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ABSTRACT. For a principal type pseudodifferential operator, we prove that condition (¢) implies local solvability
with a loss of 3/2 derivatives. We use many elements of Dencker’s paper on the proof of the Nirenberg-Treves
conjecture and we provide some improvements of the key energy estimates which allows us to cut the loss of
derivatives from e + 3/2 for any € > 0 (Dencker’s most recent result) to 3/2 (the present paper). It is already
known that condition (1)) does not imply local solvability with a loss of 1 derivative, so we have to content ourselves
with a loss > 1.
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

1.1. Introduction. In 1957, Hans Lewy [Lw] constructed a counterexample showing that very simple
and natural differential equations can fail to have local solutions; his example is the complex vector field
Lo = Oy, + 10z, + i(z1 + ix2)05, and one can show that there exists some C'* function f such that the
equation Lou = f has no distribution solution, even locally. A geometric interpretation and a generalization
of this counterexample were given in 1960 by L.Hérmander in [H2] and extended in [H3] to pseudodifferential
operators. In 1970, L.Nirenberg and F.Treves ([NT2-NT3-NT4)), after a study of complex vector fields in
[NT1] (see also [Mi]), refined this condition on the principal symbol to the so-called condition (¢), and
provided strong arguments suggesting that it should be equivalent to local solvability. The necessity of
condition (¢) for local solvability of pseudodifferential equations was proved in two dimensions by R.Moyer
in [Mo] and in general by L.Hérmander ([H5]) in 1981. The sufficiency of condition (¢) for local solvability
of differential equations was proved by R.Beals and C.Fefferman ([BF]) in 1973; they created a new type
of pseudodifferential calculus, based on a Calderén-Zygmund decomposition, and were able to remove the
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2 Condition (1))

analyticity assumption required by L.Nirenberg and F.Treves. For differential equations in any dimension
([BF]) and for pseudodifferential equations in two dimensions ([L1], see also [L2]), it was shown more precisely
that (1) implies local solvability with a loss of one derivative with respect to the elliptic case: for a differential
operator P of order m (or a pseudodifferential operator in two dimensions), satistying condition (¢), f € Hj ,
the equation Pu = f has a solution u € HE™™!. In 1994, it was proved by N.L. in [L3] (see also [HS],
[L8]) that condition (¢)) does not imply local solvability with loss of one derivative for pseudodifferential
equations, contradicting repeated claims by several authors. However in 1996, N.Dencker in [D1], proved
that these counterexamples were indeed locally solvable, but with a loss of two derivatives.

In [D2], N.Dencker claimed that he can prove that condition (1)) implies local solvability with loss of
two derivatives; this preprint contains several breakthrough ideas on the control of the second derivatives
subsequent to condition (¢) and on the choice of the multiplier. The paper [D3] contains a proof of local
solvability with loss of two derivatives under condition (), providing the final step in the proof of the
Nirenberg-Treves conjecture; the more recent paper [D4] is providing a proof of local solvability with loss of
€+ % derivatives under condition (v), for any positive e. In the present article, we show that the loss can be
limited to 3/2 derivatives, dropping the € in the previous result. We follow the pattern of Dencker’s paper
and give some improvements on the key energy estimates.

Acknowledgement. For several months, I have had the privilege of exchanging several letters and files
with Lars Hormander on the topic of solvability. I am most grateful for the help generously provided. These
personal communications are referred to in the text as [H9] and are important in all sections of the present
paper.

1.2. Statement of the result. Let P be a properly supported principal-type pseudodifferential operator
in a C° manifold M, with principal (complex-valued)! symbol p. The symbol p is assumed to be a C*
homogeneous? function of degree m on T*(./\/l), the cotangent bundle minus the zero section. The principal
type assumption that we shall use here is that

(2,6) € T*(M),  p(x,€) = 0 = Dep(x,€) #0. (1.2.1)

Also, the operator P will be assumed of polyhomogeneous type, which means that its total symbol is
equivalent to p+ > j>1Pm—js where py, is a smooth homogeneous function of degree k on T*(M).

Definition 1.2.1. Condition (). Let p be a C* homogeneous function on 7*(M). The function p is
said to satisfy condition () if, for z = 1 or i, Im zp does not change sign from — to + along an oriented
bicharacteristic of Re zp.

It is a non-trivial fact that condition (¢) is invariant by multiplication by an complex-valued smooth
elliptic factor (see section 26.4 in [H6]).

Theorem 1.2.2. Let P be as above, such that its principal symbol p satisfies condition (). Let s be a
real number. Then, for all x € M, there exists a neighborhood V' such that for oll f € Hj} , there exists

_3
u € HT TR such that

loc

Pu=f mV.

The proof of this theorem will be given at the end of section 4.

Note that our loss of derivatives is equal to 3/2. The paper [L3] proves that solvability with loss of one
derivative does not follow from condition (1), so we have to content ourselves with a loss strictly greater than
one. However, the number 3/2 is not likely to play any significant réle and one should probably expect a loss
of 1+e€ derivatives under condition (¢). In fact, for the counterexamples given in [L3], it seems (but it has not
been proven) that there is only a “logarithmic” loss, i.e. the solution u should satisfy u € log (D) (Hs+m_1).

Nevertheless, the methods used in the present article are strictly limited to providing a 3/2 loss. We refer
the reader to our appendix A.4 for an argument involving a Hilbertian lemma on a simplified model. This
is of course in sharp contrast with operators satisfying condition (P) such as differential operators satisfying
condition (¢). Let us recall that condition (P) is simply ruling out any change of sign of Im(zp) along the
oriented Hamiltonian flow of Re(zp). Under condition (P) ([BF]) or under condition (¢) in two dimensions
([L1]), local solvability occurs with a loss of one derivative, the “optimal” loss, and in fact the same as for

INaturally the local solvability of real principal type operators is also a consequence of the next theorem, but much stronger
results for real principal type equations were already established in the 1955 paper [H1] (see also section 26.1 in [H6]).
2Here and in the sequel, “homogeneous” will always mean positively homogeneous.
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0/0x1. One should also note that the semi-global existence theorems of [H4] (see also theorem 26.11.2 in
[H6]) involve a loss of 14€ derivatives. However in that case there is no known counterexample which would
ensure that this loss is unavoidable.

Remark 1.2.3. Theorem 1.2.2 will be proved by a multiplier method, involving the computation of (Pu, Mu)
with a suitably chosen operator M. It is interesting to notice that, the greater is the loss of derivatives,
the more regular should be the multiplier in the energy method. As a matter of fact, the Nirenberg-Treves
multiplier of [NT3] is not even a pseudodifferential operator in the Slo 2.1)2 class, since it could be as singular
as the operator sign D, ; this does not create any difficulty, since the loss of derivatives is only 1. On the other
hand, in [D1], [L6], where estimates with loss of 2 derivatives are handled, the regularity of the multiplier
is much better than S? /2,129 since we need to consider it as an operator of order 0 in an asymptotic class
defined by an admissible metric on the phase space.

N.B. For microdifferential operators acting on microfunctions, the sufficiency of condition (i) was proven
by J.-M.Trépreau [Tr](see also [H7]), so the present paper is concerned only with the C°° category.

1.3. Some notations. First of all, we recall the definition of the Weyl quantization a™ of a function
a € S(R?"): for u € S(R™),

(@ u)(e) = [ [ et Y u)ay, (1.3.1)

Our definition of the Fourier transform @ of u € S(R™) is 4(§) = [ 2%y (z)dz and the usual quantization
a(x, D;) of a € S(R*") is (a(x, Dy)u)(x) = [ €* ™ a(x, €)u(€)dE. The phase space Ry x R is a symplectic
vector space with the standard symplectic form

[(2,€), (y, )] = (&,9) — (n, ). (1.3.2)

Definition 1.3.1. Let g be a metric on R?”, i.e. a mapping X — gx from R?” to the cone of positive
definite quadratic forms on R?". Let M be a positive function defined on R?".
(1) The metric g is said to be slowly varying whenever 3C > 0,3r > 0,VX,Y,T € R?",

gx(Y = X) <r? = C gy (T) < gx(T) < Cgy (T).

(2) The symplectic dual metric g7 is defined as g% (T) = sup,, ()=1[T;U]*. The parameter of g is de-

fined as A\g(X) = infr.0(9% (T)/9x (T))l/2 and we shall say that g satisfies the uncertainty principle if
infx Ag(X) > 1.
(3) The metric g is said to be temperate when 3C' > 0,3IN > 0,VX,Y,T € R?*",

9%(T) < Cgg(T) (1 + g% (X — V).

When the three properties above are satisfied, we shall say that g is admissible. The constants appearing
in (1) and (3) will be called the structure constants of the metric g.
(4) The function M is said to be g-slowly varying if 3C' > 0,3r > 0,VX,Y € R?",

=

(X)

gxY -X)<r*=2<C (1%

<C.

(5) The function M is said to be g-temperate if 3C' > 0,IN >0, VX,Y € R?",

<C(t+gk(x-v)".

When M satisfies (4) and (5), we shall say that M is a g-weight.

Remark. If g is a slowly varying metric and M is g-slowly varying, there exists M, € S(M,g) such that
there exists C' > 0 depending only on the structure constants of g such that VX € R?*, C~! < A]é;(g)(()) <C.
That remark is classical and its proof is sketched in the appendix A.2.




4 Condition (1))

Definition 1.3.2. Let g be a metric on R?® and M be a positive function defined on R?". The set S(M, g)
is defined as the set of functions a € C°°(R?") such that, for all I € N, supy ||a®(X)]|;x M(X)™" < oo,
where a®) is the I-th derivative. It means that VI € N,3C;, VX € R?" VTy,...,T; € R?",

D (X)(Th, ..., Th)| < CIM(X) H gx ()2,
1<j<1

1.4. Partitions of unity. We refer the reader to the chapter 18 in [H6] for the basic properties of admissible
metrics as well as for the following lemma.

Lemma 1.4.1. Let g be an admissible metric on R?™. There ezists a sequence (X )ren of points in the phase
space R*™ and positive numbers ro, No, such that the following properties are satisfied. We define Uy, U}, U;*
as the gr, = gx, balls with center Xy, and radius ro,2rg,4rg. There exist two families of non-negative smooth
functions on R*™, (xk)ren, (Vr)ken such that

> Xe(X)=1, suppxk CUr, tu =1 on Uy, suppiy C U™,
k

Moreover, xi, Vi € S(1,gr) with semi-norms bounded independently of k. The overlap of the balls US* is
bounded, i.e. (en Up* # 0 = #N < No. Moreover, gx ~ gi all over U™ (i.e. the ratios gx (T)/gr(T)
are bounded above and below by a fixed constant, provided that X € US*).

The next lemma in proved in [BC](see also lemma 6.3 in [L5]).

Lemma 1.4.2. Let g be an admissible metric on R?™ and Yok Xe(2,&) =1 be a partition of unity related to
g as in the previous lemma. There exists a positive constant C such that for all u € L*(R™)

_ 2 w 2 2
O [ullZz@ny < D IxFulLagny < Cllul7zgn
k

where a® stands for the Weyl quantization of the symbol a.
The following lemma is proved in [BL].

Lemma 1.4.3. Let g be an admissible metric on R?™, m be a weight for g, Uy, and gy as in lemma 1.4.1.
Let (ar) be a sequence of bounded symbols in S(m(Xk),gk) such that, for all non-negative integers I, N

_ - N _
sup  |m(Xg) 1a,(€l)(X)Tl(1 +g7(X — Uk)) gx(T) l/2| < 4o00.
keN,TeR2m

Then the symbol a =, ar, makes sense and belongs to S(m, g). The important point here is that no support
condition is required for the ay, but instead some decay estimates with respect to g°. The sequence (ay) will
be called a confined sequence in S(m,g).

2. THE GEOMETRY OF CONDITION (1))

In this section and also in section 3, we shall consider that the phase space is equipped with a symplectic
quadratic form T' (T is a positive definite quadratic form such that T' = T'?, see the definition 1.3.1(2) above).
It is possible to find some linear symplectic coordinates (, &) in R?" such that

L) =@ &P = Y «2+&.

1<j<n

The running point of our Euclidean symplectic R?" will be usually denoted by X or by an upper-case letter
such as Y, Z. The open I'-ball with center X and radius r will be denoted by B(X,r).

2.1. The basic structure. Let q(¢, X,A) be a smooth real-valued function defined on = = R x R?" x
[1,4+00), vanishing for |[t| > 1 and satisfying

¥k € N,sup [|0% qf| . A7 = < +o0, ie. q(t,) € S(A,AT'T), (2.1.1)

s>t and q(t,X,A) > 0= q(s,X,A) > 0. (2.1.2)
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Notation. In this section and in the next section, the Euclidean norm I'(X)'/2 is fixed and the norms of
the vectors and of the multilinear forms are taken with respect to that norm. We shall write everywhere | - |
instead of [|-||. Furthermore, we shall say that C' is a “fixed” constant if it depends only on a finite number
of i above and on the dimension n.

We shall always omit the dependence of ¢ with respect to the large parameter A and write ¢(¢, X) instead
of q(t, X, A). The operator Q(t) = ¢q(t)* will stand for the operator with Weyl symbol ¢(t, X'). We introduce
now for t € R, following [H9],

Xy (1) = Us< { X € R*™ g(s5,X) > 0}, X_() = Ug>{X € R*™ ¢q(s,X) < 0}, (2.1.3)
Xo(t) = X_()" N X4 (1),

Thanks to (2.1.2), X (t),X_(¢) are disjoint open subsets of R?"; moreover Xo(t), Xo(t) U X (t) are closed
since their complements are open. The three sets Xo(t), X4 (¢) are two by two disjoint with union R?” (note

also that Xy (t) C Xo(¢) UX4(¢) since Xo(¢) UXy(¢) are closed). When ¢ increases, X4 (¢) increases and
X_(t) decreases.

Lemma 2.1.1. Let (E,d) be a metric space, A C E and k > 0 be given. We define U4 (z) =k if A=0 and
if A#0, we define W4 .(x) = min(d(z, A), k). The function V4, is valued in [0, k], Lipschitz continuous
with a Lipschitz constant < 1. Moreover, the following implication holds: A1 C As C E = V4, , > Va4, .

Proof. The Lipschitz continuity assertion is obvious since x — d(x, A) is Lipschitz continuous with Lipschitz
constant 1. The monotonicity property is trivially inherited from the distance function. O

Lemma 2.1.2. For each X € R?", the function t — Vs, (1),x(X) is decreasing and for each t € R, the
function X — Wx_ (4 .(X) is supported in Xy (t)° = X_(t) UXo(t). For each X € R*", the function
t = Wx_ (4),x(X) is increasing and for each t € R, the function X — Wx_( .(X) is supported in X_(t)¢ =
Xy (t) UXo(t). As a consequence the function X — Wy, 4y .(X)Wx_),x(X) is supported in Xo(t).

Proof. The monotonicity in ¢ follows from the fact that X, (¢)(resp. X_(t)) is increasing (resp. decreasing)
with respect to ¢ and from Lemma 2.1.1. Moreover, if X belongs to the open set X (), one has ¥x_ () .(X) =
0, implying the support property. [

Lemma 2.1.3. For x > 0,t € R, X € R?", we define>
o(t, X, k) = Vx_(1)x(X) = Ui, (1),x(X). (2.1.5)

The function t — o(t, X, k) is increasing and valued in [—k, K], the function X — o(t, X, k) is Lipschitz
continuous with Lipschitz constant less than 2; we have

X { min([X - X_(0)],x) i X € X4.(0),
o(t,X,k) = . .
—min(|X — X, (¢)|,x) if X € X_(¢t).
We have {X € R*" o(t, X,r) =0} C Xo(t) C {X € R*™,q(t,X) =0}, and
{X €R*™, 4q(t,X) >0} C Xi(t) C {X € R* +0(t, X,r) >0}
C{X eR™ +o(t, X,x) >0} C {X € R*" +q(t,X) > 0}. (2.1.6)

Proof. Everything follows from the previous lemmas, except for the first, fourth and sixth inclusions. Note
that if X € X4(¢), o(t, X, k) = min(|X — X_(¢)|, k) is positive (otherwise it vanishes and X € X (¢) N
X_(t) € X4 (t) N (X_(t) UXp(t)) = 0). As a consequence, we get the penultimate inclusions X (t) C {X €
R?" o(t, X, k) > 0} and similarly X_(t) C {X € R*",0(t, X, x) < 0}, so that

(X € R, o(t, X, 1) = 0} C X, (£)° N X_(1)° = Xo(b),
giving the first inclusion. The last inclusion follows from the already established

{X eR? q(t,X)) <0} C X_(t) C {X e R*",o(t,X,r) < 0}. O

3When the distances of X to both X4 (t) are less than &, we have o(t, X, k) = | X — X_(t)| — | X — X4 (¢)].
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Definition 2.1.4. Let ¢(t, X) be as above. We define
So(t, X) = o(t, X, AY?) (2.1.7)

and we notice that from the previous lemmas, ¢t — ¢ (¢, X) is increasing, valued in [—Al/ 2 AY 2], satisfying

100(t, X) — 0o(t,Y)| < 2| X — Y| (2.1.8)
and such that

{X € R*™,§(t, X) = 0} C {X € R*™ ¢(t, X) = 0}, (2.1.9)

{X e R*™ 4q(t,X) > 0} C {X,+50(t,X) > 0} C {X, +q(t, X) > 0}. (2.1.10)

Lemma 2.1.5. Let f be a symbol in S(A™, A~1T") where m is a positive real number. We define

2
_ 0) (x| T
MX) =1+ max (|f9X)[F7). (2.1.11)
JEN
Then f € S(AN™,A71T) and the mapping from S(A™,A71T) to S(\™,A\7'T") is continuous. Moreover, with
2

7 = maXosj<zm ,szmﬂ, where the v; are the semi-norms of f, we have for all X € R*",
J

1 < \(X) <1+AA. (2.1.12)

The metric A\~'T" is admissible(def.1.3.1), with structure constants depending only on . It will be called the
m-proper metric of f. The function X above is a weight for the metric A\~ T and will be called the m-proper
weight of f.

The proof of this lemma is given in the appendix A.3.
Lemma 2.1.6. Let q(t, X) and do(t, X) be as above. We define, with (s) = (1 + s2)/2,

p(t, X) = (Bo(t, X)) + [A g (t, X)) + [N x (¢, X) . (2.1.13)
The metric p=1(t, )T is slowly varying with structure constants depending only on a finite number of semi-

norms of q in S(A, A~T"). Moreover, there exists C > 0, depending only on a finite number of semi-norms
of q, such that

/L(t,X) 2
t, X) < CA, <Cl+|X-Y|), 2.1.14
u(t, X) L < C X = YP) (21.14)
and we have
AY2q(t, X) € S(ult, X)*/?, u= (¢, -)T), (2.1.15)

s0 that the semi-norms depend only the semi-norms of q in S(A, A~T).

