that this matrix is asymptotically non-degenerate with large
probability when the design is regularly varying.

For technical reasons, we introduce a slightly different version of the local poly-
nomial estimator. We introduce a “correction” term in the matrix XK.

Definition 4. Given some h > 0, we consider f, defined by (3.5) with 6, the
solution when it makes sense (if N, ;, = 0 we take f, = 0) of the linear system

(3.10) XK =Yk,

where

3 1/2

XK & XK 4 Nn(h1k+11A(Xf)§NU§,
with A(M) being the smallest eigenvalue of a matrix M and Ixy; denoting the
identity matrix in R*+1.

Remark. One can understand the definition of f(hK as follows: in the “good”
case when XX is non-degenerate in the sense that its smallest eigenvalue is not too
small, we solve the system (3.7), while in the “bad” case we still have a control on

the smallest eigenvalue of Xf , since we always have )\(f(f ) > Ni/ h-

3.2. BIAS-VARIANCE EQUILIBRIUM. A main result on the local polyno-
mial estimator is the bias-variance decomposition. This is a classical result pre-
sented many times in different forms: see Cleveland (1979), Goldenshluger and Ne-
mirovski (1997), Korostelev and Tsybakov (1993), Spokoiny (1998), Stone (1980),
Tsybakov (1986, 2003). The version in Spokoiny (1998) is close to the one presented
here. The differences are mostly related to the fact that the design is random and
that we consider a modified version of the local polynomial estimator (see Defini-
tion 4). We introduce the event

(3.11)  OF 2{Xi,..., X, are such that A(XX) > N, /% and N, 5, > 0}.

Note that on QhK the matrix X,f( is invertible.

Proposition 1 (Bias—variance decomposition). Under Assumption K and if
[ € Fu(wo,w), the following inequality holds on the event QK.

(3.12) | Fn(z0) = f(z0)| < A\HXEWE + 1Ko (w(h) + o N, ? ).

where vy, s, conditionally on X,,, centered Gaussian such that E?#{'yﬁ | X,} <1.
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Remark. Inequality (3.12) holds conditionally on the design, on the event Q.
We will see that this event has a large probability in the regular variation framework.

3.3. CHOICE OF THE BANDWIDTH. Now, like with any linear estimation
procedure, the problem is: how to choose the bandwidth h? In view of inequality
(3.12) a natural bandwidth choice is

o
3.13 H, = argmin {w(h) > .
(3.13) rgmin {w(h) 2 —2—}

=

)

Such a bandwidth choice is well known, see, for instance, Guerre (2000). This
choice stabilizes the procedure, since it is sensitive to the design, which represents
in the model (1.1) the local amount of information. The estimator is then defined
by

Fulx0) 2 Fu, (x0),

where ﬁ is given by Definition 4 and H,, is defined by (3.13). The random band-
width H, is close in probability to the theoretical deterministic bandwidth A,
defined by (2.5) in view of the following proposition.

Proposition 2. Under Assumption M and if w € RV(s) for any s > 0, for any
0 <e <1/2 there exists 0 < n < e such that

2

(1 Hn U
Pl 1 > ey e (- i),
where F,(h) £ foh v(t) dt.

If nF,(h,/2) — 400 as n — +oo (this is the case when v is regularly varying)
this inequality entails
H, = (1 + OP?M(l))hn,

where op(1) stands for a sequence going to 0 in probability under a probability P.

Proposition 3 motivates the regularly varying design choice. It makes a link
between the behaviour of the counting process N, j, (that appears in the variance
term of (3.12)) and the behaviour of i close to xg. Actually, the regular variation
property (see Definition 1) naturally appears under appropriate assumptions on
the asymptotic behaviour of N, . Let us denote by Ij; the joint probability of the
variables (X;).

Proposition 3. If Assumption M holds with v monotone, then the following
properties are equivalent:

(1) v is regularly varying of index 5 > —1;

(2) there exist sequences of positive numbers (A,) and () such that lim, vy, = 0,
liminf, At > 0, Ypi1 ~ Yo as n — +oo and a continuous function ¢: RY — RT
such that for any C' > 0:

EZ{Nnvc'Yn} ~ (b(c))\n as n — +OO7
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(3) there exist (M), (), and ¢ as before such that for any C > 0 and & > 0:

n Np.c
li _Pn ’ O
n—tso Ay “{ (C)hn

1’>5}:0.

The proof is delayed until Section 6. Mainly, it is a consequence of the sequence
characterization of regular variation (see in the Appendix).

4. Upper Bounds for [y (x0)
4.1. CONDITIONAL ON THE DESIGN. When no assumptions on the behavior
of the design density are made, we can work conditionally on the design. For A > 0
we define the event
E, £ {>\n > )\},

where \,, £ A(X gn) Note that Ey € X,,. We also define the constant

mip) 2277 [ (Lt exp(—£2) .

Proposition 4. Under Assumption K, if X is such that NX>N,, g, > 1 and
n>k+ 1, we have on Ej:

swp B, {1Fulzo) — Fo)l |2} < mp)ATKL(k+ )72 RY,
fE€Fu, (xo,w)

where R, = w(H,).

4.2. WHEN THE DESIGN IS REGULARLY VARYING. Proposition 5 below
gives an upper bound for the estimator fAHn (xo) when the design density is reg-
ularly varying. This proposition can be viewed as a deterministic counterpart to
Proposition 4.

Let Ag,x be the smallest eigenvalue of the symmetric and positive matrix with
entries, for 0 < j,1 < k:

B+1

(4.1) (Xs.10)j0 = T(1+ (—1)3‘“)/O Y P K (y) dy.

Note that in view of Lemma 6 we have Ag x > 0.

