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Abstract

Let X be genus 2 curve defined over an algebraically closed field of characteristic p and
let X be its p-twist. Let My (resp. Mx,) be the (coarse) moduli space of semi-stable rank
2 vector bundles with trivial determinant over X (resp. X;). The moduli space My is
isomorphic to the 3 dimensional projective space and is endowed with an action of the group
J[2] of order 2 line bundles over X. When 3 < p < 7, we show that the Verschiebung (i.e.,
the separable part of the action of Frobenius by pull-back) V' : My, --+ Mx is completely
determined by its restrictions to the lines that are invariant under the action of a non zero
element of J[2]. As those lines correspond to elliptic curves that appear as Prym varieties,
the Verschiebung restricts to the morphism induced by multiplication by p and we are able
to compute the explicit equations for the Verschiebung.

1 Introduction

Let k be a algebraically closed field of positive characteristic p and let X be a proper and
smooth (connected) curve of genus 2 over k. Let X (s € Z since k is perfect) be the p*-twist
of X and let J (resp. Js) denote its Jacobian variety (resp. the p°-twist of its Jacobian
variety). Denote by Mx (r) the (coarse) moduli space of semi-stable rank r vector bundles
with trivial determinant over X. The map £ — F} E defines a rational map the separable
part of which, the generalized Verschiebung, will be denoted by V. : Mx, () --» Mx(r).

For r =2 and k = C, we let Mx (resp. V) be Mx (resp. V). [NR] have constructed
an isomorphism D : My — [20| = P? that remains valid for an algebraically closed field
of positive characteristic (it is straightforward for p # 2 and [LP1] (section 5) give a sketch
of proof for p = 2). Furthermore, the semistable boundary of My identifies with the
Kummer surface Kumy, which is canonically contained in the linear system |20|. We have
the commutative diagram

(1.1)



My, =---="---- - My
D D
|2C"‘)1| ———————— > |2C"‘)‘

and the induced rational map V is given by degree p polynomials ([LP2]). Note that all
the map in that diagram are equivariant under the action of .J[2].

Our interest in the situation described by the diagram (1.1) comes from the fact ([LS])
that, given a proper and smooth curve of genus g over a field k, a semistable rank r vector
bundle E over X corresponds to an (irreducible) continuous representation of the algebraic

fundamental group m;(X) in GL,(k) (endowed with the discrete topology) if and only if

one can find an integer n > 0 such that Fgfgs) ‘E~F Thus, natural questions about the

generalized Verschiebung V,. : M, (r) --+ Mx(r) arise like, e.g., its surjectivity, its degree,

the density of Frobenius-stable bundles, and the loci of Frobenius-destabilized bundles.
For general (g, r, p), not much seems to be known (see the introductions of [LP1] and

[LP2] for an overview of this subject).

When g = 2, r = 2, and p = 2 and X is an ordinary curve, [LP1] determined the
quadric equations of V in terms of the generalized theta constants of the curve X. In
[LP2] (resp. in [Du]), one could give the equations of V' in case of a nonordinary curve
X with Hasse-Witt invariant equal to 1 (resp. a supersingular curve X) by specializing a
family X of genus 2 curves parameterized by a discrete valuation ring with ordinary generic
fiber and special fiber isomorphic to X. B

When g = 2, r = 2, and p = 3, [LP2] determined the cubic equations of V' in showing
that this rational map coincided with the polar map of a Kummer surface, isomorphic to
Kumy, in P3. To reach this result, they used a striking relationship (see [vG]) between
cubics and quartics on [20),].

In this paper, we shall suppose that p > 3. Given 7 a line bundle of order 2 over X
and a 7T-invariant semi-stable vector bundle E, i.e., satisfying E® 1 = F, of degree 0, one
can give I a structure of invertible Oy @ 7-module. In other words, if 7 : X — X is the
degree 2 étale cover corresponding to 7, there is a degree 0 line bundle ¢ over X such that
E = 7,(q). On the one hand, the T-invariant locus of My is the union of two projective
lines. On the other hand, 7 being étale, one has F}} (7.(q)) = m.(F,(q)). Requiring that
FE has trivial determinant forces ¢ to be in some translate of the Prym variety P associated
to 7 (which is an elliptic curve) and, as multiplication by p over an elliptic curve commutes
with the inversion, it induces a map P/{+} 2 P! — P/{+} 2 P! Let Vj: be the separa-
ble part of the latter map and choose a 7-invariant line A(7) in Mx. There is a natural
isomorphism P/{£} = A(7) and Vp coincides with the restriction of V' : My, --» Mx to
A(7). The main result of this paper is the following theorem (4.16) :

Theorem Let X be a smooth and proper curve of genus 2, sufficiently general, over an
algebraically closed field of characteristic p = 3,5 or 7. The generalized Verschiebung
Vi Mx, --» Mx is completely determined by its restriction to the projective lines that are



invariant under the action of a non zero element of J[2].

In particular, V' can be computed explicitly in these cases and we recover the result of
[LP2] in the characteristic 3 case. As an application, we recover if p = 3, and we show if
p =5, that there is a degree 2p — 2 surface S is [204| such that the equality of divisors in
20| _

VHKumy) = Kumy, + 29

holds scheme-theoretically. The computations have been carried out using Maple 9 and
Magma.

I would like to thank Y. Laszlo for having introduced me to this question, for his help
and encouragements all along my thesis. I would like to thank D. Bernardi, P.-V. Koseleff,
M. Chardin and more specially G. Lecerf, for their help and explanations in the use of the
computation softwares.

2 The (coarse) moduli space My

2.1 Preliminaries

Let k be an algebraically closed field of odd characteristic. Let X be a proper and smooth
curve of genus 2 over k and let J (resp. J') be its Jacobian variety (resp. the moduli
space of degree one line bundles over X, which is a principal homogeneous space under the
action J). The embedding X < J! defined by O(A), where A is the diagonal A C X x X,
defines a theta divisor ©.

Let My be the (coarse) moduli space of semi-stable rank 2 vector bundles with trivial
determinant over X. The set of its closed points is the set of S-equivalence classes [E] of
semi-stable rank 2 vector bundles E with trivial determinant over X. Note that My is
endowed with a natural action of J[2] defined set-theoretically by (7, [E]) — [E ® 7]. If
E' is strictly semi-stable, i.e., semi-stable but non-stable, there is a degree 0 line bundle j
such that E is an extension 0 — j~! — E — j — 0, i.e., E is S-equivalent to j @ j 1.
If £ is the Poincaré’s bundle over X x .J, one can consider the family & = £ ® L1, pa-
rameterized by .J, of semi-stable rank 2 bundles with trivial determinant over X. Because
of the coarse moduli property, there is a unique b : J — My such that, for any j in J,
b(j) = [Eixx3) = [ @ j']. Note that the semi-stable boundary in My, i.e., the image of
b, is (globally) J[2]-invariant and that b is J[2]-equivariant.

When k£ = C (but this result extends straightforwardly to any algebraically closed field
with characteristic different from 2, and, with a little more work (see [LP1] for a sketch
of proof) to an algebraically closed field of characteristic 2), it has been shown ([NR])
that there is a canonical isomorphism D : My — PHY(J!, O(20)) that maps a semi-
stable bundle FE over X to the reduced (hence linearly equivalent to 20) divisor over J*
with support the set {£ € J'/h%(X, E ® &) > 1} and recall by the way that any divisor



linearly equivalent to 20 is completely determined by its support ([NR], Proposition 6.4).
In particular, this divisor is reducible if and only if it is of the form D[j @ j7!]. In other
words, D maps the semi-stable boundary of Mx onto the set of reducible divisors of |20,
namely D[j @ ;'] = T;© +T7,0, where T} (vesp. T;-1) is the isomorphism J' = J' that
corresponds to j (resp. j~!) via the action of J on J*! .

Choose once for all an effective theta characteristic ko of X (that is to say one of the
6 Weierstrass points of X) and consider the corresponding isomorphism J = J! given by
j — 7 ® ko. We still denote by © the divisor of J obtained as the inverse image of © by
means of this isomorphism. Its support is the set {¢ € J/H°(¢ ® k) > 1) and using the
Riemann-Roch theorem, © is symmetric. It defines the canonical principal polarization on
J. Using this isomorphism, we obtain an isomorphism

D: Mx = PH(J, O(20)) = |20

that maps [E] to the (unique) divisor in |20| with support {¢ € J/h°(E ® kg @ ) > 1}.
Of course, the semi-stable boundary is My still coincides with the set of reducible divisors
in 20].

Now, we recall the basic facts of the theory of theta group schemes associated to an
ample line bundle L over an abelian variety A over k, as presented in [Mu2], Section 1.
Let G(L) (resp. K (L)) be the group scheme (resp. the finite group scheme) such that, for
any k-scheme S,

G(L)(S) = {(z,v)|x € A(S), v: L = TrL} (resp. K(L)(S)={z € A(S)|T:L=L})

We suppose that K(L) is reduced-reduced, in which case L is said to be of separable type.
The theta group G(L) is a central extension

1—-G,, —G(L)— K(L)—0

Note that G(L) has a natural action on H°(A, L) and that this action has weight 1 in the
sense that, being given \ in G,, and s in H(A4, L), A\.s = Ad(s). More generally, if G(L)
acts on a vector space W, one says that this action has weight r if, being given A in G,
and s in H°(A, L), one has A\.s = \"Id(s). As an example, one can consider the space of
r-symmetric powers Sym” H°(A, L) on which G(L) has a natural action of weight r.

Theorem 2.1 The vector space H°(A, L) is the unique (up to isomorphism) irreducible
representation of weight 1 of G(L).

Proof : Combine the Proposition 3 and the Theorem 2 of [Mu2], Section 1.
Being given «, #in K (L), a, 3 in G(L) above a and [3 respectively, the invertible scalar
afBa~tp~! depends only on the choice of o and 3 and it induces a skew-symmetric bilinear

form e : K(L) x K(L) — G,, that is non degenerate because G,, is the center of G(L).

4



Now, let 7 : A — B be a separable isogeny between abelian varieties and suppose that
L = 7 M where M is an ample line bundle over B. Because L descends on B, there is an
action of ker 7 on L covering the action of ker  on A, i.e., a lifting ker 7 = K C G(L) and

M = (W*L)I} . In particular, ker 7 must be an isotropic subgroup of K (L) with respect to
el. Furthermore, v in G(L) induces an isomorphism 7, (7) of G if and only if 7 lies in the
centralizer Z(K) of K in G(L) and, when it is the case, m.(7) depends only on the class of
~vin Z(K)/K. More precisely,

Theorem 2.2 (1) Suppose that w: A — B is a separable isogeny between abelian varieties
and let L be an ample line bundle over A. Then, there is a one-to-one correspondence
between :

- The set of isomorphism classes of line bundles M over B such that L = 7w*M. Such
an M is necessarily ample.

- The set of homomorphisms ker m — G(L) lifting the inclusion ker m — A.

(2) Being given a homomorphism kerm — K C G(L) as in (1) and letting M = (W*L)f( be
the corresponding ample line bundle over B, there are canonical isomorphisms

G(M) = Z(K)/K and K(M) = (ker w)*/ ker 7

where (ker )+ = {a € K(L)| e’ (a, ) =1 for any B € ker7}.
In particular, if M is a principal polarization, ker w is a maximal isotropic subgroup of

K(L).

Proof : (1) [Mul], Section 23, Theorem 2. The fact that M is necessarily ample comes
from [Mul], Section 6, Proposition 6 and the finiteness of K (M).
(2) [Mu2], Section 1, Theorem 4 and [Mul], Section 23, Theorem 4 for the last assertion.

Returning to our situation, consider the ample line bundle O(20) over J and the
associated theta group scheme G(O(20)). Its natural action on H°(J, O(20)) induces an
action of J[2] onto |20| and the morphism

Ky :J —[20), j— T;0 + 17,0

which obviously factors through the quotient of J under the involution j — j~1, is J[2]-
equivariant. The following lemma is an obvious consequence of the definitions :

Lemma 2.3 The diagram




of J[2]-equivariant morphisms is commutative.

Let H be the hyperplan in |20| consisting in those effective divisors passing through
the origin of J. The corresponding line bundle is Ops(1). We let A be the reduced divisor
over My with support D7'(H). The associated invertible sheaf O(A) is isomorphic to
D*(Ops(1)) and one has

H'(Mx, O(A)) = H(126], O(1)) = H"(J, 0(20))

Furthermore, b*(O(A)) = O(20). It can be shown that O(A) is a determinant line bundle
is the following sense : Let S be a k-scheme S and let £ be a rank 2 vector bundle with
trivial determinant over X x S such that £(s) := & x (s} is semi-stable for any closed point s
in S. Because of the coarse moduli property, there is a map ¢ : S — Mx such that, for any
closed point s € S, one has ¢(s) = [E(s)]. Denote by ¢ the second projection X x S — S
and suppose moreover that h%(X, £(s)®#g)) = 0 (which implies that h'(X, £(s)®@ko) = 0)
for s generic in S. Therefore, ¢.(€ X ky) = 0 and one can find a locally free resolution

0— Ey > B, — R'q,(EXKy) — 0

The map u is generically bijective and the section det(u) defines an effective divisor on S
that does not depend on the choice of the projective resolution, and that coincides with
¢ *(A) (notice that Supp o' (A) = {s € S|h*(X, £(s) ® ko) > 1}). The associated line
bundle (det R'q.(€ K ry))~! therefore coincides with p*(O(A)).

Let w90 : J — PH(J, O(20))* = |20]* be the canonical morphism associated to
O(20). It is of course J[2]-equivariant. One has the following lemma due to Wirtinger.