Proof. We notice first that
1+ max(JAY 2 (¢, X)|, [AY gk x (¢, X)I?)

is the 1-proper weight of the vector-valued symbol A'/2¢) (t,-). Using the lemma A.2.2, we get that g~ 'T
is slowly varying, and the lemma A.2.1 provides the second part of (2.1.14). From the definition 2.1.4 and
(2.1.1), we obtain that pu(t, X) < CA + (6o(t, X))? < C'A and AV2¢ (t,-) € S(u(t, X), =1 (t,-)T).
We are left with the proof of [A'/2¢(t, X)| < Cu3/?(t, X). Let us consider Ji(t, X) the 3/2-proper weight
of AY2¢(t, X):
it X) = 1+ max [AV29)(t, X)[75,

where all the derivatives are taken with respect to X; if the maximum is realized for j € {1,2}, we get from
Lemma 2.1.5 and (2.1.15) that

2

[AYZq(t, X)| < Ji(t, X)*/? = (1+ max [A/2q0) (¢, X)[357)% < (14 max pl3 D)8 < 2pu(t, X)*2,
J=4 J=4
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which is the result that we had to prove. We have eventually to deal with the case where the maximum in
the definition of f is realized for j = 0; note that if (¢, X) < Cp, we obtain

A 2q(t, X)| < it X)*2 < 6% < €5 (e, X)*P2,
so we may also assume fi(t, X) > Co. If Cy > 1, we have Cy < fi(t, X) = 1+ (A'/2|q(t, X)|)? entailing
(1= CoMi(t, X) < [AY2q(t, X)[5 < filt, X).

Now if h € R®" is such that |h| < rfi(t, X)'/?, we get from the slow variation of the metric 7T, that
the ratio u(t, X + h)/u(t, X) is bounded above and below, provided r is small enough. Using now that
AV2q(t,-) € S(u3/3(t,-), i (¢, -)T), we get by Taylor’s formula

1
A2q(t, X + h) = A2q(t, X) + A2 (8 X)h + SAY24"(t, X)h? + O(v3|h[/6),
so that

-~ 1. 9~
AV2lq(t, X + )| = A2|g(t, X)| = (t, X)[h| — S |BPE(E X)'? = 3Bl /6
2 3
> AL/2 _ 3/2 ~ N
> A2q(t, X)| = filt, X)2 (r 4+ 5 4705 )
~——— ——
=¢(r)
This gives AY2|q(t, X + h)| > AY2|q(t, X)| — e(r)fa(t, X)*/?, lim,_ge(r) = 0, so that, for r,C; " small
enough,

AY2q(8, X + h)| = (1= Cg )2 = e(r))alt, X)** = Sha(t, X)*2.

N~

As a consequence, the I-ball B(X, rf(t, X)'/?) is included in X, (¢) or in X_(¢) and thus, in the first case
(the second case is similar) | X —X.(¢)] = 0, | X —X_(t)| > rfi(t, X)'/2, (otherwise | X —X_(¢)| < rfi(t, X)'/?
and 0 # B(X, r(t, X)) N X_(t) C X4 (t) N X_(¢) = 0), implying that, with a fixed ro > 0,
60(t7X) 2 min(Al/erﬁ(th)l/z) 2 Toﬁ(t, X)1/2 2 T0|A1/QQ(ta X)|1/35
so that, in both cases, |AY2q(t, X)| < r4>|60(t, X)|> < rg3u(t, X)3/2, qed. O
Lemma 2.1.7. Let q(t, X), d0(t, X), u(t, X) be as above. We define,
V(b X) = (Bo(t, X)) + [NVl (1, X )pu(t, X) /22, (2.1.16)

The metric v=1(t, )T is slowly varying with structure constants depending only on a finite number of semi-
norms of ¢ in S(A, A='T"). There exists C > 0, depending only on a finite number of semi-norms of q, such
that

o(t, X) < 20t x) <cn, XX oL x v, (2.1.17)
v(t,Y)
and we have
AY2q(t, X) € S(u(t, X)Y2u(t, X), v(t,-) '), (2.1.18)

s0 that the semi-norms of this symbol depend only the semi-norms of q in S(A, A= T"). Moreover the function
u(t, X) is a weight for the metric v(t, )~ 'T.

Proof. Let us check the two first inequalities in (2.1.17). From |AY/2¢/| < u(t, X) < CA, established in the
previous lemma, we get
V{8, X) < (Bo(t, X))? + ult, X) < 2(t, X) < 2CA.

We introduce now the weight p. (¢, X) as in (1.3.3) so that the ratios p.(t, X)/u(t, X) are bounded above
and below by some constants depending only on a finite number of semi-norms of ¢q. That weight pu. (¢, X)
belongs to S(ju, u~1T) = S (s, puy 'T). We notice first that

<1
—_—

|A1/2(QM;1/2)/|2 < 2|A1/2q/u;1/2|2 + CI|A1/2QN_1|2 < CQ|A1/2q’/f1/2|2 + Cl|A1/2QM_1/2| |A1/2QM_3/2|
< oAV PP 4 O3 A P ).
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Since we have also?
[AY2g =2~ [AY 2 P S A2 (g Y A 2l
S IAY2(qui VY A 2qui R A g R
— ———
<1

we get that
o(t, X) = 1+ max(|AY g (t, X)u(t, X) ™2, AV 2q(t, X)u(t, X)) (2.1.19)

is equivalent to the 1-proper weight of the symbol AY2q(t, X ). (t, X)~*/? in S(u, u~'T). As a consequence,
from the lemma A.2.2, we get that (7 + (dg)?)~'T is slowly varying.
We need only to prove that

|AY2q(t, X)) u(t, X)"V/?) < Cu(t, X). (2.1.20)

In fact, from (2.1.20), we shall obtain v(t, X) < 7(t, X) + (5o(t, X))? < (C + 1)v(t, X) so that the metrics
(7 4 (60)?)7'T and v~ T are equivalent and thus both slowly varying (that property will also give the last
inequality in (2.1.17) from Lemma A.2.1). Moreover, from Lemma 2.1.5, we have A'/2q(t, X )u.(t, X)~1/? €
S(v,v71T), so that

pl=k/2 for k < 2, since AY2qu; "% € S(;,v71T) and v < v,

AV (qu B <
pl=k2 < Y1=k/2 for k> 2, since A1/2qu;1/2 € S(pu; ') and v < p,

which implies that A1/2q,u*_l/2 € S(v,v~'T'); moreover, we have u}k/z € S’(u}/27 v7IT) since, using v < p, we

get
()P S 2" S prv 2,

entailing A'/2q € S(u'/?v,v1T), i.e. (2.1.18). On the other hand, x is slowly varying for v~ 'T', since
X = Y| < w(t, X)2(< p(t, X)"?)  implies | X — V| < p(t, X)'/?

and thus p(t, X) ~ u(t,Y), which proves along with (2.1.14) that u is a weight for v~ 'T.

Let us now check (2.1.20). This inequality is obvious if [AY/2qu="/2| < |A'/2¢'u~'/?|. Note that if 7(t, X) <
Cy, we obtain [AY2qu=1/2| < Cy < Cyr so we may also assume v(t, X) > Co. If Cy > 1, we have Cy <
U(t, X) =1+ (AY2?|q|u=1/?) entailing

(1—=Cohu(t, X) < |AV2qu='?| < o(t, X).

Now if h € R?" is such that |h| < ri(t, X)¥/?, we get from the slow variation of the metric 7T, that
the ratio v(t, X + h)/v(t, X) is bounded above and below, provided r is small enough. Using now that

AV2qu7Y? € S(7,571T), we get by Taylor’s formula

AV2q(t, X + R)ps Y28, X + h) = AV 2q(t, X)ps V2, X) + e(r)o(t, X),  lim e(r) = 0,

r—0

so that, for r, Cj ! small enough,

IAY2q(t, X + ) 2 (8, X + h)| > (1= Cyt) — e(r))o(t, X) > =5(t, X).

N | =

As a consequence, the T-ball B(X,r(t, X)'/?) is included in X, (t) or in X_(¢) and thus, in the first case
(the second case is similar) | X — X (¢)| =0, | X —X_(t)| > r(t, X)'/?, implying that, with a fixed rq > 0,

Jo(t, X) > min(AY2, rir(t, X)2) > roir(t, X)V/? > ro| A 2q(t, X)u(t, X) 72|23,

so that, in both cases, |AY2q(t, X)u(t, X)~'/?| < Co|do(t, X)|? < Cov(t, X), qed. The proof of the lemma is
complete. [

We wish now to discuss the normal forms attached to the metric v=1(¢, )T for the symbol ¢(t,-). In the
sequel of this section, we consider that ¢ is fixed.

4Below, the inequality a < b means that a < Cb where C is a constant depending only on a finite number of semi-norms of
g. The equivalence a ~ b stands for a <b and b < a.



Definition 2.1.8. Let 0 < r; < 1/2 be given. With v defined in (2.1.16), we shall say that
(1) Y is a nonnegative (resp. nonpositive) point at level t if do(t,Y) > rv(t, V)2, (resp. do(t,Y) <
—ru(t,Y)'/?).
(2) Y is a gradient point at level ¢ if |[AY2q, (¢, Y)u(t,Y)"V212 > v(t,Y)/4 and 6o(t,Y)? < r?u(t,Y).
(3) Y is a negligible point in the remaining cases |AY2g} (£, Y)u(t,Y)"/22 < v(t,Y)/4 and 6o(t,Y)? <
r2u(t,Y). Note that this implies v(¢t,Y) < 1+7riv(t,Y)+v(t,Y)/4 <1+ v(t,Y)/2 and thus v(t,Y) < 2.

Note that if Y is a nonnegative point, from (2.1.8) we get, for T € R?*", |T| < 1,0 <r <1 /4
So(t,Y + 12 (4, Y)T) > 6o, V) — 200/ 2(1, V) > %Vl/Q(t, Y)

and from (2.1.10), this implies that ¢(t, X) > 0 on the ball B(Y,rv/2(t,Y)). Similarly if Y is a nonpositive
point, ¢(t,X) < 0 on the ball B(Y,rv'/2(t,Y)). Moreover if Y is a gradient point, we have |do(t,Y)| <
rv(t,Y)Y? so that, if Y € X (t), we have min(]Y — X_ (¢)|, AY?) < riv(t,Y)"/? and if r; is small enough,
since v < A, we get that |[Y — X_(t)| < r1v(¢,Y)"/? which implies that there exists Z; € X_(t) such that
Y — Z1| < riv(t,Y)Y/2. On the segment [Y, Z1], the Lipschitz continuous function is such that do(t,Y") > 0
(Y € X4 (¢) cf. Lemma 2.1.3) and do(¢, Z1) < 0 (Z1 € X_(t)); as a result, there exists a point Z (on that
segment) such that do(¢, Z) = 0 and thus ¢(¢,Z) = 0. Naturally the discussion for a gradient point Y in
X_(t), is analogous. If the gradient point Y belongs to Xo(¢), we get right away ¢(¢,Y) = 0, also from the
lemma 2.1.3. The function

F(T) = Al/Qq(t, Y + (e, Y)T);L(t, V)2, y) ! (2.1.21)

satisfies for r; small enough with respect to the semi-norms of ¢ and ¢y, Cy, C1, Cs fixed positive constants,
IT| < 1, from (2.1.18), |f(T)| < |S = T|Cory < C172, |f'(T)| > rico, |f"(T)] < Car?. The standard
analysis (see our appendix A.6) of the Beals-Fefferman metric [BF] shows that, on B(Y,r0Y/2(t,Y))

q(t, X) = A2 26, Y )2 (L, Y )e(t, X)B(t, X)), (2.1.22)
1<eeS,u(t,Y) '), e Swt, V)V vt Y)'T), (2.1.23)
Bt, X) =v(t, Y)'?(X1 + a(t, X)), € Sw(t, V)2, u(t,Y)'T). (2.1.24)

Lemma 2.1.9. Let q(t, X) be a smooth function satisfying (2.1.1-2) and let t € [—1,1] be given. The metric
gr on R?™ is defined as v(t, X) T where v is defined in (2.1.16). There exists o > 0, depending only on
a finite number of semi-norms of q in (2.1.1) such that, for any r €]0,rq], there exists a sequence of points
(Xk) in R®™, and sequences of functions (xx), (1) satisfying the properties in the lemma 1.4.1 such that
there exists a partition of N,

N:EJFUE,UE()UEOO

so that, according to the definition 2.1.8, k € Ey means that Xy is a nonnegative point, (k € E_:Xj
nonpositive point; k € Eo: X}, gradient point, k € Ego:Xy negligible point).

Proof. This lemma is an immediate consequence of the definition 2.1.8, of lemma 1.4.1 and of lemma 2.1.7,
asserting that the metric g; is admissible. [J

2.2. Some lemmas on C? functions. We prove in this section a key result on the second derivative f%
of a real-valued smooth function f(¢, X) such that 7 —if (¢, x, &) satisfies condition (¢)). The following claim
gives a good qualitative version of what is needed for our estimates; we shall not use this result, so the reader
may skip the proof and proceed directly to the more technical Lemma 2.2.2.

Claim 2.2.1. Let fi, fo be two real-valued twice differentiable functions defined on an open set Q of RN
and such that f7'(R%) C fy'(Ry) (ie. fi(z) > 0 = fo(x) > 0). If for some w € Q, the conditions
filw) = fa(w) =0, dfi(w) # 0,df2(w) = 0 are satisfied, we have fY(w) >0 (as a quadratic form,).

Proof. Using the obvious invariance by change of coordinates of the statement, we may assume fi(z) = 1
and w = 0. The assumption is then for z = (z1,2’) € R x R¥~! in a neighborhood of the origin

fQ(O) = O,de(O) =0, z1>0= fQ(Il,:E/) > 0.

Using the second-order Taylor-Young formula for fa, we get fa(z) = (5 (0)z, z) +€(z)|x|?, limg_q e(z) = 0,

and thus for T = (T1,7"),|T| = 1, p # 0 small enough, the implication T} > 0 = (f/(0)T,T) +2¢(pT) > 0.
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Consequently we have {5, (f5(0)S,S) > 0} D {S,S1 > 0} and since the larger set is closed and stable by the
symmetry with respect to the origin, we get that it contains also {5, 51 < 0}, which is the result f4'(0) > 0.

Remark. This claim has the following consequence: take three functions fi, fo, f3, twice differentiable on
Q, such that, for 1 < j < k < 3, fj(x) > 0 = fr(xr) > 0. Assume that, at some point w we have
filw) = fa(w) = f3(w) =0, df1(w) # 0,df3(w) # 0,df2(w) = 0. Then one has f(w) = 0. The claim 2.2.1
gives f§(w) > 0 and it can be applied to the couple (—f3,—f2) to get —f5(w) > 0.

Notation. The open Euclidean ball of RY with center 0 and radius r will be denoted by B,. For a k-
multilinear symmetric form A on RV, we shall note [|A|| = maxpj=; |[AT*| which is easily seen to be
equivalent to the norm maxr,|—...—7, |=1 |A(T1, ..., T))| since the symmetrized 71 ® - - - ® Ty, can be written
a sum of k" powers.

Lemma 2.2.2. Let Ry > 0 and f1, f2 be real-valued functions defined in Br,. We assume that fy is C?, fo
is C3 and for x € Bpg,,

We define the non-negative numbers p1, p2, by
pr=max(|f1(0)[%,1£1(0)]),  p2 =max(|f2(0)[%,13(0)|%,1£5 (0)]). (22.2)
and we assume that, with a positive Cy,
0<p1, p2<Cyp1 <Ry (2.2.3)
We define the non-negative numbers C1,Ca,Cs, by
Ci1=1+0Cy Hf{/HLOO(BRO) , Ca=4+ % HféNHLao(BRO) , C3=Cy+4nCh. (2.2.4)

Assume that for some ko € [0, 1], with koCy < 1/4,

p1 = |f1(0)] >0, (2.2.5)
max (| f2(0)'7, [/3(0)'/2) < ksl f5(0)], (2.2.6)
B(0,k3p2) N {x € Bg,, fi(x) > 0} # 0. (2.2.7)
Then we have
|£5(0)—| < C3kapa, (2.2.8)

where f3 (0)— stands for the negative part of the quadratic form f5'(0). Note that, whenever (2.2.7) is violated,
we get B(0,k3p2) C {x € Bg,, fi(z) <0} (note that k3pa < p2 < Ro) and thus

distance(0, {z € Bg,, fi(z) > 0}) > K3po. (2.2.9)

Proof. We may assume that for z = (z1,2’) € R x RN py = |£{(0)| = g—Q(O, 0), gil, (0,0) = 0, so that

Fi(@) > 1(0) + pra — 3 17l (2210)

Moreover, from (2.2.7), we know that there exists z € B(0, k3p2) such that fi(z) > 0. As a consequence, we
have 0 < fi(2) < f1(0) + prz1 + 5 | /1]l K303 and thus

1
11(2) 2 prs — pusdon — 5 I (o + wded). (2.2.11)
On the other hand, we have

1 1 1 1
12(2) < 12(0) + f3(0) + 315 000 + ¢ 15"l ol < ol + Bele] + 2 197 laf® + 542022



11

and the implications, for |z| < Ry,

1
p1T1 > p1K3p2 + B 171l (J2]* + K303) = fi(x) > 0= fo(z) > 0=

1 1
= 5f2(0)2* < riph + ripslal + S 1l |27 (22.12)

Let us take @ = Kkapoy with |y| = 1 (note that |x| = k2p2 < Rp); the property (2.2.12) gives, using p2/p1 < Cp,

1
y1 > m2(1+ ] [l Co) = =3 (0)y® < ropa(4 + 3 172" 1),

so that {y € SY=1, —f7(0)y* < rapa(4 + 3 1£5"ll)} D {y € S¥ "1y > ka1 + || 7'l Co)} and since the
larger set is closed and stable by symmetry with respect to the origin, we get, with

1
C1 =14 [1fillc Co, G2 = 4+ SIS

”oo7

the implication
Yy € SN_l, |y1| > koC] = —fél(O)y2 < K/QpQCQ. (2213)

Let us now take y € S¥~1 such that |y1] < k2C1(< 1/4). We may assume y = y167 @ y2€3, with €7, €3,
orthogonal unit vectors and yz = (1 — 3?)/2. We consider the following rotation in the (¢i,¢3) plane with
€0 = 5201 S 1/4,

R:( cos(2meg)  sin(2meg)

— sin(2meo) cos@m))’ oo that [(Byh| =y cos(2neo) + s sin(zmen)]

and since ey < 1/4,
[(Ry)1| > —|y1| + (1 — 7)"/?4e0 > e0(V15 — 1) > g = kaCh1.

Moreover the rotation R satisfies |R — Id|| < 2mep = 2mk2C1. We have, using (2.2.13) and |(Ry)1]| > #2C1,
lyl =1,

— 15(0)y* = — £ (0)(Ry)* — (f5(0)(y — Ry),y + Ry) < — 3 (0)(Ry)* + | £5(0)||ly — Rylly + Ry|
< k2p2Cs + 2p2|ly — Ry| < kopaCa + 2p22mkoCh.