Proposition 5. Let o > 1 and let h,, be defined by (2.5). Let (o) be a sequence
of positive numbers such that o, = O(n") for some v > 0. If u € R(xo,[) with
B> -1 and w € RV(s), we have for any p > 0:

(4.2) lim sup sup AP (o) — f(@o)[P} < OXGE,

n €8, an (Tow)
where T, = w(hy,) satisfies
T~ 028/ (1F2840) =/ (A42s40)p (1 /m) as n — +oo,

with £, slowly varying and where C' = 4%/ A+25+8) (k 4 1)P/2m(p) KE. .
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Remark. Under Holder regularity with radius r we have

P~ 028/ (WH2550) (B0 (A4 2545) =/ (W4 2548) g (7 /) as n — 400,

5. Discussion
5.1. ABOUT ASSUMPTION M. As stated previously, Assumption M means
that the design distribution is symmetric around zo close to this point. When it
is not the case, and if there are two functions v~ € RV(8™), vT € RV(8T) for
B~,B8t > —1and n~,n" > 0 such that for any = € [zg —n~, 20 + n]:

:u(x) = V+($ - -1'0)11()S1Szo+77+ + V_(-TO - x)lngn*§x<xm

we can easily prove that the minimax convergence rate is the fastest among the two
possible ones, which is (2.4) for the choice of 3 = 8~ A 8. To prove the upper
bound we can use the same estimator as in Section 3 with a non-symmetric choice
of the bandwidth, or more roughly we can “throw away” the observations on the
side of x( corresponding to the largest index of regular variation (when p is known).

5.2. ON THEOREM 1 AND PROPOSITIONS 4 AND 5. Since we are interested
in the estimation of f at zy, we need only a regularity assumption in some neigh-
bourhood of this point. Note that the minimax risks are computed over a class
where the regularity assumption holds in a decreasing interval as n increases.

It appears that a natural choice of the size of this interval is the theoretical
bandwidth of estimation h,,, since it is the minimum we need for the proof of
the upper bounds. To state an upper bound with the “design-adaptive” estimator
an (z9) — in the sense that it does not depend on the behavior of the design density
close to zg (via the parameter [ for instance) — we need a smoothness control in a
slightly larger neighbourhood size than h,, (see the parameter g in Proposition 5).

More precisely, to prove in Proposition 5 that r, is an upper bound, we use, in
particular, Proposition 2 with € = 9 — 1 in order to control the random bandwidth
H,, by h,. Thus, the parameter g is indispensable for the proof of Proposition 5.
Note that we do not need such a parameter in Theorem 1 since we use the estimator
with the deterministic bandwidth h,, to prove the upper bound part of the theorem.
Of course, this estimator in unfeasible from a practical point of view since h,, heavily
depends on p, which is hardly known in practice. This is the reason why we state
Proposition 5, which tells us that the estimator with the data-driven bandwidth
H,, converges with the same rate.

5.3. ON THEOREM 2. In the I'-variation framework, for the proof of the
upper bound part of Theorem 2 we use an estimator depending on p. Again, such
an estimator is unfeasible from a practical point of view. Anyway, this framework is
considered only for theoretical purposes, since from a practical point of view nothing
can be done in this case: there is no observations at the point of estimation. This
is precisely what Theorem 2 and the corresponding example tell us, in the sense
that the minimax rate is very slow.

5.4. ABOUT THE I'-VARYING DESIGN CASE. For the proof of the upper
bound part in Theorem 2 we can consider an estimator different from the classical
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regressogram (see the proof of the theorem). If K is a kernel satisfying Assump-
tion K, we define

2o s D V(B (B + K (S5e57)

Ful(zo) - k) o) 22
D K(%) + K(Xl:(}fl;) 0)

where h,, is defined by (2.5). The point is that since Supp K C [—1, 1], this estima-
tor makes a local average of the observations Y; such that X; € [xg —h— p(h),zo —
h+p(h)]U[xo+h—p(h),zo+ h+ p(h)], which does not contain the point of estima-
tion x¢ for n large enough, since limy,_ g+ p(h)/h = 0 (see Appendix). In spite of
this, we can prove that jN’n(xo) converges with the rate r,,. We can understand this
as follows: since there is no information at xg, the procedure actually “catches” the
information “far” from zg. This fact shows that again, the I'-varying design is an
extreme case.

5.5. MORE TECHNICAL REMARKS
e About Assumption K, the first assumption is used to make the kernel K
localize the information around the point of estimation zq (see (3.2)). The last one
is technical and used in the proof of Lemma 6. The two other ones are used for the
sake of simplicity, since we only really need the kernel to be bounded from above.
e When § = —1, Theorem 1 holds only for small regularities 0 < s < 1. For
technical reasons, we were not able to prove the upper bound when s > 1 and

B = —1. More precisely, in this case we have k = 0 and in view of (3.4) it is clear
that the local polynomial estimator is a Nadaraya—Watson estimator defined by

- iy YiK (F5)

falzo) = - .

Y K(SEe)

When s > 1, we have to use a local polynomial estimator. The problem is then in
the asymptotic control of the smallest eigenvalue of XhKn (see Lemma 6) and to do
so we use an average (Abelian) transform property of regularly varying functions,
which is (see Appendix):

) 1 dy Jy*'K(y)dy when a >0,
1 — K (y)l,(yh) —= =
i Mh)/y (¥l (yh) ) {

Thus the only way to have a limit for both cases is to assume K (y) = O(|y|?) for
some 7 > 0, but the obtained upper bound rate in this case would be slower than
the lower bound.

6. Proofs
6.1. PROOF OF THE MAIN RESULTS

400 when o = 0.

