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Abstract

This article is a continuation of previous works by Bovier-Eckho -
Gayrard-Klein, Bovier-Gayrard-Klein and Hel er-Klein-N ier. The main
object is the analysis of the small eigenvalues (as ! 0) of the Lapla-
cian attached to the quadratic form

z
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where is a bounded connected open set withC! -boundary and f

is a Morse function onM = . The previous works were devoted
to the case of a manifoldM which is compact but without boundary

or R". Our aim is here to analyze the case with boundary. After the
introduction of a Witten cohomology complex adapted to the case with
boundary, we give a very accurate asymptotics for the expondatially

small eigenvalues. In particular, we analyze the e ect of the boundary
in the asymptotics.
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1 Introduction

We are interested in the exponentially small eigenvalues tife Dirichlet re-
alization of the semiclassical Witten Laplacian on 0-forms

Q= h+ jrfef h f(x):

Our aim is to extend to the case of a regular bounded open set qr more
generally a compact manifold with boundary, results which &re previously
obtained in the case when is a compact manifold or the case &®". We
shall analyze the Dirichlet realization of this operator.

The function f is assumed to be a Morse function on (with no critical
points at the boundary). It is known (see [Sim2], [Wit], [CFKS], [HelSj4]
and more recently [CL]) that, like in the case without bounday, there are
exactly mg eigenvalues in some interval [G[:hg] for h > 0 small enough,
where mg is the number of local minima in . This is strongly due to the
fact that the Dirichlet case is concerned. These eigenvakiare actually ex-
ponentially small ash! 0.

Moreover this can be extended (see [CL]) to Laplacians gnforms, p > 1,
but this time some critical points of the restriction of the Morse function to
the boundary (which will be assumed to be a Morse function) Wplay a role.

Our purpose is to derive with the same accuracy as in [HKN] as\yp-
totic formulas for the my rst eigenvalues of the Dirichlet realization of Eog :
A similar problem was considered by many authors via a probdistic ap-
proach in [FrWe], [HolKusStr], [Mic], [Kol]. More recently in the case of
R", A. Bovier, M. Eckho, V. Gayrard and M. Klein obtained in [BE GK]
and [BoGayKI], accurate asymptotic forms of the exponentily small eigen-
values. These results were improved and extended to the cadea compact
manifold in [HKN].

The Witten Laplacian is associated to the Dirichlet form
Z

Ci() 3u7 j(hr +r f)ux)j® dx:

Note that the probabilists look equivalently at :
Z

Ci() 3v7h? jrvx)j? e 20 dx:



Bovier, Eckho, Gayrard and Klein considered this problem ia a proba-
bilistic approach. They obtained, in the case oR" and under additional
conditions onf andr f at 1 , the following asymptotic behavior for the

rst eigenvalues (h), k2 f 2;:::;meg, with 4(h) =0, of §°,3 :

Wi

he _H det(Hessf (U?))

«(h) = =Py u)it =
det(Hesd (Uj (k)))

2 1. .
exp — f(UGR) T(UY)  (1+O(hjloghy) ; (L1)

where theUlEO) denote the local minima off ordered in some speci ¢ way, the
Uj((lll) are \saddle points" attached in a speci ¢ way to theUlﬁo) (which appear

to be critical points of index 1) and bl(Uj((lll)) is the negative eigenvalue of
1
Hesd (Uj((li)).

Their article belongs to a family of works done by probabilts starting
at least from Freidlin and Wentzel (See [FrWe] for a present@n). The
rst papers were only giving the asymptotic behavior of the dgarithm of
the eigenvalues. The main contribution of [BoGayKIl] and [BEK] was to
determine the main term in the prefactor. The later [HKN] gae a complete
asymptotics in (1.1) and extended the results to more gendrgeometries,
including cases when ;(h) 6 0.

In the case with boundary, we observe that the function expfﬁ does not
satisfy the Dirichlet condition, so the smallest eigenvaki can not be 0. For
this case, we can mention as starting reference Theorem h4kr\We], which
says (in particular) that, if f has a unique non degenerate local minimum
Xmin ,» then the lowest eigenvalue {(h) of the Dirichlet realization Eog in
satises :

fim hlog o(h)=Inf (F() f(Xmin)) : (1.2)

Other results are given in the case of many local minima but #y are limited
to the determination of logarithmic equivalents (see Thee@ms 7.3 and 7.4 in
[FrWe]).

The approach given in [HKN] intensively uses, together witlihe tech-
niques of [HelSj4], the two facts that the Witten Laplacian $ associated to



a cohomology complex and that the functiorx 7! exp @ is a distribu-
tion solution in the kernel of the Witten Laplacian on 0 forms permitting to
construct very e ciently quasimodes. We recall that the Witten Laplacian
is de ned as

th = Okn Oey + e e (1.3)
whered;., is the distorted di erential
din = e 107N (hd,) & =N ; (1.4)

and whered;,, is its adjoint for the L2-scalar product canonically associated
to the Riemannian structure. The restriction ofd:, to p-forms is denoted

by d]fﬁ? With these notations, the Witten Laplacian on functions is

0 0 0) .
9 = 40 d2 15)
In the Witten-complex spirit and due to the relation
@ © _ @041 .
df;h fh = fh df;h J (16)

it is more convenient to consider the singular values of thesstricted di er-
ential dfy : F@ 1 F®. The spaceF() is the m--dimensional spectral

subspace of EQ T 210;1g,
FO=Ran 1,m( ) ; (1.7)
with 1(h) = [0;Chs] and the property!
Ly ( f)d = din 10, ( &) (1.8)
The restriction din ., will be more shortly denoted by f(h)
= () o (1.9)

We will mainly concentrate on the case = 0.
In order to exploit all the information which can be extracte from well cho-
sen quasimodes, working with singular values off(;?]) happens to be more

e cient than considering their squares, the eigenvalues of Eo,z . Those quan-
tities agree better with the underlying Witten complex stricture.

1The right end a(h) = Chs of the interval I (h) = [0;a(h)] is suitable for technical
reasons. What is important is that a(h) = o(h). The value of C > 0 does not play any
role.



The main result

Let us describe the result. We shall show that under a suitadlgeneric
assumption (see Assumption 5.7), one can label thm, local minima and
introduce an injective mapj from the set of the local minima into the set of
the m; generalizedcritical points with index 1 of the Morse functions in .

At a generalized critical pointU with index 1, we can associate the Hessians
Hessf (U), if U 2 , or (Hessf _)(U),if U2 @ When U2 , b, (U)
denotes the negative eigenvalue of HefsdJ).

Theorem 1.1.
Under Assumption (5.7), there existshy such that, forh 2 (0; ho], the spec-
trum in [0; h?) of the Dirichlet realization of §°g in , consists ofm, eigen-
values i(h) <:::< p,(h) of multiplicity 1, which are exponentially small
and admit the following asymptotic expansions :
h \H/ det(Hessf (U?))
«(h) = Sy Uit —— 1+hci(h)
det(Hessf (Uj (k)))

2 .
exp n f(Uj((llz)) f(UlEO)) ;o df uj((lﬁ)z ;

and

2h1=2jr f(Uj((llz))J'u det(Hess (U,”))

1=2

o<

k(h) = 1+ hge(h)

(Y
det(Hesd @ (Uj (k)))
2 0 .
exp fUQ) U 5 ifull2e ;
. . P,
wherect(h) admits a complete expansion ci(h) m=o0 N"Cicm -

This theorem extends to the case with boundary the previousesult of
[BoGayKI] and its improvement in [HKN] (see also non rigorosiformal com-
putations of [KolMa], who look also to cases with symmetry ahthe books
[FrWe] and [Kol] and references therein).

About the proof
As in [HelSj4] and [HKN], the proof will be deeply connectedith the analysis
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of the small eigenvalues of a suitable realization (which it the Dirichlet
realization) of the Laplacian on the 1-forms. In order to fébw the same
strategy as in the boundaryless case, three main points hawebe explained.
The rst point was to nd the right substitute for the Witten complex. Our
starting problem being the analysis of the Dirichlet realiation of the Witten
Laplacian, we were led to nd the right realization of the Witten Laplacian
on 1-forms in the case with boundary in order to keep the comrtation
relation (1.6). The answer was present in the literature ([§w], [Gu] and
[CL]) in connection with the analysis of the relative cohomiogy.