Eventually, for all y € S¥~!, we have
—15(0)y? < k2pa(Cs + 4mCh) = Cakapa. (2.2.14)

Considering now the quadratic form @ = f§/(0) and its canonical decomposition @ = Q4 — Q_, we have, for
all y € RN (Q_y,y) < kapaCsly|?> + (Q+y,y). Using now the canonical orthogonal projections E+ on the
positive (resp. negative) eigenspaces, we write y = E1y @ F_y and we get that

(Q_y,y) = (Q—E_y, E_y) < Cskap2| E_y|* + (Q+E_y, E_y) = Csrapa| E_y|* < Csrapalyl’,

yielding (2.2.8). The proof of Lemma 2.2.2 is complete. [

Lemma 2.2.3. Let fi1, f2, f3 be real-valued functions defined in Br,. We assume that f1, fs are C2%, fy is
C3 and for x € Bp,,1 <j <k <3,
fi(z) > 0= fi(z) = 0. (2.2.15)

We define the non-negative numbers p1, p2, p3 by

p1= max(|f1(0)|%, |f1(0)])
p3 = max(|f3(0)|2, | f5(0)])

and we assume that, with a positive Cy,

pa = max(|f2(0)[%, [ £3(0)]2, |f5 (0)]), (2:2.16)

0<p1,p3 and pa < Comin(py,ps) < Comax(p1, p3) < Ro. (2.2.17)
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We define the non-negative numbers C1,Csy,Cs, by

Cr =1+ Comax(|f7' | oo () » 165 e (B )

. (2.2.18)
Co =4+ 2 f2 Ly, O3 =C2tdnCr
Assume that for some k1, k3 € [0,1], and 0 < koC3 < 1/2,
L0 < mal [ O)], [ f3(0)]V2 < ksl f3(0)], (2.2.19)
B(0,k3p2) N {x € Bg,, fi(x) > 0} # 0, (2.2.20)
B(0,k3p2) N {x € Bg,, f3(x) <0} #0. (2.2.21)
Then we have
max (| f2(0)['/%, |f2(0)['/%) < pa < iy " max(|f2(0)['%, | f5(0)'/%). (2:2:22)
Note that, whenever (2.2.20) or (2.2.21) is violated, we get
B(0,k3p2) C {x € By, fi(x) <0} or B(0,k3p2) C {2 € Bry, f3(x) > 0}
and thus
dist(0,{x € By, fi(x) > 0}) > k3pa or dist(0,{x € Br,, fa(x) < 0}) > K3p2. (2.2.23)

Proof. This follows almost immediately from the previous lemma and it is analogous to the remark following
the claim 2.2.1: assuming that we have

max (| f2(0)'/%, f3(0)'/2) < k2l 3 (0)] (2.2.24)

will yield |f4(0)] < Cskapa by applying lemma 2.2.2 (note that k2Cy < Iig% < slw < 1/4) to the couples
(f1, f2) and (—f3, — f2); consequently, if (2.2.24) is satisfied, we get

max (| f2(0)['/%, 1 £3(0)['/?) < pa < max(| f2(0)["?, |£5(0)['/?, Csrzps)
and since Cskg < 1, it yields
max (| f2(0)[*/3, ] £5(0)["/%) = pa, (2.2.25)

which implies (2.2.22). Let us now suppose that (2.2.24) does not hold, and that we have ka|f5(0)| <
max (| f2(0)[*/2, | £5(0)|/2). This implies (2.2.22):

max(] f2(0)[ V%, [f5(0)]%) < p2 < w3 " max(|£2(0)[2, [ £3(0)['/).
The proof of the lemma is complete. [J

Remark. We shall apply this lemma to a “fixed” ks, depending only on the constant Cs such as ko = 1/(2C3).

2.3. Inequalities for symbols. In this section, we apply the results of the previous section to obtain
various inequalities on symbols linked to our symbol ¢ introduced in (2.1.1). Our main result is the following
theorem.

Theorem 2.3.1. Let g be a symbol satisfying (2.1.1-2) and &y, p, v as defined above in (2.1.7), (2.1.13) and
(2.1.16). For the real numbers t',t,t", and X € R®*", we define

(0o(t', X)) | (do(t", X))
V(t’,X)1/2 V(t//,X)l/Q’
R(t, X) = A2 u(t, X)Y2u(t, X) "2 (50 (t, X). (2.3.2)

Nt X)=

(2.3.1)

Then there exists a constant Cy > 1, depending only on a finite number of semi-norms of q in (2.1.1), such
that, for t' <t <t", we have

50(t//7X)_50(t7X) 50(taX)_50(t/aX)
V(t”,X)l/2 V(t’,X)1/2

Cy'R(t, X) < N, t",X) + (2.3.3)
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Proof. We are given X € R?” and ' <t < t" real numbers.
First reductions. First of all, we may assume that, for some positive (small) k to be chosen later, we have

(Go(t', X)) < k(' , X)2 and  (5(t", X)) < kv(t”, X)V/2 (2.3.4)

In fact, otherwise, we have N(t',¢”, X) > k and since from (2.1.14), we have pu(t, X) < CA where C depends
only on a finite number of semi-norms of ¢, we get from (2.3.2), (2.1.16)

R(t, X) < CY2u(t, X) 71 2(5o(t, X)) < CM2 < CV2RTIN(H 7, X),

25

to obtain (2.3.3). Also, we may assume that, with the same positive (small) x,

so that we shall only need

v(t, X) < r?v(t',X) and v(t,X) < r*v(t’, X). (2.3.6)

Otherwise, we would have for instance v(t, X) > xk?v(#', X) and since t > ¢/,

—1/2 172,.—1 (9o(t, X))
R(t, X)) <A™ /“u(t,X) "k (. X)1/?
>0
< 01/21%—1 <50(t/7X)>+|60(t7X)_50(tl7X)|
- V(t’,X)l/Q
_ _100(t, X) = do(t', X)
1/2,.—-1 rogn 1/2,.—190\% o\,
< CY2TIN(E L, X) + CY 2 T
which implies (2.3.3) provided that (2.3.5) holds. Finally, we may also assume that
v(t, X) < r2p(t, X), (2.3.7)

otherwise we would have, using that do(t', X) < do(¢, X) < dp(t”, X) and the convexity of s — /1 + s2 = (s),

—1 000, X)) 1 (ot X)) (o, X))

R(t,X)SKJ W_ﬁ? T"‘KJ A1/2

and this implies, using v(¢', X ), v(t"”, X) < CA (see (2.1.17)),

1/2 -1 <5O(tlaX)>
R(t,X) < C/k LX)

1/2, -1 <50(t”7X)>
+C K _I/(tI/7X)1/27

which gives (2.3.3) provided that (2.3.5) holds. On the other hand, we may assume that
max((do (¢, X)), s/ 2|AY2¢ (¢, X)|/?) < 2ku(t, X)V/2. (2.3.8)
Otherwise, we would have either

lt X)Y2 < Mol X)) < ool X)

N —

which is impossible, or we would have

,LL(t,X)l/Q < 571/2|A1/2q’(t,X)|1/2

N =

1
gﬂ(ta X)Y2,  (which is also impossible).
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The estimate (2.3.8) implies that, for |x < 1/16 |,

Ald"(t, X))? < £X) < (Bo(t, X))+ AV (8, X)| + Alg” (¢, X)|?
lg" ( )I\_/u( )\_/<0( N7 HIA2 (X)) + Alg” (, X))

(2.1.13) (2.1.13)
< (4r2 +4r)u(t, X) + Alg" (8, X)) 2,
< (467 +4r)p(t, X) + Alg”(t, X))

(2.3.8)

and thus
(2.3.9)

"(t, X)|* < 2Alq" (¢, X))

Alg" (8, X)I* < ult, X) <
This implies that

R(t, X) < A™/2212A1 2| (1, X)| {9o(t, X))

({60t X))2 + Alg/(t, X) [2pu(t, X)~1) 2

< 2Y2¢"(t, X)|.  (2.3.10)

Rescaling the symbols. We sum-up our situation, changing the notations so that X = 0,¢' = t1,t = to, ¢ =
ts,v1 =v(t',0), 10 = v(t,0),v3 = v(t",0),0; = do(t;,0), u; = p(t;,0). The following conditions are satisfied:

(01) <y, (8s) < m’,
vy < IiQVl, v < H2V3, vg < HQMQ
1)
(02) < 20 (12.0), (23.11)

Rlt2,0) < 200" (62, Ol s, O @, 0] =
A|q”(t27 )|2 S H2 S 2A|q//(t270)|25
k<1/16, Cy>r"1CY2,

where k > 0 is to be chosen later and C depends only on a finite number of semi-norms of g. We define now
the smooth functions f;, fo defined on R?” by

AY) = a(tr VA0 20 fo(V) = 0Pk, Y),
and we note (see (2.1.1)-(2.1.15)) that || f{’|| ,« and || f3”|| .~ are bounded above by semi-norms of ¢; moreover

the assumption (2.2.1) holds for that couple of functions, from (2.1.2).

(2.3.12)

Lemma 2.3.2. We define

ph” = max((52), [11/°q (t2,0)]"/2, |11 "2q" (2,0)]). (2.3.13)

If max ((62), H1/2|V11/2q/(t2,0)|1/2) > 2&;1142, then (2.3.3) is satisfied provided Cy > 3/k.

Proof. We have either |1/11/2q”(t27 0)] < u1/2 < 1k71(0y) implying

1 (d2) 1 (61) 1 d02—061
/!
| (t O)| 2_ 1/2—%]/%/2 % Vi/g
which gives (2.3.3) (using R(t2,0) < 2|¢"(t2,0)] in (2.3.11)), provided Cy > 1/k, or we have
02, 0) < 17 < 52 (10, 02
"(ts 0)]2 1
|”(t2, 0)] so that (using R(t2,0) < 2|¢"(t2,0)[*(d2)/]¢' (t2,0)] in (2.3.11)), we get

implying 7

<
|ql(t2a 0)] ~ 4k
(8 O

R(t3,0) < 532 /2, which gives similarly (2.3.3), provided Cy > 1/(2k).
A consequerllce of this lemma is that we may assume
max ((d2), H1/2|V%/2q/(t2

and since k < 1/4, we get

iy’ = 2 q" (2, 0)],

L0)[Y/2) < 26p1” = 2k max((8a), |12 (t2,0)[Y/2, |1 2 ¢ (t2, 0))),

max ((82), £1/2|1/2q (2, 0)[1/?) < 2k[1/2¢" (t,0)|. (2.3.14)
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Lemma 2.3.3. The functions f1, fo defined in (2.3.12) satisfy the assumptions (2.2.1-2-3-4-5-6) in the
lemma 2.2.2.
Proof. We have already checked (2.2.1). We know from Lemma 2.1.7 that, with a constant C' depending
only on a finite number of semi-norms of ¢ (see (2.1.18)),
[£1(0) = q(t1, )My 2> < 01y,
but we may assume here that C' < 1/2: if we had |f1(0)| > V11/2/2, the function f; would be positive

(resp.negative) on B(0, roull/Q), with some fixed ro > 0 and consequently we would have |d;| > roull/Q. But

we know that (4;) < m/ll/z, so we can choose a priori k small enough so that |§;] > r0u11/2 does not occur.

From (2.3.11), we have (§;) < m/;ﬂ, the latter implying f{(0) # 0 from (2.1.16) since x? < 3/4 and more
precisely

p1=1£0) > (1= k)22 > 022, (2.3.15)
Moreover we have, from (2.1.18) and vy < kv in (2.3.11),
max(fiy g (t2,0)[/%, 111" (t2,0)]) < u1f” < Cun”?,
with a constant C; depending only on a finite number of semi-norms of ¢ and thus

max(| f3(0)['/2, £ (0)]) < 2C1p1. (2.3.16)

Moreover, we have from Lemma 2.1.7, A'/2|q(t,, O)|,u2_1/2 < Csua, so that with constants Cs, C3 depending
only on a finite number of semi-norms of ¢, using (2.3.8), we get

|f2(0)] < V11/2CQI/2A_1/2/J,§/2 < V11/203V2 < C3m2uf/2.

That property and (2.3.16-15) give (2.2.3) with Ry = Cp1, where C depends only on a finite number of semi-
norms of g. We have already seen that the constants occurring in (2.2.4) are bounded above by semi-norms
of ¢ and that (2.2.5) holds. Let us now check (2.2.6). We already know that, from (2.3.14),
F0)[/2 = [172q/ (t2, 0)['/2 < 2612|112 (22,0)| = 25/2| £5(0)]. (2.3.17)
3/2

If we have |V11/2q(t2, 0)| > /25" then for |h| < /@1/3;&42, we get, using 1 < A and Taylor’s formula along
with (2.3.13-14),

1 .
1 altz )| 2 K207 = A ply” = S - Cul AT Ry
2/3
= i = = ) = 22> 0,

provided & is small enough with respect to a constant depending only on a finite number of semi-norms
of g; that inequality implies that the ball B(0, fil/?’u}f) is included in Xy (t2) or in X_(¢2) implying that
160(t2,0) = 65| > k1/3u3%% which is incompatible with (2.3.14), provided x < 273/2, since (2.3.14) implies
|02] < 2&;1142. Eventually, we get

2003 = |11 2q(t2,0)[ /3 < £MOu1t® = k10| 5 (0)] (2.3.18)

and with (2.3.18) we obtain (2.2.6) with
Ko = K6, (2.3.19)
The proof of Lemma 2.3.3 is complete. [

End of the proof of Theorem 2.3.1. To apply Lemma 2.2.2, we have to suppose (2.2.7). In that case we get
121" (t2,0)-| = |f5(0)-| < Craps = OkM/ou1 | (t5,0)] pe.

|q//(t27 O)*| < C’{l/6|qu(t25 O)

. (2.3.20)
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If (2.2.7) is not satisfied, we obtain, according to (2.2.9), (2.3.19) and u12 = V11/2|q”(t2, 0)],
do(t1,0) = 01 < =¥ %" (12,0)],

which gives $R(t2,0) < |¢"(t2,0)| < n_1/3‘f—}|2 and (2.3.3) provided Cy > 3k~ /3. If we introduce now the
61
smooth functions F, Fy defined on R?" by

F(Y) = —qts, Y)A2u3 "2 Fy(Y) = —a%q(te, V), (2.3.21)

starting over our discussion, we see that (2.3.3) is satisfied, provided
k<Ko and Cy> ok 1, (2.3.22)
where kg, y9 are positive constants depending only on the semi-norms of g, except in the case where we have

(2.3.20) and
l¢" (t2,0)+| < Ck%|q" (t2,0)

. (2.3.23)

Naturally, since |¢”(t2,0)| = |¢” (t2,0)+| + |¢” (t2,0)_]|, the estimates (2.3.20-23) cannot be both true for a x
small enough with respect to a constant depending on a finite number of semi-norms of ¢ and a non-vanishing
q"(t2,0) (that vanishing is prevented by the penultimate line in (2.3.11)). The proof of Theorem 2.3.1 is
complete.

Remark 2.8.4. The reader may find our proof quite tedious, but referring him to the simpler remark following
claim 2.2.1, we hope that he can find there some motivation to read the details of our argument, which is
the rather natural quantitative statement following from that remark. On the other hand, Theorem 2.3.1 is
analogous to one of the key argument provided by N.Dencker in [D3] in which he proves, using our notations
in the theorem,

Rt,X) SN ", X)+ 6", X)—o(t', X) (2.3.24)

which is weaker than our (2.3.3). In particular, R (and N) looks like a symbol of order 0 (weight 1) whereas
the right-hand-side of (2.3.24) contains the difference o (", X) — do(t’, X ), which looks like a symbol of order
1/2. Our theorem gives a stronger and in some sense more homogeneous version of N.Dencker’s result, which
will lead to improvements in the remainder’s estimates. Also, we note the (inhomogeneous) estimate

A2, X) 2w, X) V2 S N(E 1, X)),

which is in fact a consequence of our proof, but is not enough to handle the remainder’s estimate below in
our proof, and which will not be used: in fact (2.3.3) implies

A71/2u1/2V71/2 = R{5)"
N, ¢, X) 6", X)—bo(t, X) 8o (t, X) — do(t', X)
~ 0ot X)) v, X)M2(00(, X)) v(t, X)H2(do(t, X))
_NEY)
~ <50(t7X)> I/(tlle)l/2

1
SN, X).
o, SN X)

2.4. Quasi-convexity. A differentiable function 1 of one variable is said to be quasi-convex on R if w(t)
does not change sign from + to — for increasing ¢ (see [H7]). In particular, a differentiable convex function
is such that ¢ (t) is increasing and is thus quasi-convex.

Definition 2.4.1. Let o1 : R — R be an increasing function, C; > 0 and let p; : R — R;. We shall say
that p; is quasi-convex with respect to (Cy,07) if for ¢1,t2,t5 € R,

t1 <ty <ty => p1(te) < Crmax(p1(t1), p1(t3)) + o1(ts) — o1 (t1). (2.4.1)

When o7 is a constant function and C7 = 1, this is the definition of quasi-convexity.
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Lemma 2.4.2. Let o1 : R — R be an increasing function and let w: R — Ry. We define

pr(t) = (w(t') Fwt) + o (") — o (t')). (2.4.2)

inf
t<t<t!

Then the function py is quasi-convex with respect to (2,01).

Proof. We consider t; <ty < t3 three real numbers. We have

pr(ts) = b (w(t) +w(t) +or(t) o (t)

inf
(W) +w(t") + o1 (") = 01(ts) + 01 (t1) — 1 (¥)) + o1 (ts) — o1 (1)

< inf
t/<ty,t3<t”

< nf (W) ) +wlth) + ot + (") - or(th) + o1 (#) = o1 (t)) + o (ts) — o (1)
t’_tl_t/l’,
th<tz<t”

pi(t1) + p1(ts) + o1(ts) — o1(t1) < 2max(p1(ta), pr(ts)) + o1(ts) — o1(t1). O

The following lemma is due to L.Hérmander [H9].

