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Abstract

In this paper we will give analytical formulae to calculate all
synchronous modes' loss factors of a disk-loadedaccelerating
structure. From these analytical formulae one can easily find out
the contribution of each synchronous mode to the total wake-
fields. The relations between the loss factors (wakefields) and
structure geometrical dimensions have been well established.
The validity of these formulae has been confirmed by using
ABCI code. These analytical expressions of loss factors can
be used also for a single pill-box cavity.

I. INTRODUCTION
Wakefields in a disk-loaded accelerating structure play a dom-

inant role in future linear colliders. The wakefields can be
calculated either in time domain by directly solving Maxwell
equations, or in frequency domain by summing up synchronous
modes. Usually, computer codes TBCI [1] and ABCI [2] are
used in time domain, KN7C [3] and TRANSVRS [4] are used
in frequency domain. In this paper, however, we give analytical
expressions for the loss factors of all synchronous modes which
can be used to find the delta function wakefields. These analyti-
cal expressions reveal the dependence of the loss factors on the
geometric structure parameters.

II. LOSS FACTORS OF A DISK-LOADED
STRUCTURE

A disk-loaded structure as shown in Fig. 1 can be constructed
by connecting two pill-box cavities by a piece of cylindrical tube
of radiusa and of lengthd.

Due to the coupling through the aperture between cavities,
passbands will form corresponding toeach pill-box resonant
mode. In the following we will keep using three subscriptsmnl

to specify the passbands without cutting the result from its ori-
gin. We assume that the synchronous frequency!(�mnl) is not
very different from the closed pill-box resonant frequency!mnl,
and we will use!mnl to replace the synchronous frequency of
the TMmnl passband. In ref. 5, G. Dˆome has made the same
assumption to attack the same problem.

The definition of the loss factor of a synchronous mode is
expressed as [6]

k =
Es;z(r = a)2

4dU=dz
(1)

whereEs;z(r = a) is the synchronous decelerating electric field
along the axis ofr = a, anddU=dz is the energy stored per me-
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Figure 1. Disk-loaded accelerating structure

ter. For the TMmnl passband by using the same method as in
ref. 7, one hasEmnl

s;z (r = a) = Ez;mnl(r = a)�(�mnl) and
dU=dz = Umnl=D, whereEz;mnl(r = a) is the longitudinal
electric field of the TMmnl mode in the closed pill-box cav-
ity, andUmnl is the corresponding stored energy. When m=0,
�(�mn0) is found to be [7]

�(�mn0) =
2 sin (�mn0h=2D)

�mn0

(2)

where
�mn0 = D

�umn

R

�
(3)

Whereumn is thenth root of themth order Bessel function.
However, if l 6= 0 the electric field variation inside the cavity
should be taken into account. Since

cos(l�z=h) cos(�mnlz=D) =

1

2
cos ((l�=h + �mnl=D) z) +

1

2
cos ((�mnl=D � l�=h) z)

it is obvious that the effect ofl 6= 0 is just splitting one syn-
chronous mode into two and it is found by analogy that�mnl

can be expressed as

�(�mnl) =
sin (�mnlh=2D + l�=2)

�mnl + lD�=h
+
sin (�mnlh=2D � l�=2)

�mnl � lD�=h
(4)

where

�mnl = D

 �umn

R

�2
+

�
l�

h

�2!1=2

(5)

We get then the general expression of the loss factorkmnl cor-
responding to the TMmnl passband

kmnl =
Emnl
s;z (r = a)2D

4Umnl
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where
� = f1;l6=0

1=2;l=0
(7)

� = f1;m6=0
1=2;m=0

(8)

S(x) =
sin(x)

x
(9)

and

x1 =
h

2

0
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h
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A (11)

It should be pointed out that eq. 6 is the analytical expression
of the loss factors of a single pill-box cavity by setting simply
D=h.