Proof of Theorem 1. First we prove the upper bound part of equation (2.4)
when > —1. We consider the estimator fA’n(xo) = fA’hn (z9), where Fn is given
by Definition 4 with h, given by equation (2.5), and we define r, = w(h,). Let
0<e< % We introduce the event

]Vn,h71

By 2 {IMXE) = Xgx| <e}n {‘m - 1’ < 5}.
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Since limy, nF, (hy,) = +00 (see, for instance, Lemma 4), we have B, . C Qff for n
large enough (see (3.11)) and, in particular, on the event B, . the matrix X/ is
invertible. Then using Proposition 1 and since f € Fy, (2o, w), we get:

o) = Pt < O =€) VT TR (wlh) + — Tt )

< Mgk —€)7'Wk + 1Kocw(hn) (1 + [7h,]),

where we last used the definition of h,,. Since, conditionally on X,,, 5, is centered
Gaussian such that E’}#{ﬁn | X,} <1, we get for any p > 0:

sup Fudra Fn(@o)= f(20)l” 1g, . | Xn} < (Ao —e) P (k+1)"*KZm(p),
fe]:hn(l(),w)

where m(p) is defined in Section 4. Now we work on the complement B, .. We use
Lemmas 2 and 6 to control the probability of B,, . and we recall that a,, = O(n?)
for some v > 0. When N, 5, = 0 we have f,(zo9) = 0 by definition and then

LSup )Ef#{rn [Fa(@o) = F(@o)P 1ss  } < (anry )P PY B .} = 0 (1),
ceU(an

Then we assume N,, ,,, > 0. Using Lemma 3 we get:

sup EF {777 fu(z0) — f(x0)” 1ss _}
feu(an)

< 2pr*p(wa Al Falao) PP} + o) /B {Bs,
< 2P(anr, )P (V/nPCokp + 1)y /PIABG .} = on(1),

and thus we have proved that r,, is an upper bound of the minimax risk (2.4) when
8> —1.

When f = —1 and 0 < s < 1, we have k = 0 and the matrix X,fi is1x1
sized and equal to K, , o (see equation (6.5)). The bias—variance equation (3.12)
becomes in this case:

1/2

|ﬁ1($0) - f($0)| < (?n,hn,O)ilKoo (W(hn) + UN |’7h |)

Consider the event

e =zt =} {lmily w0l <<}

We note that the probability of C,, . is controlled by Lemma 2 and equation (6.8) in
Lemma 5. Then we can proceed as previously to prove that r, is an upper bound
when 8 = —1 and we have proved that r, is an upper bound for the left-hand side
of (2.4). Using Proposition 6 we also have that r, is a lower bound for the left part
of (2.4). The conclusion follows from Lemma 4. O
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Proof of Theorem 2. The proof is similar to that of Theorem 1. For the proof of
the upper bound part in (2.7) we use the regressogram estimator defined by

n
Zi:l Yi]‘\Xi—I0|<hn

Fulzo) 2 Ni.n — i Nun, >0,
0 i Npp, =0.
Let 0 < ¢ < 1/2. On the event D, . = { #&n) — 1‘ < e we clearly have

Ny.h,, > 0 and since f € Fy,, (20, w), we have

| Fa(@o) = F(@0)| < w(hn) + 0N 1/ 2 va] < w(ha) (1 =) (14 [va]),

where v, £ —A2—S"" &1 x. _4.|<n, is, conditionally on X,,, standard Gauss-
n U\/m i=1S1 4| X —xo|<hp ) ns

ian. Then we get

sup  E% {|fulzo) — flzo)[P1p, .} < rE(1— )P 2m(p).
f€Fn, (xo,w)

Now we work on Dy, .. If Ny, 5, = 0, we get using Lemma 2 and since o, = O(r;,7):

su(p )Efu{|fn xo) — f(xo)|P 1pe. } < apIP’”{D 6}

e20? 2
1+¢/3 n

=0, ) exp (-~ ) = onl1),

since o, = O(r;,7). If Ny, p,,, > 0, since |Fn(@0)] < an + olvn|, we get

sup Efp{'fn -TO ‘TO |:D]'DC } < 2pap 1+ V UO,P \/PH{D n(l)a

fEU ()

where Cy 0,5 is the same as in the proof of Theorem 1. Thus we have proved that r,
is an upper bound. The lower bound is given by Proposition 6, and the conclusion
follows from Lemma 4. [

In the sequel, (-,-) denotes the Euclidean scalar product on RFL ¢y =
(1,0,...,0) € R¥*1 || . || stands for the sup norm in R¥*! and || - || stands
for the Euclidean norm in R¥+1,

Proof of Proposition 1. On QhK we have in view of Definition 4 that XhK = XhK
and XX is invertible. Let 0 < ¢ < 1/2 and n > 1. We can find a polynomial P/
of order k such that

5
sup |f(xz) — Pp" < inf sup |f(x)—Plx—x0)|+—.
|I_WS}J () = Py*(2)] < inf . Z0‘<h| () — P( | Tn

In particular, with h = 0 we get |f(zo) — P} (20)| < - Defining 6, € R*+1 such
that Pi"" = Py, (see (3.6)) we get

Fu(20) = f(20)| < —= + (O — Onse1)] = —= + [(XE) T XE (O — 0n), 1))-

NG

=L
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Then we have for j € {0,...,k} by (3.4) and (1.1):

(XK (On = 00)); = (Fn — PP dyn)nic = (Y = PP, djn)nxc
=(f =Py dinnx + (Y = fL0in)nK
={f = P, dnhn + (& djn)ni & By + Vij,

thus Xf(@h —0p) = Bp + V3. In view of Assumption K and since f € Fp(zg,w),
we have:

n n €
|Bhjl = [(f = Pf"% dinn| <IIf = Pl l|5allnx < NopKoo (w(h) + ﬁ)’
thus || Balloo < NopnKoo(w(h) + ). Moreover, since A~ (&;) < N,/ < n'/2 on
Q. Kk, we have:

(XE) ™" Bryen)| < X5 HHIBRI < (X)) THIVE + 1Bl
<A XWE+ TKcw(h) + VE + 1K e,

where we last used the fact that ||[M 1| = A=1(M) for a positive symmetric ma-
trix. The variance term V}, is clearly, conditionally on X,,, a centered Gaussian
vector, and its covariance matrix is equal to 02X ®. Thus the random variable
(XE)=1V),, e1)n, k is, conditionally on X,,, centered Gaussian of variance:

v} = o2 {er, (XI)TIXET(XE) ter) < o e, (XE) TIXE (XE) ten)
K
h

1
0% (e, (Xi) " ter) < o?[|(X5) 7| = 0Ny ATHA),

since K < 1. Then A\(XF) = ianzH:l(x,X,f(:E) < |XKei| < VEk+1, since X[ is
symmetric and its entries are smaller than 1 in absolute value. Thus

vp <OPN, AN <o’ N L (k+ DA (X)),

and the proposition follows. [J

Proof of Proposition 2. The proposition is a direct consequence of Lemmas 1
and 2. O

Proof of Proposition 3. (2) = (1): In view of Assumption M one has for n large
enough

Cyn
Ef{Nn,cy. } = 2n/0 v(z)dx = 2nF,(Cv,),

thus (2) entails 2n\,; 1 F, (Cv,) ~ ¢(C) as n — +oo and then F, € RV(«) in view
of the characterization (A.8) of regular variation. Since F, (0) = 0, we have more
precisely F), € RV(«) for @ > 0 and since v is monotone, we have v € RV(a — 1)
(see Appendix).
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(3) = (2): Let € > 0. We define the event

An(C.e) = {| e 1‘ <e}.

N,
P(C)A

Then:

MU N 0y} = A R { N oy, (La, ce) + Lagc.0) )
< (1+2)3(C) +nA, 'Pr{A5(C,e)},

and then limsup,, A, 'E{ Ny ¢, } < (1+¢€)¢(C). On the other hand,

/\ﬁlEZ{Nn,C'yn} > AglEZ{Nn,C'ynlAn(C,a)} > (1 - €>¢(0)]P)Z{An(cﬂ 5)};

and then liminf,, A;lEZ{NmC%} > (1-¢2)o(0).

(1)=(3): Let v e RV(B) and 0 < e < 1/2. If 8 > —1, we have F, e RV(3+1)
(see in the Appendix), thus we can write F,(h) = h®T Y p(h), where £f is slowly
varying. We define v, = n~/20+1) when > —1 and v, = n~'if 8 = —1. When
B = —1, we have F,, € RV(0) (see Appendix). We note that in both cases we have
lim, v, = 0 and yp4+1 ~ 7 a8 n — 4o00. In view of Lemma 2 we get for n large
enough

n N”hc’)’n, ‘52
i (O 1 >e} < 2exp( 3 n 5/3¢(0)A")’

where we used the fact that ¢ is slowly varying and where we defined \, £
2nF,(y,) and ¢(C) = CPFL. Then we clearly have lim, n\;! = +oco and the
proposition follows. [

6.2. PROOF OF THE UPPER BOUNDS FOR [, (%0)

Proof of Proposition 4. Since E) C Qﬁn, (3.13) and Proposition 1 entail that
uniformly in f € Fg, (xo,w) we have

| fa(@0) — f(z0)] < AWV + 1Ko R (1 + v, ),

where g, is, conditionally on X,,, centered Gaussian such that E’} #{ﬁin | X,} <
1. The result follows by integration with respect to P} (| X,). O

Proof of Proposition 5. Let us define ¢ £ p — 1. We can assume without loss of
generality that ¢ < 2 A Ag x. We consider the event A, . from Lemma 6. In view
of this lemma we have A, . C Ex; ,—- N {(1 —¢€)h, < Hp, < (14 ¢€)hy} and then
Fon, (xo,w) C Fu, (zo,w). Thus using Proposition 4 we get

sup B {|Fa(z0) = f(20)["1a,. | X0}
fe€Fony, (o,w)
<m(p)(Ag,x —e) PKE (k+ l)p/QRﬁ
< m(p) (g, — &) KL (K + 1P/ (1+ eyt
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where we used equation (6.1) in the same way as in the proof of Lemma 1 to obtain
on Ay . that w(H,) < (1+¢)*"'w(hy). On the complementary event AS _, using
inequality (6.11) and Lemma 3 and since oy, = O(n?) for some v > 0, we get

sup E?,H{Tﬁﬂfn(xo) — flao)Plas )
feU(an)

< 21) an \/ npcak2p+1 \/PZ{A%E} :On(l)a

and (4.2) follows. The equivalent of 7, is given by Lemma 4. O

6.3. LEMMAS FOR THE PROOF OF THE UPPER BOUNDS

Lemma 1. If w € RV(s) for any s > 0, then for any 0 < ¢ < % there exists
0 < n < e such that

N, N, . n
{—znm(((llf)g) f<ufo {m‘l\ﬂ}c{\%—l\ff}-

Proof. In view of (3.13) we have {H,, < (1+¢&)hn} = {Ny, (14e)n,, = 2w 2((1 +
€)hn)}. Define e; 2 1 — (1 —£2)72(1 + £)72%. For ¢ small enough, it is clear that
g1 > 0. We recall that £,, stands for the slowly varying term of w (see Definition 2).
Since (A.1) holds uniformly on each compact set in (0,400), we have for n large
enough that for any y € [%

5 30
(6.1) (1 — ey (hy) < Lo(yhy) < (142l (hy),
so using (6.1) with y =1+¢ (¢ < 1), we obtain in view of (2.5):

2(1 = e))nFy (1 +e)hn) > (1= %) 2(1 + &) > 0’w > (hn)
— 0,2((1 + E)hn) —25(1 _ 62)_2652(hn)
> o?w((1 +e)hn) 72,

and then
{Nn,(14e)h, = 2(1 —e1)nF (1 +€)hy)} C{Hn < (14 €)hn}.
Using again (6.1) with y = 1 — & we get in the same way

{Nn,(1=e)h, <21 +e1)nF, (1 = )hn)} C{Hn > (1 —€)hn},

and then
Nn, —€)hn, n, n
{\m”’ﬁ“} {\ﬁ”’— }C{\f—n‘llﬁf}-

Now the result follows for the choice n = Aey. O
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Lemma 2. Under Assumption M, we have for any e, h > 0:

2

PZ{ %M - 1’ > 5} < Qexp(f1 fE/SnFV(h)).