Lemma 2.4 (Wirtinger) There is a non degenerate bilinear pairing on the vector space
W+ == H°(J, O(20))* such that the induced isomorphism By : W* = W makes the

following diagram commutative

120[*
©20
J \ PBy,
fx 26

This pairing is well-defined up to a non zero constant.

Proof : : We only sketch the proof that can be found in ([Mu3]). The key idea is to consider
the isogeny £ : JxJ — JxJ given by (z, y) — (z+y, x—y), the kernel of which is the finite
group J[2], embedded diagonally in J x J. One proves that the pullback £*(O(0)XO(0))
of the principal polarization for J x J is isomorphic to O(20) X O(20). Hence, there
is a unique maximal level subgroup H of the Heisenberg group G(O(20) K O(20)) such
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that the H-invariant part of &,(O(20) K O(20)) is isomorphic to O(0) K O(O). If 6 is

”the” non-zero element of H°(J, O(0)), £*(6 X 6) is "the” non-zero H-invariant element
of HY(J x J, O(20) K O(20)) = W ® W and the corresponding bilinear form on W* is
non degenerate because the action of G(O(20)) over W is irreducible.r

2.5. Remark. Note that Wirtinger’s result remains true whenever J is a principally po-
larized abelian variety and © is a symmetric representative for this polarization. In the

sequel, we will always identify [20]* = PH?(J, O(20))* and |20| = PH(J, O(20))) using
the isomorphism PByy .

The diagram in the lemma above is J[2]-equivariant as well. Thus, gathering these
preliminary results, we obtain the following proposition (also found in [B]):

Proposition 2.6 The diagram
Mx

P20

|20]* ¢ D

PBy
Kx

26
of J[2]-equivariant morphisms is commutative.

2.2 Choosing a Theta structure

Most of the material in that section comes from [Mu2], Section 1.

Let us define the two groups

H = (Z)27,)?
{ H = Hom((Z/27)?, k*)

We identify H and H by means of the bilinear form (z, y) — (—1)"*¥ and the canonical
evaluation map H x H — k* maps (x, y*) to y*(x) = (—1)"¥*, where y corresponds to y*
via the above mentioned identification H = H. Define the Heisenberg group ‘H as the set
k* x H x H, endowed with the group structure given by

(t, z, 2°)(s, y, y") = (sty"(z), x +y, 2" +y7)



Denote by E : (H x H) x (H x H) — k* the non degenerate bilinear form defined by the
commutator in H, namely

E((z, %), (y, v") = [(L, , ), (1, y, ¥")] = 2" (y)y"(z)

It makes H x H self-dual, the sub-groups H and H are isotropic with respect to F and the
isomorphism of H induced by the restriction of E to (H x {0}) x ({0} x H) is the identity.

Let ey denote the bilinear pairing defined onto J[2] by the commutator in the theta
group G(O(20)). As it is non degenerate, it induces an isomorphism

¢:HxHZ J2

symplectic with respect to £ and ey, namely a Gopel system for J[2].

Because H (resp. H) is isotropic, one can choose a lifting H = H (resp. H = H) in
G(O(20)). There is a unique isomorphism

¢:H = G(O(20))

that induces identity on the centers, that maps H (resp. H) onto H (resp. H). Such an
isomorphism is a theta structure on G(O(20)) and we choose one once for all. In particular,
W = H°(J, O(20)) is an irreducible representation U : H — GL(W) of weight 1.

Given such a representation, one can construct a basis {X,|x € H}, defined up to a
multiplicative scalar, satisfying the following properties :

y. X, = Xypy forany o, y € H, 2. X, = 2" (x) X, for any z, 2* € H x H.

Namely, the subgroup HcCH being abelian, the induced representation on W is completely
reducible and splits in a direct sum of dimensional 1 subspaces indexed by the group of
character of ]:I, i.e., by H. Let Xgo be a non-zero element of W# and set X, = (1, x, 0). X0
for any x € H. Then, for any z* € H , the equalities

(1,0, )X, = (1,0, 2*)(1, z,0) Xoo = 2™ (z)(1, 2,0)(1,0, ") Xgo = 2" (2) X,

show that X, spans the subspace W, on which (1,0, z*) acts like x*(x)Id. Because the
canonical evaluation map (x, x*) — x*(z) is non degenerate, the family {X,|z € H} is
free and, since it contains 4 elements, we can conclude.

We call { X0, Xo1, X10, X11} the theta basis of W (associated to the theta structure

¢ : H = G(O(20))). In terms of that basis, one can give an explicit description of
U:H — GL(W) : Set

010 0 0010 0001
1000 0001 (o010
“r=1 900 1 |° Q=1 9 00 0 U= 010 0
0010 0100 100 0



and

1 0 0 0 10 0 0 1 0 0 0
0 -1 0 0 01 0 0 0 -1 0 0
Por = 0o 0 1 0 | Po = 00 —1 0 | P = 0 0 —1 0
0 0 0 —1 00 0 -1 0 0 0 1

For convenience, set also agy = Bgg = Id and notice that a1y = agrag = aipag and
Bi1 = Bo1fro = Brofor- Then Uy 4 o+ = tB-cr, for any (¢, z, 2*) € H. These six matrices
are order 2 elements of GL(W) with determinant 1 and the same statements hold for any
product (-, with (x, z*) non-zero in H x H.

2.7. Remark. Note that the isomorphism By, (Lemma 2.2) allows us to identify W and
W*. We let {zs} be the corresponding dual basis of W*. It gives a set of homogeneous
coordinates for PW = |20/, canonical in the sense that it depends only on the choice of
the Gopel system H x H = J[2].

2.3 The Kummer quartic surface

Let Kumy denote the image of the map Ky : J — |20| appearing in Lemma 2.3. We have
the following lemma

Lemma 2.8 Let X be a genus 2 curve and let J be its Jacobian. The map Kx : J — |20
identifies with the quotient of J under the action of {x}. Its image is a reduced, irreducible,
J[2]-invariant quartic in |20| with 16 nodes and no other singularities, i.e., a Kummer
surface.

Proof : Because Ky coincides with ¢ye (Lemma 2.4) and because of the Riemann-Roch
Theorem for abelian varieties (see, e.g., [Mul]), one has

deg(ip20). deg(Kumy) = (20)* =8

Therefore, deg(Kumy) = 4. Because J is an irreducible abelian surface, Kumy is reduced.
Thus, it is a quartic and Ky coincides with the quotient J — J/{£} (see [GD], Proposition
4.23 for details). It is therefore finite, surjective and separable, generically 2-1 hence of
degree 2 (see, e.g., [Mul], Section 7) and Kumy is irreducible. The map Ky is furthermore
generically étale and it ramifies only at the 2-torsion points of J thus the singular locus of
Kumy is contained in the image of J[2]. An easy calculation in the formal completion of
the local ring at a point of J[2] shows that it is a node (see [GD], Note 4.16). The fact
that it is J[2]-invariant is clear. O

2.9. Remark. Let us consider a principally polarized abelian surface A and let © be a
symmetric representative for that polarization. Either A is an irreducible abelian variety



or A is the product of two elliptic curves. In the former case, one can show that © is a non
singular genus 2 curve the Jacobian of which is isomorphic to A and this is the situation
of the lemma above. In the latter case, © is the union of two elliptic curves meeting
transversally in one point and the morphism ¢sg : A — [20|* associated to O(20) makes
the following diagram commutative

E1 X E2
l 20

P! x P! - |20* = P3
Segre embedding

where the map E; x Ey — P! x P! is the product of the canonical maps E; — P! (i =1, 2),
which identifies with the quotient E; — E;/{£}. The image of the Segre embedding is a
non singular quadric in P3.

2.10. Remark. Conversely, it corresponds to any quartic surface S in P? with the proper-
ties described in the lemma (i.e., a Kummer surface) a principally polarized abelian surface
A whose principal polarization is a non-singular curve ([GD], Proposition 4.22), hence a
genus 2 curve the Jacobian of which is isomorphic to A (see the previous Remark). In
other words, one recovers the moduli space of proper and smooth curves of genus 2 over k
(see [H], Chapter IV, Ex. 2.2 for another (much more basic) description).

Lemma 2.11 (1) In the coordinate system {x4} defined above, there are scalars koo, ko1, k1o
and ki1 such that the equation defining the Kummer quartic surface Kumy is

S + 2koo P 4 ko1Qo1 + k10Q10 + k1@ (2.1)
where
4 4 4 4 _
S =y + Ty + TYy + T4, P = xo0z01210711,
2.2 2 92 ~ 2.9 2 .2 _ 2.9 2 2
Qo1 = TipTp + %11, Q10 = TgoTiy + T5 211, Qu = x5 + T5 T

(2) These scalars ko, ko1, k1o and ki1 satisfy the cubic relationship
and one has

kOl 7é 12, ]{310 7& 12, ki1 7& 12,

ko1 + k1o + k11 + 2 & koo # 0,

Ko + 1o — b1y — 2 = koo 2 0, (2.3)
ko — ko + k1p — 2 £ koo # 0,

—kor + ko +kiy —2E£ kg #0
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Proof : (1) Using the fact that the Kummer surface in |20] is J[2]-invariant, the element
of Sym* W* that generates its ideal is invariant (up to scalar) under the natural action (of
weight —4) of H on Sym* W*. Thus ([GD], Theorem 2.20), one can look for the equation
of Kumy under the form (2.1).

(2) We let (Yoo : Uo1 : 1o : P11) be the homogeneous coordinates of the image @26 (0)
of the origin of J in |20[*, i.e., the generalized theta constants in classical terminology
of theta functions. Note that the orbit of that point under the action of J[2] consists in
16 distinct points. Because these points are the points of a 16-6 configuration (see [GD],
Section 1), the corresponding conditions on the ¥, are equivalent to the following :

YooVo1 # 010011, Yoo1o # £V, Yoo11 # 0100,
g + 95, # 93 + 031, 0oy + 050 # 03 + 0%, 0% + 95, # 0% + 9,
Voo + U5y + 030 + 03, #0

The fact that p26(0) is a node means that the four partial derivatives of the equation (2.1)
vanish at (Yoo : Yo1 : U109 : Y11). It gives a linear system of four equations (depending on
the 9, ) that the ko must satisfy. Solving the system, we can express the k, in terms of the
¥o. Namely, one has

oo + V51 — V1 — VN,
oV — 950

_1930 - 19%1 - ?9}110 + 1
TVt — U6t

and koo can then be computed directly from (2.1). A few more calculations ([GD], Lemma

2.21) show that one can eliminate the ¥, from the expressions of the k, to find the cubic
relationship

Vg0 — Vo1 + V1 — V14
5o — 010

kOl = klO = -

kll =

4+ korkioki — kg, — ki — K + ko = 0
From this equation, we obtain the following four equations
(kor +2) (k1o +2) (ki1 +2) = (Kot + k1o + ki1 + 2 — koo) (ko1 + k1o + kit + 2 + ko)
(ko1 — 2) (ko — 2) (k11 +2) (ko1 + k10 — ki1 — 2 — koo) (ko1 + ko — k11 — 2 + koo)
(ko1 — 2)(k1o +2) (k11 —2) = (ko1 — k1o + k11 — 2 — koo) (ko1 — k1o + k11 — 2 + Koo)
(kor +2) (k1o — 2) (k11 — 2) (=ko1 + k1o + k11 — 2 — koo) (—ko1 + k1o + k11 — 2 + koo)
Note that neither

kopp —2 = — [ (W60 + U5 — Vi 2_ 1951)(19320 +21931 + 03 + 071 ]
- U501 — Y1eV1
nor (92— 92 £ 92 — 92 V(92 — 92 — 92 1+ 192)]
For +2 = — (V50 — Yo + V10 — 911) (W0 — V1 — Ui + 1))
19301931 - 19%019%1

can be zero. By symmetry, one has k19 # +2 and ki; # +2 as well. Together with the
four equations deduced from (2.2), one can conclude. [J
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2.4 Invariant lines in My

We are interested in those linear subspaces of |20| on which a non zero 7 in J[2] acts like
identity. Let 7 = (x, *) be an order 2 element in J[2].

A lifting (¢, o, z*) of 7 in H has order 2 if and only if #* = z*(z). Choose once for all a
square root ¢ of —1 in k and let 7 be (u, =, £*) with u = 1 (resp. p = 1) if z*(z) = 1 (resp.
x*(x) = —1). The corresponding element p5,~, in GL(W) has order 2 and determinant
pu* = 1. As it cannot be the identity matrix (because 7 # 0), T splits in the direct sum

W=WaeWw "

of two 2-dimensional spaces of eigenvectors, associated to the eigenvalues +1 and —1 of 7
respectively.

We construct a basis adapted to this decomposition, that will be useful in the computations
of the Section 4.

Proposition 2.12 Let T be any non-zero element of J[2] and let T be the order 2 element of
H defined above. There is a basis {Ao(T), A1(7), Ao(7), Ai(T)} for W that splits into bases
{Ao(7), Ai(7)} and {Ao(7), Ai(T)} for W™ and W7 respectively. Furthermore, one can
find a theta structure, i.e., an automorphism of Heisenberg groups p : H — H, mapping
(1,00,10) to T, such that this basis coincides with the theta basis corresponding to the

representation H 2 H % GL(W).

Proof : Denote again by 7 the element Uz of GL(W) and by 1 the identity matrix. As
72 =1, it is easily seen that

py = (F+1)/2 and p; = (1-7)/2)

is rank 2 projectors of the linear space W, and that their images are W7 and W~ re-
spectively. One can extract a basis of W7 (resp. W™7) from the family {p+(X,)} (resp.
{p; (X.)}). Let us distinguish whether = 00 or not.