Lemma 2.4.3. Let 01 : R — R be an increasing function and let w : R — Ry. Let T > 0 be given. We
consider the function p1 as defined in Lemma 2.4.2 and we define

1t
Or(t)= sup {0’1(8) —o1(t) + —/ p1(r)dr — pl(s)} . (2.4.3)
—T<s<t 2T s
Then we have
2T0,(Or + 01) > p1, and for |t| <T, |07(t)] < p1(t). (2.4.4)

Proof. We have Or(t) > —pi1(t), and

Or(t) +01(t) = sw_{o1(6)+ 5 /50p1<r>dr—p1<s>}+§ /Otpmr)dr,

—T<s<t

increasing with ¢

so that 0,(O1 + o1) > %pl. Moreover, from the proof of Lemma 2.4.2, we obtain for s < r < t that
p1(r) < p1(s) + p1(t) + o1(t) — 01(s) and thus

o7 | p0dr < [ ) £ 1) + 16 + 01(0) (o)

which gives Or(t) < p1(t), ending the proof of the lemma. O
Definition 2.4.4. For T > 0, X € R*" |t| < T, we define

{9 (t, X))

(AJ(t,X) = W, g1

t
(t, X) = do(t, X), n(t,X) :/ do(s, X)A~1/2ds + 2T, (2.4.5)
-T

where g, v are defined in (2.1.7),(2.1.16). For T' > 0, (¢, X) € R x R?", we define O(t, X) by the formula
(2.4.3)

o, X)= _;lipq {ol(s,X) —o1(t, X) + %/ p1(r, X)dr — pl(s,X)} ) (2.4.6)

where p; is defined by (2.4.2). We define also

m(t,X) = 6o(t, X) + O(t, X) + T 150 (t, X)n(t, X). (2.4.7)
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Theorem 2.4.5. With the notations above for ©, p1, m, with R and Cy defined in Theorem 2.5.1, we have
forT>0,[t|<T, X eR™ A>1,

(do(t, X)) _
O, X)| < p1(t, X) < 2W7 o1 (¢, X)| = 60(t, X)), (2.4.8)
CoVR(, X) < pr(t, X) < 2T% (60, %) + 0(t, X)) (2.4.9)
0 <n(t,X) <A4T, %(5077) > 02TV Il (t,X)| < ATA™Y2 (2.4.10)

(80)2A71/2. (2.4.11)

d 1 1
T > BA V2> Ry A2 >
dtm pl +% — 20 *%

23/ 2Cy
Proof. Tt follows immediately from the previous results: the first estimate in (2.4.8) is (2.4.4), whereas the
second is due to p; < 2w which follows from (2.4.2). The equality in (2.4.8) follows from Definition 2.4.4.
The first inequality in (2.4.9) is a consequence of (2.4.2) and (2.3.3) and the second is (2.4.4). The first two
inequalities in (2.4.10) are a consequence of |5o(¢, X)| < AY/? which follows from definition 2.1.4. The third
inequality reads

d : . . B
= (0om) = don + o > don = 3GA 12,

and the fourth inequality in (2.4.10) follows from (2.1.8). Let us check finally (2.4.11): since m = 6o + © +
T=1507, (2.4.4) and the already proven (2.4.10) imply T%m > 1p; + 63A~1/2 and (2.4.9)(proven) gives

1 1 1
§p1 +5SA71/2 Z 2_610R+63A71/2 — ﬁ/x71/2/111/2yfl/2<60> +5SA71/2
1 1
_A—1/2 2—1/2 5o 62
2 agt TR0+ %) = e
from (2.1.17)

A_1/2<50>2,

completing the proof of Theorem 2.4.5. [

3. ENERGY ESTIMATES
3.1. Preliminaries.
Definition 3.1.1. Let 7' > 0 be given. With m defined in (2.4.7), we define for [¢| < T,
M (t) = m(t, X)Wick, (3.1.1)
where the Wick quantization is given by the definition A.1.1.
Lemma 3.1.2. With T > 0 and M given above, we have with p1 given in (2.4.2), for |t| <T, A > 1,
d

1 Wick 1 . Wick
a S Wick |~ (52 -1/2 5 Wick —1/52 —1/2
dtM(t) > 2T (6, X) T((SO) A > —ZCOTR +T77(65) A
1 2\Wick A —1/2
> W(<5o> ) A . (3.1.2)
(do(t, X))

o, X)| < t,X)<2————~~ 3.1.3
| (7 )|_P1(7 )— V(t,X)l/T ( )
T80 (t, X)n(t, X)| < 4]60(t, X)|, (3.1.4)
T80 (8, X)n(t, X)| + T~ Ydox (t, X )0’y (t, X)| < 12. (3.1.5)

Proof. The derivative in (3.1.2) is taken in the distribution sense, i.e. the first inequality in (3.1.2) means
that (A.1.5) is satisfied with

t
a(t,X)=m(t,X) — 21T/ pl(sts—— 1/2/ So(s, X)?

It follows in fact from (2.4.11). The other inequalities in (3.1.2) follow directly from (2.4.11) and the fact
that the Wick quantization is positive (see (A.1.3)). The inequality (3.1.3) is (2.4.8) and (3.1.4) follows from
(2.4.10) whereas (3.1.5) is a consequence of (2.1.8), (2.4.10) and Definition 2.1.4. O
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Lemma 3.1.3. Using the definitions above and the notation (A.1.4), we have

O(t,-) * exp —27T € S({do(t,))v(t,)~Y/2,T), (3.1.6)
So(t,-) = exp —27T € S((6o(t,-)),T), (3.1.7)
Sox (t,) xexp—2nT € S(1,T), (3.1.8)

T 'n(t,-) xexp—2aT € S(1,T), (3.1.9)
T~'n(t, )y *exp—27T € S(A~Y2 1), (3.1.10)

with semi-norms independent of T < 1 and of t for |t| < T. According to the definition 1.5.1, the function
X — (60(t, X)) is a T-weight.

Proof. The last statement follows from (2.1.8). The inequalities ensuring (3.1.6—10) are then immediate
consequences of the lemmas 3.1.2 and A.1.3. O

3.2. Stationary estimates for the model cases. Let T > 0 be given and Q(t) = ¢(¢)" given by (2.1.1-2).
We define M (t) according to (3.1.1). We consider

1 1
Re(Q(t)M(t)) = 5Q(t)M(t) + 5M(zt)Q(zt) = P(t). (3.2.1)
We have, omitting now the variable ¢ fixed throughout all this section 3.2,
P = Re {qw (5o(1 +T)) V' 4 groWick]|. (3.2.2)

[1]. Let us assume first that ¢ = A=Y/2u/202Bey with B € Sp'/?,v7'T),1 < eg € S(1,v7'T) and
So = . Moreover, we assume 0 < T71n < 4, T /| < 4A"1/2, 0| < C(6o)v~Y2. Here A, u,v are
assumed to be positive constants such that A > p > v > 1. Then using the lemma A.1.5 with

a1 = Peg, m1={B), a2=(1 —I—T*ln)eal,mg = Vﬁl/Q,
we get, with obvious notations,
(80e0) Vi (eg " (1 +T710) ™" = (80 (1 +T71m) ™ + S((@o)p /2, 1)
and as a consequence from the proposition A.1.2(2), we obtain, with
Bo = Beo, Mo =ey (1+T 1), (3.2.3)

Wick

the identity (80" + S(v=/2,v71T) ) pVick = (5o(1+ T~ 1)) + S((86)r=/2,1)", entailing

_ Wick w ic _ w
(o (1 +T74n) ™ = o + S((6)r~Y/2, )"
As a result, we have
—ATY21/2(50)
QM _ A_1/2N1/2V1/266Uﬁg)u77(\)7vi(:k +BE)US(A_l/2/,L1/2V1/2<50>V_1/2,P)w
B S(AY2 2 2 g 2 Ty

=A=1/2u1/%(80)

This implies that, with 79 = 1/supeg > 0, (so that 1 <eg < ”yal)
es(v=1/2 v,
2Re QM _ 2A71/2u1/2yl/260w77(\)/\710k680 + 2R6680A71/2'u1/2y1/2 [ngvngvlck}
+Re BES(A™Y 212 (50), T
_ 2A—1/2u1/2yl/266un(\)/vickﬁau + Reﬁg}s(A—l/Qul/2<6O>, I\)w
> AT 2P 22 300 BY 4 BEBY 4 Y B, (3.2.4)

since T]()Ze(;l
from n>0 in (2.4.10)
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with by € S(A~1/2u1/2(50),T). With the notation A = A~/2u1/21/2~; we use the identity,
A2 RN B B 4 BB + by By = (A2 + ATVBE) (A28 + A2 A

so that from (3.2.4), we obtain with by real valued in S(AY2u =1 /20"12A7114(60)2,T), the inequality

A=1/21/2=1/2(§)2
2Re QM + b¥ > A~Y/2 121 2 ge g (3.2.5)
Using now (A.1.11), we get, with a “fixed” constant C, that

b < CA_1/2/L1/2V_1/2(1 +ﬁ2)Wick — CAV21/2-1/2 Id+CA_1/2M1/21/_1/2(ﬁgeaz)WiCk
< CAV21/2-1/21g +CA_1/2u1/2u_1/2(ﬁg)WiCk,

and since, from the proposition A.1.2(2), we have
BVr = ()" + S(L,v'T)Y = gy By + S(1,v'T)Y,
the inequality (3.2.4) implies

2R€QM+CA_1/2M1/21/_1/2 Id+CA_1/2/L1/2V_1/2ﬁ0wﬁ0w+S(A_1/2/L1/2V_1/2,V_1F)w
> 2Re QM + by > A~V 20 20 B8 By

so that
RQQM+ S(A_1/2M1/2V_1/2,P)w > ﬁ(’l)uﬁg)u(A—l/Qul/le/Q,yo _ C/A_1/2M1/2V_1/2). (326)

The rhs of (3.2.6) is nonnegative provided v > C’v; ' and since C'y; ! is a fixed constant, we may first
suppose that this condition is satisfied; if it is not the case, we would have that v is bounded above by a
fixed constant and since v > 1, that would imply ¢ € S(A=Y/24'/2 T) and P € S(A~Y/2u'/2 T)*. In both
cases, we get

Re QM + S(A~Y/2,1/2,=1/2 Tyw >, (3.2.7)

[2]. Let us assume now that ¢ > 0, ¢ € S(A=Y2u12v, v=IT), yvt/2 < 6 < 7611/1/2 with a positive
fized constant ~o. Moreover, we assume 0 < T~ < 4, T~ /| <4A~2, |©(X)| < C, © real-valued. Here
A, p, v are assumed to be positive constants such that A > p > v > 1. We start over our discussion from the
identity (3.2.2):

Wick
P =Re [qw (50(1 + T 1) + @) ] (3.2.8)
We define
ap =6(1+T71n) (3.2.9)
and we note that yov'/? < ag < 5y /2.

Remark 3.2.1.  We may assume that /2 > 2C'/~p which implies C' < %701/1/2 so that

1
EWOVW <ag+0 < 5y, " + Cyo/2)rY2 (3.2.10)

In fact if v¥/2 < 2C/vo we have (o(1+ T 'n) —I—@)WiCk
S(A=Y/2u1/2, T) so that (3.2.7) holds also in that case.
We have the identity

e S(1,0)w, AY?2u=12¢ € S(1,T) and P €

,701/1/2 S ag S 5,7071]/1/2,

[30]

3 » (3.2.11)
lag] <10+ 75 4415 <10+ 49 .

g" (o1 +T7'0) "™ = g a}" ™ with {

The Weyl symbol of (ag + ©)Wick which is

a = (ap + O) * 2" exp —27T, (3.2.12)
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belongs to S;(v*/2,v7T")(see definition A.5.1): this follows from the lemma A.5.3 and (3.2.11) for ag *
exp —27[" and is obvious for © * 2™ exp —27" which belongs to S(1,T'). Moreover the estimates (3.2.10)
imply that the symbol a satisfies

%wﬂ/? <a(X)= /(ao +O)(X +Y)2"e Ty < (5yg !t + Cryo/2)0' /2. (3.2.13)

As a result, the symbol b = a'/? belongs to Sy (v'/*,v71T") and 1/b € Sy (v~/*,v7IT"): we have
271/273/%1/4 < bl < (5%—1 +O”Yo/2)1/21/1/4
and moreover a’ = af, * 2" exp —27I" + © x 2" (exp —27T")’, so that, using

la'| <10+ 45t + C']|2™ (exp —27TF)’||L1<R2"> =y,

we get 2|b/| = |a/(X)|a(X)/? < 21/245/2)=1/4C; | and the derivatives of a'/? of order k > 2 are a sum of
terms of type
az=ma®) a¥m) with ky 44k = K, all kj > 1,

which can be estimated by Cyi—% < Cy~1 since m > 1. Similarly we obtain that b=! € Sl(u_1/4, V‘ll").
From the lemma A.5.2, we have b“b% = a® + S(v=2,T)% = (ap + ©)WVi%* + S(v~1/2,T)*, which means
(ag + ©)Wick = pwpw 4 pw  ry € S(v~1/2.T), real-valued. Using that 1/b belongs to Sy (v=1/4,v71T), we
write, using again the lemma A.5.2,

1 w 1 w
(b+5b71r0) " (b 507 r0) " = 0B+ + ST BT T,

which gives,
: 1 w 1 w
(ao +O)Vik = (b + 5()_17“0) (b+ 51)_17“0) + ST, (3.2.14)
Note that by = b+ b7 !rg belongs to Sy (v*/4,v~'T') since it is true for b and b~1rg € S(v=/4,I): we get

then
S(A’l/z,ul/zul/“u’l/“,l")

2Re(q" (a0 + ©)™*) = 2b5¢" b5 + [ [, b5 ] 051+ Re(q“S(v™1,T)")
———

S(A=1/241/21/2-1/4T)

so that
P =bPq b + S(A1/2u1/2 Ty, (3.2.15)

Using now the Fefferman-Phong inequality ([FP], Theorem 18.6.8 in [H6]) for the nonnegative symbol ¢, we
get by qby = by (¢ + CA=Y 2 2y~ bw 4 S(A=1/2 1/ 2p=1/2 TYw > §(A=1/21/2=1/2 TY o that, from
(3.2.15) we get eventually

Re(QM) + S(A~Y2u1/2 T)w > 0. (3.2.16)

3.3. Stationary estimates. Let T > 0 be given and Q(t) = ¢(¢)" given by (2.1.1-2). We define M ()
according to (3.1.1). We consider

1

Re(Q(t)M(t)) = %Q(t)M(t) + 5M(t)Q(t) = P(t). (3.3.1)

We have, omitting now the variable ¢ fixed throughout all this section 3.3,

P =Re [qw (50(1 +T)) V' 4 groWick]|. (3.3.2)
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Lemma 3.3.1. Let p be the Weyl symbol of P defined in (3.3.2) and O =0x2" exp —27[', where © 1is
defined in (2.4.6) (and satisfies (2.4.8)). Then we have

p(t, X) = po(t, X) = q(t, X) (50(1 FT 1) * 2% exp —2wr) +q(t, X)O(t, X), (3.3.3)
modulo S(A='/2M2u=1/2(5,),T).
Proof. Using the results of section 2.1, we know that the symbol X +— ¢(¢, X) belongs to the class
SN2 (e, X)V2u(t, X), v(t, X)7'T)
as shown in lemma 2.1.7. In fact from (2.1.18) we know that ¢ € S(A~'/24/2y, b 71T"), and from (3.1.3) and
Lemma A.1.3, we obtain, using Theorem 18.5.5 in [H6],

~ o~ 1 ~ B B
a0 = 0 + {q, @} FS(ATY2UM 20712500, T).

This implies that Re (¢#0) € ¢© + S(A~1/2/2=1/2(6,), T). On the other hand, we know that

Re(qﬂ [60(1 + T ') * exp—2ﬂ'FD =qw + Z caﬁq(o‘)w(ﬁ) + S(ATYV2 271 )
la|=[B]=2

so that it is enough to concentrate our attention on the “products” ¢”w”. We have
(do(1 + Tfln))” xexp —27" € S(1,T)

and since ¢” € S(A~Y/2u1/2 v71T), we get a remainder in S(A~'/24'/2 T), which is fine as long as (5o) >
cv'/?. However when (8y) < cv'/?, we know that, for a good choice of the fixed positive constant ¢, the
function dy satisfies the estimates of S(v'/2, v~1T"), since it is the T-distance function to the set of (regular)
zeroes of the function ¢ so that ¢”6) € S(A~/2u1/2v=1/2 1y~1T) which is what we are looking for. However,

we are left with
q" (6om * exp —27T)'T L.

Since we have (6on)” = 6i/n + 2640 + Son” and |61n + 204n'| < CT(v~=1/% + A=1/?), we have only to deal
with the term

don’" * exp =27 = /60(Y)77”(Y) exp —271(X — Y)dY

/50 Y)exp—27T(X - Y)dY — /50 n'(Y)4r(X —Y)exp —271(X —Y)dY.
H_/

<TA-1/2 <STA-1/2(50)

For future reference we summarize part of the previous discussion by the following result.

Lemma 3.3.2. With the notations above, we have

‘(50(1 +T7 ')« exp—2ﬂ'I‘)’ < C{dyp), ‘(50(1 +T7 )« exp—27TI‘)/ <C,

‘(50(1 +T7 ') x exp—2ﬂ'F)H < C(do)v~ 12,

Proof. Starting over the discussion, we have already seen that the result is true whenever (o) > v1/2. More-
over when (§p) < /2, we have seen that |§]| < v~1/2 and T~!|n| < 1; moreover we have already checked
|n'| S TA=Y? and T-6n'| S A~Y2 < v=1/2 as well as |don” * exp — 27r1"| SATY2(850) < (G~ V2 O

Eventually, using the lemma A.1.3, we get that the first integral above is in S(TA~'/2 T') whereas the
second belongs to S(TA~'/2(5y),T). Finally, it means that, up to terms in S(A~Y2u'/2u=1/2(5y),T), the
operator P(t) has a Weyl symbol equal to the rhs of (3.3.3). O
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We shall use a partition of unity 1 = >, x? related to the metric v(t, X)~'T" and a sequence (%) as in
section 1.4. We have, omitting the variable ¢, with py defined in (3.3.3),

po(X) = 3" k(X)2q(X) / 5o(¥) (14T 'n(Y))2" exp 27T (X — V)dY
k

+)k(X)%g(X) / O(Y)2" exp —27[(X — Y)dY.
k

Using the lemma A.1.6, we obtain, assuming §y = dpi, © = Ok, q¢ = g on Uy

po = inqk(%k(l + T7'p) * 27 exp—2ﬂ'F) + inqk(@k * 2" exp—2ﬂ'F) + S(A™Y2 2= ).
k k (3.3.4)

Lemma 3.3.3. With ék = O x2"%exp =27, dy = Sor(1+T"1n)*2" exp —27T" and qi, xx defined above,
we have

> xktarditxe + D xrdarOrtixe = po + S(AV 22072 (5,), ). (3.3.5)
K k

Proof. We already know that |dy| < (do), |di| S 1, |d}| < (do)r~1/2, so that
[(ardi)” = aildi + 21y, + | S A2 2 ({00) + 012 + 1 2(G0)) S ATV (G0). (3.3.6)
As a consequence, we get

1 1
> xwbardiixe = Z(Xk%dk + 3 Do awdi} + S (A 1/2M1/2<50>V1/2)7F))ﬁ)(k
k k

_ L —1/2,,1/2 —1/2
—;(xqudﬁ 4m{xk,qkdk})ﬁxk+zkjs<zx 2 80)r 2, T

1 1 1
= ;(qu}’cdk + Tir {xk, dek})Xk +— % {Xkadk + Tir {Xk, qdi} Xk}

dim
+ S(ATVY )2, )
since |(xeqrdr)"X{| < ATV2uM2((80) 4+ V2 + vy V2wt < (S)r/2ATY 21 /2. Using now that
Xkiqrdiixr is real-valued, we obtain

1 _ _
> Xwbardrixe = Y Xradi — 1672 > ALk akdi} s xa} + S(AV2 2 (50)v 712 T). (3.3.7)
P k B

We note now that, using (3.3.6), we have

{{xk aedi} s xut = —H2, (ardi) € S(A2u'2(50) /2071 T0). (3.3.8)

We examine now the term

Xkt Ortxe = (xkarOr) txe + i {Xk; Qkék} fxr + ST ATV 2 250y 2 T
We have
XkaeOkExk € X7arOk + S(v ATV 2y (o) V2T,
ﬁ {ka qkék} € iR+ S V2N 220 (5,02 ).
Since Xkﬁqkékﬂ)(k is real-valued, we get

> xktarOrtixe = Y x3axOk + S(AT 22 (5o)v 12 T). (3.3.9)
B B

Collecting the information (3.3.4), (3.3.7), (3.3.8) and (3.3.9) we obtain (3.3.5) and the lemma. O

From this lemma and the lemma 3.3.1 we obtain that

Re(Q(O)M (1)) =Y X (ardi + axOk) "X} + S(A™/ 22 (3o)v =12 1) (3.3.10)
k

Moreover the same arguments as above in Lemma 3.3.1 give also that

Re(ql'd +¢°OF) = (qudi + q101)" + S(A™Y2u2(80)v= /2, T)w. (3.3.11)
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Proposition 3.3.4. Let T > 0 be given and Q(t) = q(t)* given by (2.1.1-2). We define M (t) according to
(3.1.1). Then, with a partition of unity 1 =, X3 related to the metric v(t,X)™'T we have

Re (Q(t)M (1)) = > xi Re(qi'dy + g O ) xi + S(A™/2 2 (80)y =172, T)" (33.12)
k
and  Re (Q(t)M(t)) + S(AY2u 2 (50)v=1/2, )% > 0. (3.3.13)

Proof. The equality (3.3.12) follows from (3.3.10-11). According to Lemma 2.1.9, we have to deal with four
subsets of indices, FE1, Ey, Egp. The classification in Definition 2.1.8 shows that section 3.2.[1] takes care of
the cases Ey and shows that, from (3.2.7),

for k € By, Re(qldy +q'Oy) + S(A™Y2u1/2~1/2 1) > 0. (3.3.14)
Furthermore, the estimate (3.2.16) in section 3.2.[2] shows that
for k € By, Re(qydy + grOw) + S(AY2 M 212 (50), T > 0. (3.3.15)
Moreover if k € Eyg, the weight v is bounded above and
qrdy + qrey e S(A2uM2 12 Ty, (3.3.16)

The equality (3.3.12) and (3.3.14-15-16) give (3.3.13). O
3.4. The multiplier method.