By taking all the modes into account, one can find the delta
wakefield functions of a point charge traversing a disk-loaded
structure by using the following formulae

Wz(� ) =

1X
m=0

1X
n=1

1X
l=0

Wz;mnl(� ) (12)

Wr(� ) =

1X
m=0

1X
n=1

1X
l=0

Wr;mnl(� ) (13)

W�(� ) =

1X
m=0

1X
n=1

1X
l=0

W�;mnl(� ) (14)

where [6]

Wz;mnl(� ) = 2kmnl

�rrq
a2

�m
cos(m�) cos(!mnl� ) (15)

Wr;mnl(� ) =
2mckmnl

!mnlr

�rrq
a2

�m
cos(m�) sin(!mnl� ) (16)

W�;mnl(� ) = �
2mckmnl

!mnlr

�rrq
a2

�m
cos(m�) sin(!mnl� )

(17)
where� = s=c, s is the distance between the exciting charge
and a test charge,rq is the transverse coordinate of the exciting
charge andc is the velocity of light in vacuum. For a Gaussian
bunch of chargeq and bunch length�t one can calculate the
integrated wakefield started from delta wakefield functions

WG;z(� ) =

Z �

�1

Wz(� � t)I(t)dt (18)

WG;r(� ) =

Z �

�1

Wr(� � t)I(t)dt (19)

WG;�(� ) =

Z �

�1

W�(� � t)I(t)dt (20)

where

I(t) =
q

(2�)1=2�t
exp

�
�

t2

2�2t

�
(21)

For themth mode the total loss factor of a Gaussian bunch will
be

Km(�t) =

1X
n=1

1X
l=0

kmnl exp(�!
2
mnl�

2
t ) (22)

To evaluate the single bunch energy loss�Ut to all the
monopole modes, one defines the beam loading enhancement
factor as [6]

B(�t) =
K0(�t)

k010 exp(�!
2
010�

2
t )

(23)

and
�Ut = B(�t)�U0 (24)

where�U0 is the energy lost to the fundamental mode.

III. COMPARISON WITH NUMERICAL
RESULTS

In this section a special rf structure will be used to make the
comparison between the calculation results from the analytical
formulae and those from the ABCI code. The exciting bunch
is assumed to have a Gaussian distribution and the loss factors
shown in the figures are k(�t). In the following analytical cal-
culations one has chosenn = 50 andl = 30 if otherwise stated.
It should be declared that the width of the bars in the following
pictures has no physical meanings.

We consider a disk-loaded structure as shown in Fig. 1 hav-
ing the dimension: D=3.5cm, h=2.92cm, a=1cm and 25 cm.
The exciting bunch which traverses the structure parallel to the
structure axis with an offset ofr = a has an rms bunch length
�z (�z = �tc). The analytical results of the monopole modes
(m=0) are shown in Fig. 2 where�z = 2:5mm. Using the
same structure and keeping the same exciting bunch parame-
ters, we use ABCI to get the corresponding results shown in
Fig. 3 where three cavities have been used. To verify the HOM
mode loss factors estimated by the formulae we will compare
the beam loading enhancement factor B(�z) with those calcu-
lated by ABCI. Taking the SLAC type structure parameters:
D=3.5cm, h=2.92cm, a=1cm and 4.02 cm. the beam loading
enhancement factor B(�z) has been calculated, compared and
shown in Fig. 4 where the fitting curve is B(�z) = 4:66��0:678z

which agrees quite well with the diffraction model [8] which
implies that the the total loss factor for a short bunch varies as
�
�1=2
z . For the analytical curve shown in Fig. 4, we have taken

n = 200, andl = 100 which ensure the convergency of eq. 22
for the minimum�z used.

The agreement between the analytical and the numerical re-
sults are obvious. The comparisons for the dipole modes have
been done also, however, they are not shown in this paper due to
the limited paper length.
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Figure 2. (a) Monopole wakefield and (b) monopole mode loss
factors. For both figures�z = 2:5mm. The dimension of the
structure: D=3.5cm, h=2.92cm, a=1cm and R=25cm. (Formu-
lae)
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Figure 3. (a) Monopole wakefield and (b) Monopole mode fre-
quency spectrum of loss factors. For both figures�z = 2:5mm.
The dimension of the structure: D=3.5cm, h=2.92cm, a=1cm
and R=25cm. (ABCI)
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Figure 4. The comparison of the enhancement factors B(�z)
calculated by the analytical formula and ABCI code for a SLAC
type structure. The dimension of this structure: D=3.5cm,
h=2.92cm, a=1cm and R=4.02cm.
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