If x is zero, one has

_ 1+ z*(2)

X, ifz*(z)=1
+ o z
pr(X:) 5 T 0 far(z) = —1
e 1= (2) e (2)
_ — (2 0 it z*(z) =1
pr(Xe) = 2 Xe = X, ifa*(z) =—1

Therefore, we let A.(7) (resp. A.(7)) be the non zero elements pf(X,) (resp. p;(X.)))
with corresponding lexical order. In other words, we permute the elements of the basis
{X,.}. Notice that one always has Ay(7) = Xoo and let {21, 22, z3} be the permutation of
{01, 10, 11} such that

Al(T) = sz ]\0(7’) = nga Al(T) = ng

12



Because z; + 2o + 23 = 00, the bijection pg : H — H well-defined by the conditions
pw(00) = 00, pg(01) = 2; and py(10) = 23 is a group automorphism of H. Furthermore,
there is a unique automorphism py of H such that the automorphism

HXFI%HXET

is symplectic with respect to E. The automorphism p of ‘H acting like py x py on H X H
and acting like 1 on the centers is the one we are looking for. Indeed, Xoy = Ao(7) is
invariant under the action of H and one has

pH(Ol)Ao(T) = Al(T), pH(]_O)AQ(T) = /_\0(7'), pH(]_l)AQ(T) = ]\1(7’)
thus the basis {Ao(7), A1(7), Ag(7), A1(7)} is the theta basis corresponding to the repre-
sentation H 2 H 5 GL(W).

If z is non zero, T = (p, x, x*) with y? = 2*(x) and one has

1 *
p:—(Xz) = §(Xz + pr*(r + 2) Xoy2)

Thus, the elements of the family {pf(X,)} are pairwise colinear. In particular, we find
that pf(X,) = upt(Xoo). We let Ag(7) be pf(Xgo) and we let zo be the first (for lexical
order) non-zero element of H such that

{A0<T>7 qu—r (Xzo)}

is a basis for W7 = ImpF. This 2, is necessarily different from 00 and z (more precisely,
2o = 10 if z = 01 and zy = 01 in the two other cases). We set

Ai(7) = pf (X)), No(T) = pr (Xoo), Mi(7) = p7 (Xa)
and we obtained the announced basis of W. Taking 7 = (¢, y, y*) in ‘H, one has

= LT o)) = L X, 4 e 7)) e

7 (Ao(7))

If 5 (Ao(7)) = Ao(7), then either y = 0 or y = z. In the former case, one must have t =1
and y*(z) = 1. There is a unique non-zero element in H (say zj) fulfilling this condition

and because x and z generate H, one must have 27 (z9) = —1. In the latter case, one must
have t = p and y*(z) = 2*(z). The two elements of H fulfilling this condition are z* and
"+ 27

Consider the abelian subgroup {1, (1,00, z7), 7, (4, =, *+ z7)} of H. By construction, it
fixes Ag(7). Still by construction, one has

T(A(7) = Mi(7), T(Ao(7)) = —Ao(7), T(Ai(7)) = —As(7)

13



Finally, because E((00, 27), 7) = zj(z) = 1 and 27 (29) = —1, one obtains
(1,00, 27)(Ar(7)) = —=As(7), (1,00, 27)(Ao(7)) = Ao(7), (1,00, 27)(As(7)) = —Ay(7)

Now, choose two elements 25 and 2% in H, not necessarily different, such that 23 (z) = 2*(z)
and z5(z) = —1. It is easily checked that, on the one hand,

(33 20)s 200 25)(ha(7)) = 2 ()2 20T

XZO = A1<T>

and _
1+ z()7T

(1,00, 23)(Ao(7)) Xoo = Ao(7)

and that, on the other hand,

[(Z;(ZO)’ 205 23)7 (1700’ ZT)] = ZT(ZO) =—1, [(25(20)7 205 Z;)v ﬂ = "L‘*(ZO)Z;("L‘) =1

and

[(1,00, z3), (1,00, 21)] =1, [(1,00, z3), 7] = z5(z) = —1
where [.,.] is the commutator is H. Hence, one can define an automorphism p : H = H
by setting

p((1,00,01)) = (1,00, z7), p((1,00,10)) =7,
p((l,()l,OO)) = (z;('%)v 20, Z;)u p((17 10700)) = ( 7007 Z§>7

and by asking that the map induced on the centers is 1. [J

2.13. Remark. The bases {Xoo, Xo1, X10, X11} and {Ag(7), A1(7), Ao(7), Ai(7)} are the
same for 7 = (0010).

Corollary 2.14 (1) Given 7 in J[2] \ {0}, there are two (disjoint) T-invariant lines in
|20|. The T-invariant locus in 20| is globally invariant under the action of J[2] and a
element o in J[2] permutes the connected components if and only if es(a, 7) = —1.

(2) If A(T) is a line of (1), there are coordinates {\g, A1} such that A(T) NKumyx consists
i four reduced points with homogeneous coordinates

(a:b), (a: =b), (b: a)and (b: —a)
These scalars don’t depend on the choice of the T-invariant line A(T).

Proof : Because of the proposition, it is enough to prove the corollary for a particular 7 so
let 7 be the element (0010) of J[2] and let 7 = (1, 00, 10) in H. We will denote by A* (1)
(resp. A~(7)) the projective line in |20] corresponding to W™ (resp. W~7). If X is any
eigenvector of 7 and if « is any element in H with class o in H x H, one has

T(a(X)) = eaa, 7) = a(7(X))

14



which proves (1).

The ideal (219, #11) of AT(7) coincides with the kernel of the dual map W* — (W7)*.
Denote by Ao (resp. A;) the image of g (tesp. zo;) in (W7)*. The equation (2.1) of
Kumyx maps to

Mg+ AL+ ko dgAl =0

in Sym* (W7)* and this quartic generates the ideal of the scheme-theoretic intersection
AT(7) N Kumy. Hence, because ko; # £2 (Lemma 2.11.(2)), A*(7) N Kumy consists in
four reduced points with homogeneous coordinates

(@:b:0:0), (b:a:0:0), (a: =b:0:0), (b:—a:0:0).

b4 + a4
a?b?
Because Kumy is J[2]-invariant and because a9 maps Xoo to Xj9 and Xo; to Xiq, it

is clear that one would have similar results concerning A~ (7). O

where a and b are pairwise different non zero scalars satisfying the equality ko = —

We let w(7) be the unique scalar such that the equation of the Kummer surface restricts
to

Mo(T) 4+ A1) + w(T)Xo(T)2 A (T)2 = 0 (2.4)

on A(7). The equations (2.3) exactly tell us that w(7) # +2 for any 7 in J[2] \ {0} and
we gather their expression in terms of the k,, computed thanks to the bases constructed
in the Proposition 2.12, in the following chart.

x\ z* 00 01 10 11
00 * klO kOl kll
01 2(koo + k10 + k1) | 2(—=koo + k10 — k11) | 2(—Fkoo + k1o + k11) | 2(koo + k1o — k1)
2 + ko 2 — ko 2 4 ko 2 — ko
10 2(koo + ko1 + k11) | 2(—koo + ko1 + k11) | 2(—koo + ko1 — k11) | 2(koo + ko1 — k11)
2 + kg 2 + kg 2 — kg 2 — kg
11 2(koo + ko1 + k10) | 2(koo + ko1 — k10) | 2(—Fkoo + ko1 — k10) | 2(—koo + ko1 + k10)
2+ kny 2 —Fky 2 — ki 2+ kny

2.15. Remark. Let A(T) be a 7-invariant line in [20|. We will prove in the next section
that this line identifies with the quotient P/{%}, where P is the Prym variety associated
to 7, which is an elliptic curve in that case. Furthermore, the points of the intersection
A(7) N Kumy are the Weierstrass points of P. This gives another proof of the fact that
w(T) # £2 for any 7 in J[2] \ {0}.

15
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3 Prym varieties

Most of the material in that section has been adapted to our situation from the very clear
exposition found in [Mu3].

3.1 Etale double cover

Choose a non-zero element 7 of J[2]. One can construct an étale double cover 7 : X - X
as follows : An isomorphism ¢ : 7 ® 7 = Ox allows us to give the direct sum Ox ® 7 a
structure of Ox-algebra with product

(a, 1)(b, m) = (ab+ ¢(Im), am + bl)

and we set X := Spec(Ox @ 7), which is of genus 3 (Hurwitz). Of course, it does not
depend (up to isomorphism) on the choice of the isomorphism ¢ : 7 ® 7 = Ox. Denote by
J the Jacobian of X. If J2 stands_for the moduli space of degree 2 line bundles over X,
there is a canonical theta divisor © C J2. As 7 is étale, Hurwitz’s formula assures that
the canonical divisor K on X coincides with the pull-back 7* K of the canonical divisor on
X. Therefore, 7*kq is a theta characteristic on X and pulling-back © by the isomorphism
J = J? defined by j — j ® 7*kg), we obtain a symmetric divisor (still denoted ©) that
represents the canonical polarization of J.

We have homomorphisms 7* : J — Jand Nm : J — J , the latter being deduced
from the push-forward of divisors via m. We easily check that the composite Nm.7* is
multiplication by 2. Therefore, ker 7* C J[2] and it is easily seen to be equal to < 7 >.
Furthermore, using divisors, one can show (see, e.g., [H], Chapter IV, Ex. 2.6) that, for
any j € J, )

det(m,j) = det(7.O%) ® Nm(j) = 7 ® Nm(j) (3.1)

The homomorphisms 7* and Nm are dual one to each other, i.e., the following diagrams
(equivalent by duality) commute

- Ax ~ . A= ~

J 9 J J ~ J
* [ ﬁ;l JNm - (3'2)

I A v

J J J 29 J

where Ao : J = J (resp. Ag : J = J) is the isomorphism of abelian varieties defined by
j = O(T;© — ©) (resp. j — O(T;0 — ©)). This implies that the third diagram

(3.3)

16



- Ax -~

J 9 J
* 7/1':

2\ A

J © .7

is also commutative. One checks that, from a set-theoretical point of view,

(7)Y (Supp ©) = {j € JIR°(X, 7*(j ® ko) > 1}
= {j e JIW(X, mO5 ®j @ ko) > 1}
{j € JIN°(X, (j ® ko) @ (T ® j ® Ko)) > 1} = Supp © U Supp 77O

Therefore, the divisor (7*)1() is defined and the commutativity of the latter diagram
assures that it is algebraically equivalent to 20.

3.1. Remark. Note that this result holds for any representatlve of the principal polarization
Ag, ie., for any j in J, as soon as the divisor (7%)~ (T*@) is defined, it is algebraically
equivalent to 20.

Let us introduce the set
S,={ze€J/* =1} C J}4

which is a principal homogeneous space under J[2]. For any z in S;, 7*(z) belongs to
J[2] for 7*(2)* = 7*(2*) = 7*(1) = 0. Let ©, be the effective divisor T}. 0, which is a
symmetric representative for the principal polarization Ag. From a set-theoretical point of
view,

(7)Y (Supp 6.) = {je JhOX, 7 (j @ 2 ® ko) > 1}
= {7 (X, (j®z@ k) ® (27 ®j @ ko)) = 1}
= Supp 7,0 U Supp T",0
The divisor (7%)71(0,) is therefore defined and algebraically equivalent to 20. Note fur-

thermore that 7* being a degree 2 map onto its image, we have, in terms of divisors, the
equality (7*)71(0,) = T70 + T*_© and the latter is linearly equivalent to 20.

3.2 Prym varieties

Denote by P the abelian variety ker(Nm : J—J )%, and choose z in S;. Denote by o the
homomorphism B
JXP—J; (x,q)— 7 (x) +q

One easily sees that o has finite kernel K, C J[2] x P[2]. Thus, it is a separable isogeny
and P is an abelian variety of dimension 1, i.e., an elliptic curve.

Lemma 3.2 (1) The composite

JxP % J 5 7 % jxpP



defines a polarization for J x P that splits into a product 2\g X p, where p : P — Pisa
polarization for P.
(2) There is a isomorphism

p:7) <1>5 P[2

where 7+ = {a € J[2]| es(a, ) = 1}, symplectic with respect to ey, ; and eq p.
In particular, p = 2\p, where A\p : P = P is a principal polarization.

Proof : The results in that lemma can be found in [Mu3], Sections 2 and 3. We only sketch
Mumford’s arguments.

(1) The polarization defined in the lemma may be viewed as a 2 X 2 matrix ( : g ),

where «, 3, v and p are the expected homomorphisms of abelian varieties. Because of
the diagram (3.3) and the Remark 3.1 in the previous subsection, o = 2\g. Because any

~ Xy, A

polarization is symmetric, 3 = 4 and because J —= J I J is zero by the very definition
of P (see the diagram (3.2)), 8 = 0. Therefore, the considered polarization splits into the
product 2\g X p, where p: P — P is a polarization for P.

(2) On the one hand, because K, N ({0} x P[2]) = {0}, one can find a subgroup K C J[2],
containing ker 7* =< 7 >, and an injective homomorphism ¢ : K/ < 7 >— P[2] such that
K, identifies with K by means of the map

K = K, a (a, p(a))
where & is the class of « via the quotient map H — H/ < 7 >. It is clear that
(a) o(K/ <71 >) CkerpC P[2].

On the other hand, because Ag is a principal polarization, K, is a maximal isotropic
subgroup of ker(2X\g x p) = J[2] x ker(p), with respect to the product bilinear form e, ; xe,
(see Theorem 2.2.(2)). Thus,

(b) card(K)? = card(K,)? = card(J[2])card(ker p),
(©) for any a, 8 in K, s x(a Bey(p(@), 9(B)) = L

Use (c) to obtain the inclusion < 7 >C K= and combine (a) and (b) to show that it is an
equality. Thus, because P is an elliptic curve, the inclusions of (a) are equalities and (b)
assures that the corresponding isomorphism is symplectic.