The second pointwas to get the \rough" localization of the spectrum of this
Laplacian on 1-forms. The analysis was performed in [CL], ithe spirit of
Witten's idea, extending the so called harmonic approximain. But these
authors, interested in the Morse theory, simpli ed the probem in the sense
that they use the possibility (inherent to Morse theory) to ©iloose a right
metric and a right Morse function in order to simplify the andysis at the
boundary. We emphasize that we treat here the general case.

The third point is the construction of WKB solutions for the critical points
of the restriction of the Morse function at the boundary. Forsimplicity, we
restrict our attention to the case of 1-forms which is the oglone needed for
our problem.

Structure of the paper

The paper is organized as follows. In the second section, wealyze in

detail the boundary complex adapted to our analysis. The thd section is
devoted to the proof of rough estimates replacing the harmanoscillator

approximation in the case without boundary (leading in paricular to the

proof of the weak Morse Inequalities). In the fourth sectigrwe give the WKB

construction for a solution of the Witten Laplacian on 1-foms localized at
a critical point of the boundary. The fth section is devotedto the Morse
theory together with the right de nition of saddle sets in the present case with
boundary. This permits us in particular to explain our main dsumptions.
The sixth section is devoted to the construction of quasimas and the proof
of the main theorem is given in the seventh section. Finallyye have given in
the appendix a partially independent treatment of the one-thensional case,
which can be seen as a warm-up.



2 Some self-adjoint realization of Witten Lapla-
cians with boundary.

2.1 Introduction

We work here on aC' connected compact oriented Riemannian manifold
with boundary @and will denote its interior. After xing basic notations
we specify the self-adjoint realization of the Witten Laplaian on which we
will focus and we assume in all the paper that the functiof is a C* real
valued function on .

2.2 Distorted di erentials and associated Witten Lapla-

cians.
The cotangent (resp. tangent) bundle on is denoted byl (resp. T )and
the exterior berbundleby T = [, PT (resp. T = [, PT).
The ber bundles T@= [, PT@and T @= [, °T @are

de ned similarly. The space ofC! , G , L2, H® ...sections in any of these
ber bundles, E, on O = or O = @, will be denoted respectively by
C! (O;E), G (O;E), L%O;E), HS(O;E).... When no confusion is possible
we will simply use the short notations PCt, PG, PL? and PHS for
E= PT or E= PT @ Note thatthe L2 spaces are those associated
with the unit volume form for the Riemannian structure on or @ ( and

@ are oriented). The notation C' (; E) is used for the set ofC' sections
up to the boundary. Finally since@is C', C' (; E)is dense inH3(; E)
fors 0 and the trace operator! ! ! @ extends to a surjective operator
from HS(; E) onto HS (@ E) as soon as > 1=2.

The dierential on G (; T ) will be denoted by d and more precisely

dP g PT)ICHG T )

Its formal adjoint with respect the L?-scalar product inherited from the Rie-
mannian structure is denoted byd with

d? G PPT ) ICo (0 PT )

Those di erential d and codierential d are well dened onCt (; T )
and satisfydd=d d =0.



For a functionf 2 C! (; R) and h> 0, we set
din = € T (hd) €@ and dyy, = & @ (hd ) e FOO=:
The Witten Laplacian is the di erential operator dened on Ct (; T )
th = Opdin + den Oy = (din + dep )%
which means, by restriction to thep-forms inC (; PT ),
® = b o) + o, Vff,

Note that dr, dry =0, and d;, di,, = 0 respectively, imply that, for all u in
c( T,

(P+1) 4B\, = AP (P)
f;h df;h u= df;h f;p U (2'1)
and
P Dyp 15— 4P D (B, -
g Opn © U= iy, e (2.2)

Here are other relations with exterior and interior produc$ and Lie deriva-
tives which will be useful :

Oy = hd+ o7 ; (2.3)
dy = hd + it ; (2.4)
d ix + ixd: Ly ; (25)
th = h2d+d)2+jr fj°+h Ly +L,, : (2.6)

2.3 Stokes formulas.

Before writing the distorted Stokes formula, we recall someotations which
are convenient for boundary problems even with the euclideametric on
R". We refer the reader to [Schw] for details.

Forany! 2 CY(; PT ), the form t! is the element ofCt (@ PT )
de ned by



with the decomposition into the tangential and normal compoents to @ at
:Xi= XTI X7n.

If n denotes the 1-form which is dual to the outgoing normah at for

the Riemannian scalar product, we have

t')y =ip (n A1)
Note that t! can be identied with j! 2 C'(@ PT @ where
j :@ ! s the canonical injection.
The non tangential part of! on @is de ned by
nl =1 . tt 2Ct(@ PT):

If necessaryt! and n! can be considered as elements 6f (; PT ) as
follows. A variant of the Collar Theorem which provides a dieomorphism
between a neighborhood o@and @ [0; [, > O small enough, can be
written by taking for the normal coordinate the geodesic diance to @,
Xn =d (X;@ 21[0; [ Any form 2 C'(@ T ) is then extended by
using the equation@, =0to @ [0; [. After multiplication by a cut-o
function, this gives a form on , which does not depend orx, in a neighbor-
hood of @.

by

for! w2 PT, andwith 2 ( n) preservingfl;:::;pg.
We recall the formulas

2(?'y) =( ]I%p(” Pros 8,2 PT, ; (2.7)
Hoyjlai pla= 1,725 8l;1,2 PLZ; (2.8)
and
2d:P D =( 2)pdn P 2odP) =( 1)P*ig P Do (2.9)
?n=1t7?; ?2t=n?; (2.10)
td=dt; nd =d n: (2.11)
These formulas, combined with theZStokes %ormula,
gl 2¢ct(; T ) ; dl= ! = t!;
@ @

lead to the Green formula.



Lemma 2.1.
Forall! 2 PH?and 2 PH?, we have

Mf;h! jdf;h | p+l | 2 +me;h! jdf;h | p 112 Z

=h !jiseth ()Adn!) h  (tdy,!) " (n7) 1 (2.12)
@ @

Proof.

SinceC! (; T )is dense in HS, while both terms of the identity are
bilinearly continuous on PH?2 PH1, the forms! and can be assumed
C! up to the boundary.

We write

hdip ! jdin 0+ hdiy! jdy, @ =hhd! jhd i+ hhd ! jhd i
+hdf A jhdi+hhd jdE i +hdf A jd N
+h ¢!t jhd i+bhd! jirg i+ h¢! jire i
Let us rst compute
hdE A jdE N P+ h! jirs i=hg (A A(Gre!))
= P(ir s )l j 0= hjrfi21g i,
according to the identity
ix (N )=(ix )N +( 1 A (ix )
The Stokes formula, combined with
hljd zixdxlA:::Aan: 1A?d_2: 1/\( 1)deg 2d(’7_2)

and
d( 27?2 2)=d 12 (P2)+( L)%t 2 d(?y);

deg 1=deg , 1:
Z
t 17 (?2) =hqj o h 4jd Ji
@
and >

t 2" (?1)
@

hojdai hd 1] o

10



From the rst identity we deduce :
thd! jhd i+ h ¢! jhdZi =hh?dd!j i+ hhdi; ¢! i

h o thd! +i¢!)A 7]
@ y
=th2dd!j i+thdi ¢! j i h (tdg!)" (2n7):
@

From the second one we get :
H1d!jhdi+hi"!jhd£:rh2dd!j i+hd (™))
+h t[A?2(hd +d ")
@ z
=h?dd ji+hhd(Fr!)ji+h (t)"(ndy!):
@
Finally the relations (cf (2.3), (2.4))
irg d+d iyf=L;y and d (df*)+(d”) d =1L,
lead to
Mf;h! jdf;h I prap2+ hjf;h! jdf;h i p 12
= rhz(d+d)2+zjr fi+h L ¢+ Lee 20 ime
+h ()" (?ndip!) h o (tdy, ! )" (2n7)
@ @

where the di erential operatorh?(d+d )2+jr fj>+h L, + L, is nothing
but f:h - [ |

Note that this writing does not depend on the choice of an onig¢ation.
If and g denote the volume form in and @ and if the normal vector
n is chosen according to (@ ) (X1;:::; Xy 1) = (n ;X 00X, 1), @
simple computation in normal frames leads to

th, A 2nt5 = Hljin |2| pT d @ (213)
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for1;2CY(; PT )and !,2CL(; P1T).
After choosing forn the outgoing normal vector, (2.12) is equivalent to

h fi i oz = hdgn! jden p+1L2+£df;h! Jn T op 1p2
h Hndf;h!jipT()d@+h mAdf;h!jipT()d@;
@ @
(2.14)

which was used in [HelSj4] (see Lemma 1.1, p. 255, with the sd normal
vector).
As a consequence of (2.13) we get the following useful decasigon formula.