Theorem 3.4.1. Let T > 0 be given and Q(t) = q(t)* given by (2.1.1-2). We define M(t) according to
(3.1.1). There exist Ty > 0 and cop > 0 depending only on a finite number of v in (2.1.1) such that, for
0<T <Ty, with D(t,X) = (6(t, X)), (D is Lipschitz continuous with Lipschitz constant 2, as d¢ in (2.1.8)
and thus a T-weight),

%M(t) +2Re (Qt)M(t)) > T~ (D?*)WickA~1/2¢,. (3.4.1)

Moreover we have with m defined in (2.4.7), m(t,-) = m(t,-) * 2™ exp —27T,

M (t) = m(t, X)Vik = m(t, X)*, with m € S1(D, D°T) + S(1,T). (3.4.2)
m(t,X) =a(t,X) +b(t,X), |a/D|+ |a’y| + |b| bounded, m >0,

a=261+T"1y, b=06.

Proof. From the estimate (3.1.2), we get, with a positive fixed constant Cp,

d 1
—M(t) >
7M@)

> o (A2l 212 () Wik 4 1 (53) A,
0

and from (3.3.13) and Lemma A.1.4 we know that, with a fixed (nonnegative) constant Cy,
2 Re (Q(E)M (1)) + C1 (A~ Y2}/ 212 (g, Wiek > g,

As a result we get, if 4C1CyT < 1 (we shall choose Ty = m),

p 1
EM(f) +2Re (Q(t)M(t)) > 4C,T

WickA_1/2

(A_1/2M1/2V_1/2<60>)WiCk + T—1(6(2))

Using (2.1.17)( p > v/2), this gives

%M(t) +2Re (Q(t)M(f)) > T_IA_1/2(1 + 5§)Wick(

1
25/2C) + 1)’

which is the sought result. O



25

4. FROM SEMI-CLASSICAL TO LOCAL ESTIMATES

4.1. From semi-classical to inhomogeneous estimates. Let us consider a smooth real-valued function
f defined on R x R™ x R", satisfiying (2.1.2) and such that, for all multi-indices «, (3,

sup (950 f)(t, @, ©)|(1 + €)= Cog < oo (4.1.1)

tER
(z,€)ER2™

Using a Littlewood-Paley decomposition, we have

Flt,2,8) = f(t,2,8)¢;(§)*, supp o compact,

JjEN
for j > 1, suppp; C {£ € R, 2771 < |¢] < 271}, sup |9 ¢; (€) |27 < 0.
Y

We introduce also some smooth nonnegative compactly supported functions ¢;(§), satisfying the same esti-
mates than ¢; and supported in 2072 < |£] < 2972 for j > 1, identically 1 on the support of ¢;. For each
j € N, we define the symbol

Qj(t,$,€) = f(tafcaf)%(ﬁ) (412)

and we remark that (2.1.2) is satisfied for ¢; and the following estimates hold: |(8§‘8?qj)| < C;ﬁA;_‘ﬁl,
with A; = 27. Note that the semi-norms of ¢; can be estimated from above independently of j. We can
reformulate this by saying that

q; € S(A;, A;'Ty),  with T(t,7) = [t]A; + |7]*A; " (note that T'; = T'7). (4.1.3)

Lemma 4.1.1. There exists Ty > 0,co > 0, depending only on a finite number of semi-norms of f such
that, for each j € N, we can find D; a I'j—uniformly Lipschitz continuous function with Lipschitz constant
2, valued in [1,/2A,], aj, b; real-valued such that

a; (f, X)
D;(t,X)

sup ( ‘ + HV)caj(t,X)HFj + |bj(t,X)|> < 0. (4.1.4)
jeNIti<Ty

Xerin
Moreover we have with m; = a; +b;, m;(t,-) =m;(t,-) *2"exp—27L;, Q,;(t) = ¢;(t)",
M;(t) = my(t, X)VH<T) = (¢, X)), with m; € S1(Dy, D;°T;) + S(1,T;), (4.1.5)
(the Wick(T';) quantization is defined in definition A.1.7) the estimate

WiCk(Fj)A._l/ch. (416)

D) + 2Re (Qs(0)M; (1)) > T (D?) ;

dt

Proof. It is a straightforward consequence of Definition A.1.7 and of Theorem 3.4.1: let us check this.
Considering the linear symplectic mapping L : (¢,7) — (A;l/zt,A;ﬂT), we see that the symbols ¢; o L
belong uniformly to S(A;, Aj_ll"o). Applying the theorem 3.4.1 to ¢; o L, we find D a I'p—uniformly Lipschitz
continuous function > 1, a, b real-valued such that

a(t, X)
D(t, X)

s ( ‘ +IVxa(t, X)|p, + |b(t,X)|> < 00, (4.1.7)
jer\ﬂzSTo
X eR=m

and so that, with m =a+0b, m(t,-) =m(t,-) * 2" exp —2nLy, Q(t) = (¢g;(t) o L),

M(t) = m(t, X)Vik = i(t, X)*, with m € Sy(D, D™*Ty) + S(1,Ty),

%M(t) +2Re (Q(t)M (1)) > T~ (D) VI A2, (4.1.8)
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Now we define the real-valued functions a; = ao L™1,b; = bo L™, D; = D o L™! and we have, since
[o(S) = T3(LS),

B 19 xas 0, + yte )
- ! .
| h | . e e
= 72((22_11?) + S —W(tfi%ﬁg T + [b(t, L71X)|
- [l 2 e 0, + bt 20

so that (4.1.7) implies (4.1.4). Considering now m; = a; + b; and for a metaplectic U in the fiber of the
symplectic L (see definition A.1.7), we have

M;(t) = mj(t, X)Wk = g7 (m; o L)WickToO =, (4.1.9)

Thus we obtain

d

EMj(t) +2Re (Q;(t)M;(t))

d .
( e} L)chk(Fo)U*+2Re (UU q;( ) U(mJ o L)chk(Fo)U*)

rom :U_
from (4.1.9.) o

d .
d_ . L Wick(To) +2Re (U q;( ) U(mj o L)chk(Fo))} U*
d

chk(Fo 2R, ( o L)V Wick(Fo)):|U*
(qoL)*=U"q"U 2Re ({g; 0 L)*(m)

= UG 0m

using ook } [
from (4.1.8) > U[ W‘Ck F0>A 1/2 }U*

from (A.1.16) =T UU* (D2 oL~ )W‘Ck(rj)UU*Aj—l/ZCO

_ T—l(Djz_)Wick(rj)A;l/QCO

)

which is (4.1.6), completing the proof of the lemma. O
We define now, with ¢; given after (4.1.1), M, in (4.1.5)

= WA M ()l (4.1.10)
jeN

Lemma 4.1.2. With M; defined in (4.1.5) and @;,v; as above,

Z PY M () (L= 9)f ()"} € S((€) ™, (&)ldaf* + (&) ~*|de[*)”, (4.1.11)

Z% (L= fX)" € SUE ™, (E)dxl? + (€) " |de[*)™. (4.1.12)

Proof. Since 1; = 1 on the support of ¢;, we get that, uniformly with respect to j,
(L =) f(1) ey € SUE ™, |dal|* + (&) *|dE*)™. (4.1.13)

Since m; € S(A;/Q, Aj|dac|2+A;1|d§|2), we get that ¢;m; € S((€)1/2, (€)|dx|?+(€)~|d€|?), and consequently
ity € S((EY?, (€)|dal* + (&) ~"|d€[?) so that

it mit(L — ;) f(£)es € S((€)°, (€)ldal* + (€)M dEI*) € S((€) ™, Idal® + |d¢[). (4.1.14)
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Moreover we have @ (1 —v;)m; € S(A7>, Ajldz|* + A;1|d§|2) C S(A;>, |dx]? 4 |d¢[?) so that (4.1.13)
implies

Pil(L = w)mgd(1 — ) f(De; € S(€) ™, |da|* + |dg]*) € S((&) 7>, ()ldxl* + (&) [d€[*).  (4.1.15)
As a consequence, from (4.1.14) and (4.1.15) we get, uniformly in j, that
itm;f(1 — ) f(Dte; € S(E) T, (E)ldal* + (&) 7 |d¢[*). (4.1.16)

Since ;,1; depend only on the variable &, the support condition implies ¢’y% = ¢}’ and we obtain that
from (4.1.16)

D estmst(l — ;) f(£)beps = Z%ﬂ%ﬂmgﬂ(l — ) f (Wit € SUE) T, (E)ldxl* + (&) d¢[*),
j

completing the proof of (4.1.11). The proof of (4.1.12) follows almost in the same way: we get as in (4.1.16)
that

pitmtet(1 — ;) f(t) € S(€) ™, (E)ldal* + (&) 7'|d¢[?).

Now with ®; = ¢;#(1 — ;) f(t), we have ®; € S((£)=°, |dz|* 4 (£) 7?|d¢|?) and from the formula (A.5.5) we
have also |(8§‘8§@j)(x,§)| < Copn2™(1 + |€ — supp ;) "V (1 + |€]), so that

Copn 227N if (€] > 2742
(0202 ®;)(x,€)| < { Copn2m27IN if 2072 < |¢] < 292,
Copn2m27 I N1 if |¢] < 2772,

implying that Y ;#;£®; belongs to S((€)~>°, |dzf? + (&) "2|dg]?). O
Lemma 4.1.3. With F(t) = f(t,2,6)", M defined in (4.1.10), M; in (4.1.5)
di./\/l(t) + 2Re(M(t)F(t))
=3 op (150) + 2Re (M0 (0510)") ) # 2R M1 (45018 )
SO, (€ + () def?)

Proof. We have

20w 2 Re(p¥ My(HA; oV F(t))

d w
%M()+2Re ZcpJM

J

= U tA; w+2Re( YASVPM () F()p?) + 2Re(0V AT PM ()], F(1)]). (4.1.17)

On the other hand, we have

2Re(y A, AN () F (D)) = 2Re(w A2 My (1) (15.£(6) " 07 ) +2Re (2 A5 V20 (1) (1-) () )
and since we have also

2Re(0WA; M (1)[pY, F (1))
= 2Re(p¥ A, 2M; ()0, (0, £(6)"]) + 2Re(0¥A; M ()02, (1 —w3) £(1))"]),

we get the result of the lemma from Lemma 4.1.2 and (4.1.17). O
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Lemma 4.1.4. With the above notations, we have

S Re(g A M ()l (0, 0)")) € Q) (€ dol + ()7 dg) (4.1.18)

Proof. The Weyl symbol of the bracket [p¥, (¢, f(t))*] is = {pj i f)}+1j, T € S(A;l,AglFJ—) where
(r;) is a confined sequence in S((§)™1, |dz|* + (£)72|d¢|?). As a consequence, we have

Zw}“A YEM () € S((€) () dar]? + (€)1 |de[?)”.

With ¥; = — 5= {¢;,; f(t)} (real-valued € S(1, A;ll"j)), we are left with 3 A;l/z Re(p;#m,(t)4i ;) which
belongs to S((§)™", (€)|dz[* + (&)~ "|d¢[*). O
Definition 4.1.5. The symplectic metric T on R?" is defined as

Te = (€)|daf” + (&) |dg]*. (4.1.19)
With D; given in lemma 4.1.1, we define
d(t,z, &) = Z% i (t, 2, €). (4.1.20)

Lemma 4.1.6. The function d(t,-) is uniformly Lipschitz continuous for the metric T in the strongest
sense, namely, there exists a positive fixed constant C such that

—1 _ < mi 1/2 1/2\ () _ € —nl
CHd(t,x, &) — d(t,y,m)| < min((€)"2, (n)"/?) |z —y| + max ()17, ()77 (4.1.21)
Moreover it satisfies d(t,x,€) € [1,2(€)V/2]. It is thus a weight for that metric Y.
Proof. Since the ¢; are nonnegative with Z . go? =1, we get from Lemma 4.1.1 that
1—2% <ZcpJD _d<ch 2AL7212 < S 0i(6)2() 22 = (€) /22,
J
Also, we have
d(t,,€) — d(t,y,n) Zcpg i(t,2,€) = Di(t,y.m) + Y Dyt y,m)(95(6)* = @5 (n)?),
J
so that, with X = (2,£),Y = (y,n), I'; given in (4.1.3),
|d(t,2,€) — d(t,y,n)| < Z% )220 (X —Y)/% + > 21/299/2|¢ — pl277C
©; ()70 & @ (n)#0
<Z<pg M2 =yl + ()2 —nl) + 1€ —nl > 279/
©;(&)#0 & @ (m)#0
SOl =yl 4+ (€)V21E —nl + € =l (€)% + () /3).
We get thus, if (£) ~ (n),
jd(t,z,€) — d(t,y,n)| S (2| —yl + (©7¢ — . (4.1.22)

If 270 ~ (€) < (n) ~ 2k0, we have

d(t,,8) —d(ty,m) < Y (&2 N ()P0t
305 (§)#0 33 (m)#0
< 200/2 4 9H0/2 R0/ |y glaHol o () T2y ], (4.1.23)
Eventually, (4.1.23) and (4.1.22) give (4.1.21), completing the proof of the lemma. O
Note also that (£) is a T-weight and is even such that

Y2 = ()% < % (4.1.24)



29

Lemma 4.1.7. With F(t) = f(t,z,£)”, M defined in (4.1.10), M; in (4.1.5), the positive constant cy
defined in lemma 4.1.1,

2y Wick(T'y) 4y
¥j

%M(t)+2Re(M() ) > o™ 12% A;'D?) + S~ ). (4.1.25)

The operator M(t) has a Weyl symbol in the class Sy({£)~/2d,d=2Y). Moreover the selfadjoint operator
M(t) satisfies, with a fized constant C,

MEM(t) < C? Z(pJ A1 D2y VIR (4.1.26)

Proof. The estimate (4.1.25) is a consequence of the lemmas 4.1.3; 4.1.4 and 4.1.1. From (4.1.10), we get
that
€Y p¥S1(DA; Y2 DT el © Si(d(g) M2, dTA ).
J

From the lemma 4.1.1 and the finite overlap of the ¢;, we get
MO S 3ZAT o M 005 vulF = 30 AT P My, o M)
J

_ w w w w _ Wick(T;) 4
= AN u, My(e5)" M; o u) S > (¥, (A7IDF) T b,
ES(DJQ.,FJ')“’ from lemma A.1.4 7
which is (4.1.26). O

Lemma 4.1.8. Let a be a symbol in S((§)~1,T). Then, with constants Cy1,Cs depending on a finite number
of semi-norms of a, we have

[{(a"u,u)| < Cy ||u|\§1,71/2 < Cy Z<(A;1D?)Wick(rj)

J

o5 u, o5 u).

Proof. We have, since D; > 1 and the Wick quantizations are nonnegative

_ Wick(T';) w chk i) w w _ w
Z<(Aj 1D2) ) = Z P U, P; u) = <(Z Aj 1‘%’?) u,u) ~ ||u||§{,1/2 )
J

J
where H~1/2 is the standard Sobolev space of index —1/2. Now, it is a classical result that

(au,u) = ( (()2)"a” (&))" (()2)u, (&))" u)

eS(1,T)wCL(L?)

which implies that |[(a®u, u)| < HuH?{,l/g . O

Theorem 4.1.9. Let f(t,x,&) be a smooth real-valued function defined on R x R™ x R™, satisfiying (2.1.2)
and (4.1.1). Let fo(t,x, &) be a smooth complez-valued function defined on RxR™ xR™, such that (§) fo(t, x, &)

satisfies (4.1.1). Then there exists To > 0,co > 0 depending on a finite number of seminorms of f, fo, such
that, for all T < Ty and all u € C°((=T,T); S(R™))

1/2
HDtU + Zf(tvxvg)wu_F fo(tvxvg)wu||L2(Rn+l) Z COT71 (/ Hu(t)||f¥*1/2(]R") dt>

Proof. (1) We assume first that fo = 0. Using the lemmas 4.1.7-8, we get

2Re(Dyu + i f () u, iM(t)u) > (coT ' — Ca) Z(g@}” (A;lD?)WiCk(Fj)goy’u, u), (4.1.27)

J
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and from the estimate (4.1.26), provided that
Co/(202) Z T, (4128)

we get

W w/ A — Wick(T;) 4 1/2 o w /A Wick(T;) 4
2 ||Dtu+zf(t) U‘HLZ(R”+1) [Z<QDJ (AJ 1D]2) ck( J)spj u7u>:| C > ﬁ Z<(p] (AJ 1D?) ck( J)(pj u,u>

J J
so that, with fixed positive constants c1, c2, using again the lemma 4.1.8

1/2
W c1 w /A — Wick(T;) 4 12 o 2
1Dy + i f () ull p2gnsry 2 7 {Z@j (A71D3) T s U,U>} 27 | le®lg-22@nydt)
J
which is our result. Let us check now the case fy # 0.

(ii) Let us assume that Im(fy) € S((§)71,(€)71Y).  Going back to the computation in (4.1.27), with
(4.1.28) fulfilled, we have

2Re(Dyu +if ()" + folt)“u, iM(t)u) > ;—; Z@;v (A;'D?

J

+ 2 Re(Re(fo(£))"u, iM (t)u) + 2 Re(Im(fo(t)) " u, M (t)u).