It ends the proof of the lemma since the fact that ker(p) = P[2] implies that p is twice the
principal polarization of P. [J

Choose a symmetric divisor = representing the principal polarization Ap. The line
bundle O(2E) is canonical and because the polarization defined above splits, one has

o (0(0,)) = 0(20) K O(2)
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Consider the Heisenberg group G(O(20) X O(2Z)) associated to that ample line bundle
over J x P. It is a central extension

1 — G,, — G(O(20) K O(25)) — J[2] x P[2] — 1

and it is isomorphic to G(O(20)) x G(O(25))/((t, t1), t € G,,). Because of the Theorem
2.2.(1), there is a unique level subgroup K, C G(O(20) X O(2=)), isomorphic to K, =
ker o, such that

0.(0(20) B 0(22))% =~ 0(8.)
Denote by 7 the image of 7 via the lifting K, = I?U.

Proposition 3.3 (1) There is an isomorphism (well defined up to a multiplicative scalar)
x: H°(J, ©0(20))" = H°(P, O(25))* (3.4)

(2) The application 6, , : P — |20| that maps a point q in P to the well-defined divisor

(7)1 (T;©.) is a morphism that factors as the composite
P 5 PHOY(P, O(22)) = PHO(J, 0(20))7 C 20|
where the (well-defined) isomorphism is deduced from x.

Proof : The results of that proposition can be found in [Mu3], Sections 4 and 5, and we
sketch Mumford’s arguments again. B

(1) Consider the homomorphism 7* : J — J. Its kernel is < 7 > and its image identifies
with J/ < 7 >. We let i1 be the (separable) isogeny J — J/ <7 >and o :J x P — J
factors as

JxPﬂm]/<T>><ng

One has (Theorem 2.2)

50(8,)) = ((iy x 1d),(0(20) K O(22)))"  (i1,0(20)) K O(25)

and, letting Z(7) be the centralizer of 7 in G(O(20)), one has the isomorphism of Heisen-
berg groups (of weight 1 in the sense that it induces the identity on the centers G,,)

G((i,O20)) = Z(7)/ <7 >

Furthermore, the space H°(J, O(20))7 is the unique (up to isomorphism) irreducible rep-
resentation of weight 1 of the Heisenberg group Z(7)/ < 7 >.

The symplectic isomorphism ¢ : 71/ < 7 > P[2] constructed in the Lemma 3.2 allows
us to construct an isomorphism of Heisenberg groups (of weight —1 in the sense hat it
induces A\ — A~! on the centers)

0:Z(1)) <T>—G(0(2%))
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Indeed, since ey x(a, 3) = ea p(p(@), p(3))~! for any «, f in 7+ (see (¢) in the proof
of the Lemma 3.2), one can find an homomorphism ¢ such that the following diagram
commutes

L

11— G, — ZM/<7> — 1t/<7> =1
Ll AT Ll g Ll
1— G, -  G(0(2%) — P[2] — 1
and since ¢ is an isomorphism, ¢ ditto. Let HY(P, O(2Z))* be the dual vector space of
H°(P, O(2=)). Tt is the unique irreducible representation of weight —1 of G(O(2Z)) and
the latter isomorphism of Heisenberg groups, together with the Theorem 2.1, assures that
we have an isomorphism (unique up to scalar as it can be shown using Schur’s lemma)

x: H°(J, 0(20))" = H°(P, O(25))*

(2) Let so be a non zero section of HO(J, O(6,)). Its pull-back o*(so) is the unique
(up to scalar) K,-invariant element of the space of global sections

HY(J x P, 0(20) X O(22)) = H°(J, O(20)) ® H*(P, O(22))

Let ¢ be a point of P. The zero locus of 0*(sg)|sx{q identifies set-theoretically with the

inverse image (7)™ (Supp (7;©.)). Suppose that is proper subset of J. Then,
(m) " (T76:)

is a well-defined divisor on J, that is algebraically equivalent to 20 (see the Remark 3.1).
Because one has taken ¢ in P, it is in fact linearly equivalent to 26. Indeed, the line bundle
associated to the algebraically trivial divisor (7*)~'(7;©.) — (7*)~'(©.) corresponds to the
point 7*(Ag(g)) in J. Because of the diagrams (3.2), P identifies with )\él(ker(f*)o), and
we find that

()1 (T585) ~in (1) 7 (O:) ~iw 20
Thus 0*(sg) determines a rational map

dr . P --»|20|

that maps ¢ to the divisor 0, .(¢) = (7*) ' (7;©.) when defined.

Choose a basis {Ag, A1} of H°(J, O(20))". The isomorphism y allows us to construct
a basis {Tg, I'1} of H°(P, O(2Z)), uniquely defined up to a multiplicative scalar, and
satisfying the conditions

X(A;)(T';) =6, forany 4, j=0or 1

By construction, » . A; KT is I?o—invariant, hence equal to 0*(sg) after suitable normal-
ization. Therefore, the restriction 0*(sg)|sx{q} coincides with the section
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of H°(J, O(20)), that is non zero since the linear system |2Z| is base-point free. Thus the
rational map d, . is actually a morphism P — |20|. Furthermore, the corresponding linear
map H°(J, O(20))* — H°(P, O(2=)) obviously factors as

H(J, 0(20))" — (H°(J, ©(20))")* = H°(P, O(2%))

where the surjection is the dual of the inclusion and the isomorphism is deduced from Yy,
hence the proposition. [

3.3 Prym varieties and My

For any ¢ in P, one can construct a semi-stable rank 2 vector bundle with trivial determi-
nant over X, namely

T.q® z, where 2 € S, = {z € J|2* = 7}
Indeed, the corresponding sheaf is locally free because 7 is flat, it has determinant
Nm(q) ® 7 ® 22 =2 Ox

(see the isomorphism (3.1)) and if there were an invertible sub-sheaf L C 7.q ® z with non
negative degree, the projection formula would give a non zero map 7*L — q®7*(z), which
is contradictory since degrm*L > deg(q ® 7*(z)) = 0.

Taking the universal line bundle £ over X x P and considering

((m x1d).L) X z

as a family of semi-stable rank 2 vector bundles with trivial determinant over X, parame-
terized by P, we obtain, using the universal property of My, a morphism

d.,: P— Mx

depending on 7 and z.

Lemma 3.4 The following diagram is commutative.

e
67’,2 |2@‘

The intersection 6, ,(P) N Kumx in |20)| is the image 0, .(P[2]) of P|2].
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Proof : For any ¢ in P, the set Supp (-, .(¢)) is by definition the set
Supp (1) H(T776.)) = {j € J|h*(X, 7*(j ® 2 @ ro) @ q) > 1}
Because of the adjunction formula, it coincides with the set
{7 € JIN°(X, (mq® 2) ® ] ® ro) > 1}

which is precisely the support of the divisor D([mr.q®2z]). As the divisors linearly equivalent
to 20 are determined by their support (see [NR], Proposition 6.4), the diagram commutes.

Suppose 6, .(¢) is in d, ,(P) N Kumy. It means that m.q ® z is a non-stable bundle. If
L is a degree 0 invertible sub-sheaf of 7,q ® z, then the projection formula gives a non zero
morphism of invertible sheaves

™ L —qRn*z

over X and ¢ ® 7*(z ® L™') must be the trivial sheaf. Thus, with the notations of Section
3.2, z® L~ must be an element of K = 7+ and ¢ must be an element of P[2], corresponding
to the class 2 ® L1 of 2 ® L™! in 71/ < 7 > via the symplectic isomorphism ¢ of the
Lemma 3.2. As ¢ is surjective, we are done. [J

3.5. Remark. One can ask what happens if one takes 2z’ # z in S;. In particular, we
shall compare ¢, , and 0, _, in the next section. Let « in J[2] be the difference 2z’ — z and
consider the maps d, ,» and 0, . The map d, . (resp. 6, /) coincides with the composite
of d. , (resp. 0. ) with the automorphism of M (resp. |20]) induced by the action of a.
More precisely, the unique (up to scalar) isomorphism O(0,/) = T, (a)(’)(éz) provides an
isomorphism V(«) defined as the composite

OQ2O)RO2E) - --cmmmmmm- AW -~ 0(20)HO(25)
a®l

~ ~

T;0(20)XO(22) = T3i(0*0(68,)) — o*(Th,0(0.) = 0°0(0.)

where & is any lifting of o in G(O(20)) and where we use the splitting of o*(O(60,) into
0(20) K O(2=Z). Now, the automorphism of G(O(20) X O(20)) defined by

v U(a)oyoU(a)™?

depends only on the choice of z and 2z’ and it gives an isomorphism K, 5 K !, where
K’ is the unique lifting of K, in the theta group scheme G(O(20) K O(20)) such that
0.(G(O(20) K O(Z@)))IN{Q >~ 0(O./). Let v, be the image of v through the quotient map
G(O(20)KO(22)) — J[2] x P[2] — J[2]. We find that

U(@)oyoW(a)!= ea x (o, vs) Y
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If 7 (resp. 7') is the image of 7 via the isomorphism K, = K, (resp. K, = K'), one has

7' =V(@)oTo¥(a) ! =eyx(a, T).T

1

and one finds that if « is not in 7+, 4, , and J, » don’t map P onto the same projective

line in [20]. If a belongs to 7+, then K, = I}é and the automorphism of K, induced by
v ¥(a)oyo¥(a) ! only depends on the class of a in 71/ < 7 >= P[2]. In other words,
the morphisms d. , and ¢, ./ differ from the involutional translation on P corresponding to

the class of a in P[2]. In particular, one has 0, _, = 0, ..

3.6. Remark. Recall (Corollary 2.14) that we are able to give the homogeneous coordinates
of the points in §, ,(P) N Kumy in |20] in terms of the coeflicients of the Kummer surface
(see the equation (2.4) and the chart (2.5)). As 0, . coincides with the canonical map oz,
this set is precisely the set of ramification points of the canonical map @o=. Therefore, we
are able to characterize the elliptic curves arising that way:.

4 The generalized Verschiebung V : Mx, --» Mx

4.1 Review of Theta groups in characteristic p

The curve X is now supposed to have p-rank 2, i.e., to be an ordinary genus 2 curve.
Because of the Remark 2.10, one knows that a general Kummer surface Kumy in P? is
associated to such a curve.

Let X, be the p-twist of X. Denote by 7 the semi-k-linear isomorphism X; — X and
by F' the relative Frobenius X — Xj, which is radicial and flat. Notice that there is a
canonical bijection from the set of Weierstrass points of X to the set of Weierstrass points
of X;. Thus, the choice of the effective theta characteristic kg for X determines an effective
theta characteristic i*(kg) for X7, still denoted by kq.
Denote by J; the p-twist of J and let F': J — J; (resp. i : J; — J) the relative Frobenius
(resp. the semi-k-linear isomorphism) which is flat. The abelian variety J; coincides with
the Jacobian of X; and k¢ enables us, as before, to give a symmetric representative ©; for
the principal polarization on J;. It is easily seen that ©; = i*©.

Let G denote the kernel of F : J — J;. It is a local group scheme and as J is an
ordinary abelian variety, G is the local part of the group scheme J[p| of p-torsion points of
J. Denote by G the reduced part of J[p]|. The relative Frobenius maps G isomorphically
onto the kernel of the isogeny

J = J/G— J)J[p|=J

which is separable and of degree p? = p?, and is called the Verschiebung V. It maps a
degree 0 line bundle ¢; over X; to the degree 0 line bundle F*(; over X. Note that both
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composites
JE LS Jand ST 5 g

are multiplication by p.

The finite group J;[p] is self-dual and consequently, we have the Gopel system
Nilp] = G x G = (Z/pL)° x (1)’

Consider the line bundle O(p ©;) over J;. Its automorphism group G(O(p ©;)) which can
be obtained as a central extension

1= Gp —G(O(p6:)) — Alp] =0

and O(pO;) is no longer of separable type. Nevertheless, [Sek] proves that the main
results about theta groups (recalled in Theorems 2.2 and 2.3) extend to line bundles of
non-separable type. We gather some useful results given in [LP1] in the

Lemma 4.1 (1) There are the three isomorphisms O(p©,) = V*O(0), O(pO) = F*O(0,)
and O(01) =2i*O(0).

(2) The restrictions of G(O(p®)) to both G and G are canonically split. Therefore, the
decomposition J[p] = G x G is symplectic (with respect to e,,).

(3) There exists a basis {X,}sec of H(J,O(pO)), unique up to a multiplicative scalar,
which satisfies the following relations

aXy =Xy aX,=¢a, 9)X, Va,9g€G, ae G

(4) For any g € G, there is a unique Yy in H°(Jy,O(p©y)) such that X? = F*Y,. The
family {Y,}sec is a basis of HY(J1,O(p©1)) that corresponds to the basis {X,}gec via
i*: H(J,0(p©)) — H°(J;,O0(p©y)).

Sketch of Proof (Complete proofs can be found in [LP1]) : One needs to define a splitting

G —G(O(pen))

for the central extension above. Because G is reduced, it is enough to find it at the level
of k-point and because k* is divisible, this can be worked out. Furthermore, because the
skew-symmetric form

e, Jilp] x Jilp] — Gy,

(associated to the commutator in G(O(p ©,))) takes its value in p,, this splitting is unique
(another one would differ from the first one by a morphism G — p, and p,(k) = {1}).
Therefore, the analog of Theorem 2.3.(1) in the non separable case assures the existence
and the uniqueness of a line bundle M over J such that O(p©;,) = V*M.

One can show that M defines a principal polarization and that the isomorphism

V*F*0(0,) 2 O(p? ©1) = V*M®P
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obtained in taking p-powers commutes with the action of G, hence descends onto an iso-
morphism
F*O(0,) = M®P
Furthermore, if D is the unique effective divisor on J such that L = O(D), on has, set-
theoretically,
V' (Supp(D)) = | J T;; (Supp(61))

gelG

Because O, is symmetric, V~1(Supp(D)) is symmetric and finally M is a symmetric rep-
resentative for the principal polarization on J. Thus, the difference between M and O(©)
lies in J[p| N J[2] = {0} and M = O(O). The third isomorphism announced by (1) is
tautological (see our definition of ©,).