Proof. Tt suffices to apply the Bernstein inequality to the sum of independent
random variables Z; = 1|x, zo<n — PR{|X1 — 20| < h} fori=1,... ,n. O

Lemma 3. For any p > 0 and h > 0 the estimator fh (see Definition 4) satisfies

sup E%{|Fu(z0)l” | Xu} < Copplav/m)?,
feU(w)

where Co jp = (k4 1)P/2/2/1 [o, (1 + ot)P exp(—t?/2) dt.

Proof. When N,, ,, = 0, we have fh = 0 by definition and the result is obvious, so

we assume N, ;, > 0. Using the fact that A(A+B) > A(A)+A(B) when A and B are

symmetric non-negative matrices we get )\()NChK )> N, 711/ hQ > 0, thus X/ is invertible.

Equation (3.10) entails |fn(z0)| = [(XE)"1XEf,, e1)| = [(XE)"1Y ), e1)]. In
view of (1.1) we can decompose for j € {0,... ,k}:

(Yn); =Y. 0 = (f,bin)nx + (& Din)nx = Bnj + Vi

Since f € U(a), we have under Assumption K that |By, ;| < aNp p, thus || Bpllec <

aNy, . As in the proof of Proposition 1 we have that ((XX)~1V},, e;) is, condition-
ally on X,,, centered Gaussian with variance

o (ex, (X771 XG (XE) er) < o (XA M IPIXE -

Assumption K entails that all the elements of the matrix XhK are smaller than Ny, j,
thus || X5 || < (k+1)N,, 5. Since X is symmetric, we get ||(X/) 7| = A"HXE) <
Nn_,llp, and then v? < o?(k + 1). Finally, we have

[Fr(0)] < ((XF) ™ Bry ea)| + (X))~ Vi )]
< NGBl + ovE + L] < VE+1(avn + oll),
where 7y, is, conditionally on X,,, centered Gaussian with variance smaller than 1.
The result follows by integrating with respect to P} (- | X,). O
Lemma 4. If v € RV(8), w € RV(s) for s > 0 and the sequence (hy,) is defined
by (2.5) then the rate r,, = w(hy,) satisfies

(6.2) Ty ~ Cs,ﬁUQS/(1+28+ﬁ)n_S/(1+28+6)€“’»”(1/n) as n — +00,
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where £, is slowly varying and cg 5 = 45/OF240) - When w(h) = rh® (Hélder
regularity) for r > 0, we have more precisely:

(6.3) 7 ~ 0875028/(1+2s+5)T(ﬁ+1)/(1+2s+ﬁ)n—s/(1+2s+ﬁ)gw(1/n) as m— 400,
where 5, is slowly varying. It is noteworthy that when 3 = —1 the result becomes:
o~ 20m~ Y20, ,(1/n) as mn — —+oo.

When v € T'V(p), we have
(6.4) Tn ~ Lo (1/n),
where £, ,, is slowly varying.

Proof. Denote F,(h) 2 [ v(t)dt and let G(h) = w*(h)F, (h). When > —1, we
have F, € RV(8 + 1) (see the Appendix) and when 5 = —1, F), is slowly varying.
Thus G € RV(1 + 2s + ) for any 8 > —1. The function G is continuous and
such that lim, .o+ G(h) = 0 in view of (A.2), since 1 +2s+ 8 > 0. Then, for n
large enough, h, = G~ (0?/(4n)), where G—(h) £ inf{y > 0| G(y) > h} is the
generalized inverse of G. Then in view of (A.8) we have G~ € RV(1/(14+2s+0)) and
then wo G~ € RV(s/(1+2s+/3)) (see Appendix). Thus we can write wo G~ (h) =
he/A42s40)g (h), where £, is a slowly varying function. Thus:

, :w(Gh(Ui)) o 25/ (428 8) —s/ (1 28+6) (0’_2)
" 4n P “Y\4n

-~ Cs,ﬁO'QS/(1+28+ﬁ)n_S/(1+28+ﬁ)€w,V(1/n) as n — 400,

since ¢ is slowly varying. When w(h) = rh®, we can write more precisely h, =
G~ (0?/(4rn)), where G(h) = h?*F, (h), so (6.2) and (6.3) follow.

Let y € R. Using (A.9) and the uniformity in (A.1) we get limy_ o+ €, (h +
yp(h))/ly(h) = 1, thus lim;,_,o+ w(h + yp(h))/w(h) = 1. Moreover, since I'V(p) is
stable under integration (see Appendix) we have F,, € T'V(p), thus lim;,_,q+ G(h +
yp(y))/G(h) = exp(y) and then G € T'V(p). For n large enough, h,, is well defined
and given by h, = G~ (02?/(4n)). Since G— € NIIV(¢) for £ = pov— € RV(0)
(see Appendix), G belongs, in particular, to RV(0) in view of (A.11) and then
rn =woG~(0%/(4n)), where woG~ € RV(0). Thus r,, ~woG~(n"1)asn — +o0
and (6.4) follows with 4, , =wo G~. O

STUDY OF THE TERMS A(X[) AND A(X[ ). We recall that the matrix
X, i is defined as the symmetric and non-negative matrix with entries (X5, x);; =

Ky p,jy for 0 < j,1 <k, where:
n

— 1 Xi —To\ ¢ Xi — X0
6.5 Kona2 ( ) K( )
(6.5) T N ; h h

for o« € N. Define Ky, j o £ Nn,hfn,h,a and

(6.6) Kop2 (1+(~1)%) / YK (y) dy.
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We define for any € > 0 the event

Kn,h,a

porn
hia, K e TLFy(h)

— (ﬁ + 1)Ka75’ < E}.