Lemma 2.2.
If n denotes the exterior normal vector at 2 @, and (@f=@0 ) =
n r f( ) isthe normal derivative off at , then the identity

2

2
kdf’hl k p+1 L2+ df,hl p 12

= h? Iéd! k%o 2+ h2kd VK2, 1o+ Kjr T K,

+hr(er+er)!J!|pL2 h@HJ!IpT %n

holds for any! 2 PH?! such thatt! =0.

()d o (215)

Proof.

Again both sides of the identity are continuous on PH! and we can assume
12CH(; PT ).

We use the relation (2.12) withf replaced by 0,do;, = hd and d,,, = hd .
We obtain

K ! Ko o+ O ! 2 e NPKA Ko Pk LR oo =
M on)!iliseth (D)~ 2(d A1) ho (ti )" (2n)
@ Z @
=h o) jliez h hfljinlirt de:
@

The rst term of the right-hand side equals
hCotn o) i oee = Kir Fj1KS, o + hR(L g+ L, ) jli e

For the integral term, we write

®

Irf! =

)

12



wherer 1f denotes the tangential part of the gradient. The equality
tirTf! :irTft! :O

implies
e ¢! jinti ¢ =0

The conditiont! =0 also gives
hp !jinti=Hjli;

which yields the result. ]

Remark 2.3.
If instead of the condition,t! =0, we assumen! =0, then the integral term
on @ in formula (2.15) comes with the signt.

2.4 Tangential Dirichlet realization.

In this subsection, we specify the self-adjoint realizatioof §°g in which we

are interested. Whenf = 0, it is known as the relative problem (see [Gu]
and references therein). The good property of this self-aadpt realization,
denoted by P is that it coincides with the Dirichlet realization on 0-foms
and preserves the complex structure :
1+ P;g:(pﬂ)) 1d§$1) — dEF;]) 1+ ?;g?(p)) 1
and
DT; 1 1); _ 1); DT; .
(1+ on (p )) 1d§$1 ) — d;l?1 ) 1+ o (p)) l,

on the form domain of ¢, ®.

The simplest self-adjoint realization is the Friedrichs eension 7, , start-
ing from G (; T ), which leads, when is regular, with the elliptic reg-
ularity property, to the domain D( £,) = HJ(; T ) \ H?(; T).
The problem is that di, does not preserve this domain. We will see that
it is more natural for our problem to impose Dirichlet bounday conditions
only on the tangential components, while completing theseonditions with
conditions on the codi erential. Other classical self-adjint extensions are

13



possible with the same properties and we refer the reader ®chw] and [CL]
for details.
We introduce the space

PHGr = Hg+(; PT )= 1 2HY; PT); t! =0 : (2.16)

In the casep = 0, it coincides with the standard spaceH2(), while for
p 1 the condition says only that the form vanishes or@® when applied
to tangential p-vectors. Since the boundary@ is assumed to be regular the
space

PGr = Gr(; PT )= 12Ct T PT ;tl =0

is dense in PHJ;. The next construction is a variant of known results in
the casef =0 (see [Schw]). We will use the notations

Df;h (!; ): Mf;h! jdf;h I prp2+ hjf;h! jdf;h I p 12

and
2 -
p 12

Din (') = Den (1! ) = Kdrn ! Ko por o+ Oy !

Proposition 2.4.

The non negative quadratic forml ! D ¢, (!) is closed on PHg;. The as-

sociated Friedrichs (self-adjoint) extension is denotedyb ?;J;(p). Its domain

IS
D( o' ®)= u2 PH% t! =0and tdy,! =0 ;

and we have
DT; . DT; _ .
8 2D( '™y, P = B

Proof.
First we observe that the space PHJ is isomorphic to the direct sum

pHé- n pH1=2(@ pT ) :

with continuous embedding. Since® is regular, one can indeed construct a
right inverse R to the trace operator o : PH'! PH¥?(@ PT ), so
that any u2 PH? can be written as the sum

u=(u R ou)+ R ou;

14



with (u R ou) 2 PH}. Once the operatorR is chosen, the previous
decomposition gives an isomorphism ! (u R qu; ou) from pHg;T to

PH} n PH¥?(@ PT ). Hence its dual is the direct sum of PH !
andn PH (@ PT ):

"Hgr °= PH ' n PH (@ PT)

We have to check thatt 7! D f(;'f])(! )+ Ck! kszz is equivalent to the square of
the PH!'normon PHJ;. By (2.3)-(2.6) this is equivalent to the same result
forf =0 and h = 1. This last case is known as Ga ney's inequality which
is a consequence of the Weitzenbeck formula (see [Schw],r@ary 2.1.6).
Hence the identity

8 2 PHE;; D®(;!)=h;A®L

de nes anisomorphismA® : PHL. 1 ( PH};)C. The self-adjoint Friedrichs

extension ' ® is then de ned as the operator

D( ?;g:(p)): ) pHé;T; AP 2 PL2 - EJ;(D)! = AP -

It remains to identify this domain and the explicit action of AP, If belongs
to D( EJ’('O)), we use rst the Green formula (2.12) in order to get

g2 PC; m®ji=D® y=h Mji:

The inequality
D )i CKK ik Kooy s

together with the density of PG in PHE implies that ﬁ? 2DY; PT)
is indeed the PH ! component of AP .
Assume that! belongs to PHJ; \ PH?2; then the Green formula (2.12)
gives
Z
h @dh Y 1yr2n==DP@; ) h Bjiee;8 2 PHE:
@

By density, one can de ne, for any! in PHJ; such that ]fﬁ?l 2 PL? a
trace oftd.,! by the previous identity, observing that the right-hand sic

15



de nes an antilinear continuous form with respect to . With this generalized
de nition of td{! we obtain
D(A®) = " PrHY W P2 andtd® P o= “o
The last point consists in observing that the boundary valu@roblem
Pu=g; tu=g; td? Yu=g (2.17)

satis es the Lopatinski-Shapiro conditions. At the princpal symbol level
(h > 0 xed), these conditions are indeed the same as for

(dd +d d)(p)u =q; tu = O1; td(p 1); u= o

This is checked in [Schw]. Hence any solution to (2.17) witg 2 PL?,
0. = & = 0 belongs to PH?2. ]

Proposition 2.5.
For any p 2 §0;:::;ng, the self-adjoint unbgynded operator of domain

D( g ™= 12 HZ, t! =0; tdf P! =0 and de ned by

DT;(Py — (M. DT;(p)y .
b= 8 2D( ™)
has a compact resolvent.
Moreover, if z 2 C nR,, the commutation relations

(Z DT (IO+1)) 1d§ﬁ? d(p) (Z DT (P)) v

and
DT; 1 1); _ 1); DT; .

(Z o (p )) 1d§ﬁ)1 ) V= dﬁ] ) (Z on (P)) 1V,
hold for anyv2 PHg .
Proof.
The domain of the operator is contained in PH?2, which is compactly em-
bedded in PL2. This yields the rst statement.

Since PG is dense in PHJ;, it is sucient to consider the case when
v2 PG;. Forsuchavandforz2 CnR,, we set

u=(z '™ v

16



Due to the ellipticity of the associated boundary problem (te Lopatinski-
Shapiro conditions are veri ed)u belongs toC* (; PT ). The commuta-
tion relations (2.1) and (2.2) can be applied since hefe2 C (; R):

(z p+l) )dﬁ? U= (p) ) (2 (|o))u - d(p) (2.18)
and
(z (P 1))d(P 1); u= dEF;] 1; (z EF;]))U = dg% b v: (2.19)

Sinceu 2 D( ¢ o (p)) we havetu = 0 and td;, u = 0. Sincet commute with
the di erential, We get
tdhu=hdtu+(td)” (tu)=0:
For the tangential trace of the codi erential, we write
tde, (dinu) = ztu  tv tdppdu= ztu tv  dyptd ,u=0:
Hencedﬁﬁ?u belongs toD ( DT (p+1)) and the identity (2.18) yields
dz B VEdpu=(z 5"Y) v

which proves the rst announced commutation relation. _
For the second one, the veri cation thatd(IO Y u belongs toD( 2T Y)is

even simpler. First the propertytd(IO b , iIs given by u 2 D( DT (p))
then td;, (d;,u) = t0=0. We obtain
1): DT: _ 1): _ DT; 1 1);
dg;?\ " (z f:h Py v = dg;?\ " u=(z f:h ® D) 1df(;$1 "y
|

Remark 2.6.