(2) is the Lemma 2.3 of [LP1].

(3) can be obtained in a very similar way as in the construction of the basis { X} in Section
2.2, taking of the fact that the invertible sheaf O(p ©) is of non separable type.

(4) Each vector X? is invariant under the action of G hence of the form F *Y, with Y, in
H°(J;,O(p©4)). Since k is divisible, the family {Y,} is free, hence a basis. OJ

4.2. Remark. These results remain true, mutatis mutandis, for any ordinary principally
polarized abelian variety (see [LP1]).

4.2 Extending Verschiebung to |20,|

Let E; be a semi-stable bundle with trivial determinant over X;. Then, F*FE; is a rank
2 vector bundle with trivial determinant over X, which may not be semi-stable since the
pull-back by Frobenius destabilizes some vector bundles ([R]). Nevertheless, F' induces a
rational map V : My, --» My. If E; is the non stable bundle j @ j~!, its pull-back
F*j @ (F*j)~! is semi-stable but non stable and we find that the following diagram is
commutative

v
i J (4.1)
by b
v
My, -=-------- - My

It is a diagram of J[2]-equivariant morphisms in the following sense : On the one hand, be-
cause p is odd, [p] induces identity on J[2|. Therefore, F' : J[2] — Ji[2] and V : J1[2] — J[2]
are isomorphisms, inverse one to each other. Thus, one can define an action of J[2] on
both J; and My, , compatible with the maps involved in the diagram.

In particular, the indeterminacy locus of V' does not meet the Kummer surface. Thus, it
is a finite set Z and we let U be the Zariski open subset Mx, \ Z.

Let O(A;) be the determinant line bundle over My, . It has been shown ([LP2]) that
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Proposition 4.3 There is an isomorphism V5 (O(A)) = (O(A1)%P)1.

Because 7 is a finite set, they obtain that the rational map V' is given by degree p polyno-
mials. B

Using the Proposition 2.6, one obtains a rational map V' : [20|* --» [20|* and the
vertical arrows in (4.1) become the canonical maps @2, and ¢sg. Thus, the pull-back by
the Verschiebung V* : H(J, O(20)) — H°(J;, O(2p©,)) factors as the composite

H(J, 0(20)) L5 Sym? HO(J;, 0(260,)) — HO(J;, O(2p 1)) (4.2)
where the last arrow is the canonical evaluation map.
Recall (Section 2.2) that we have chosen a theta structure H — G(O(20)) and that

W := H°(J, O(20)) is the unique (up to isomorphism) irreducible representation of H (of
weight 1). We let W, denote the vector space

Wy = H°(J1, O(20y))

It is, analogously, the unique irreducible representation of the Theta group G(O(260,)).

Lemma 4.4 (1) One can endow Sym? Wy and H°(Jy, O(2p ©1)) with an action (of weight

p) of G(O(26y)).
(2) The evaluation map Sym? Wi — HO(J;, O(2p©y)) is G(O(20,))-equivariant for these
actions.

Proof : (1) The homomorphism
g, :9(0(264)) = G(O(2p©y))
that maps an isomorphism v : O(20;) = TO(26,) to the isomorphism
7 0(2p61) = T;0(2p 1)
fits into the commutative diagram
0—-G,, — G(0(20y))
p-power Ep inclusion
0—G,, — G(O(2p6y)) Ji2p] — 0

It gives the action of G(O(20,)) onto H°(J;, O(2p©1)). The other case is straightforward.
(2) The evaluation map W; ® Ox, — O(20,) is of course G(O(20),))-equivariant and tak-
ing its p-symmetric power, one obtains, at the level of global sections, the canonical map
Sym? W, — H°(J;, O(2p ©,)), which is still G(O(20,))-equivariant for the induced actions
on both spaces. These are the ones of (1), hence the lemma. [

Ji[2] — 0
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Lemma 4.5 (1) There is an homomorphism of theta groups H — G(O(201)) (of weight
p). Therefore, H has an action of weight p* on Sym? Wj.

(2) The map V* : W — Sym? W is injective and H-equivariant, up to a multiplicative
scalar.

Proof : (1) On the one hand, the isomorphism of sheaves V*O(20) = O(2p ©,) induces (by
pull-back) a homomorphism V* : H — G(O(2p©;) (of weight 1). On the other hand, for
any v : O(2p©1) = T;O(2p ©y), there is a unique isomorphism p : O(20:) = T, 0(20,)
such that the following diagram commutes

,y®p

0(2]92 @1) T;O(2p2 @1)
l !
proee) —E2 . e o@e)

where the vertical isomorphisms come from the fact that O(20,) is a symmetric line bundle.
We let 1, : G(O(2p©,)) — G(O(20,)) be the homomorphism that maps v to p. It fits
into the commutative diagram of central extensions

0— G, — G(O(2p6y))
p-power Tp [p]
0—G,, — G(0O(206y)) Ji2] — 0

Now, we consider the composite homomorphism
H G(O(2p0Oy)) >, G(O(26y))

It has weight p. Using the latter and the natural action (of weight p) of G(O(20,)) on
Sym? Wy, one obtains an action of weight p? of H on Sym? W;.
(2) Let

G(O(2p©1)),

be the maximal subgroup of G(O(2p ©1)) lying above J;[2], viewed as a sub-group of .J;[2p].
It is obviously the image of the homomorphism ¢, and since [p] acts trivially on J;[2], 7,
restricts to an homomorphism

G(O(2p©4))2 — G(O(26y))

with kernel f1,,. The composite homomorphism €, o 7, fits into the commutative diagram
of central extensions

pZ—power EpOTp Id
0— G, — G(O(2p61))2 J1[2] 0
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Now, since V*(H) C G(O(2p ©1))s, the map V* : W — H°(J;, O(2p ©,)) is H-equivariant
(up to a multiplicative scalar) when one endows H°(J;, O(2p©;)) with the action H in-
duced by the composite €,0n,0 V™. As this map is non-zero, it is injective and the map v
is injective as well. The evaluation map must induce an isomorphism between the image
of V* and the image of V*, that is H-equivariant (Lemma 4.5) and V* is H-equivariant
(up to a multiplicative Scalar) as well. OJ

4.6. Remark. The reason why V* is not H-equivariant is that the action of H on the spaces
W and Sym” W; do not have the same weight, in contradiction with the k-linearity of V*.
This obstruction vanishes when one considers the induced action of the subgroup H CH
(resp. H C 'H) on both spaces.

4.7. Remark. One notices that taking p = i*y : O(20;) — T; O(20;) makes the following
diagram commutative

(V7 y)®P

0(2]?2 @1) T§1@(2p2@1)
! !

proee) — P s ope,)

Namely, one has, using the fact that F, is the p-power, that

abs
[p]"ity = VI(F"i")y = V' (y¥7) = (V" 7)™

Therefore, the homomorphism 7, o V* (of weight p) coincides with the homomorphism
i*: ' H — G(O(20y)) induced by the pull-back by the quasi-isomorphism *.

4.8. Remark. Using the map 7, o V*, one finds that, for any two elements & and 3 in
J[2], ea(F (@), F(B)) = ex(a, B)P. Because J[2] is reduced and because es takes its values
in po,we find that F' (hence V) is a symplectic isomorphism. This implies that the Gopel
system J[2] & H x H determines a Gopel system Ji[2] = H x H, that a theta struc-
ture H = G(20) determines a theta structure H; — G(20) (Where Hy =H®p, 1k),
and that the basis {X,}ae g determines a basis {Y,, }a,ec #,, compatible in the sense that
Yo, = i* Xv(a)-

Proposition 4.9 Let X be a smooth and proper ordinary curve of genus 2 over an al-
gebraically closed field of characteristic p > 3. Then, the generalized Verschiebung V :
My, --» Mx is completely determined by an irreducible sub-representation of the G(O(20))
in Sym? HO(Jy, O(20,))* (isomorphic to H°(J, O(20))* as a vector space).

Proof : As previously, we identify the space W (resp. W;) with its dual W* (resp. W;)
by means of the isomorphism of the Lemma 2.4, and we let {z,} (resp. {v.}) be the basis
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of W* (resp. W7) dual to {X.} (resp. {Y.}) constructed in the Section 2.2 (resp. in the
Remark 4.8). Denote by V; (i = 00, 01, 10 and 11) the degree p homogeneous polynomials
(see the Proposition 4.3 above, due to [LP2]) such that the rational map V : [20;| --» |26
corresponding to V' is given by

Vi 20, --» |20|
(wi)  — (Vi(y)
Using the Lemma 4.5 and the Remark 4.6, we find that Vpo is invariant under the action

of the subgroup H of H. It coincides therefore, up to a multiplicative scalar, with V' (zq)
and upon normalizing suitably Vjg, one can suppose that

(4.3)

‘7*(9000) = Voo

By construction again, V*is H -equivariant thus one obtains V; (for i = 01, 10, 11) as the
transform of Vo under the action of the unique element of H that maps xgg to x;. [

4.3 Prym varieties and Frobenius

Let 7 be a non zero element of J[2] and let 7 : X — X be the corresponding étale double
cover. The base change induced by the Frobenius morphism on the base field gives an étale
double cover m : X; — X corresponding to a non zero 7 of J[2] which is the image of

7 under the isomorphism J[2] — J;[2] defined earlier. The following lemma is well-known
(see [SGA1]) :

Lemma 4.10 If I is the relative Frobenius, the following diagram

X 4 X,
™ T
X F X,

18 cartesian.

Proof : The diagram is certainly commutative, because of Frobenius functoriality, thus
there is a unique h : X — X; X x, X that makes the following diagram commutative




As 7w and m; are étale and proper, we find that pry, hence h, are étale and proper as well,
hence a finite étale covering. Now, F' being radicial, A is radicial as well and therefore, an
isomorphism. [J

As above, write J; for the Jacobian variety of X;. It coincides with the p-twist of J
and we can define the relative Frobenius and the Verschiebung. Denote again by ©; the
Theta divisor obtained as the pull-back of the canonical Theta divisor on .J; 2 by means of
the Theta characteristic 7} (ko) (where k¢ has to be understood here as the effective Theta
characteristic of X; we have constructed).

Lemma 4.11 The morphisms * : J — J and Nm : J — J commute with V. In other
words, the two following diagrams are commutative

I Y .7 I Yy . J
m [ T NmJ Nm
i L i —

Proof : The commutation of the left-hand diagram is a straightforward consequence of the
commutation of the diagram in the Lemma 4.10. For the right-hand one, one takes an
element j € J; and sees, using the Lemma 4.10 again, that F*(m,j) = m.(F*j). Thus,
using (3.1), one can write that

12

Nm(V(j)) =det(F*j) @7 F*(det(m, 7)) @ T

F*(det(m, j) @ 1) = V(Nm(j)) O

I

Proposition 4.12 The following diagram

Jx P g J
VxV Vv
J1XP1 91 jl

18 commutative. _
Furthermore, o induces an isomorphism J[p] x Plp] = J[p]|. In particular, if J is an
ordinary abelian variety, then J is ordinary if and only if P is ordinary.

Proof : Because of the right-hand diagram in the previous lemma, the Prym variety
Py :=ker(Nm)° C J~1

coincides with the p-twist of P := ker(Nm)® C J and it is mapped by V onto P. Further-
more, the restriction Vjp, : P; — P being the pull-back of particular line bundles over X;
by the relative Frobenius, it coincides with the Verschiebung V' : P, — P for P. Therefore,
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the commutation of the diagram in the proposition follows from the left-hand commutative
diagram in the lemma and from the fact that V' is a homomorphism.

One knows that kero C J[2] x P[2] and, as A[p| N A[2] = {0} for any abelian variety, we
have the isomorphism announced. Recalling that X was supposed to be ordinary, the last
assertion follows from the induced isomorphism

J[p]red X P[p]red l) j[p]red

on the reduced parts of these group schemes. [

_ The following result enables us to apply the rsults gathered in the Lemma 4.1 to both
J and P for any sufficiently general curve X.

Proposition 4.13 (B. Zhang) Let X be a general, proper and smooth connected curve
over an algebraically closed field of characteristic p and let f :' Y — X be an étale cover
with abelian Galois group G. Then'Y s ordinary.