©5 U, u)

Wick(T;)
)

From the identity 2 Re(Re(fo(t))"u,iM(t)u) = ([Re(fo(t))",iM(t)]u,u) and the fact that, from Theorem
18.5.5 in [H6] we have

[Re(fo(t)™,iM(t)] € S((&)~H2dd= (&), 1) = S((&) =, 1)

we can use the lemma 4.1.8 to control this term by C' > (¢} (A;lDf)WiCk(Fj)

from our assumption on Im fjy, we get that

@¥u,u). On the other hand,

M) Im(fo(t)” € S({)12d(6) ™, 1) € S((&) 7, 1),

which can be also controlled by C 3~ (¢ (A;lDf)WiCk(Fj )gogiuu, u). Eventually, we obtain the result in that
case too, for T small enough.

(iii) We are left with the general case Im(fo) € S(1,(£)~1T); we note that, with

t
wo(t,x, &) = /0 Im fo(s,z,&)ds, (which belongs to S(1, (£)71)), (4.1.29)

we have
Dy +if ()" + (Re fo(t)" +i(Im fo(t)” = (e=01)" Dy(e W) +if ()" + (Re fo(t))"
= () (D +if (1) + (Re fo(t)" ) (™) + (i (£) — e O f (1)) " + S(() 7, () 1)

Noting that e*“° belongs to S(1, (¢)~!T), we compute
e“otiften = (e0if + g {60, if} e~ + S((E) ™, (€)7T)
1 1
R TR SE S R P (N i

if + o= {1+ 5O (€7 T),

We obtain

L= Dy if ()" + folt)* = ()" (Do +if (1) + (Re folt) + 5= {f, w0} ) (e
ST, (4.1.30)



31

and analogously

Lo = D+ ()" + (Re folt) + 5= (frwo})" +SE) ™ (€ 70)" = (00" L @), (41.31)

Using now the fact that the symbol Re fo(t) + 5= {f,wo} is real-valued in S(1,(£)~'T), we can use (i) to
prove the estimate in the theorem for the operator

Ly = Dy +if(1)" + (Re folt) + 5= {f,w0})" +S((&) ™, )~ 1)*.
We note also that e“ofe=«0 = 1+ t25((£)72,(£)717T) so that, for |¢| small enough,

the operators (et“°)" are invertible in L?(R™) (4.1.32)
and their inverses are pseudodifferential operators in S(1, (£)~17T)%. o

From the previous identity and (ii), we get for u € C°((=1,T), S(R™))

IO L O a0yt = 58 [0y
Applying this to
u(t) = ((ewoa))w)‘lv@, (4.1.33)
we obtain
/|| 000 Ly (t)[[ 2y dt > 23 /II(( Oy )_1v(t)|\iruz<w>dt- (4.1.34)
We have

(€0 0O 1smqamy = 1€ ((€%00)) T () (€2 vl Zaqan
Now the operator ((&)~1/2)® ((e“"(t))w) _1(<§>1/2)w is invertible with inverse

Q1) = (&)%) (e D) ((&)'/2)” (4.1.35)
which is a bounded operator on L?(R™) so that
ol = 19910l 12 < 19 em 1070l (4130

As a result, from the inequality (4.1.34), we get

C2
IO L) gyt = 25 [ 10002 0Ol

1
> 25 L1007 w0 s e Sy NP3
> 72 /109 P = 7 "

which is the result. The proof of Theorem 4.1.9 is complete. [J

Comment 4.1.10. Although Theorem 4.1.9 is providing a solvability result with loss of 3/2 derivatives for
the evolution equation

at + f(t7x7§)w + fo(t,l‘,g)w,

where f, fo are satisfying the assumptions of this theorem, the statement does not seem quite sufficient
to handle operators with homogeneous symbols for two reasons. The first one is that the reduction of
homogeneous symbols in the cotangent bundle of a manifold will lead to a model operator like the one
above, but only at the cost of some microlocalization in the cotangent bundle. We need thus to get a
microlocal version of our estimates. The second reason is that the function f(t,x, &) is not a classical symbol
in the phase space Ry x RZ x R- X R¢ and we have to pay attention to the discrepancy between homogeneous
localization in the phase space R?"*2 and localization in R?" with parameter ¢. That difficulty should be
taken seriously, since the loss of derivatives is strictly larger than 1; in fact, commuting a cutoff function
with the operator will produce an error of order 0, larger than what is controlled by the estimate. In the
next section, we prove a localized version of the theorem 4.1.9, which will be suitable for future use in the
homogeneous framework.
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4.2. From semi-classical to localized inhomogeneous estimates. We begin with a modified version
of Lemma 4.1.7, involving a microlocalization in R2".

Lemma 4.2.1. Let f(t,x,&) be real-valued satisfying (2.1.2) and (4.1.1); we shall note F(t) = f(t,z,&)".
Let M be defined in (4.1.10). We define ¢1 = co/C?, where cq is given by lemma 4.1.1 and C appears in
(4.1.26). Let ¥(x,€) be a real-valued symbol in S(1,{€)~1T). We have

d
(@ M@Bp") + 2Re(¥ M)W F(t))> ei T P ME)M )™ + S((€) ", 1T)™. (4.2.1)
Proof. We compute, using (4.1.25) on the fourth line below,

%(WM(t)W) + 2Re(" M) F(t))
= YU MOPY + YU MOYUF () + F(6))" M)
=y (M() + 2Re MO F () )0 + 4 M) [0, F(O)] + [F(2), 6] M()"
> e T~ M(E) M)
9 [ M), [0, FO)] + 0 [0, FO]ME) = [0, FO] M@
= T~ MM ()™
oM@, [0, F@)] + [0, [0, FO) M@ + [0, FO)] [0, M(@).
Next we analyze each term on the last line. We have

o Y [M(t>, [ww,F(tﬂ] € S(d(€)~Y/21d-1(¢)~1/2,1)* = S((¢) 1, T)¥ since
¢, [ F(t)] € S, (€)M, M(t) € Si(d€) 12, d 1),

¢ [ww’ [ww’F(t)HM(t) € S(d(€)=3/2, 1)  S((&)~, T)¥ since d < 2(£)'/? and

[0, [we, F@)]| € S(O €71 TP, M) € Si(ale) 2, T),
o [0", F ()] [07, M), € S(dle) () 72a, 1) = S((€) ™), )" since
(v, F(t)] € S(1, )7 )™,  M(t) € Si(d(€)~Y2,d72T1)".

We have proven in particular that

%(ww/\/l(t)d;“’) +2Re(PU MY F(L) = v (M) + 2Re MOF (1)) + S((€) 71, 1), (4.22)

Also, we have & (y“M(t)y*) + 2Re(Pp* MY F(t)) > et T M ()M ()™ + S((€)~1, T)¥, which is
(4.2.1). O

Theorem 4.2.2. Let f(t,x,&) be a smooth real-valued function defined on R x R™ x R™, satisfiying (2.1.2)
and (4.1.1). Let fo(t,x,€) be a smooth complez-valued function defined on RxR™xR™, such that (&) fo(t, x, &)
satisfies (4.1.1). We define

L=D;+if(t,x,8)" + fo(t,z,&)".

Let (x,&) € S(1,(€)71Y) be a real-valued symbol. Then there exists Ty > 0,co > 0,C > 0, depending on
a finite number of seminorms of f, fo, %, such that, for all T < Ty, all u € Cé’o((—T, T);S(R")), with wo

given by (4.1.29),
1/2

1/2
) Ll gy + CT ([ 10y )+ ([ B0y )

1/2
> co (/Ilwwu(t)llil/z(w)dt) . (4.2.3)
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Proof. We compute, noting F(t) = f(¢,z,&)",

92 Re(Lu, iy M(t)*u) = <(¢WM(t)¢w +2 Re(WM(t)wF(t)))u, u>
+ <[(Re Fol£))", ZWM(t)w} u, u> + 2 Re (¥ M (£ T fo () u, ) .

(i) Let us assume that Tm(fp) € S((€)7*,(¢)7'T). Then we get that
UMY T fo(t)" € S(d(E)"2(E) 7)Y C ST

and since [(Re fo)"”, wwM(t)W] € S(d(e)~V2(&)=12d= 1 1) = S((€)~1, )™, the inequality (4.1.25) ,
the identity (4.2.2) and lemmas 4.1.8 — 4.2.1 show that

92 Re(Lu, i) M(t)y*“u) = <(¢WM(t)¢w + 2Re(¢wM(t)wa(t))>u, u>
D1 [ M@ Oy e+ 2T [ uOlfy o ey
= [ ) ey .
As a consequence, we have
27 [ 107 Lty M0 gyt + CT [ ) -1
> 2 [ IMOE Oy e+ G [ IO
so that, with a > 0,
T/(Ta_l 1% Lu(t) |32 gy + 0T IIM(t)WU(t)IIi2<Rn>)df+CT/H“(f)”?rl/Z‘(R")dt
> % [ IMOU Oy i+ [ 19700 o .

Choosing o < ¢1/2 yields the result

720 [0 L)ooy e+ CT [ ult) s ooy e = [ 19700 2 e

which is a better estimate than the sought one.
(ii) Let us deal now with the general case Im(fo) € S(1,(¢)71Y). Using the definitions (4.1.29), (4.1.31)
and the property (4.1.30), we can use (i) above to get the estimate for Lo, so that with a fixed co > 0

1/2 1/2
710 Loty + T2 (WO gy ) 2 o ([ I0muO gy ) 02

so that
1/2 1/2
W[, —wo\W wo \w 2 w 2
e T P el iy R POy
(4.2.5)
Applying this to u(t) given by (4.1.33), we obtain

. 1/2
A el (1) 0 )

oo (10 (@) o0y agt) 420
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-1
Using that ((e““)w) is a pseudodifferential operator with symbol in S(1, (£) 1Y), we obtain, using the

notation (4.1.35),

1/2
T ([ (e70)" Lo| o gy + CT? (/ o112z, dt)
2 1/2 1/2
> ¢ (/HQ(t)—l(<€>—1/2)w¢wv(t)‘ L2(Rn)dt> e (/||v(t)||§,3/2(Rn)dt) . (4.2.7)

so that, using (4.1.36),

1/2 1/2
e Lol gy + OTY2 ([ 1oy @t) -+ Co ([ B mgeny )

(/ G RG] — )1/2
IOk

1/2 1/2
> ¢ < / ||<<5>1/2>%%<t>|iz<mdt> = ¢ < / ||¢%(t>||zm<w>dt> , (4.238)

which is the result. The proof of the theorem is complete. [

4.3. From inhomogeneous localization to homogeneous localization. In this section, we are given
a positive integer n, and we define N = n + 1. The running point of 7*(RY) will be denoted by (y,7). We
are also given a point (yo;70) € RY x S¥~1 such that

Yo = (yo;T]Q) = (to,l‘o;TQ,fo) eR x R" XRXR”, with 79 = 0, fo ESn_l,tQZO. (431)

We consider F(t,x,&) = f(t,z,£) —ifo(t,z, &), with f, fo satisfying the assumptions of Theorem 4.2.2. Let
10(€) be a function supported in a conic neighborhood of &, and xo(7, £) be an homogeneous localization near
7 = 0 as in the appendix A.7 with some positive ro. We consider also a classical first-order pseudodifferential
operator R in RY such that Yy ¢ WEFR. We consider the first-order operator

L =Dy +i(F(t,z,&)v0()x0(1,6))" + R. (4.3.2)
We have w
£ = Dy +i(F(t,2,€00() " +i(F (.2, Ovo(©) (xo(r.€) — 1)) +E. (4.33)
=F (t,xz,7,6)v

Let 11 (&) be a function supported in a conic neighborhood of §; and x1 (7, §) be an homogeneous localization
near 7 = 0 as in the appendix A.7 with some positive r; < r¢ and such that

supp x1 C {xo =1}, supp(¢1x1) C {oxo = 1}, (4.3.4)
[T, T1] x Ky x supp1x1 C (WFR)®,

where T7 > 0 and K7 is a compact neighborhood of zg. Let 1(x, £) be a symbol satisfying the assumptions
of Theorem 4.2.2 and let p; € C°(R), such that

suppy C Ky x {¢y =1}, supppi C [-T1,T1). (4.3.6)
We can apply the theorem 4.2.2 to the operator L = Dy + i(F(t, x, f)zbo({))w. We have, with v € S(RV),

1/2
Ty ||9p* (e70) (L — Fy — R)plxﬁuuHLz(Rnﬂ) + CT11/2 (/ |\P1X§Uu(t)||§171/2(w) dt)

1/2 1/2
20 [IoduOls s at) = o ([ 198O dt)
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We get then
T [y (e70) " prx¥ Lo+ 4% (e70) " p1 [£, XY | o g
+T1 [ (e70) 1L, p)XYul| 2 gy
+T4 H"/’w(e_wo)wFlwplxiluuHL%RnJrl) + T wa(e_wo)prlxlluuHL%RnJrg

+CT (€)Y prxull Lz ey + ClE) ™) pxull ooty
, 1/2
> co (/ 19" prX T ull =172 () dt) :

We assume now that u € S(RV), suppu C {(t,),|t| < T1/2} and also that p; is 1 on [—3T}/4,3Ty/4]. We
introduce two admissible® metrics on R?V,

(4.3.7)

d€|? + |dr)? de|? dr|?
|§|+|T| <g=|dt|2+|d$|2+ |§| + |T|

G = |dt|? + |dz|* + .
A g = e T Tr R

(4.3.8)

(1) The operator [£, x}'] has a symbol in S(1, @) which is essentially supported in the region where || ~ |].

(2) The quantity [£, p1]x¥u = [L, p1]xPp2u if p2(t) is 1 on [-T1/2,T1/2] and supported in [—3T}/4, 3T} /4]
and thus the operator [£, p1]x% p2 has a symbol in S((1 + |¢] + |7])~°°, G).

(3) The operator F{”p1xY is the composition of the symbol F; € S({£), g) with the symbol in p1#x1 € S(1, G)
and thus is a priori in S({£), g); however, looking at the expansion, and using (4.3.4), we see that it has
a symbol in S((1 + |£] + |7])~°, G): it is not completely obvious though and we refer the reader to the
lemma A.8.1 for a complete argument.

(4) The operator ¥* (e~ “°)”Rp;xY is also the composition of an operator in S(1,¢)” with an operator in
S((&, 1), G)" ; however, using (4.3.4-5-6) and the appendix A.8, we see that ™ (e “°)“Rp;x¥ has a
symbol in S((1+ ] + |7])~>°, G).

(5) The operator ((£)*)“p1xY is also the sum of an operator in S((r,£)®,G) plus a symbol in S((1 + |£| +
)%, G).

We write now, with Ry of order —oo (weight (£, 7)~°°) for G, Ey of order 0 (weight 1) for G, supported
in {(tvvav 6)5 |t| < Tl,il? S K17 (T7 5) € supp lea (Iaf) € Supp‘/’}v

w( —wo\W w 1/2
T Hﬂf (™) pixy Lu+ EOUHH(RTLH) +T ||R1U||L2(Rn+1) + CTl/ ”u”H*l/?(R"Jrl) +C ||u||H*3/2(]R"+1)

1/2
2> Co </ ||7/JwP1X§UU||12r{1/2(Rn)dt) . (4.3.9)

Theorem 4.3.1. Let L be the pseudodifferential operator given by (4.3.2) and Yo = (yo,m0) be given by
(4.3.1). We assume that {Yo} C Ay C (WFR)®, where Ag is a compact-conic neighborhood of Yy. Then,
there exists two pseudodifferential operators ®g, Uo of order 0 (weight 1) for G, both essentially supported in
Ao with ®¢ is elliptic at Yy, and there exists r > 0 such that, for all u € S(RY),suppu C {(t, ), |t| < r},

[ WoLul 2wy + rt/? lull gr-1/2 @y + llull g-sre @y 2 [|Potll g-1/2@) - (4.3.10)

Proof. Tt is a direct consequence of (4.3.9) since, using the ellipticity of £ in the support of the symbol of
Ey, we get Ey = KL + Ro, where K is a pseudodifferential operator of order 0 such that WFK C Ag and
R5 is a pseudodifferential operator of order —oo for G. 0O

4.4. Proof of the solvability result stated in Theorem 1.2.2. Let P be a first-order pseudodifferential
operator with principal symbol p satisfying the assumptions of Theorem 1.2.2 and let (yg,70) be a point in
the cosphere bundle. If p(yo,n0) # 0, then there exists a pseudodifferential operator ® of order 0, elliptic
at (yo,m0) such that

1P ully + [lull_y = [[Poull; . (4.4.1)

In fact, the ellipticity assumption implies that there exist a pseudodifferential operator K of order —1 and
a pseudodifferential operator R of order 0 such that

Id=KP*+R, (yo,m0)¢ WFR.

5The properties of definition 1.3.1 are classical for G' and easily checked for g. One can check also that (1 + |£] + |7])® are
G-weights and (1 + |£])® are g-weights.
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As consequence, for @ of order 0 essentially supported close enough to (yo, 10), we get &g = PoK P* + ®gR
with ®gR of order —oo, which gives (4.4.1).

Let us assume now that p(yo,n0) = 0. We know from the assumption (1.2.1) that 9,p(yo,n0) # 0 and
we may suppose that (0, Rep)(yo,n0) # 0. Using the Malgrange-Weierstrass theorem, we can find a conic
neighborhood of (yo,n0) in which

p(y,n) = (0 +a(s,z,¢) +ib(s, 2,¢))eo(y,n)

where a, b are real-valued positively homogeneous of degree 1, eg is homogeneous of degree 0, elliptic near
(Y0,Mm0), (s,2;0,() € R x R" x R x R™ a choice of symplectic coordinates in T*(RY) (N = n + 1), with
yo = (0,0),m0 = (0,...,0,1). Noting that the Poisson bracket

{oc+a,s}=1

we see that there exists an homogeneous canonical transformation ==, from a (conic) neighborhood of
(y0,Mm0) to a conic neighborhood of (0;0,...0,1) in RY x RY such that

po= = (7 +ig(t,,€))(e 0 D).
Note in particular that, setting 7 = o + a,t = s, (which preserves the coordinate s) yields
—0rq = {taq} = {S,b}OX: O

We see now that there exists some elliptic Fourier integral operators A, B and E a pseudodifferential operator
of order 0, elliptic at (yo, n0) such that

AEP*B =Dy +i(f(t,x,&)x0(7,£))" + R,
BA=1d +5, (y(), 770) € Fo(conic neighborhood of (yo,no)) C (WFS)C,

where f satisfies (2.1.2), R is a pseudodifferential operator of order 0, and xq is a nonnegative homogeneous
localization near 7 = 0. Using the fact that the coordinate s is preserved by the canonical transformation,
we can assume that A, B are local operators in the ¢ variable, i.e. are such that

u € CX suppu C {(t,z) € R x R",|¢t| < r} = supp Bu C {(s,2) e R x R",|s| < r}.