Lemma 5. Let « € N and ¢ > 0. Under Assumption K and if u € R(xo, )
with 8 > —1, then for any positive sequence (v,) going to 0 we have for n large
enough

2

T C 757
(6.7) PU{DS . ool < 2exp( ToE E/S)nFy(’yn)).

When 3 = —1 we have:

2

68) {2t k(o) > <} < 2exp(—

nE, (1) T o).

Proof. First we prove (6.7). We define Q; .o S (Xi;””o)aK(Xi;zo), Zi n,a £

Qina — E;{Qin,a}. Since u € R(zo, 3), one has fori=1,... ,m

1 nyny. _ Y () 1+ (1)
nFy('Yn)EH{QZ’ma} Fy(m)  lu(m)

where we used Assumption K and the fact that [xg — v, 20 + 7] C W for n large
enough. Then equations (A.3) and (A.4) entail:

1
/ y TP K ()0, (yym) dy,
0

1
lim ———E7 i,n,af — 1 Ka 3
m e EL Q) = (34 Dy
and for n large enough:
1 n
6.9 De ‘7 Zimal > /2%
( ) Ny Yn,o, K€ C { nFu(’Yn) ; M, > 5/ }

In view of Assumption K we have EZ{Zlna} =0, |Zin,al <2, and
b721 é ZEZ{ZZn,a} S nEZ{Q%,n,a} S QHF,/(’Yn)
i=1

Since the Z;, . are independent, we can apply Bernstein’s inequality. If 7, =
SnF,(7vn), equation (6.9) and Bernstein’s inequality entail:

—72 g2
P {De <92 - n )1 <92 (77 F, n)v
p D5 arce < eXP(g(bgHTn/s)) < 2exp| ~ g oygy v Om)

thus (6.7) follows. The proof of equation (6.8) is similar. When § = —1, we have
v(t) =t714,(t). Define Z; ., & Qino — E?,H{Qi,n,o}- In view of equation (A.5) we
have

li !
1m
n—-4o0o Fu (’yn)

Ej{Qino} = lim_ ﬁ /O K(t/h)6,(t) dt/t = 2K (0) > 0.



20 S. Gaiffas

Then for n large enough one has

{’% 72K(0)‘ >efc {’mizn >e/2}.

i=1

The Z, ,, are independent and centered and |Z; | < 2. Moreover, in view of As-

sumption K we have as before b2 £ 1" | En{Z2 } < 2nF,(y,) and using again

the Bernstein inequality we get (6.8). O

Lemma 6. Let Assumption K hold. Assume that w € RV(s) with s > 0,
W € R(zo, B) with B > —1, and \g i is defined by equation (4.1). We have A\g x > 0
and for any 0 < e < % we can find an event A, . such that for n large enough

H,
(6:10) Ane C {AXS) = Ag x| < e} N{AXE ) = A x| <e}n {}h— - 1] < 5}
and

(6.11) PZ{AZ’E} < 4(k+2)exp ( — 05,0757;:2),

where cg,o.e > 0.

Proof. Since Mg, g is the smallest eigenvalue of XBK , we have \g x > 0, otherwise
defining p(y) = (1,y, ... ,y*) and since Xé( is symmetric, we should have

1

. 2

0=Apx = inf (2 X 2) = (20, X5 wo) = / (‘zop() "y K (y) dy,
z||= 1

where zy # 0 is the normalized eigenvector associated to the eigenvalue Ag i and
where we used the fact that

(6.12) ANM) = |\iﬂ£1<$’Mx>’

for any symmetric matrix M. Then Yy € Supp K we have ‘zop(y) = 0, which leads
to a contradiction since y — ‘zop(y) is a polynomial. For any h,e > 0 we introduce
the events:

Anne = {IMXE) = Ag k| < e},

B+1

(6.13) _
Bn,h,a,s = {‘Kn,h,a - TKQ,B‘ < 5}-

Using the characterization (6.12) we can easily prove that

2k
(614) m ]-D)n,h,oz,g/(kJrl)2 - An,h,e-

a=0
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Since
— — — Np g, (Hp\©
Kn a_Kn a:Kn a(l_u(_’n) )
7H'Vl1 1h'ﬂ7 1H77r7 Nnﬁhn hn
1 . X — a0\ @ X; —xo X; — xo
w2 (Ta) (K(5) - #(557):
TN ; ( I ) ( H, I

we have when K is the rectangular kernel K%,

J— —_ NnH Hn @ 1 H’n, @ NnH

Kot o—Kn a<—’n(—) —1‘ —(—v1) St ),

| 1HTL7 7h71r1 |— n,hn hn + 2 hn Nn7hn
and otherwise under Assumption K
72 72 NnH Hn « NnH Hn « Hn H hn H
Rt~ Tl < | Nttn (Fuy_ | Moty (Huy? (Ho 1<y e
(Ko, m,,, ol < . N ) i

Let us introduce for € > 0 the event

N,
Fo.2 {’—Hﬂ 71’ gs}.

nhn

Then for a good choice of £; < & we have |Fn,Hn,a*Fn,hn,a| < m on the event

Cn,e; NFy.e, and since K <1, we have K, g < —2_ and noting that D, j 0 kr e, =

B+1
Nn,h _
{lgm—(h) 1‘ < 61}, we have for any o € N
D . ND . CB .
.0, KR, oo tas oo K oot n.h,os S
Using (6.14) t f LA 2 .
sing (6.14) we get for 7 = g5
2k
(6.15) Dy 060 N () Dbk € Anh e
a=0
(L4e)?*8