Proof : [Zh]

Let us investigate a bit further in the relationship between P and P;. Choose an
element z in S; = {z € J|2?2 = 7} C J[4]. In particular, it determines the image of the
map J, , : P — |20], namely, one of the two 7-invariant projective line in |20

As [p]:J — J induces [—1]17771 on J[4], F and V induce isomorphisms between J[4] and

p—1

J1[4], and we let z; be the isomorphic image of z via F'. Thus, F*z; =V (z) = (-1)= =z
and as
Fr((m)«(q1) ® 21) = m(F(q1)) © F*z

for any ¢; of P, (Lemma 4.10), one sees (Lemma 3.4 and Remark 3.5) that the following
diagram commutes

dT z
P : M
i (4.4)
1% %
dTl 21 :
P, ’ Mx,

Let = (resp. Z1) be a symmetric representative for the principal polarization of P (resp.
Py). Upon choosing = and =; suitably, one can ask that O(p=;) = V*O(Z) (Lemma 4.1).
Let oz (resp. oz, ) be the canonical map

P —PH(P, O(22))* (resp. P, — PH°(Py, O(2Z,))")

Because V' commutes with [—1], it induces a map V such that the following diagram
commutes
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P P

2=, P2

PHO (P, O(2Z,)) PHO(P, O(22))
In other words, V* : H(P, O(2%)) — H°(P,, O(2p=,)) factors as the composite

H°(P, O(2%)) v, Sym? H°(P,, O(22,)) — H°(P, O(2p=,)) (4.5)

Let 7 (resp 71) be the lifting of 7 (resp. 71) in H (resp. H;) corresponding to our choice
of zin S, (resp. to z; = F(z) in S;,). Consider the basis {Ag, A1} of W7 constructed in
the Proposition 2.12 and construct the basis {T'g, T'1} of H°(P, O(2Z)) by means of the
isomorphism Yy, as it is done in the proof of the Proposition 3.3. Upon normalizing y,
suitably, the two bases

{AD, AP} (of W) and {T, T} (of HO(Py, O(22,))

obtained via ¢* correspond one to the other via x;.
Now, let (Qy, @1 be the degree p homogeneous polynomials such that

V() = Qi(D®) (4.6)

These polynomials depend only on the elliptic curve P, hence on 7, and can be explicitly
computed (see Section 5). The diagram 4.4, together with the Proposition 3.3.(2), gives
the following commutative diagram

PHO(P, O(2%)) = PWT C \2?| (47)
v

1%
PHO(Py, O(25,)) ~ PW C |20,

Therefore, there corresponds to Va morphism IP’Wf 1 — PWT still denoted by V and letting
{Ae} (resp. {)\Ep)}) be the basis of (W7)* (resp. (W)*), dual to the basis {A,} (resp.
{Asp)}, obtained thanks to the Lemma 2.4, one has V(\;) = Q;(A®) for i = 0, 1.

4.4 Determining the equations of the Verschiebung

Proposition 4.14 Let \q be the image of xoy via W* — (W7)*. Via the canonical surjec-
tion -
Sym?” Wi — Sym” (W)
the element Voo of Sym? Wi (defined at (4.3)) maps to
V* (M) = Qo(A)
(where Qq is the polynomial defined at (4.6)).
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Proof : Let Ky wy := Ji[p]red X P1[p]rea denote the kernel of V- x V and let f : J; x P, — J
be the diagonal map o o (V x V) = V o g7 in the diagram of the Proposition 4.12. Its
kernel Ky is isomorphic to K, X Ky and we let

be the unique level structure such that

£(0(2p0) RO(2pE))Kr = 0(6,)

Let s (resp. s1) be the unique (up to scalar) non zero section of O(0©,) (resp. O(©,,).
Upon normalizing suitably s;, one has

V*(s0)" = [p]"(s1)

or, equivalently, s; = i*(sg) (see Remark 4.7 for an analogous fact). The morphism J, ,
(resp. 0, -, ) is defined by o*(so) (resp. 0*(s1)) (see Proposition 3.3).
The pull-back f*(sg) has to be the unique non zero section (up to scalar) of

H(J1, O(2p©1)) ® H(P1, O(2pEy))
invariant under the action of K ¢ and it induces an arrow
HO(Jy, O(2p©1)) — H°(P,, O(2pE)))

Now, insert this map in the following diagram

HY(J, 0(20))* Sym? (HO(J,, O(20,)))" HY(J1, O(2p©1))*
(#°(J, 0@O)7) Sym? (HO(J;, 0(20,))")"

l !

HY(P, O(22)) ———— Sym"H°(P, O(2%)))

HO<P1, O(2p El))

where
e the top line is the factorization (4.2) of V* : H(J, O(20))* — H°(J;, O(2p©,))*
e the bottom line is the factorization (4.5) of V* : H(J, O(22)) — H°(J1, O(2p=,)))

e the isomorphisms are deduced from y and y; (see Proposition 3.3)
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e the surjections are deduced from the canonical restriction maps.

It is enough to show that the left-hand square is commutative. Note that the composite
map in the left-hand column is the one induced by o*(sg). Therefore, the big square is
commutative for f*(sg) = (V x V)*(c*(sp)). Note as well that the composite map in the
middle column is the one induced by o7 (s;) by taking symmetric p-powers. Because

a1((51)") = o1(V*(s0)) = (V x V)" (0" (s0)) = f*(s0)

the right-hand square commutes as well. The following lemma ends the proof. [J

Lemma 4.15 The evaluation map Sym? HY(P, O(22,)) — H°(Py, O(2pZ,)) is injective.

Proof : On the one hand, as the evaluation map H°(P;, O(2Z,)) ® Op, — O(2Z;) corre-
sponds to the canonical map yoz,, the map

Symp HO(Pl, 0(251)) X Opl — O(Qp El)

corresponds to the composite
p L pt L pr

where p, is the p-uple embedding. On the other hand, because O(2pZ,) is very ample for
any p > 2, the map
H°(Py, O(2pE1)) ® Op, — O(2pE,)

corresponds to the embedding P, — PHY(P;, O(2pZ1))*. Now, the evaluation map
Sym? H(P;, O(2Z,)) — H°(P;, O(2pZ)))

induces a map
PH(Py, O(2pZy))" — PP

and the former is injective if and only if the latter is non-degenerate. But all these maps
fit into the commutative diagram

P1 PHO<P1, O(QpEl))*

P! Pr

and the required injectivity comes from the fact that the image of the p-uple embedding
is non-degenerate. []

This enables us to state the main result of this paper :
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Theorem 4.16 Let X be a smooth, proper, curve of genus 2, sufficiently general, over
an algebraically closed field of characteristic p = 3,5 or 7. The generalized Verschiebung
Vi My, --+ My 1is completely determined by its restriction to the projective lines that are
invariant under the action of a non zero element of J[2].

Corollary 4.17 Forp = 3, 5, 7, one can compute the homogeneous degree p polynomaials
Vi (1 =00, 01, 10 and 11) such that

Vo |20, --» |26
Yi = V;(Q)

4.4.1 Proof of the Theorem 4.16 : A digression in combinatorial algebra.

Using Remark 3.5 and Lemma 4.5, we find that the direct sum Sym? (W7 )*@Sym? (W_Tl)
(which depends only on the choice of 7) is endowed with an action of H (of weight p?) and
the canonical map Sym” W} — Sym” (W“) @ Sym? (W Tl) is equivariant for the action
of H on both spaces. Taking all order 2 elements of J[2 ] together, we find a morphism of
‘H-representations

Rp : Sym? Wi — BG = EB Sym? (W7')* @ Sym? (W, ™)*
Te J[2]\{0}

Because of the Proposition 4.14, one knows the image of the irreducible sub-representation
W* C SymP? W7 that determines V' (see Proposition 4.9) in BG and one can ask whether
or not these data allow us to determine completely this sub-representation.

A necessary condition is that the above map Rp is injective. It cannot be the case for
large p since

3

dim (Sym?W7) = (p43—3 ) ~ % for large p

and
dim BG = 30(p + 1)

More precisely, it cannot be injective for any prime p > 7.

As the map Rp is H-equivariant, it is injective if and only if its restriction to the
subspace (Sym? W;)™ is. One has the

Lemma 4.18 The reunion of the two families

[H yll] , with | f| = 1%1

i€ H

BN
=
=

I
\\

||

and

2
: _ -3
B(p) = { B = yoy1o0yn [H y/] , with | f| = L

: 2
i€ H
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(where f is, in both cases, a multi-index (foo, for, fio, fu1) with |f| =3 fi) is a basis for

the space (Sym” Wl*)H.
In particular, there are scalars ay and by such that

—1 —3
|fl=t5= |fI=55=

Proof : The subspace (Sym” W} )H is generated by the free family of monomials ], , vi"
with eg; + e190 = eg1 + €11 = €10 + €11 = 0 (mod. 2) and we can divide it into the two
families of the lemma. []

Let 7 = (x, 2*) be an non zero element of J[2] and 7 = (p, =, «*) with p = lif 2*(x) = 1
and p = i if 2*(z) = —1. We will use the basis {Ao(7), A1(7)} (resp. {Ao(7), Ai(7)}) of
W7 (resp. W~7) constructed in the Proposition 2.12. Taking account of the fact that we
are working over the p-twist J; of J, one can give the images of the y, via the restriction
maps

Wi — (Wi)* (vesp. Wy — (W ™))

for every 7, in terms of the A¥)(7;) (resp. the A%’ (71)) and one can then deduce the images
of the Ay and the By in

Sym” (W)* (resp. Sym” (W, ™)")
For sake of readability, we shall write A, (resp. A,) instead of AP )(7'1) (resp. Ve )(7'1)).

If z = 00, the Ay map to 0 in Sym” (W ™)* for ygo maps to 0 in (W, ™)*, and the By
map to 0 in both Sym? (W;*)* and Sym?” (Wfil)* for at least one of the three yo1, y10 and
y11 maps to 0 in the corresponding space (W™")* or (W ™)*. In the following chart, we
have gathered the images of the Ay in Sym” (W™)*.

T Af

0001 | A/ FINS0 i fiy = f11 = 0, 0 else. (4.9)
0010 | Ao FINorf f10 = f1; = 0, 0 else.
0011 | Ao H N i fiy = f10 =0, 0 else.

If  # 00, upon identifying A, and \,, the Ay (resp. the Bi) have the same images in

both Sym? (W;")* and Sym? (W, ™)*. Straightforward calculations give the results gath-
ered in the following chart (4.10) on the next page.
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Now, write an element, of (Sym? W;)" under the form

> @At ) By
=5t /=252

and suppose that it is in the kernel of Rp.
Because of the computations summed up in (4.9), one has ay = 0 as soon as two of the
for, fro, fu are zero.

T Ay B;
0100 )\é+2(f00+f01))\§(f10+f11) )\(1)+2(f00+f01)Af(f1o+f11+1)
0101 | (—1)forFuu \IF2ooFJo N0 ) |y fort fur \IF2( o0 Jor) \ 200 470 +1)
0110 )\(1]+2(f00+f01))\§(f10+f11) _)\(1]+2(f00+f01))\f(f1o+f11+1)
0111 (—1)f01+f11)\(1]+2(f00+f01))\§(f10+f“) (_1)f01+f11 )\(1)+2(f00+f01))\?(f10+f11+1)
1000 )\é+2(f00+f10))\§(f01+f“) )\(1)+2(f00+f10)>\§(f01+f11+1)
1001 )\é+2(f00+f10))\§(f01+f“) _)\é+2(f00+f10)>\§(f01+f11+1) (4.10)
1010 (—1)f10+f11)\(1]+2(f00+f10))\§(f01+f11) (_1)1+f10+f11 )\(1]+2(f00+f10)>\§(f01+f11+1)
1011 (—1)f10+f11)\(1]+2(f00+f10))\§(f01+f“) (_1)f10+f11 )\(1)+2(f00+f10))\?(f01+f11+1)
1100 )\é+2(f00+f11))\§(f01+f10) )\(1)+2(f00+f11))\?(f01+f10+1)
1101 | (—1)f0+fu \IF2T0 R D\ 200t 010] 1 q) frot fua \IF2000 #7i0) \ 200 +Fio +1)
1110 | (= 1)+ \IFPT0FFd \ 2ot Fio) | y1fro+fun \IF2o0 #7i0) 2001+ 710 4D
1111 Ay P20 f1) \2(or o) AP0 T 20+ i0+)

Because of the computations summed up in the chart (4.10) above, one finds that, for any

-1
0<k<—
- 2

)

foo+for=Fk and fo1+f11 even

2. ap=0;

foo+fio=Fk and fio+f11 even

> as =0;

foo+f11=Fk and fio+f11 even

foo+for=Fk and fo1+f11 odd

> ay =0

foo+fio=Fk and fio+f11 odd
E af =0
foo+fi1=Fk and fio+f11 odd

p—3)

and we have analogous results for the bi (with 0 <k < — )
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Thus, we have reduced our problem to the following combinatorial situation : Being
given a set of scalars ay, where the f are four-letters multi-index f with |f| = r, satisfying
the 6(r + 1) relations stated above, are these scalars meant to be zero ? If they are for

-1
r = —— but are not for r = p—, does the indetermination only concern the a; for

which two of the fo1, fi0, f11 are zero (the indetermination would therefore vanish because
of the additional data deduced from (4.9)) 7

In fact, the first question has a positive answer for r = 0, 1, 2, 3 (we leave the proof of
this assertion to the reader) and the theorem follows.

5 Computing the equations of V; for small p

5.1 Multiplication by p on an elliptic curve

Let k£ be an algebraically closed field of characteristic p > 3 and let (F, go) be an elliptic
curve.

Let us recall briefly how the group law of E can be recovered from the geometry of
the curve (see, e.g., [Sil] for further references on that question). The sheaf O(gy) gives a
principal polarization thus O(3qg) is very ample and determines an embedding E — P2,
Three points ¢, ¢2 and g3 on the curve lie on the same projective line in P? if and only
if O(q1 + q2 + q3) = O(3qp). On the other hand, any projective line in P? intersects with
E in three points (counted with multiplicities). It is easily seen that E is isomorphic to
its Jacobian variety by means of ¢ — O(q — qo) and the group law on the latter gives the
group law on the former. Namely, one sets ¢; + g2 = —q3, where g3 is the unique point in
E such that O(q1 + ¢2 + ¢3) = O(3qp).

The projection P? — P! from the point ¢y induces the canonical map E — P!, which is
a ramified double cover, and the choice of a suitable rational coordinate x on the projective
line allows us to give a birational model

y'=a(z—1)(x - p)

of F/, with p different from 0 and 1.

One can determine explicitly the group law over F in intersecting this plane curve with
lines. Namely, one has the following duplication and addition formulae found in [Sil] (II1,
§2). For convenience, we let P be the polynomial z(z — 1)(z — ) and we let P’ be its
derivative.