Note that the above commutation relations cannot be extedd® v 2 PH1.
Assume for example thaw is Ct up to the boundary. Starting from the
identity

DT, DT, .
v=(z o (P))(Z o (p)) 1y -
we can write
v o= 2(z DT (P)) 1y df(F;‘) d(P) (z DT (p)) 1y
d® 1)ol“’ RN cAA (p)) ly (2.20)
=zu; df u, df 1)U3 :



; ; DT; — DT;
with the relations uy, 2 D( ™), u, = df(z oy
and us = d(P 1); (z Ek-\r;(p)) 1
Now the commutation relations would implyu, 2 D( pn'®?) and
Us 2 D( ng(p 1))
The form v should then satisfy on the boundary
tv= ztu, tdg;ph); us dﬁ] Ytu;=0:
From Proposition 2.5 and Stone's Formula we deduce the

Corollary 2.7.
For any Borel subsette R, the identities

DT 1 DT
Le( gy )dfv = difi1e( g Py
and
DT 1 1 _ 1); DT,
1e( ; (p ))d(P )\ = dﬁ] ) 1e ( on (P))V
hold for allv2 PH.
In particular, if v is an eigenvector of [ fh

, then dﬁ";])v(resp d(IO L) v) belongs to the spectral subspaBan 1 4(
(resp. Ran & 4( o’ v ).

(P) corresponding to the eigenvalue

DT (p+1) )

Proposition 2.5 and Corollary 2.7 were stated fap-formsv 2 PHg (),

belonging to the form domain of ?hT ® It is convenient to work in this
framework because the multiplication by any cut-o function preserves Hg.():
12 Hg: ()5 2CH() ) (! 2 Hge() ;

while this property is no more true forD( P). In this spirit, we will often
refer to the next easy consequence of the spectral theorem.

Lemma 2.8.

Let A be a nonnegative self-adjoint operator on a Hilbert spakegiven as the
Friedrichs extension of a closed quadratic formgy, with form domain Q(A).
Then for any a; b2 (0;+1 ), the implication

(G(u) @)  Ips1)(Au ’

holds for anyu 2 Q(A).

ol
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2.5 Boundary reduced Witten complex

We end this section with the introduction of the reduced compx which is
standard in the boundaryless case since Witten (see [Wit[sim2], [CFKS],
[HelSj4] and the book [Zh]). This will motivate the prelimirary analysis given
in the next section. -

Let us assume that the dimensiorm, of F(® = Ran 1jpa-2( Py s
independent ofh 2 (0; hg) for hg > 0 small enough. The previous proposition
says that (P = df) _, and &' =df Y _ (p=0;:::;n) dene two
complexes of nite dimensional spaces :

o I
o! FO ™ FO .o T FMIQ
0); ; (n 1); (221)
0 FO ™ fF@ ™ o FM 0
If b; p2f0;:::;ng, denote the Betti numbers of the f(;f,) complex, then the
polynomials,

X X
M(X) = m,XP and B(X)= b, X P
p=0 p=0
satisfy
M(X) B(X)=(@1+ X)Q(X); (2.22)

where the polynomialQ(X) has non negative coe cients.

In the boundaryless case, the numbens, are exactly the number of criti-

cal points with index p and this is the core of Witten's approach to Morse
inequalities. In the boundary case, it is no more true. The e section

explains the role of the boundary conditions on the spac&sP.

3 First localization of the spectrum.

3.1 Introduction

In this section, we check that the number of eigenvalues ofEhT;(p) smaller

than h32 equals a Morse indexn; which involves in its de nition the bound-
ary condition. For this we need a rst localization of the eignvectors. Al-
though the results presented here are closely related to $@of [CL], we need
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additional information and technical analysis for the folbwing reason :
When one is interested only in the Morse theory the metric pjs no rele-
vant role and it is possible, without loss of generality, to ssume that it has
a simple form at the critical points. This simpli cation, which leads to a
much easier analysis, was used by many authors [CFKS], [CIRis], [Bur],
and [Hel]. Since we are interested in quantitative resultsithr a prescribed
metric from the beginning, the dependence with respect to ghmetric has to
be analyzed carefully. One di culty comes from the fact thatthe boundary
condition and therefore the domain of ]fﬁ? depends on the metriay.

3.2 Morse-Witten theory for boundary value problems.

In order to make the connection between the tangential Diridet realization
of the Witten Laplacian £ and the Morse theory, we assume additional
properties for the functionf up to the boundary @.

Assumption 3.1. B
The real valued functionf 2 C! () is a Morse function on with no critical
points in @ . In addition its restriction f @ is a Morse function on@ .

With this assumption, the function f admits a nite number m, of crit-
ical points with index p in . Those numbers have to be modi ed for the
boundary problem according to [CL] in order to take into acamt eigen-
vectors which possibly concentrate (ab ! 0) on @. Note rst that the
assumption that there is no critical point on@ implies that the outgoing
normal derivative @f (U) is not 0O, if U is a critical point of f @

De nition 3.2.

For " 2f0;:::;n 1g, the integer m@+ is the number of critical pointsU
of f @ with index * such that@f (U) > 0 (with the additional convention
m@,, =0).

For p2f0;:::;ng, the integer m; is de ned as
-~ o .
m, =m,+mg,., :

We will prove the

Theorem 3.3.
Under Assumption 3.1, there existfy > 0, such that the tangential Dirichlet
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realization of the Witten Laplacian £ introduced in Subsection 2.4 has, for
h 2 (0; hg], the following property :

rank : dim F® = m.
Moreover the Betti numbersb; are homotopy invariants and satisfy the ho-

mological relations (2.22).

Remark 3.4.

a) The role of the condition @f (U) > 0 can be easily understood by con-
sidering the one-dimensional problem witli(x) = x on the interval [0; 1].
On O-forms, ?;J;(O) corresponds to a Dirichlet realization, while E;;(l) cor-
responds to a realization with anh-dependent Robin boundary condition
h@u (@f)u = 0, where the functionu(x) has to be identi ed with the
1-form u(x) dx.

b) With the normal boundary conditionsn! =0 and ndq.,! = 0, the num-
ber mg@ 1.+ has to be replaced bmg@ 1. » Which corresponds to the condition

@f (U) < 0 (see [CL]).

We shall use a similar technique to the one presented in [SIMPCFKS]
and [CL] by making rather rough estimates in terms of quadrat forms.
We rst consider a model half-space problem which permits,fer a care-
ful treatment of the metric, to separate tangential and normal coordinates.
The localization process and the proof of Theorem 3.3 will bechieved in
Subsection 3.4.

3.3 A model half-space problem.

We consider in this subsection a half-space model problem ialin will be
used in the localization of the eigenvectors of 2T on and will provide
guasimodes.

We start rst with some results on R¥, which will be applied later with
k=n 1.

3.3.1 Witten Laplacian on  RX with one low-lying eigenvalue.

The metric g on R is aC' metric which equals the euclidean metric outside
a compact setK .

21



Assumption 3.5.
The function f is a Morse C' real valued function and there exis€; > 0
and a compactK such that :

8x 2 RnK; jrf(x)j C;' and jHesd (x)j Cijr f(x)j°>: (3.1)

Note that the above assumption ensures th&t admits a nite number of
critical points and m, will denote the number of critical points with indexp.

Proposition 3.6.

Under Assumption 3.5, there exishy > 0, ¢g > 0 and ¢; > 0 such that the
following properties are satis ed for anyh 2 (0; he] :

i) The Witten Laplacians ¢, as an unbounded operator oh?(R¥; T RX)
is essentially self-adjoint onGt (R*; T RX).

i) For any Borel subsetE in R, the identities,

L( f)diu = dfile(
and (3.2)
Le( R v = dif e )

hold, for any u belonging to the form domain of ﬁ? :
(p)

In particular, if v is an eigenvector of ¢, associated with the eigenvalue,
then dﬁ;ph)v (resp. dﬁ] V" v) belongs to the spectral subspa&an % Eﬁ;’l)
(resp. Ran % ]fﬁ’] ).

iil) The essential spectrum egs( ]fﬁ?) is contained in[cy;+1 ).

iv) The range of the spectral projectiorijg.c,n)( f(ﬂ,)) has dimensionm,, for
all h 2 (0;he].