Using the fact that the operator P is polyhomogeneous, one can iterate the use of the Malgrange-Weierstrass
theorem to reduce our case to AEP*B = L of the type given in (4.3.2). We can apply the theorem 4.3.1,
giving the existence of a pseudodifferential operator ¥ of order 0, elliptic at 2~ *(yo, 70), essentially supported
in 2=1(T) such that for all u € C(RY), suppu C {|t| < 7},

r | W AEP* Bullg + 12 |ull 5 + llull sz > [oul|_y -

We may assume that A and B are properly supported and apply the previous inequality to © = Av, whose
support in the s variable is unchanged. We get

r[VoAEP*BAv|, + rt/? HAU”_l/z + HAU||_3/2 2 H‘I)()Av||_1/2 )

so that
r W AEP* ]y + Cr/2 o]l _y sy + Ca [0l s > [BoAv]|_, o > C5 ' | BRoAY]_, 5,

which gives, for all v € C(RY),suppv C {y € RN, |y — yo| < 7},
PIP 0l + 2 [0l + 10l gy > [BV]_y . (142)

where ® = ¢B®A is a pseudodifferential operator of order 0, elliptic near (yo,7n0). By compactness of the
cosphere bundle, one gets, using (4.4.2) or (4.4.1),

Wll_yjz < C Y7 Moxvll_yjo + Cllvll_y < Car [Pollg + Cor/? o]l o + Ci o)y (4.4.3)

1<k<I
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which entails, by shrinking r, the existence of g > 0,y > 0, such that for v € C°(RY), suppv C {y €
]RN7 |y - y0| S TO} - Br07
[vll_1 /2 < Co [P0l - (4.4.4)

Let s be a real number and P be an operator of order m, satisfying the assumptions of Theorem 1.2.2. Let
E, be a properly supported operator with symbol (£)?. Then the operator Fi_,,_sPFEs is of first order,
satisfies condition (¢) and from the previous discussion, there exists Cy > 0,7 > 0 such that

[vll_1 /0 < Col|lEsP*Er—m-svllg, vE C>(RY), suppv C By,.
We get, with x, supported in B, and x,, = 1 on B, /5, with suppu C B, /4,

HXTOEm-i-s—IXro/Qu||_1/2 < CO HESP*El—m—SXT()E’ITL-"-S—].XT‘()/QU"0
S CO”ESP*El—m—s [XT07E7TL+S—1]XT‘()/2 UHO + C'OHE‘SP>k El—m—sEm+s—l X’I"()/2u ”0
—_——

g—oo =Id +S- =u
< Co [P ull, + (| Rully,

where R is of order —oo. Since we have

Xro Em+stXr0/2u = [Xma Em+sfl]Xro/2 U+ Epgs—1 XroXrg/2UW,
—_———

S—oc =Uu

we get |jull < Co [|[P*ul|, + Cy ||ull 44,y and, shrinking the support of u, we obtain the estimate

_3
s+m 5

< Cy|[P*ul, (1.4.5)

||u||s+m—%

for uw € C2° with support in a neighborhood of yo. This implies the local solvability of P, with the loss of
derivatives claimed by the theorem 1.2.2, whose proof is now complete.

A. APPENDIX
A.1. Wick quantization. We recall here some facts on the so-called Wick quantization, as used in [L4-5-6].

Definition A.1.1. Let Y = (y,7) be a point in R?". The operator ¥y is defined as [2"67271"'7)/'2]“}.
This is a rank-one orthogonal projection: Yyu = (Wu)(Y)rye with (Wu)(Y) = (u, 7y ¢)r2®n), where
o(x) = 2412l and (7,,0)(z) = o(z —y)e2™@=57) Let a be in L®(R?"). The Wick quantization of a
is defined as
a™Vick — / a(Y)SydY. (A.1.1)
R2n

The following proposition is classical and easy (see e.g. section 5 in [L5]).

Proposition A.1.2.

1. Let a be in L=¥(R?*™). Then aVik = W*a*W and 1Vick = Idr2®ny where W is the isometric mapping
from L*(R™) to L?(R*") given above, and a* the operator of multiplication by a in L*(R®™). The operator
7y = WW?* is the orthogonal projection on a closed proper subspace H of L*(R?*™). Moreover, we have

HaWiCkHﬁ(Lz(Rn)) < ||a||L°°(]R<2n)a (A.1.2)

a(X) >0 for all X implies ™' > 0. (A.1.3)

2. Let m be a real number,and p € S(A™, AIT). Then pWVick = p¥ + r(p)®, with r(p) € S(A™ 1, A7) so0
that the mapping p — r(p) is continuous. More precisely, one has

1
r(p)(X) = / / (1—0)p"(X 4 0Y)Y2e= 2T (on gy dp.
0 R2n

Note that r(p) = 0 if p is affine.
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8. For a € L>=(R?"), the Weyl symbol of a™Vi* is
ax2"exp—2nT  which belongs to S(1,T) with k' -seminorm c(k) ||| - (A.1.4)

4. Let R >t — a(t,X) € R such that, fort <s, a(t,X) < a(s, X). Then, for u € C}(Ry, L*(R")), assuming
a’(ta ) € LOO(R2n)7

/RRe(Dtu(t),ia(t)WiCku(t)>L2(Rn)dt > 0. (A.1.5)

5. With the operator Xy given in definition A.1.1, we have the estimate
ISy Szl pepa@ny < 27e 2H2). (A.1.6)
6. More precisely, the Weyl symbol of Xy Xz is, as a function of the variable X € R*", setting I'(T) = |T|?

_x|ly—Zz|?2 —2; — — — _Y+z,2
e Y —Z| e 2in[X-Y,X Z]2ne 2m| X 7= | ) (Al?)

Since for the Weyl quantization, one has [[a®||zp2(gn)) < 2" lall 11 (g2ny , we get the result (A.1.7) from

(A.1.6). Note that (A.1.5) is simply a way of writing that < (a(t)Vick) > 0, which is a consequence of (A.1.3)
and of the non-decreasing assumption made on t — a(t, X).

Lemma A.1.3. Let M be a '-weight, i.e. a positive function such that M(X)M(Y)™t < C(1+T(X-Y))V
(see definition 1.3.1). Then if a measurable function a defined on R?" satisfies for all X, |a(X)| < C1M(X),
the symbol a x exp —27L" belongs to S(M,T') with semi-norms depending only on Cy. More generally, for a
polynomial p the symbol A defined by

AX) = /a(Y)p(X —Y)exp —27a'(X - Y)dY

belongs to to S(M,T).
Proof. We check first

(a % 2" exp —2aT)F) (X)) = / a(Y)Py(X —Y)2" exp —2aT(X — Y)dY (A.1.8)
with a polynomial Py, which gives
-1 n (k) M(Y) n
M(X) |(a*2"exp—2a)""(X)| < Cy W“Dk(X —-Y)|2"exp —27(X — Y)dY
<y / C(1+I(X - Y))N|Pk(X —Y)]2"exp —27(X = Y)dY = C1Cv(k,N,n).

Let us examine A®): it is a sum of terms of type (A.1.8) and thus the above argument works. [

Lemma A.1.4. Let g be an admissible metric on R?" (see definition 1.8.1) such that, with T' a given
symplectic norm, there exists Cy > 0, ng > 0 such that

VX,Y, T, gx(T) < CoT(T), o (T <Co(1+T(X -Y))™. (A.1.9)
Y
Let m be a weight for g (definition 1.3.1) such that
m(Y) no
——= < - . 1.
m(Z) <Co(1+T(Z-Y)) (A.1.10)

Then, if A € Op(S(m,g)), there exists a semi-norm = of the symbol of A such that

(Ao, <m0, 0) = [ () [Zyol}a ay. (AL11)
R2n
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Proof. Theorem 6.9 in [BC] shows that the space H(m'/2, g) is equal to H(m!/2,T') provided that m'/? is
regular. In fact we may assume that m is regular since it is anyhow always equivalent to a regular weight.
Using definition 7.1 in [BC], we check that g is dominated by a strongly temperate metric, namely the
constant metric I'. Moreover the corollary 6.7 and theorem 7.8 in [BC] imply

w2
|{Av, 0)] < [ Avll3g(m-172,6) 10ll30imrr2,g) < ANOIFgmar2,6) = YNz ) = W/W m(Y) [|0yul2 dY,

where (fy) is a partition of unity related to the metric I'. We have, using the results of this section, (A.1.10)
and (A.1.6), with (T)2 =1+ T'(T), for all Ny, Ny,

[mregutay = [[[ moioysasanoyssaiarinaz,
< [[[mzy 2z 5ol 1820 (v = 22— 22) eaY iz1d2Cv,
< [[m(zmz) 2 (S 0l 22,0 (2 - ) Ned1dZaC, .
< [m(z) |2zl az.

which completes the proof of the lemma. [

Lemma A.1.5. Let mq, mo be two I'-weights (see definition 1.3.1) and ai,as be two locally Lipschitz con-
tinuous functions such that |a1(X)| < mi(X), |ah(X)| < ma(X). Then the operator

ay kg Vik € (a1a)Vik 4 Op(S(myma,T)). (A.1.12)
Proof. We use the definition A.1.1 and Taylor’s formula to write
a}VickqyVick — // a(¥) (a2(¥) + /01 ay(Y +0(Z = Y))d0(Z ~ ¥ ) ) By TzdY dZ = (araz)V'* + R,
with
R(X) = ///1 a1(Y)a)y(Y +8(Z—Y))(Z~Y)e EV =21 = 2imX =YX Zlgn=2xIX= 2P gy 4746, (A.1.13)
0

We have, using (5) in definition 1.3.1,

|R(X)| S // 1 mq (Y)m2(y) mZ(Y + 9((}/2)_ Y)) |Z _ Y*|e—%|Y—Z|2 2ne—27r|X_
0 meo

Y+

1Ay dzde

Y+

1
< Cma(X)ms(X) /// A+[Y = XN+ |Y — 2)NH1/2em 520 201555 =X gy 4746
0

= Cmy(X)ma(X) //(1 +1T/2+ SN (1 + [T|P)N 126~ 51T ~27ISF 41,8
= C’ml(X)mg(X)

Moreover taking derivatives of R in its defining formula (A.1.13) above leads to the same estimate for
R™)(X). The proof of the lemma is complete. [

Lemma A.1.6. Let (xi) be a partition of unity and (V) be a sequence as in lemma 1.4.1 for an admissible
metric of type \"H(X)T, where X is a T'-weight and T' = T'?. Let w be a locally bounded function such that
|w(X)| < M(X) where M is a T-weight. Assume that, for each k, there exist a bounded function wy such
that w(X) = wi(X) for all X € supp xx and such that for all X € R?™, |wi(X)| < M(X)AN(X)No. Then with
O(X) = [wY)2"exp —2nT(X — Y)dY, we have

Xe(X)B(X) = Xk (X)@k(X) +re(X), Y re € S(AT,T). (A.1.14)
k
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Proof. We already know from the lemma A.1.3 that X — &(X) = [w(Y)2"exp —27'(X — Y)dY belongs
to S(M,T). We check now

Xk(X)@0(X) = xk(X) /w(Y)2" exp —21'(X = Y)dY

— e (X) / D (Y )w(Y)2" exp —20T(X — Y)dY

P [ (1= )e(V)2 exp - 2aT(X - Y)aY
Y, (Y)#1
— e (X) / P (Y )wn(V)2" exp —22T(X — Y)Y + i (X). (A.1.15)

We have F(Uk— (U;)C) = ian(T)<1§F(S) F(Xk—l-To)\(Xk)l/QT—Xk—/\(Xk)1/227"08) and thus F(Uk — (U;)C) Z
A(X)r2. Since 9y, is equal to 1 on U} (notations of section 1.4) we obtain from (A.1.15)

e (Xl < Cun(X) exp T Uk = (UF)%) < Oy Ui (OAX) ™Y
and thus ), 7, € S(A™>°,T'). We obtain
Xk = Xk (Vrwk * 2" exp —=27L) + rj, = xp (wi % 2™ exp —2aT) + xk (wi (Y — 1) * 2" exp —27L) + 7y,

and applying again the same reasoning to the penultimate term above, we get for Y € (U})“ and X € Uy,
that T'(X — Y) > A\(Xy)r3 the following estimate for the integrand

exp —mT(X = Y) exp —mA(Xp)rd x M(Y)A(Y)No
< CMX)MNX)No(1+T(X - Y))Noexp —aT(X — Y) exp —m (X )73
< C'MX)AX)N (1 4+ T (X — X3)) ™ exp —gr(x —Y) exp —mA(Xp)r2
< C"M(X)AX5)*N exp —gF(X — V) exp —mA(X))r2
< C"M(X)MX3 )N exp —%F(X — V) exp —m (X))
which yields the result. [

Definition A.1.7. Let I' be a symplectic quadratic form on R™ x R", i.e. a positive definite quadratic form
such that T' = I'? (see definition 1.3.2(2)). There exists a unique linear symplectic mapping A such that for
all X = (z,8), T(AX) = 37, <, #] +&F. Let U be a metaplectic transformation in the fiber of A. Then for

a € L (R*™), we define

aWick(F) — /a(y)2n (exp _27.‘_1'\(. _ Y))wdy — U(a o A)WiCkU*, (A.1.16)

Remark A.1.8. Note that since U is uniquely determined up to a factor of modulus one, that definition is
consistent. We remark also that, defining for X € R?", ®(X) = 2" exp —27['(X), we have ®(AX — AY) =
2" exp —27| X — Y |2, which is the Weyl symbol of ¥y (definition A.1.1). From the Segal formula, we have,
with a metaplectic U in the fiber of A

(X - 2) =UD(AX — Z)*U*
and thus we can justify the equality in formula (A.1.16) since
/a(Y)2"(exp —270(X - Y))"dY = /a(AY)(I)(X — AY)*dY
= / a(AYYUD(AX — AY)VU* = / a(AYYUSyU*dY = U(a o A)Viky™,

Remark A.1.9. We can also notice that the definition above is consistent with the fact that Wick and Weyl
quantization coincide for linear forms: if a is a linear form, we have

Vi) = U(a 0o AVIKU* = U(a o A)PU* = UU*a®UU* = a®. (A.1.17)

Also, it is easy with the formula (A.1.16) to check that the results of section A.1 on the Wick quantization
can be extended, mutatis mutandis, to the Wick(T") quantization.
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A.2. Properties of some metrics.

Proof of the remark following definition 1.3.1. Using a partition of unity related to the slowly varying
g, as in [BL], we define M,(X) = [5,. M(Y)py (X)|gy|'/2dY. It is a simple matter left to the reader to
check that M, belongs to S(M, g) and satisfies (1.3.3).

Lemma A.2.1. Let T be a positive definite quadratic form on R*" such that T =T and let gx = A(X)~'T
be a metric conformal to T' such that g is slowly varying and infx A(X) > 1. Then the metric g satisfies
9x(T) < Cgy (T)(1 +T(X = Y)), i.e.

AY)

%) <C(1+T(X -Y)), (A.2.1)

>

implying that g is admissible.
Proof. Since g is slowly varying, we may assume, with a positive 79, gy(Y — X) > rZ, which means
L(Y — X) > r3\(Y) and using A(X) > 1 we get \(Y)/A(X) <r;*T(Y - X). O

Lemma A.2.2. Let T be a positive definite quadratic form on R*® such that T =T and let gx = \(X)™'T
be a metric conformal to T. Assume that \(X) = d(X)? + M\ (X) with a function d uniformly Lipschitz
continuous (with respect to T') and /\le slowly varying with \y > 1. Then the metric g is slowly varying.

Proof. Let us assume that [X — V|2 < r2(d(X)? 4+ A1 (X)). If d(X)? < A\ (X), using the fact that A\ 'T is
slowly varying, we can choose 7 small enough so that A;(X) < CiA;(Y) and thus

AX) < 2010 (Y) < 200 A(Y).
If d(X)? > M\ (X), we have, with L standing for the Lipschitz constant of d,
272N X))V < d(X) < d(Y) + LIX = Y| < AY)Y2 + LrA(X)Y/?

so that, for r < we get A(X) < 8A(Y).

1

23720 +1

Remark A.2.5. Tt is a simple exercise left to the reader to show that (1) in Definition 1.3.1 is satisfied whenever

there exists rg > 0,Cp > 0 such that for all X,Y,T € R?", gx(Y — X) < 72 implies gy (T) < Cogx (T).
Taking this remark into account, we complete the proof of the lemma. O

A.3. Proof of Lemma 2.1.5 on the proper class. All norms in this proof are taken with respect to the
constant quadratic form I', so we omit the index everywhere and denote ||-|| by | - |. Since for all j € N,

. 1 2 g
IFO(X)] < 3 A™ %, we get 1 < AM(X) < 1+ Amaxosj<em 7" ° =1+ yA < (1+9)A and (2.1.12). For
JEN

0 < j < 2m, we have from the definition of ), the estimate |f()(X)| < )\(X)m_%, and for j > 2m, we can

use
(G=2m) (j=2m) (j=2m)

PO € A8 = A= 5 <qn =5 (14 9) "3,

G=2m)

so that f € S(A™,A7'T") with a j-th semi-norm less than 1 for j < 2m and less than v;(1 + )~ =2  for
j>2m.
Let us now prove that A7'T is slowly varying. Let us assume that |X — Y|? < r2\(X). Using Taylor’s

formula, we get for the smallest integer N > 2m (N = —[—-2m]) and 0 < j < 2m,
: . rt N :
FPCOI< D I W)ZAX)2 + A S = A(X) N2,
. il (N —j)!
l,j+l<2m
s0 that [0 (X)| < 32, 1 jcom AY)ZF T AX) 25 + v A5 A(X) "7 —y;, and
<0
. 2m—j  2m—j—l 2m—j i rl 2m—N N—j TN_j
PO Y ) TE)EET (X)) TE )T b avA T AX)
! (N = 3)!
l,j+l<2m
2m —j5 —1 2m—j 7! l 2m—j 7t
< —AY —+ ——XX —
- Z 2m — j (¥)™= l!—i_2m—j()2 I
l,j+Ii<2m
—2m om—y NI

Fanv(L+79) 2 AX)
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implying
19 (X))
=p(r) a polynomial in r
<)\(Y)2m{j Z 2m_j_l’f‘_l+)\(X)2m;J ( Z l ’f‘_l+ (1+ )N—22m TN_j )
= , om—j 1! : om ot NG (N )
Lj+i<2m 1<l,j+1i<2m

=¢(r) goes to zero with r.