Duplication formula : Let ¢; be a k-point on the curve with coordinates (x1, y1) and
let g2, with coordinates (3, y2), be [2] (¢1). The opposite of the latter is the unique point
of £ (different from ¢;) lying on the tangent line to E at the point ¢;. This tangent line
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has equation y = ax + (§ with

_ P'(xy) _ 323 = 2(u+ 1)z + p and = 2P (1) — 21 P'(Xy) _ x1(p— 23)

2 2 2 2

(67

Thus, one has

(2 = 0t (et 1) -2z, = (PP A= 4 )Pl

N G Ok

4y (o — 1) (2 — ) (5.1)
[ 2 = —(ax2+0)

Addition formula : Let ¢; and ¢y be two k-points on the curve with coordinates (z;, y;)
(1 =1, 2) and let g3, with coordinates (x3, y3), be the sum ¢; + go. Suppose that ¢; # +¢s,
i.e., that x1 # x9. The unique line passing through ¢; and ¢, has equation

Y2 — U1 and = Y1T2 — Y21

To — T To — I

y=ar+ [ with a =

Thus, the third intersection point of that line and the plane curve being —(¢; + ¢2), g3 has
coordinates

x3 = o+ (p+1) — (21 +22)

= (%) +(p+1) = (21 + x2) (5.2)
ys = —(axz+03)

Combining these two formulae, we are theoretically able to give the coordinates (z,,, ¥y)
of the point ¢, = [n](q1), in terms of z; and y;, at least for a general point ¢;. Note that
two opposite points of E collapse in P!, i.e., that the canonical E — P! is a quotient under
the action of {£} and that the branched points 0, 1, oo and p of that map are precisely
the order 2 points of E. As the action of {+} commutes with multiplication by p, the
latter induces a map P! — P!. It has total degree p? and separable degree p. Hence, if we
let z be 1/z, so that {z, 2} is a basis for H°(E, O(2qy)) = H°(P', O(1)), one can find two
homogeneous polynomials of degree p (say D and N) such that the map induced by [p] on
P! is given by

Pt — P!
(x:2) — (N(aP, 2P): D(aP, 2P))

If E; is the p-twist of E, the map P* — P!, induced by the separable part V : B} — E of
multiplication by p, is therefore given by

(z®) : 2P) s (NP, 20) . D(P), 2P))) (5.3)
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where ) and z®) are the p-twisted coordinates of P! corresponding to = and z respectively.

Division Polynomials : In the case p > 5, [Sil] gives, as an exercise (Ex. 3.7.), the
following formulae, that are more convenient to implement when trying to determine the
polynomials N and D using a computer. Take an elliptic curve

y?=2"+Ar + B (5.4)

Define v, in Z[A, B, 2/, y'] inductively by :

( ,QZ)1 - 17
w2 = 2y,7
3 = 32" + 642" + 12Bx’ — A% (5.5)
Yy = 4y (2% + 5 Az + 20Bx” — 5A%2" — AABx' — 8B* — A3?), '
Vom+1 = ¢m+2w;3n - wm—lw?nﬂ (m > 2)

\ 2yl¢2m = @Z)m(@z)m—md)gm—l - ¢m—2¢31+1) (m > 2)

Define furthermore
¢m = $/¢r2n - wm-l-lwm—l (56)

Then, using the equation (5.4), one checks that, for m odd, the polynomials ¢,, and v,
(of degree m? and m? — 1 respectively) lie in fact in Z[A, B, 2'], and that the map P! — P!
induced by [p] is given by

Pt — P!
(7)) — (z’p2 op(x')2') o 27 @Dp(x'/z'))
where 2’ is the rational coordinate of P! defined by 2/ = 1/2/. We let N’ (resp. D)
be the homogeneous degree p polynomial such that N'(z?, z’P) = 2P op(2’/2") (resp.
D'z, 2?) = 27" ¢,(2'/7')). As above, the map P! — P! induced by V : E; — E is
therefore given by
Pt — P!
('@ P s (N2, 2P DI(2/P)) )Y

where 2/® and 2/® are the p-twisted coordinates of P! corresponding to 2’ and 2’ respec-
tively.

One finds a coordinates change transforming the elliptic curve y* = z(z — 1)(z — u) in
the (isomorphic) elliptic curve y? = 2’3 + Az + B, e.g.,

;o w1 ;o
ZL‘—ZL‘—TZ’,Z—Z,
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and the scalars A and B are therefore

2 pu+1 1)3 —3(4% + 1
g mptl o (et 1) =3+ 1)

3 ’ 27
Finally, one obtains the polynomials N and D defined in (5.3) as follows :
N@E®), 20)) = N (x@) I z(p>) LA (x@) _ KL ) z(p>)
) Y 3 Y

3 3
(5.7)

D(®, 20 = D (x@) _HHL Z(p>)
) 3p )

Using the Proposition 2.12, the Corollary 2.13 and the Lemma 3.4, we find that there
is a unique linear automorphism of P!, i.e., an element of PGL(k, 2), which maps (a : b)
to 0, (a: —b) to 1 and and (b: a) to co. It maps (b: —a) to (u: 1) with

(P H+a?\? 2-w(r)
n= 2ab B 4

If x and z are the corresponding rational coordinates of P!, one has

—2a 2b
A A
a? + b? 0+a2+b2 b

1 1
.T:——)\(]—'——)\l, z =
a b

and the elliptic curve P has equation y? = z(z — 1)(z — p).
If we let )\gp ) and Aﬁ” ) be the p-twisted coordinates of P! corresponding to Ay and A;,

and if we denote by )y and ()7 the homogeneous polynomials of degree p such that the
map P! — P! induced by V : E; — E is given by

2 AP) = (@O, A7) - A, AT)
then one has, writing A\, instead of AP for sake of readability

2ba 1 1 —2a? 2HP
(A e )

QO(AO7 )\1) b_p)\la ((1,2 +b2)p 0
1 1 1 —2a? 2bP

(5.8)
—D ==X+ =A A A
b ( TR @y e T @ ey 1)

5.1. Remark. Note that we are only interested in )y, onto which Vg restricts. Further-
more, ()1 can be obtained from @y under the action of a suitable element of P[2].

5.2. Remark. The final result )y should not depend on a and b but only on the constant
w0 =
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Lemma 5.3 With the notations given above, one has

°p=23.
Qo(Xo, A1) = Aj — wAgA] (5.9)

°p=>5.
Qo = A+ w(w? + 2)AN3 + (w? 4+ 2) A} (5.10)

ep="T.
Qo = A\ — 2w(w* — DAIA? + W (W? — 1)(w? — 2)AAT — w(w? — 1)AAS (5.11)

Proof : In the case p = 3, one computes x3 directly using formulae (5.1) and (5.2). One

ﬁHdS 9 6 2 2,.3
_ oy F2p(p 4 D)ay + pt(p + 1) ey

((p+ 1t + p?)?

T3
Thus, one has
N(z, 2) = a(e + p(u+1)2)? and D(x, 2) = =((u + Ve + p22)?

This result is consistent with the fact that, in characteristic 3, the unique supersingular
elliptic curve has parameter p equal to —1 (see [H], Chapter IV, Example 4.23.1). A
straightforward application of the formula (5.8) gives the formula (5.9).

In the cases p = 5 and 7, the computations cannot be worked out by hand. We use Maple 9
to compute the division polynomials defined in (5.5) and (5.6), then we apply the formula
(5.7) to find

N(z,2) =z [2% — plp+ 1) (i — p+ Dz + p (1% — p+1)2%)
and
D(x,2) = 2 [(4 — p+ 1) [2? — 2 (n + V2] + p52?)"
when p =5 and
N(z,z) = z[2®+2u(p+1)(p—2)(p—4) (0> + 3p+ 1)z°z
it (1) = 2) (= 4) (1 + 1)z + 1 (p+ 1) (1 = 2) (= 4)7°]°
and
D(x,2) = 2 [(n+ 1) (1 — 2)(p — 4) [2° + s (1 + 1) (1 + D)2’z + pO (1 + 3p + 1)) + p'22%)°

when p = 7. These results are consistent with the fact that, in characteristic 5 (resp. 7),
the only supersingular elliptic curves have parameter u equal to j or —j with j3 = 1 (resp.
—1, 2 or 4) (see [H], Chapter IV, Example 4.23.2 (resp. 4.23.3)). Applying the formula
(5.8), we obtain the formulae (5.10) and (5.11). O
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5.2 Equations of V for p =3

Let Vip be the H-invariant element of the sub-representation determining V. It can be
written under the form (4.8) (see Lemma 4.18) which is, for p = 3,

aoo?/go + a01yooy§1 + a1oyooy%o + an?/oo?/% + byo1y10Y11

We do not need to determine the Prym varieties for every non zero 7 in J[2]. Doing it in
the cases 7 = 0001, 7 = 0010, 7 = 0011 and 7 = 0100 is enough.

We fix agp = 1 and we obtain, using the formula (5.9) and the expression (given in the chart
(2.5)) of the needed w(7) in terms of the coefficients ko of the Kummer surface Kumy, the
following :

Voo(y) = v + 2ko1yooyor + 2k10y00y30 + 2k11Y00y71 + 2kooyor1 1oy

Then, one can deduce the V; (i = 01, 10, 11) by permuting suitably the coordinate func-
tions y, in Vg (see Proposition 4.9).

Notice that V; is the partial (with respect to y;) of a quartic surface
S+ 2koo P + k10Qo1 + ko1 Q1o + k11GQn
(with

S = ydo + yo1 + yio + it P = yo0Yo1y10Y11;
Qo1 = Ygo¥o1 + YioVis; Q10 = YaoUio + Yok Qu1 = Yooyt + ¥1¥i0-)

isomorphic to Kumy. Thus, one recovers the second assertion of the :

Theorem 5.4 (Laszlo-Pauly) Let X be a smooth and projective curve of genus 2 over
an algebraically closed filed of characteristic 3.
(1) There is an embedding o : Kumy — |201| such that the equality of divisors in |20,|

V1 (Kumy) = Kumy, + 2o(Kumy)

holds scheme-theoretically.
(2) The cubic equations of V' are given by the 4 partial derivatives of the quartic equation of

the Kummer surface a(Kumy) C [201|. In other words, V is the polar map of the surface
a(Kumy).

Proof : [LP2], Theorem 6.1.

The inverse image vil(KumX) can be computed explicitly in our situation as it is
defined by the ideal generated by the pull-back V*(K) of the equation (2.1) of Kumy,
more precisely by its image via the k-linear homogeneous ring map of degree p

V*: SymW* — SymWy
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In other words, a few more computations enable us to recover the first assertion of the
Theorem. Namely, one knows (see the diagram 4.1) that the equation K; of Kumy, di-
vides V*(K). Let @ be the exact quotient V*(K)/K;. Using Magma, one computes the
0
square root of @ (e.g., as the greatest common divisor of the partial derivative —Q and

Oy
@). This homogeneous polynomial furthermore coincides with K.

Note by the way that the base locus Z of the rational map V : |20;| --» |26 is tauto-
logically contained in the zero locus of 17*(K ). As V restricts to a morphism on Kumy,,
7 is contained in the zero locus of Q = V*(K)/K; and one checks that it is actually con-
tained in the zero locus of A. In other words, Z is a reduced zero dimensional sub-scheme
of a(Kumy) which coincides furthermore with its singular locus.

5.5. Remark. Notice that this theorem is true for any curve X (in particular, with no
particular assumptions concerning its p-rank) whereas our calculations only give the result
for a sufficiently general ordinary curve.

5.3 Equations of V for p =5

Proposition 5.6 Let X be a general proper and smooth curve of genus 2 over an alge-
braically closed field of characteristic 5. There are coordinates {xo} and {ye} for |20]| and
|20 | respectively such that the Kummer surface Kumy in [20| has an equation of the form

(2.1) and such that, if the polynomials (V) define V : |20:] --» [20], (y;) — (Vi(y)), then

Voo = yS’O + a1100y80y81 + aloloyfioyfo + alomySoyfl + a0200y00y§1 + @01101900193119%0
+a0101?/ooy§1y%1 + a0020?/00?/§1 + aoouyooyfo?/% + aoomyooyﬁ
+booygo?/01yloy11 + bo1y81y10?/11 + b1oyo1yfoy11 + 511?/01?/10?/%

with
a0 = k301(k731 +2), ap10 = klo(k?%o +2), aron = ki (ki) +2),
aoeo0 = (k3; +2), aoo20 = (kiy +2), aoooz = (k) + 2),
apiio = 3ku(kgy + k7)) + korkio(1 — k7)),
aplo1 = 3k10(l€§0 + kffo) + ko1k11(1 — k%O))
agorr = ko1 (kZy + k2) + kiokin (1 — Kk2)),
boo = 3koo(kdy + 1) + kooko1kioki,
bo1 = koo(kor + 3ki0k11), bio = koo(k1o + 3ko1k11), b1 = koo(k11 + 3ko1k1o)

where the ko are the coefficients of the equation (2.1) of Kumyx. The V; (i = 01, 10, 11)
can be deduced from Vyy by a suitable permutation of the coordinate functions y., namely
the unique pairwise permutation that exchanges yoo and y;.
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Proof : Define
oy = w() ((r)? + 2)
Br=w(r)?+2

so that the formula (5.10) can be written

XD+ arA3A2 + B Ao

Using the equation (4.8) of the Lemma 4.10, normalized by the condition asg = 1, one
can look for Vyp under the form given in the proposition.
Using the data (4.9) for 7 = 0001, one finds that the two equations

)\8 + CL1010>\8)\% + @0020)\0)\411

and
AS + Qpoo1 )\8)\% + Booot )\0)\111

coincide up to a multiplicative scalar. Therefore, one obtains

1010 = Q00015 o020 = ﬁOOOla

Similarly, using the data (4.9) for 7 = 0010 and 0011 respectively, one finds

a1010 = Q00015 ap020 = Booo1
1100 = G010, o200 = Boo10s
@1001 = (o011, aooo2 = Booi-