Proof.
We give the proof for the sake of completeness (see also [Jo])
i) The operator

fh — h? + ( x)= df;h df;h + df;h df;h

is non-negative onG (R¥; T R¥) and the matrix-valued function ( x) is
C! . By Simader's result (see [Sima], [He3)), +, is essentially self-adjoint
onG (R" % T RY.

i) The proof is the same as in Proposition 2.5 and Corollary.2 with
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PG+ () replaced by  PGi (RY). By i), PG (R¥)is dense inD( () and
therefore in the form domain of f(ﬁ,)

iii) The localization of the essential spectrum is a consequce of our assump-
tions which imply the existence ofC > 0 such that, forallu2 PG ({K),

hu j §;ph)U| h uj é?r)]UI+EJJUJJZ Chjjujj? :

When h < hy, with hy = =%, we get

i QU siiui’i 8u2 PG ({K)
and iii) by using Persson's Lemma.
iv) The previous inequality combined with a simple partition of unity argu-
ment shows that any normalized eigenvector; associated with an eigen-
value 1 in [0;coh) of ) is localized in a neighborhood oK . Take indeed

i 2CH (R¥), i=1;2,such that ; 2 C} (R¥), 1=1in a neighborhood of
K, 2+ 2=1, and write :

X

nii nii2=h1 nj g;ph)lhi"‘hz h] Ef’h’zhi h? kr  nk°:
i=1;2
This leads, forh small enough, to
|
2 X 2.
k , k° 2C p+2C maxjr (x)] h?  4Ccgh;
X
i=1;2

1= ni @+ CHjj 1 nji;
and
hini & 10 CM2+h 20hk nk*  Co%hk 1 K
Hence the problem is reduced to the case of a boundaryless past manifold
presented in [CFKS] and [HelSj4]. Withcey > 0 small enough, their related re-
sults, which rely here on harmonic approximations around thcritical points
of f, and the two previous estimates imply that |, has to lie within a dis-
tance less than £2 from a nite dimensional space with dimensiorm,. This
yields
dim Ran Loeom( H) = my: (3.3)
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We will need the following version of those results in the spec case
whenf admits a unique critical point with index po.

Proposition 3.7.

If the Morse functionf satis es Assumption 3.5 and admits a unique critical
point at x = 0 with index pp, som, = ., then there existhyg > 0 and
Co > 0, such that the following properties hold foh 2 (0; h] :

i) For p6& po, Er;]) cohlid .
i) If Bo is a normalized eigenvector of the one dimensional spectsabspace
Ran Yoem( &), it satis es
drn 0o=0; dP P b =0 and )0 =0;
so that Ran Lp;cyn)( Eﬁf’)) = Ker Eﬁf’). Moreover
( f)nfog [eohil):

i) If 2C}(R¥) satises =1 in a neighborhood o0, then there exists
C 1, such that, for allh 2 (0; hy=C ), the inequality,

@ ) ®Pa ) cn P

holds in the sense of quadratic form onPH (RX).

Proof.
One uses rst for i) the property that : dim Ran 1ip.c,n ( ]fﬂ?) = m,. Letus
now show ii). Assume that Bo is an eigenvector of ]f;ﬁ’f) with eigenvalue

h 2 [0; coh). If dﬁf,’]") h was not 0, it would be an eigenvector of Ef,’f’”) with

Po
eigenvalue , 2 [0;coh) . Hencedy, 5 =0 and similarly dﬁfﬁf’ L) b, = 0.

This implies = 0.
For iii), we note that

® g (02 (L ch);

with jr f(x)j> ¢ > 0 for x 6upp .
This implies
@ )Pa ) c@ ch.it P

for h 2 (0; hy) and the result holds forC > 0 large enough andchy, small
enough. |
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3.3.2 Small eigenvalues of the half space problems.

We work hereorR" = R" 1 (1 P 0). We assume that there are coordinates

(x%xa) such that the metricg= " [, _; g; (x)dxdx satis es
Oin = Ohi =0 fori<n (3.4)
and
8x 2 R"nKj;; @g;(x)=0; (3.5)

for some compactseK,; R". In this paragraph, the coordinates; x,,) are
xed while di erent metrics on R" are considered. The notatiorG( ) will be
used for the matrix valued mapx 7! G(x) = 'G(x) = (g (X))i; 2 GL"(R),
which is assumed to be &' function. According to the standard notation,
the coe cients of G(x) * are written g’ (x).

We also consider a functionf which has a specic form in the same
coordinates &% x,).

Assumption 3.8.
The function f 2 C! (R") satis es :

i) The estimatesr f(x)j C ! and j@f(x)j C hold, forallx 2 R™
and all 2 N¢ 60.

i) The function f is the sumf (x%x,) = 3f.(xn) + 3f (x9, where there
existsC; > 0 such that :

Cll j @f+(xn)j Ci;

and wheref is a Mogse function onR" !, which satis es Assump-
tion 3.5 for the metric ,”J =11 gj (x%0)dx;dx; and admits a unique crit-

ical point at x°=0 with index po.

The boundedness gi@fj,1 j j 2, avoids any subtle questions about
the domains.

Proposition 3.9.
Under Assumption 3.8-i), the unbounded operator 27 on L?(R"; T R"),
with domain

D( )= !2 H*R"); t! =0; tdy! =0 ;
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is self-adjoint.
If E is any Borel subset oR, the relations

DT; (p+1 _ DT; .
E( o Py dPu = df 1 2 P)u;
and (3.6)
DT; 1 ; _ ; DT; .
(o ®d®u =df 12 5P

hold for anyu 2 PH};(R").

Proof.
The uniform estimate onr f permits the same proof as for Proposition 2.5
and Corollary 2.7 (HereG; denotes the space of' compactly supported

functions in R™ with a vanishing tangential component orf x,, = 0g). 1

We are looking for a result similar to Proposition 3.7 for théooundaryless
case. One di culty here comes from the metric which, althoug diagonal in
the coordinates &% x,), is not constant. The general case can be reduced to
a simpler situation whereg; (x) = g; (x% with g,, = 1 after several steps.

We need some notations.

De nition 3.10. o
For a metric g which satis es (3.5), the correspondingH *>-norm on PHS(R")
is denotgj byk k 5. and the notationk k ,,, is kept for the euclidean met-
. — n 2

rc ge = -, dxf.

Similarly, the quadratic form associated with ?;hT;(p) is written

Dg;f;h (' ) = df;;g! 2p 1L2;g + kdf;h I k2p+l |_2;g | 8' 2 pHé;T(Rn) ,
where the codi erential d;} also depends ony.
A K-set is a set of metricsg which satisfy the conditions(3.5) and which is

compact for theC! (K ;)-topology.

A K-set is a set of metricgg which satisfy the conditions (3.5) and so that
G(x) and G(x) ! are bounded in theC! (K,)-topology. Note that, when the
metric g lies in a xed K-set (h = 1), the HS-norms are uniformly equivalent
to the norm associated with the euclidean metrige. The required accuracy
while comparing the quadratic formsDg., needs some care.

The rst result  provides a reduction to the case®, G = 0.
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Lemma 3.11.

Let g; and g, be two metrics which satisfy(3.5) and coincide onfx, =0g.
Let f be a function satisfying Assumption 3.8. There exist constess C;, 1
and hy > 0 such that the inequality,

Dgitn (') (1 C1h®®)Dgn (1) Crh™ KKy, (3.7)

holds for! 2 PHg(R"), with p2f0;:::;ng and h 2 (0; ho), as soon as
supp! Xn Coh%™® .