Assuming then that j was chosen so that A(X) = 14 |fW) (X)) 77, we get

AX) < 1+ (M) plr) + AX) 75 () 7

so that there exist rg > 0,Cy > 1, depending only on the N first semi-norms of f, such that for r < rg, we
have
X — Y2 <r2AX) = MNX) < CoA(Y),

and thus r < 7o, | X — Y|> < 205 'A\(X) = Ci'A(X) < MY) < CoA(X), which is the property (1) in
Definition A.1.1. The property (2) in that definition is obviously satisfied since A(X) > 1. Moreover, we get
a stronger property than (3) from the Lemma A.2.1 above in this appendix. [

A.4. Some a priori estimates and loss of derivatives. In this section, we prove that, at least when
a factorization occurs, it is possible to limit the loss of derivatives to 3/2 (the loss is always counted with
respect to the elliptic case). Let us study the model-case

L=D;+iAyB1, Ag€ Op(SO), B; € Op(Sl)

with real-valued Weyl symbols such that Ay > ¢oA~"', By > 0. We compute, using the notation

1/2
lull = ([ laat) . ol = lolle, E=PE. ol =sup (o,

teR

2 R€<LU, zB1u> = <B1 (t)u(t), u(t)> + 2Re<A0B1u, B1u> Z 2COA71 ||B1’LL||2 .

As a consequence, for suppu C [T, T],

2 Re(Lu,iByu) + 2 Re(Lu, iH (t — Tp)u)
> oA~V || Byu)? + |ul? + || AY* Byu|)? + 2 Re(AY* Byu, i Hy, Ay *u)
> oA~ | Bl + [ul3,(1 = sup | Ao(t)] T)
<T

Il

1
(for T small enough) > CQAil ||Blu||2 + §|u|go,
so that ¢y *A || Lul|* + coA~ 1 || Byul® + 2 || Lul| [Jul| > coA~" || Brul||® + Lju|%, and thus

1
(co ' A+ 1) [|Zull* + Tlul%, = 5lul%

oo —

entailing for T < 1/4, (cg'A+1) || Lu|® >
3/2 derivatives.

The next question is obviously: how do we manage to get the estimate Ag > A=? Assuming A9 > —CA™1L,
we can always consider instead Ag 4 (C'+1)A~! > A~!; now this modifies the operator L and although our
estimate is too weak to absorb a zeroth order perturbation, it is enough to check that the energy method is
stable by zeroth order perturbation. We consider then

1|ul%,, which gives || Lu|| > A7'/2 ||ul|, an estimate with loss of

D, +iAgB; +S+iR, Ay>A"', S RecOp(SY).
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Inspecting the method above, we see that S will not produce any trouble, since we shall commute it with
By, producing an operator of order 0. The term produced by R are more delicate to handle: we shall have
to deal with

2(Ru, Byu) + 2(Ru, Hy,u).

The second term is L? bounded and can be absorbed. There is no simple way to absorb the first term,
which is of size ||Byul|| ||u|| which is too large with respect to the terms that we dominate. However we can
consider the L2-bounded invertible operator U(t) (which is in Op(S°) and self-adjoint) such that U(0) = Id
and U(t) = —U(t)R(t) so that

L=D;+iR+iA¢B,+S=U(t)"'DU(t) +iA¢B + S
=U(t)""(Dy +idoB1 + S)Ut) — U(t) ' [iAoB1 + S, U(t)]
— U@t (Dt +iAgBy+ S+ [U(t),iAoBy + S] U(t)_l)U(t).

Now the term [U(t),iAgB1]U(t)~! has a real-valued principal symbol in S and amounts to a modification
of S, up to unimportant terms of order —1. The term [U(t), S]U(t)~! is of order —1 and can be absorbed.
We have proven the following lemma.

Lemma A.4.1. Let A > 1 be given. We consider the metric G = |dz|*+A72|d¢]? on R" xR™. Let ao(t, x,§)
be in S(1,G) such that ag(t,z,&) > 0. Let by(t,x,&) be real-valued and in S(A, G) such that

(br(t, 2, &) — b(s, 2, €))(t — s) > 0.

Let r(t,x,€) be a complez-valued symbol in S(1,G). Assuming that ag,b1,r0 are continuous functions, there
exists a constant C' > 0 depending only on the semi-norms of the symbols ay,bi,rg, such that, for all
u € CH[-T,T), L*(R"™)) with CT < 1,

C |l Lull p2nsry = A7V2T 7 full g2 gty -
A.5. Some lemmas on symbolic calculus. Let g be an admissible metric on R and m be a g-weight

(see definition 1.3.1). Then, at each point X € R?", we can define a metric gg( by taking the geometric mean
of gx, g% so that in particular

g9x < gk = (d%)7 < 6% (A.5.1)
We define
h(X)= sup gx(T) (A.5.2)
9% (T)=1

and we note that whenever g = A\2g we get from the definition 1.3.1 that g¥ = A\;g and A\, = 1/h.

Definition A.5.1. Let [ be a nonnegative integer. We define the set S;(m, g) as the set of smooth functions
a defined on R?" such that a satisfies the estimates of S(m, g) for derivatives of order < [, and the estimates
of S(m, g*) for derivatives of order > [ + 1, which means

gx (T)*/? if k<1,
k k
|a® (XO)TH| < Com(X) % ¢ g& (TW2R(X) S itk > 1+ 1, with h(X) = sup  gx(T).
# —_
gx(T)*l

Note that since h < 1 and g < hg?, we get S(m,g) C Si(m,g). If g = A\(X)"'T'x, where \(X) is positive
(scalar) and I'x = I'%, then gg( =T'x and a belongs to S;(m, \~'T") means

MX)F2 if k<1,

*)(x < Cpm(X x{
[ (Xl < Geml X)Xy e g s 141,

Moreover, if g = g#, then for all I, S(m, g) = Si(m, g).
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Lemma A.5.2. Let T be a positive definite quadratic form on R®™ such that T =T and X be a I'-weight.
Let b be a symbol in S1 (N, A\7'T"), where m is a real number. Then bijb — b> € S(A*"~1T)

Proof. We have (bb)(X) = expin[Dx,, Dx,](b(X1) ® b(X2))
integral remainder for s — e® yields

1

(b6)(X) = b(X)? + /O expinDx,, Dx,]d0in[Dx,, Dxalb(X1) © b(X2) x, oo x-

X1 = X=X SO that using Taylor’s formula with

Since b’ € S(A™~1/2 T) and
expimd[Dx,, Dx,]|(a1(X1) ® az(X2))
= expin[Dx,g-1/2, Dxyp-1/2)(a1 (072 X10"%) @ az (077 X20'?)) | x, —x,=x
= expin[Dy,, Dy,](a1(0"/?Y1) ® a2(0"/°Y2)) v, =y,—g-1/2x
= ((a1 0 07?)d(as 0 07/2)) (07 /2X),

we get that, if a; € S(A\™,T), we have a; o /2 € S(A™3,0T) so that the symbolic calculus for the metric
0T (observe that it is admissible for § bounded) gives

(a1 06'2)3(az 0 /%) € S(X™ ™2 9T)

which implies ((ay o 0'/2)t(ay o 91/2)) 00~1/2 ¢ §(Am™i+m2 T). Applying this to the integral above gives the
result of the lemma. [

Lemma A.5.3. Let T be a positive definite quadratic form on R®™ such that T =T and X be a I'-weight.
Letl € N,u € R and a be a locally bounded function defined on R?™ such that

Vie{0,...,1}, [aV(X)| < CAX)* 2.
Then the function a * exp —27T belongs to S;(A\*, A\71T).

Proof. We use the formula (a * exp —27T)(X) = [a(X —Y) exp —27T(Y)dY to obtain the estimate for the
derivatives of order < I: we get for k <1

X —Y)r-

(a * exp —27T)®) (X)| < CA(X)P 2 / )\(/\(X)“— exp =270 (Y)dY

< CAO)E /(1 +T(Y)N= 3l exp —27T(V)dY = C'A(X)~ 3,

and for k > [ we have (a * exp —27T)*) = (a®) % (exp —22T)*~V) yielding immediately the result. [

Let us recall the composition formula in the Weyl quantization, with the symplectic form [,] given in
(1.3.2). We have a*“b* = (afb)®¥ and, for X € R*",

(afb)(X) = 22" / /R — a(Y)b(Z)exp —4in[X =Y, X — Z|dYdZ

_ g2 // a(Y + X)b(Z + X) exp —4in]Y, Z|dYdZ. (A.5.3)
R27 xR27
We note also that
(aﬁb)/ — a’ﬁb—|— aﬂb’. (A.5.4)

Moreover, if a is a function only of £, we have

(afb)(x, &) = 2° /R _a(mb(z, Qe TN e AT O dy dndzdC

= 2”/ a(n)b(z, &)e 1T E=M@=2) g,
R2n
=20 [ (U D2 Q)b (1 + o — o) N e s
R2n
= 2" / (@ DN )+ 1€ 0N L+ DH/HN (b O+ | — =) 7)
e—4iﬂ(£—n)(w—2)d77dz

so that with N > E(n/2) + 1
|(atb)(z, &) _]n%%])\([Ha Iz g%XNHb [z (1+ [§ — suppal) c(n, N) (A5.5)
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A.6. The Beals-Fefferman reduction.
Lemma A.6.1. Let F: R — R be a C? function such that

16[F(0)] < F'(0)%, | F"]lpeey < 1. (A6.1)
We set p = |F'(0)|/4. Then there exists to € [—p/2,p/2] and e € C*(R) such that
for 111 < py F(t) = (t —to)elt),  8p>e(t) > p, ¢l ey < 1. (4.62)

Proof. Assume first that F'(0) = 0 and F/(0) = 4p. Then, for [¢t| < 2p,
F(t) =te(t), 6p>e(t) 24p—2p: 2p, |l€/[| oo m) < 1.
Now if F(0) > 0 and F'(0) = 4p, F(—5) < p* — E4p—|— £ <0, so that, for some ty €] — p/2,0[ we have
F(to) = 0. Using what was done above, we have for |s| < |F’(t0)|/2
Fls+10) = (s + to)eols),  3IF(t)l/2 = eols) 2 [F/(t0)l/2,  llebllieqey < 1.

But since P >| ) . . 5

0 p,_Tp p_p_5p

>_(p—Ey="1L qpa L_L_22>
;2= md pog=T 2
we have on [tg — L2ty + 12 +] which contains [—p, p],
27
F(t) = (t—toe(t), [tol <p/2, 8p= Tp >e(t) > 7p/A>p|l€lpe@w < 1. O

Lemma A.6.2. Let F:R? — R be a C? function such that

2°1F(0)] < [VFO)?,  F"|| oo ray < 1. (A.6.3)

We set p = ||VF(0)||27°. There exists two C' functions o : R4~ — [=5p,5p] and e : R — [7p,70p], a
set of orthonormal coordinates (z1,z') € R x R*™1 such that for max(|z:1|,|z']) < p,

F(z) = (z1+a(@))e(@), |e'|lpoma <1, |lo/||poega-1y < 1. (A.6.4)

Proof. We can choose the coordinates so that VF(0) = 68_51(0);1' Then for 2’| < p, we have |F(0,2")] <
27611002 4 p2°p + 1p? = p?(2° + 21 + 271) and

oF 0
- —p=(2°-1
0] 2 | FE0.0)] = (= 1)p
so that
16|/F(0,2")] _ 16 x 48.5
p < o <1
31
azl (O a’)

Applying the lemma A.5.1, we get for all |2'| < p the existence of a(z’) such that, when |z;]| < 31p/4
33p
F(zy,2") = (21 + a(2'))e(z), |a(2)] < = g < 5p, T0p>8x33p/4 > |e(x)| > 31p/4 > Tp.
The implicit function theorem guarantees the C! regularity of the function o and the Taylor-Lagrange

formula with integral remainder provides the regularity of e. O

Remark A.6.3. If the function F' in the lemma A.6.2 is C'*°, since the function « is obtained by the implicit
function theorem, and e by Taylor’s formula with integral remainder, both function «, e are C*°. Moreover,
the identity F'(—a(z’),2") = 0 implies that

a® @) < Crep'~*, (e (@)] < Crp™

)
where Cj, are semi-norms of the function F in max(|z1|,|2’|) < p. In particular, if we apply this result to
the function (2.1.21)
F(T) = AY2q(t,Y +v(t,Y)2T) u(t, V)20t Y) ™!

we get that |F(®)| is bounded above by vx(q) and 1/2 < p < 41(q) as defined in (2.1.1). We get then from
the lemma A.6.2

A2t Y + vt Y)VPT) u(t,Y) 20, Y) ™! = eo(T)(Th + ao(T”))
so that eg, g are smooth with fixed bounds and thus
AP, X)u(t, V)2 =eo (X = Y)u(t,Y) V) u(t,Y)"/? (Xl Y1 +ao((X = Y")w(t,Y) V)t Y)1/2)
which corresponds exactly to (2.1.22-23-24).
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A.7. On tensor products of homogeneous functions. Let n > 1 be an integer and N = n+ 1. Let
(yo;m0) € RY x SV~ such that

(907770) = (t07x0;7’07§0) ERXR" xR x an with To = 07 50 € Snil'

Let r €]0,1/4] be given. There exists a function xo € C°°(R¥;[0,1]) such that for A > 1 and n € RY with
In| > 1, we have xo(An) = xo(n) (“homogeneity of degree zero outside the unit ball”) and

1 if 72 4+ €2 > 1 and |7] < 7€,
0 if 2+ €2 <1/4or |7| > 2r|¢|.

Xo(ﬂﬁ):{

There exists a function g € C*(R"™;[0,1]) such that for A > 1 and & € R™ with |{] > 1, we have
Yo(AE) = ¥o(€) and,
{1 if €] > 1 and | — &l <7,
0(§) =

0 if ¢ < 1/20r |1 — &l > 2r .

We define the function ®¢ by
(I)O (Ta 5) = XO(Tv 5)1/)0 (5) (A?l)

Lemma A.7.1. The function ®¢ is such that for A > 1 and n € RN with |n| > 2, we have ®o(An) = ®o(n).
Moreover, with ny = (0,&), we have

<r/2, Do(n) =0 for |n| > 2 and ‘il —no| > 4r.
n

n
Do(n) =1 for |n| > 2 and ‘m — 1o

Proof. The function @, is such that for A > 1 and n € RN with || > 2, we have ®¢(An) = ®o(n): in fact, if
72 4+ €)% > 4 and |7| < 2r[¢], we get [£]? > 4(1 + 4r?)~1 > 1, so that 1o(A\E) = 10(€) and since we have also
in that case xo0(A1) = x0(n), we get the sought property. Now if 72 + [£]? > 4 and |7| > 2r|¢|, we see that
Xo(AT, X&) = x0(T,€) = 0 so that, ®o(An) = 0 = ®o(n). Moreover, if 72 + |£|? > 4 and

2
<r?/4,

72

£
e

(7 1P

— o

we get that |7 < r|¢|(4 — r2)~1/2 < r[¢] and thus xo(7, &) = 1; also this implies [¢] > 2(1 +r2)"1/2 > 1, so
that ¥o(§) = Yo(&/|€]). We have then

RS §
<4l
T2 ‘|€| (72 + [g1*)1/2

T _ T
< IElIPIE T < Sy <

3
’E—fo 4—r2 —

which implies 1o (€) = 10(£/|€]) = 1, so that ®g is equal to 1 on a conic neighborhood of (0,&p) in RY minus
a ball. Similarly, if 72 + |£|?> > 4 and

2
> 1672

7_2

;
e

(P + 1P

—&o

3

2
either |7| > 2r¢| and xo(7,&) = 0, entailing ®o(7,£) = 0 or || < 2r|¢| and then W —&| > 1272
and [¢] > 2(1 4 472)~1/2 > 1 so that 1g(£) = ¥o(&/|€]). In this case, we have

£

§ 2 2
_‘E_W > 2/3r —22\/§r—4r > 2r,

> 2v/3r > — e

£
ha <

implying 10(§) = 0 and thus ®o(7,£) = 0. Eventually, we have proven that @ is also supported in a conic
neighborhood of (0, &) in RY. O

A.8. Composition of symbols.
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Lemma A.8.1. Let G,g be the metrics on R?N defined in (4.3.8) and let s1,s2 be two real numbers. Let
a be a symbol in S((£)*',g) and b be a symbol in S({(§,7)%2,G) such that suppb C Zc = {(t,z,7,§) €
RV |7| < 14 C|€|}. Then the symbols afb, bia,a o b,b o a belong to S({(€,7)** %2 G) and are essentially
supported in Zc, i.e. are the sum of a symbol of S({£,T)y51752 G) supported in Zc and of a symbol in
S(<§a7->_ooa G) = QNS(<€7T>_N7G)'

Proof. We have
(aob)(t,x,7,&) = /e‘2i”(5‘7+y”)a(t, x, 7+ 0, +n)b(t + s,x +y, T, )dsdodydn, (A.8.1)

so that, using the standard expansion of the symbols and the fact that b is supported in Z¢,
es(re)71*.6)
1 e e
aob= Z — DZea 07,0

a!
lal<v

1 v—1

1-0 -

+ / %ezm(wﬂm)DZ’ga(t, x, T+ 00,8+ 0n)0; b(t + s, +y, 7, §)dsdodydndd.
0 — 1) '

We define
Ip(,€) = / e 2TV DY a(t,x, 7 + 00, + 0n)0} bt + 5,2 +y, 7, §)dsdodydn (A.8.2)
and integrating by parts, we obtain for all nonnegative even integers m that
Io(r.€) = [ €T 0) D)™ ) D™ ) D)™ ) (D)
D7 ca(t,z, 7+ 00,& + 0n)o; ,b(t + 5,2 + y, 7,§)dsdodydn,

and consequently

o (6| S /<0>_m<5>_m<y>_m<n>_m(1 + €+ 0n)" "V dsdodydn(1 + [§] + |7))* 1(|7| < |-

In the integrand, when |n| < |£|/2, we get, since 6 € [0, 1], |+ 0n| > [&] — |n] > |£]/2. As a result, we get for
this part of the integral the estimate

(L4 D" + I + )= 1(7] S 1E) S L+ [€] + 7)) 7"/%,  for v large enough.
When || > [€]/2, we use the term () ™™ and the estimate
(L+1ED 21 + gl + 7> 17 S [€l) S (L+ [ + [7[)~™/*,  for m large enough.

To check that the derivatives of Iy will satisfy the expected estimates, we differentiate the expression (A.8.2)
and repeat the previous proof. We know now that, for all v > Ny

aob= 3, i'nga 0P b+, 1, €S(r6)7G).
(6% > ’

|al<v

Using the standard Borel argument, we find ¢ € S((7,£)%1 752 ), essentially supported in Z¢ such that, for
all v

1 « (0% 81 T82—V
c— Z JDT,EG/ 8t,zbes(<7-7§> + 7G)7

Jal<v

entailing that, for all v > Ny,

1
aob—c=—c+ Y — D% ea O7,b+ry € S((r, gymax(=v/2sits2—v)

|al<v
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implying that a o b — ¢ € S({,£)~°°, G), which gives the result of the lemma for a o b. To get the result for
b o a is somewhat easier by looking at (A.8.2), to obtain the estimate

Lo, €)| < / (o)™ ()™ () ™)™ (1 + 1€ + O] + [ + 00}V (17 + 6] < [€ + o)
dsdodydn(1 + [£])°*.

When |7| < || the discussion is the same as for a o b. When |7| > |¢], we split the integral in two parts:
the region where |o| < |7]/2, in which we get negative powers of (1 4 |7|) from the term with the exponent
s2 — v, and the region where |o| > |7]/2 in which we use the term (g)~™. The last part of the discussion
is the same. To obtain the result for afb (which will give also bffa since afb = bfa), we use the group
Jt = exp2irtD, D¢ and the formula afb = J~/2(JY/2a o J1/2b). Using the assumptions of the lemma, we
see that J'/2a satisfies the same hypothesis as a and J'/2b is essentially supported in Z¢. The proofs above
give thus that J/2a o J'/2b satisfies the conclusion of the lemma, which is “stable” by the action of J /2.
The proof of the lemma A.8.1 is complete. [
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