Now, using the data (4.10) for 7 = 0100, one finds that the the two equations
(14a1100+@0200) Ay 4 (a1010+a1001 +a0110+a0101 +b00+b01 ) Ag AT+ (0020 + @001+ 0002 +b10+b11) Ag AT
and

A + 0100 A AT + Bot00 AoA]
coincide up to a multiplicative scalar. Therefore, one obtains

a1010 + @1001 + o110 + @0101 + boo + bo1 = (1 + a1100 + @o200) o100
0020 + @oo11 + Gooo2 + b1o + b11 = (1 + a1100 + @0200)Bo100

Similarly, using the data (4.10) for 7 = 0101, 0110 and 0111 respectively, one finds

{ a1010 — @1001 — Go110 + o101 — boo + bor = (1 — a1100 + @o200) 0101

aoo20 — @oo11 + Goooz — bio + b1 = (1 — @100 + @o200) Bor01

{ a1010 + @1001 + @o110 + @o101 — boo — bor = (1 + a1100 + @o200) X010
apo20 + Goo11 + @oooz — bio — bir = (1 + a1100 + @o200) Bo110
a1010 — G1001 — Go110 + o101 + boo — bo1 = (1 — @1100 + @o200) 0111
o020 — Goo11 + Goooz + bio — b1 = (1 — a1100 + @o200) Bo111
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Combining these results, one can express the a, as well as the b, in terms of the o, and the
G,. Finally, we use the data (2.5) to express the o, and the (3, in terms of the coefficients of
Kumy and Maple 9 gives expressions that, up to a multiple of the equation (2.2) between
the k,, are those stated in the Proposition. [

Using Magma to exploit these formulae, one can show the following corollary :

Corollary 5.7 There is a degree 2p — 2 = 8 hypersurface S is |201| such that the equality
of divisors in |20
V! Kumy) = Kumy, + 25

holds scheme-theoretically.
Proof : Define the field L as the extension
Fp(kot, k1o, k11)lkool /(Koo — ki — k3o — K5y + korkiokis + 4)

of the prime field F,, and define R as the L vector space generated by voo, Yo1, y10 and y11.
The homogeneous polynomials Voo, Vo1, Vio and Vi; define a L-linear ring homomorphism
V*: R — R (defined by V*(y;) = V;). Letting K (resp. K;) be the equation (2.1) of the
Kummer surface Kumy in [20] (resp. Kumy, in |20,]), Magma checks that K divides
V*(K). Letting Q be the exact quotient V*(K)/K;, Magma checks that it is a square. [J

5.4 Equations of V for p =17

Proposition 5.8 Let X be a general proper and smooth curve of genus 2 over an alge-
braically closed field of characteristic 7. There are coordinates {xo} and {ye} for |20| and
1201 respectively such that the Kummer surface Kumy in |20| has an equation of the form

(2.1) and such that, if the polynomials (V,) define V' : [201| -+ [20], (y;) — (Vi(y)), then

Voo = Yoo + G2100¥00¥01 + A2010%00Y10 + G2001Y00¥51 T A12000600Y01 + A1110Y00Y01 Y10
+a1101Yo0Yor Y T G1020Y0010 + G101 YooY 1051 + G1002Y00Y1 1
“+a0300Y00Y01 + @0210Y00Y01 Y10 + G0201Y00Yo1 U3t + Go120Y00Y01 Y10 + Q0111500901 Yi0Y
+a0102Y00Yo1 Y11 + @0030Y00Y50 + @0021Y00Y10Yi1 + oo12Y00YioY11 T GooosYools
+ba000 Yoo Yo1Y10Y11 + br10oYaoYer Y10y + b1o10YeoYo1YioYit + bioo1YooYor Y10y
+bo200Y01 H10Y11 + bor10¥1¥i0Y11 + boro1¥01 Y1091y
+b0020yo1y§’0y11 + boonymyi’o?/% + 50002901910%51

with

asio0 = —2ko1 (kg — 1), asor0 = —2k1o(kfy — 1), asoor = —2ky1 (kf; — 1),

a1200 = k(%l(k(Q]l - 1)(k(2)1 —-2), a1020 = k%o(’%o - 1)(]%0 —-2), aio02 = k%1<k%1 - 1)(k%1 —-2),
0300 = —k01(k7§1 - 1)7 @030 = _klo(k%() - 1)7 ap003 = —kn(k%l - 1)7
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Qo111

0210
0201
0120
0102
0021

0012

1110
a1101
1011
ba00o
bo200
boo20
booo2
b1100
b1010
b1001
bo110

bOlOl
bOOll

3ko + 2(kby + kS + KS)) + 2(kg + Koy + kio + k11) + ko (ko + 4) ko1 krokn
+(4kgo + D)kgikTokty — 2k30 (Ko, + kio + ki) +4) — 2kokiokas (kG kTokT, — 1) + 1,

3kgikrokly 4 kG kD) — 2kt ko) — kotkD) 4 4Kk, + 2k10kT) 4+ kg ki + korkfokn
+ kg k1o + 4Ky — 2k10k?, + 3ko1kir — 2k,
3k kiikly 4 3k kS — 2ko1 k3 kS — korkDy + 4k3 kg + 2k ki) + kg ko + korki ko
+k331k’11 + 4]{3‘;’1 — 2]{511]{?%0 + 3]{501]{?10 — 2]{?11,
3kiokorkty + 3Kk, — 2ki0kg kT — kiokDy + 4k kT + 2k kY + kokin + krokg ki
+kZokor + 4k3, — 2ko1 k%, + 3kiok1 — 2koq,
3k korkly 4 3k kS — 2k11 kG kS — kuikDy 4+ 4§ kYo + 2ko1kly + K3 ko + Rk ko
+k3%1k’01 + 4]{381 — 2]{501]{?%0 + 3]{511]{?10 — 2]{?01,
3kiok11kgy + 3K3ok) — 2kioki k) — kiokdy 4 4K Ky + 2k11 kg, + kokor + k1ok? koy
+/{?%0]€11 + 4]{}‘(151 — 2k11k81 + 3k10]€01 — 2]€11,
3k3 kiokg, 4 k3 k) — 2k koS, — kukdy 4 4K kS, + 2k10ks, + k3 Koy + k1 kfokoy
+k%1]€10 + 4]{7(150 — leok?}l + 3k11]€01 — 2]€10,

k11 (2(kgo — kgokty — ki1) + 2k30 + k1)) + korko(3KT, — koo + 2k3, — k11 + 2)
kg Kok (4KF) + kgy + 2) + 4kg kiokT
k10(2(kgy — kgokTo — kilo) + 2k3o + ko) + korki1 (3ky — kg + 2kg, — k10 + 2)
kg ki kro(4kTy + kgy + 2) + 4k k7 R,
ko1 (2(kgo — kGokdy — ko1) + 2k3o + k3y) + k11kio(3kgy — koo + 2kgo — Ko + 2)
kT Kokor (4K, + Ky + 2) + 4K Kok,

oo(2kgy + ki, + Kiy + ki + 2k2, (korkiok1y — 2) + 4k2,k2,k2)),
koo(4k2, + 2k, + 1 + 4k3k3,),
koo(4k2, + 2k3, + 1 + 4k, k3,),
Koo (4K + 2k, + 1 + 4k, ko),

—koo (ko1 (kgy + (kgo + 3) (k) + 2kGy +4)) — 3(kgy +4)(k§y — 2k5y — 2)k10kn
—2ko1 (kg — 2)kiokiy,
—koo(kro(kio + (ko + 3)(kTy + 2kGo + 4)) — 3(kTy + 4) (kT — 2k5y — 2)korkn
—2k10(kfy — 2)kgi ki1,
—koo (k11 (kiy + (ko + 3) (k) + 2kG 4+ 4)) — 3(ki, +4)(kT) — 2k5, — 2)kork1o
=2k (k) — 2)kgi ki,

koo (ki (5k1y + (K§o +2)(3kTy + 1)) — 3(k; + 2) (ki + 1)korkuo,
koo (ko(5k1 + (Ko + 2) (3K, + 1)) — 3(kfy + 2)(kfy + 1)korkn,
koo (Kor (5kgy + (Kgo + 2) (3K, + 1)) — 3(kgy + 2) (kg + Dkokn,

where the ko are the coefficients of the equation (2.1) of Kumy. The V; (i = 01, 10, 11)
can be deduced from Vyy by a suitable permutation of the coordinate functions y., namely
the unique pairwise permutation that exchanges yoo and y;. .
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Proof : We make the same kind of calculations as in the case of the proof of the Proposition
5.6, except that we use the formula 5.11 instead of the formula 5.10 and that we must use
more data to determine all the coefficients involved. [

The computer the author used to carry out these computations was not powerful enough
to obtain the same result as in the case p = 5. Actually, one could only check that the
equation of the twisted Kummer surface Kumy, did divide the image of the the equation
on the Kummer surface Kumy via the ring homomorphism defined by the above equations.

6 Further questions

Question 1 : Notice (Remark 5.5) that the Theorem 6.1 of [LP2] holds for any proper
and smooth curve of genus 2 over an algebraically closed field of characteristic 3. Therefore,
one can ask if the formulae given in Propositions 5.6 and 5.8 remain valid for any smooth
and proper curve in characteristic 5 and 7.

One way to answer this question is, being given any curve X over k, to consider a
family of genus 2 curve X’ over Spec k[[t]] with sufficiently general generic fiber and special
fiber isomorphic to X and to study how do the equations specialize (see [LP2] or [Du] for
examples of that method in characteristic 2). For that purpose, we would need a more
refined description of the moduli space Mg (k) of Kummer surfaces in P}, or equivalently
(see Remark 2.10), of the moduli space of smooth and proper curve over k.

Note that, combining the chart 2.5 giving the expressions of the w(7) in terms of the k,
and the classification of supersingular elliptic curve in small characteristic (see [H], Chap-
ter IV, Examples 4.23.1 and followings), one can determine the open subset of My (k) the
closed points of which correspond to curves with Prym varieties associated to étale double
cover that all are ordinary.

Question 2 : One would like to use the formulae given is Proposition 5.6 and 5.8 to
say if, as in the characteristic 3 case, the generalized Verschiebung base locus is reduced in
characteristics 5 and 7 (see [LnP] for a discussion on that topic). We would like to study
the singular locus of the surface S in Corollary 5.7, with the aim of showing that it is zero
dimensional and comparing it with the base locus of the Verschiebung. We plan to use
the computers of the MEDICIS at the Ecole Polytechnique to carry out these computations.

Question 3 : The most interesting question arisen by this work is how can we recover

the results obtained by computational means in a more geometric way. We plan to return
to this latter question in a future work.

48



References

B]

[LnP]

[LS]

[Mul]

[Mu2]

[Mu3|

[NR]

A. BEAUVILLE: Fibrés de rang 2 sur une courbe, fibrés déterminant et fonctions
théta, Bull. Soc. Math. France 116, 1988, 431-448.

L. DUCROHET: The action of the Frobenius map on rank 2 wvector bundles over a
supersingular curve in characteristic 2, arXiv : math.AG/0504500.

B. VAN GEEMEN: Schottky-Jung relations and vector bundles on hyperelliptic curves,
Math. Ann. 281 (1988), 431-449.

M. GONZALEZ-DORREGO: (16-6)-configurations and Geometry of Kummer surfaces
in P2, Memoirs of the American Math. Society, Vol 107, 1994.

R. HARTSHORNE: Algebraic geometry, Graduate Texts in Mathematics 52, Springer,
New-York, 1977.

R. HuDSON: Kummer’s quartic surface, Cambridge Univ. Press, 1905.

K. JosHi, E.Z. X1A: Moduli of vector bundles on curves in positive characteristic,
Compositio Math. 122, N°3 (2000), 315-321.

Y. LaszrLo, C. PAuLY: The action of the Frobenius map on rank 2 vector bunbles
in characteristic 2, J. of Alg. Geom. 11 (2002), 219-243.

Y. LaszrLo, C. PauLy: The Frobenius map, rank 2 vector bunbles and Kummer’s
quartic surface in characteristic 2 and 3, Advances in Mathematics 185 (2004), 246
269.

H. LANGE, C. PAULY: On Frobenius-destabilized rank-2 vector bundles over curves,
arXiv : math.AG /0309456 (2003)

H. LANGE, U. STUHLER: Vektorbundel auf Kurven und Darstellungen der algebrais-
chen Fundamentalgruppe, Math. Zeit. 156 (1977), 73-83.

D. MUMFORD: Abelian varieties, Tata Institute of Fundamental Research Studies in
Mathematics 5, Bombay, 1970

D. MUMFORD: On equations defining abelian varieties. 1., Invent. Math. 1 (1966),
287-354.

D. MUMFORD: Prym varieties. 1., Contributions to analysis, 325-350, London, New
York Academic Press, 1974.

M.S. NARASIMHAN, S. RAMANAN: Moduli of vector bundles on a compact Riemann
surface, Ann. of Math. 89 (1969), 14-51.

49



[R] M. RAYNAUD: Sections des fibrés vectoriels sur une courbe, Bull. Soc. Math. France
110 (1982), 103-125.

[Sek| T. SEKIGUCHIL: On projective normality of abelian wvarieties. II., J. Math. Soc.
Japan 29 (1977), 709-727.

[Sil] J. H. SILVERMAN: The arithmetic of elliptic curves , Graduate Texts in Math. 106,
Springer-Verlag, New-York, 1986.

[Zh] B. ZHANG: Revétements étales abeliens de courbes génériques et ordinarité, Ann.
Fac. Sci. Toulouse Sér. 6, 1992, 133—-138.

Laurent Ducrohet

Université Pierre et Marie Curie
Analyse algébrique, UMR 7586
4, place Jussieu

75252 Paris Cedex 05 France
e-mail: ducrohet@math.jussieu.fr

50