Proof.
The matrices G;(x) and G,(x) associated withg; and g, in the coordinates
(x%x,) satisfy the estimates

Gl(X) 1Gz(X) Idgn Ch?® ,

forall x 2 X, Coh?® . Hence, for any di erential form 2 L? sup-
ported in X, Coh?> | the two L?-norms di er by
n 0
k K og k Ko,  Ch®®min k K, i=1;2

The relative error term has the right order, so that anyL.2-norm can be used.
Except for the conclusion, any of the twd_2-norm is simply denoted byk k.
The comparison ofDg, n (! ) and Dg,;rp(! ) amounts to nding a good esti-
mate fork d.* dj* 'k Let! = | !,dx' beap form supported in
Xn C0h2:5 .
The rst point is to observe the inequality
|

X !
iodi d? Lji? C h%( K@ (Xn!)K?) + kxqjr fj! k?+ h?k! k?
.
(3.8)
The second point is to use the Dirichlet realization of ]fﬁ? corresponding to

Dirichlet boundary conditions on all components. The Weitznback formula
(actually we only need the structure of the Laplacian and nothe detailed
intrinsic expression) gives :

X )
W= rigdxX)rj+hRey+jr fX)j+h Lic+L¢ : (39
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The rst term is h? times the Bochner Laplacian, while the Ricci curvature
R@ and the term (L, ¢ + L, ;) are tensors with bounded coe cients. We
remind that the covariant derivative r ; on forms is expressed in terms of the
partial derivative @, the Christo el symbols ’, and of the gradientr X,
of the coordinate functionx, :

X
ri=@ L Gm X A (i xy 2) (3.10)
[HuM
By writing the two sides of (3.9) as quadratic forms on PH}(R"), we get,

for any p-form  such that~_ _ =0, the estimate
n=0g

|
X !
h?( k@~ )k?) + Kkjr fjr~k? C kdip Fk? + k. ~k? + hk~k?
.
(3.12)
We apply this inequality with + = x,!, which satis es the full Dirichlet
condition. With (3.8), this leads to the inequality :

k dfjhgl df;;,?2 I k> C kdipxn! k% + kdf;;ﬁJ Xn! K2+ hkx,! k2 + h?k! k?
(3.12)
It remains to commute x, and d:, or df;;,? and we get, using also our as-

sumption that jX,j Chs in supp! ,
k d® d® 1k® C hikdg! K2+ hikd 2! K2+ hskl K2 @ (3.13)

We conclude with

(1 Ch?%) Dgm(1)=(1 Ch¥) " dset °,  + Kdn ! ksz;gzl
At * L+ kI
O (¢ S - LI " Kdin ! K® 2,
(1 W)Dgun()+( o) @F Ay 7,
and estimate (3.13). ]

The second result permits to consider again a simpler metric with
Onn = 1.
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Lemma 3.12.
Let g; and g, be two conformal metrics which satisfy3.5) and :
p=¢eWg:

Let f be a function satisfying Assumption 3.8. Then there exist mstants

1 and hy > 0, such that the inequality,

C12
CiDgyin (1) Croh®kl K2, 2 5 (3.14)

8! 2 PHG(R"); Dgtn(!)

Proof. P
i'?j -, Gj dxidx; , which satis es property (3.5) and

For a given metricg =
G=(0gj)1 ij n,the normalized volume form equals

V,y(dx) = (det G(x))dxy~ ::: 7 dxy ;

the pointwise scalar product of twop-forms equals
X
hj ig(x)= L( (G D)
#1=p

with  ,(A)= A A, and the Hodge operator is given by
PA(27)(X)= N j oig(x) Vy(dx) :

The term which requires some care in the conformal change oétnc in

_ ; 2 2
Dg;f;h (! )_ df;g! P 12,9 + kdf;h! k PriLZg

is the rst one, becaused;y depends ong. We have indeed

d.2! = " ( 1P?%d2e ™1, 81 2 PH':

Let g, and g, be as above. Our assumptions imply the uniform estimate

supj' (X)j < +1 :
x2R"

The previous identities give, for twop-forms! and , the pointwise relations

H J igz(x): € P (X)H J igl(x);
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and

| A (2 ) = H jTigVe(dy)

[ A n(x) ny
e PR jTige 2 Vy(dx)= e P2 A, ),

which yields
2%, = el PP o
Let us compute rst with f =0 and h =1, the pointwise scalar product
hd %21 jd % i, (x)= e ® V' Mg %1 jdi% iy (x)
=e P VM, d 2! % d% ig()
=e®V (X)h?gz d %, elPr =2 01| % d %, glPrn=2 () I g1 (X)
—e (PP 1 n=2) X)) 9t gPrn=2)" (x)] jd o P+ 1=2)" (X) i, (X):

Hence we get

hj ;gz! Jd 9 igz(X)ng(dX)
= P D' Xpg 9 gPrn=2) (x)) jd 91 Pt n=2)" (x) igl(X)Vgl(dX)i

and
kd 91 k2L2;92 e P 1 kg9l kZLZ;gl:

With f and h 2 (0; hy), this gives the existence o€ > 0 such that :
e hd % (e 1) 2L2_gz e P g=hg9ie =N+prn=2) ) 2
e Bp 1+n) (df;;ﬁl + hlr (p+ n=2) )| 2

L2091
; 2 2 .
c ' dp Ch?kl K .,

L2;01

L2;01

Proposition 3.13.

Assume that the metricg satises (3.4) and (3.5) and letf be a Morse
function satisfying Assumption 3.8. Then there exist corsttshy > 0, ¢ > 0
and c; > 0, such that the self-adjoint operator P;J satis es the following
properties forh 2 (0; ho] :

i) The essential spectrum ess( ™) is contained in[cy; +1 ).
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has dimension

et if @,F(0)= 2@,f.(0)> 0;
0 it @f0)= 1@f.(0)<0:

ii) In the case when@, f (0) = %@nh (0) > 0, the spectral subspace asso-
ciated with the small eigenvalues of o, **™ equals :

DT; 1\ DT; 1) _ 1 .
Ran ]{O;Coh)( f:h (Po )) = Ker f:h (Potl) ch ’

where
kl h 20 A e f+ (Xn)=2h an k bL2 = O(h1=10) :
and {,‘0 belongs to the kernel of afn  1)-dimensional Witten Laplacian
g;;’ L, iN @ metric 0% which is conformal tog®= |n1 2 g (x0)dx dx; on
R 1,
iv) Forany 2C} (R") suchthat =1 in a neighborhood oD, there exists
C > 0 such that the lower bounds

@ )o®a )y ¢ o p on;

hold, for anyh 2 (0; ho=C ), in the sense of quadratic form on PHJ;(R").

Proof.
The clue of this result is an accurate lower bound for the quaatic form
Dg:tn (), when evaluated for such that supp Xn Coh®® . By

Lemmas 3.11 and 3.12, one can nd a metrig, ‘which satis es (3.4) and
(3.5), with G(x) = G(x9 independent of thex,-coordinate, g, = 1 and a
constant C > 1 such that

Dgsn( ) C Dgrn( ) Ch™k K . ¢ (3.15)
Take two cut-o functions ~; 2 C! (R), such that ~4 2 C} (R), w1 =1 ina
neighborhood of 0 such that %+ ~2 = 1. This partition of unity gives, for

any! 2 H{(R"),

Dg:f:h (!) D g:f;h(~1(h 2=5Xn)! )+ Dg:f;h(~2(h 2:E'Xn)!) Ch®k! ksz;g :
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Sincejr f(x)j? C !onR", the second term is bounded from below by
~(h 2x,))! L2 Hence we get

— — — 2
Dg;f;h (') D g;f;h("l(h 2_5Xn)!) Ch6_5 ~1(h 2_5Xn)! L2g

c!t - 2
+ T ~2(h 2_5Xn)! L2,g .

Finally after changing the constantC 1, the inequality (3.15) yields

Dgrn(!)  C Dgsn(=1(h Z5xy)!1) ChSS ~(h Z5x)1 2
2

+C 1 ~(h ®x,)! " (3.16)

where theL?-norms in the right hand side can be computed with the metric
g or g while possibly adapting the constantC. Here and in the sequel, we
omit the subscript ( L?;g) for L?-norms.

Now the problem is reduced to the analysis ddg, with the metric g.

(@) The case n=1.

We havex = x, 2 R ,f(X) = %f+(xn). Here the metric isg-= dx2. We
keep the reference to the inder for the later application.