We take 0 < g5 < g7 such that
h — Ny is increasing we have

1oo— < l+e¢1 (for 1 small enough). Since

Cn,sz C {Nn,(l—&‘g)hn < ]Vn,H71 < Nn,(1+82)hn,}a

and in view of Lemma 1 we can take 0 < £3 < g9 such that
D"a(1—52)hn107KR763 n Dm(l-‘ré‘z)hn,,O,KR,Es C C’mé‘z'

Using (A.1) with the slowly varying function £z (k) £ F,(h)h~ P+ we have for n
large enough that uniformly in y € [1, 3]

(6.16) (1 —e1)lp(hn) < Llp(yhn) < (1 +e1)lp(hn),
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in particular, for y =1 —¢; and y = 14 €; we get by the definition of 5 and since
€3 <éeg <eéq:

Dy (1—2)hn,0, 67,5 NV Do (1462)00,0, 67,65 NV Diohy 0,67 ey C© Frey

A €
Then we define for ¢4 = e3 A IEFOTE the event
2k
A
Ane =Dy (1—e)hn,0.KRes NV D (14e2)h0,0, KR 20 N Diny 0,68 ,e, N m D hyya, Keas
a=0

which satisfies (6.10) in view of the previous embeddings. Using inequality (6.7) in
Lemma 5 and since g4 < g9 < g1 < %, we get

9-(B+3)z , o2 _2)
rn b

PR{A; .} < 4(k+2)exp ( T 82+ 4/3)

where we used (6.16) and (2.5). O

6.4. PROOF OF THE LOWER BOUNDS

Lemma 7. If there are two elements fo and fi1 of a class ¥ such that the
Kullback—Leibler distance between the corresponding probabilities Py and Py satisfies
K(Py,P1) < Q < 400 with |fo(xo) — fi(xo)| > 2¢ry, for some constant ¢ > 0, then
the pointwise minimax risk R, (3, u) over the class ¥ defined by (2.1) in the model
(1.1) satisfies:

Rn(E, 1) = C(c, Q,p)rn,

where C(c, @, p) A 21%(6—62 v 1— 2Q/2)1/p.

This result is classical. It can be found in Tsybakov (2003) with a proof based
on a reduction scheme with two hypotheses and inequalities between the Kullback—
Leibler distance and other probability distances.

Proposition 6. Let h, be defined by (2.5), let (a,) be a sequence of positive
numbers going to +o0o and r, = w(hy). If ¥ =3y, o, (X0, w) is the class given by
Definition 2, we have

(6.17) liminf r, "R, (2, p) > Cs .

Proof. We use Lemma 7. All we have to do is to find two functions fy , and f1,
such that:

(1) there is some 0 < @ < 400 such that K(P§,P}) < Q;

(2) fon, fi,n € Bhan (To,w);
(3) |fon(zo) = f1,n(x0)| > 2¢ry, for some constant ¢ > 0.

We choose the two following hypotheses:

fO,n(x) = w(hn)l\zfzo\ghna fl,n(-r) = w(|x - $0|)1\1710|§hn-
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(1) Since the &; are centered Gaussian of variance o and independent of X,,, we
have:

n pn 1 - 2
K®g, Py | Xn) = Q—Z fon(Xi) = fra(X3))7,

then in view of (2.5)

n n n n
K®g,PY) = @Hfo,n — frnlleq) < §w2(hn)Fu(hn) =5

(2) For h € [0, h,], taking P as the constant polynomial equal to w(h,,), we have
that the continuity modulus of fy, is 0, and taking P = 0 we obtain that the
continuity modulus of fi, is bounded by w(h). Moreover, for n large enough, we
clearly have fo n, fin € U(ay,) since o, — +o0.

(3) If we take ¢ = 1/2, we have |f1 (x0) — fon(z0)| = w(hp) = 2¢r,. O

6.5. COMPUTATIONS OF THE EXAMPLES. For a given design density, we
compute the minimax convergence rate r, by first giving an equivalent as n — 400
of the smallest solution h,, of

and then an equivalent of r, = w(hy,).

6.5.1. Regularly varying design example. In the regularly varying design case we
find the equivalent of h,, using the following proposition.

Proposition 7. Let v > 0 and o € R. If G(h) = hY(log(1/h))®, then we have:

G (h) ~ v/ Y (log(1/h))~*/Y  as h— 0%,

Proof. When « = 0, the result is obvious, hence assume a € R\ {0}. We look
for h such that h¥(log(1/h))* = =z, when x > 0 is small. If o > 0, we define
t= log(fﬂ/o‘), so this equation becomes

(6.18) texp(t) = —yz'/?/a,

where t < 0. The equation (6.18) has two solutions for x small enough, but
they cannot be written in an explicit way. Then let us consider the Lambert
function W defined as the function satisfying W(z)e"(*) = 2 for any z € C.
See, for instance, Corless et al. (1996) about this function. We are only inter-
ested here in its real branches. This function has two branches Wy and W_; in
R. We denote by Wy the one such that Wy(0) = 0 and W_; the one such that
limy,_o- W_1(h) = —o0. The two solutions of (6.18) are then tq = W_; (—yz'/*/a)
and t; = Wo(—yz'/%/a) and hg £ exp(aW_1(—yz'/*/a)/v) is the smallest so-
lution. By definition of W we have for —1/e < x < 0 and a € R: e*W-1(*) =
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(—2)*(—W_1(z))~“, and since W_; satisfies W_; (—z) ~ log(z) as x — 0, we have
ho = (ya'/® Ja) Y (=W _y (=@ [a)) =/ ~ 421l (log (1)) =/ as & — 0.
When a < 0, we proceed similarly. We have ¢ > 0 and (6.18) has a single solution
t = Wo(—y2'/*/a), thus h £ exp —aWy(—vyz/®/a)/v). By the definition of Wy
we have Vo > 0 and a € R: e?Wo(®) = 22W,; (z), and since W, satisfies Wy (z) ~
log(z) as « — +oo, we find again h ~ v/ 7z *(log(1/z))~*/7 as x — 0F. O

For the second example of regularly varying design, using Proposition 7, we find
that an equivalent to the sequence h,, defined by (2.5) is

(1425 4 §)(e+2n/(+25+0) (2)2/ (12e55)

)a+2'y)71/(1+2s+ﬂ)
r

n(logn
and since w(h) = rh*(log(1/h))7, we find that an equivalent of r,, (up to a constant
depending on s, 3,7, «) is

o2/ (142540) . (B+1)/(A+25+8) (1 (|og )@V (1) /5) =8/ (1425+5)

The computation for the third example (8 = —1) is similar to the second example,
since F,(h) = (log(1/h))*~.