The space °H} (R ) is simply HG(R ), while

Hogr = (Xn) dxn; 2HYR)
The identity (2.15) reads :
8 2H(R ); Dy r.-2n( ) = N°k@, k2+h7:k@nf+ SRR NIE
for the O-forms and for the 1-forms :
8 2HYR ); Dg 1, =2n( dx,)= h2k@, K+ hzzk@nn K

.. h . .
+hh@ fi(x) J i+ 5@ (0)] (0)
On O-forms, we get

8 2 oHé;T; Dg; f.=2n( ) (C 2 hC) k 'S ;
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and deduce that there existc; > 0 and hg > 0 such that, for allh 2 (0; ho],

DT;(0) .
g f+=2h Cld:

On 1-forms, there are two subcases :

(al) Subcase @,f+(0)> 0:
The inequality,

8 2H3r; Dg r.2n( dxn) (C 2 hC)k K ;
implies the existence ohy > 0 such that
i, cld; 8h2 (0;ho]:

(a2) Subcase @, f+(0)< 0:
If DfTi(ié;h( dx n)= " dx ,,with ,<cy, Proposition 3.9 implies

d ¢, on( dX ) =0

which means
(xn)=Ce f+(xn)=2h -

DT; (1)

The 1-forme '+ ®)=" dx, belongs to Ker ( ~;'3.).

(b) The case n> 1.
First note that any ! 2 PHg(R") is a sum

X X
I = |(x)dx°"dxn+ J(x)dxOJ = Ndx,+ ;
#1=p 1 #J=p

with ;5 2 HYR"), ;(x%0) = 0, while dx? = dx% ~ ~ dx? ,
| =fi;<:::<igzg f L:::;n 1g.
If in addition ! 2 PH2(R"), the conditiontd! =0 reads @, (x%0)=0
(for the metric ). Hence the variablesx® x,) can be separated an®g.¢ (! )
equals

Z h x X i

D", ol (X% 2) dxq) + D", 2o ( 3(x%0)) d (X9
RN y=p 1 #3=p
YA 0

+ ) DY —2n( (5Xn)) + DY =2n( (:5Xn)) dXq ;

33



where we used the notation®? _,, for the quadratic form of the Witten
Laplacian onR" *and D", _,, for the quadratic form of the 1-dimensional

Witten Laplacian on R with boundary conditions. The measured (x9
simply equals (detG(x9)1™ dx°
Again there are two subcases.

(b1) Subcase @,f.(0)> O:
The analysis of the one dimensional problem implies

D" on( 1 (%) dxa) ok (X% 0K

and

D", zn( 0 (x3)) ek (X5 )K:

Hence we get
8! 2 PHE:; Dgmn(!) ckl K

and there existsc; > 0 such that

EJ“F” cild; 8p2f0;::::ng:

(b2) Subcase @,f+(0)< O:
Then there existsc; > 0 such that
Z X
Dg:tn (1) D"¢, oon( 1(X%:) dxa) d (X9
R Lyi=p 1
Z 0
+ D? Ln( (5%n)) dxo + ok K2 © (3.17)
1
If ! is ap-form with p6& py + 1, the lower bound

D? =2;h( ) C 'hk K ;
which was given in Proposition 3.7, yields :
Dgrn(!) C *hkl K ;

while the equality Dgsn(!') = O implies that p = py + 1 and that
I =c 5~ (e &)= dx,), where ,, belongs to the kernel of therf  1)-
dimensional Witten Laplacian associated with the metric
X 1
g°= 6; (x5 0)dx;dx; :

i =1
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We have now all the ingredients to check every statement forgeneral met-

ric g. We focus on the subcas@, f. (0) < 0, which covers all possibilities.
Statements i) and iv)

Statement i) is a consequence of iv) together with Perssoni®mma. It is
su cient to check that, for all R > 0, there existscg > 0, such that, for all
I 2 PHE;(R" ) supported in f min(jxY;jxnj) > R g, one has

Dgrn(!)  crKk K :
The inequalities (3.16) and (3.17), together with the estimte
D? L,n( 1(;%n) Rk (;xa)k*  if supp! fi x§>Rg;

provided by Proposition 3.7-iii), yield the result.
Statements ii) and iii)
If p6 po + 1 the inequalities (3.16), (3.17) and the inequality,

DY Ln( (5%)  C *hk (5x)K*
imply
Dg;f;h (! ) COh k! kz ,

and _
o ® ghid

By Proposition 3.9, the only possibility, for , 2 [0; ¢h), to be an eigenvalue
DT; (po+1)

of is n =0. When g = g the corresponding spectral subspace is
one dimensional and equal€ p, ~ (e f+®")=" dx,). For a general metric
g, the equation D1 (™1 =0, ki k=1, which implies Dgs (! ) = 0, and

the inequality (3.16) leads to
Czh6=5 ~1(h 2:SXn)! ? D g;f;h("l(h 2:5Xn)! )+ ~2(h 2:5Xn)! °
Without the last term, Lemma 2.8 implies
dist L2(~(h Z®xp)!; C p ~ (e =N gy ) Ch0:

The upper bound of the last term,

2

~(h #°xy)! Ch®*;
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implies
dist 2(); C p, 7 (e O™ dx,)) = O(h*=9)

It remains to check that Ker D7'®* is not reduced tofOg. The state-

ments of Lemma 3.11 and Lemma 3.12 are symmetric with respédot the
choice of the metric. Hence the reverse inequality of (3.1@)ith exchange
of g and @),

_ _ i 2
Dg;f;h (! ) C 1Dg;f;h (~1(h 2_5Xn)! ) Che_s ~1(h 2_5Xn)!
2

+C 1 ~(h ®x,)! " (3.18)

also holdsforany 2 H3;(R"). Weapplyitwith | = (e T+ =20 dx,))
and this leads to
Dgsn (~(h Z°x)1 ") Ch*:

The Min-Max principle then says that ?;hT;(pO”) admits an eigenvalue smaller

than Ch®®. It has to be 0 due to the previous supersymmetric argumeng

3.4 Reduction to the local half-space problem.

We end here the proof of Theorem 3.3 by introducing, after a pition of
unity, the right coordinates which permit the comparison wih the model
half-space problem.

Proof of Theorem 3.3.
LetfU,1 k Kg denotebthe union of the critical points off and f

Consider a partition of unity  ;_, 2 =1 such that the G () function
identically equals 1 in a neighborhood dfik when1 k K. There nement
of this partition of unity will be speci ed later by the local construction of
adapted coordinates.

We recall that the operator 77 is the Friedrichs extension associated with
the quadratic form :

Dy (1) = k! Ko+ dift

L2,g ;
on Hgy(). The standard IMS localization formula ([CFKS]) gives

X
Dg;f;h (! ): Dg;f;h( k! ) h2 kjr kj! k2L2;g :
k=1
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forany! 2 D( P7) and by density forany! 2 H.
If supp ¢ does not meet the boundary, the term Dy ( «!) behaves
like in the boundaryless case :

If k >K , then we have

Dgin( «!)  C "KLK o

fk K,!2 PH(};T and Uy is a critical point of f with index px 6 p,
then Dg;f;h( K! ) C 'h.
If k K, ! 2 PHg; and U is a critical point of f with index

p« = p, then there exists a xed 1-dimensional spacEk(p) determined
by Hesd (Ux) such that,

Dg;f;h( k) C th k! kszz;g ,

implies
dist (! F ") Ch™0kik oy

Again like in the proof of Proposition 3.13-iii), this last $atement refers
to Lemma 2.8 at the level of quadratic forms.

Consider now the case when supp ¢\ @ 6 ; , with the support of
centered around a pointUy 2 @. There are two subcases :

1) (89 (Uo) < jr f(Up)j.
Then the cut-o ¢ is chosen so that, in a neighborhoo¥ of supp «,

8x2V\ @: (%ﬁ(x)ql it 1]

with > 0. Locally it is possible to construct a functionf" such that
@"= rf invV\ @and rf =jrfjinV. By setting~= !, the
Green formula (2.15) and the inequalityD n, (+) 0 imply

|

y y !
Hej ki ooy %n ()d

L @f
h@”"]!"l PT @n()d (1 )h@

(1 ) h?kdrK®p.: o + h2kd RK%, 1, + Kjr fjK5, o + Cihk~K,
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With (2.15), we obtain
Dosn (k') = Dgin (&) - S Kir itk Cylk i K

2) @f (Uo) = jr f(Uo)j.
Then Uy 2 @ is a critical point of f @ with @f > 0. Around Uy, we now
introduce adapted local coordinates. Due to the conditio@f (Up) 6 0O, the

eikonal equation :
i@ Prirr =g PEgr i (3.19)
with the boundary condition

@ ;Uo =1 @ ;Uo ; (3.20)

admits a second local solution which satis es

@ 5.u,= @ 5. (3.21)