6.5.2. T-varying design example. For the I'-varying design example v(h) =
exp(—1/h®), we first use the fact that when v € T'V(p), we have F, (h) ~ p(h)v(h)
as h — 07 (see Appendix). Recalling that p(h) = %ﬂ, we solve

(6.19) RIT25H oxp(—1/h%) = yn,

where y,, £ o2a/(r’n).

Defining t £ h~%, equation (6.19) becomes ¢t~ (1+25+®)/@ exp(—t) = y,, which
we rewrite as zexp(z) = a/(1 + 25 + a)yn /T for 2 £ /(1 + 25 + a)t.
Then we have z = Wy (a/(1 + 2s + a)y;a/(1+28+a)), where Wy is defined in the
proof of Proposition 7. Using the fact that Wy(z) ~ log(z) as x — 400, we get

x ~ logn as n — +oo, thus h, ~ (logn)~' and the result holds since

TF2s7a
ry 2 rhy .
Appendix A. Some Facts on Regular and I'-Variation
We recall here some results about regularly and I'-varying functions. The re-
sults stated in this section can be found in Bingham et al. (1989), Geluk and de
Haan (1987), and Senata (1976).

A.1. REGULAR VARIATION. Let ¢ be a slowly varying function throughout
the following. An important result is that the property

(A1) Jim £(yh)/6(h) = 1,

holds uniformly for y in any compact set in (0,+00). Now if Ry € RV(ay) and
Rs € RV(az), one has

(1) Ry x Ry € RV(a1 + ag),

(2) RioRy € RV(a1 X ag).
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If R€ RV(y) for v € R\ {0}, then as h — 0 we have

0 if >0,
4+oo if v <O0.

(A.2) R(h) — {

The asymptotic behaviour of integrals of regularly varying functions, usually called
Abelian theorems, plays a key role in the proofs.
o If v > —1 we have

h
(A.3) / 0t dt ~ (1 +~) " hIH0(h) as h— 07,
0

and, in particular, h — foh t74(t)dt € RV(y 4+ 1). This result is known as the
Karamata theorem.
e When v = —1 and if fon E(t)% < 400 for some n > 0, then h — foh E(t)% €

RV(0) and we have
1 dt
li L(t)— = .
w0 6(h) )/0 ()% = +oo

o If R is some positive monotone function such that h — foh R(t) dt belongs to
RV(y) for some v > 0, then R € RV(y — 1).

o If K is a function such that fol t=9K(t)dt < +oo for some § > 0, then
1 1
(A.4) / K (t)((th) dt ~ e(h)/ K(t)dt as h—0F,
0 0

Moreover, when fo t)dt/t < 4oo for some n > 0, and K is such that V¢ > 0,
|K(t) — K(0)] < p|t|* for some p > 0 and > 0, one has

(A.5) /Kt/h t)dt/t ~ K /e ydt/t  as h— 0.

If R is defined and bounded on [0, +00), one can define the generalized inverse
as

(A.6) R~ (y) = inf{h > 0 such that R(h) > y}.

If R € RV(y) for some v > 0, then there exists R~ € RV(1/v) such that

(A.7) R(R™(h)) ~R™(R(h)) ~h as h— 0%,

and R~ is unique up to an asymptotic equivalence. Moreover, one version of R~
: ?f (;Sn)nzo and (Ap)n>0 are sequences of positive numbers such that §,+1 ~ d,

as n — +0o0o, lim, §, = 0, and if there is a positive and continuous function ¢ such
that for any y > 0

then R varies regularly.
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A.2. T-vARIATION. We describe now the properties of I'-varying functions
and Il-varying functions. The results are due to de Haan. The references are the
same as for regular variation. All the following results can be found therein.

The first result states that if v is a function such that (2.6) holds for all y € R,
then (2.6) holds uniformly on each compact set in R. If p is such that (2.6) holds,
then

A9 li h)/h = 0.
(A.9) Jim p(h)/
The auxiliary function p in definition (2.6) is unique up to within an asymptotic
equivalence and can be taken as h — foh v(t)dt/v(h).

The class T'V(p) is closed under integration. If v € T'V(p), then F,(h) =
foh v(t)dt € TV(p) and we have

FE,(h) ~ p(h)v(h) as h— 0%,

We have seen that the class of regularly varying functions RV is closed under
the operation of functional inversion. In the case of I'-variation, the inversion maps
the class I'V in another class of functions, namely the de Haan class IIV.

Definition 5 (II-Variation). A function v is in the de Haan class IIV if there
exists a slowly varying function ¢ and a positive real number ¢ such that

(A.10) vy >0, lim (v(yh) —v(h))/E(y) = clog(y).

The class of functions v satisfying (A.10) is denoted by IIV ().

o If v € T'V(p), then £ = po v is slowly varying and v € TIV(¥).

o If v € IIV(¥) for some £ € RV(0), then v~ € T'V(p) with p=Lov—.

In both senses the inverses and their auxiliary functions are asymptotically
unique. The following inclusion tells us that II-variation can be viewed as a re-
finement of slow variation. Actually, any II-varying function is slowly varying: for
any ¢ € RV(0) we have

(A.11) IV (¢) € RV(0).
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