Like in [HelSj4], we set

fiy = f and f =+ f:
We have the relations
1 1 1 1

f = §f+ + éf ;= §f+ + éf ; (3.22)
rf. rf =0; (3.23)
f. @u, =0 Qf . @;UO:Z@f @u, 80 (3.24)
and f @ Up = 2f @ Uy @f @ Up = 0: (3.25)

of Uy and such thatx;(Ug) = 0. We extend them in a neighborhood ofJ,
in as constant along the integral curve of the vector eldr f.. Then we
take x,, = %f+ (x) for the last coordinate. In these coordinates the function
f and the metric g have the form

X 1
f(X)= X, + %f (x9 and g= g (x) dx3 + gi (x) dxidx; :  (3.26)

ihj =1
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The boundary @is locally de ned by fx, =0gand correspondstofx, < Og.
In order to apply Proposition 3.13, it remains to check that e functionf can
be extended toR", so that it satis es Assumption 3.8 whenU, is a critical
point f @ Indeed the additional assumption does not depend on the nniet
g and we can assume that the; are constant in the coordinates X% x). It

xl
f(X)= xp+ X
j=1

Then this function is extended toR" by :
" X l #
fX) = X, + (x°)+1.7(xo’ X2
ix9 i

for some cut-o function supported in a neighborhood ok°= 0.
With this choice of coordinates, the quantityDgn ( «! ) take the form dis-
cussed in Proposition 3.13.

We can now discuss the lower bound ddgh ( «! ), depending on the
localization by the cut-o ¢, such that supp «\ @ 6 ;.

If k>K , we are in case 1) and

Dg;f;h( kl) C 1k k! k2L2;g .

If k K, the origin of the coordinate system idJy = Uy. If I 2
PHJ.+ and Uy is not a critical point of f with index pr = p 1 and

@
Q@f (Uk) > 0, then Dg;f;h( k! ) C 'h.

If k K,! 2 PH}; and Uy is a critical point of f @ With index
p« = p 1 and@f (U) > 0, then according to Proposition 3.13-iii)
there exists a xed 1-dimensional spacEk(p) such that the inequality,

Dgsn( k!)  C %k 1K, 2y

implies :
dist ( W';FP)  Ch™OKI K 4.y
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The partition of unity is chosen so that the previous choicefaoordinates is
possible in a rf;eighborhood of any y and the set of metrics
g = G (X)dxn2 + ij«n Gj dXidx; in the local coordinate systems form a
K-set according to De nition 3.10. Hence, the constanC can be chosen
uniformly. We now introduce the setA, of indicesk, 1 k K, such that

either Uy is a critical point of f with index p,
or Uy is a critical point of f @ with index p 1 such that@f (Ux) > O.
For! 2 PHg() with kl'k ., =1, we get
0 1

X
Dgin(!) C ' ) @dist (1, Fk(p)) Ch¥10A
K2Ap

Hence the dimension of the spectral subspace,

_ DT; DT; .
F(p) - Ranl[o;h3:2)( f;h (p)) Ran].[o;ch(S:S)( f;h (p)),

is at most #Ap = m,

We next verify that dim F(®  # A, = m,. According to the Min-Max
principle, it su ces to nd an orthonormal set of p-forms!{ 2 PHE+ (),
k2 Ap, such that

Dg;f;h (! E) = O(hgzz) :
Indeed it is enough to take a truncated element of the kernelf ahe local
model for EJ;(F’) around Uy, k 2 A,. We give the details for the case
Uc 2 @ By taking the same cut-0 1k, 2k, 2x* 3« = 1, and the
same coordinate system as above, we write &%

X
Dgin(') D garen( 1! )+ C K 2l K Ch?  Kir jpj ! K*
i=1;2

whereg andf are de ned onR" according to the previous construction and
coincide withg and f in a neighborhood of supp . According to Proposi-
tion 3.13, there exists [! 2 PHg.(R") in the domain of the associated Wit-

ten Laplacian, such thatDy, ,n( ) =0. Bytaking !'= 14 ! ' P,
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we obtain the existence ohy > 0, C°and C®such that :

2 2
2:k Ik1 COnZ I|2 ;
and
h 2
1k k

for h 2 (0; he]. 1

4  Accurate WKB analysis near the boundary

for ﬁf :

4.1 Preliminary discussion

We work here under Assumption 3.1 while Assumption 3.8 willdsatis ed

for the local half-space model.

We have seen in the previous section that, fop 1, some quasimodes of
on ™ being near the spectral subspace ingLz,( o ®y are localized near

the boundary @ and more precisely near critical points of f with index
p 1suchthat@f > 0. Inthe boundaryless case, the WKB-analysis done in
[HelSj4] says that the small eigenvalues are of ord&(e ©") and provides
an accurate approximate basis of Rangl,s-z)( §‘2)

In order to get a similar result, we need an accurate WKB anadys at the
boundary in the spirit of the Hel er-Spstrand treatment of the tunneling
e ect in [HelSj1] and [He2]. Here again the boundary condiin and the fact
that we are working with systems forp > 0 adds some technical di culties.
In an analytic framework, this could be attacked by studyinghe propagation
of analytic regularity for microhyperbolic boundary valueproblems. At the
boundary one has to consider rst the tangential propagatio of regularity
and then the propagation into the interior. Having in mind ou initial mo-
tivation of analyzing the Witten Laplacian on O-forms, we shll study this
problem with arguments as simple as possible and restrict oattention to
the casep = 1. Nevertheless, this \simple" presentation agrees withhe
general principle.

For an accurate comparison between eigenvectors and WKB iimodes near
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a local minimum U, of f @ with @f (Ug) > 0, we introduce another self-
adjoint realization of {; in a neighborhood y, with mixed boundary
conditions : tangential Dirichlet boundary conditions on@ ,. \ @ and

full Dirichlet boundary on @ ,. N @.

4.2 Local WKB construction.

The next construction is done locally around a local minimunmJ, of f
with @f (Ug) > 0. The function is a local solution of the eikonal equation
jr j?=jr fj?, which satis es (3.20) and (3.21). Local coordinatesx® x,)
are introduced like in Subsection 3.4 after the identities3(22)-(3.25) and
lead to

fOCx) = X0k 2f ) and  (xBx) = xet of ()
with
Xp, <0in and Xx,=00n @ ;

and we normalizef so thatf (Uy) = f(0)=f (0)=0.
We rst consider a local solutionu*® near the pointx = 0 of

er Qug®=0(h'); (4.1)
with uf¥® in the form
ub = a(x;h)e ¥ ; (4.2)
X :
a(x; h) a (h' ; (4.3)

and the condition at the boundary |
a(x;h)e m=e Foon @ ; (4.4)
which leads to the condition
a(x; h) @ - 1: (4.5)

This construction ofa, as a solution of (4.1) in , (which can be rst formal
and then realized by using a Borel summation) is standard (s€or example
Chapter 2 (p. 11-12) in Dimassi-Spstrand [DiSj]).
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In order to verify locally the boundary condition for our future u¥®, we
substracte & and still obtain

er (U em)=0(h'): (4.6)
We now de ne the WKB solution u¥** by considering :
f
Ul = dip UBKP = dip (USKP e ) (4.7)

According to (4.4) and (4.7), the 1-formu¥® = dy, u%* satis es locally
the tangential condition tu = 0 on the boundary.
The local L2 norm of u" is of e ective orderhz*"+", if one has in mind the
relation
h i
end.y, a(x;h)em = a(d d)+ hda

= 2ap(x) dx, + hb'(x;h) ;

whereb'( ; h) is a one-form admitting the expansion :

Xl
bH(x; h) h*e(x) ;
k=0
and ag satis es :
p(0)=1:
On the other hand we have
U= Bldaug® = do {Hug = O(ht e 7 ;

in a neighborhood of 0.
Moreover, uj® satis es up, to O(h!)e 7, the second boundary condition
td., u=0. The relation

dip U= (D UG = O(h* Je =

gives indeed
f
drpy U _g = O(h*)e 7 ; (4.8)

in the neighborhood of 0 in the boundary.
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4.3 Another local Dirichlet realization of ]Slr?

Let Uy be a local minimum off @ with @f (Up) > 0, let x = (x%x,) be
the local coordinate system de ned above, and let 7! j xj be the euclidean
norm in these coordinates.

For > 0, we consider the domain

= jx (O;Dj*< 2+1;x,<0 ;

Uo;

which has the shape of a thin lens stuck o@ with radius  and thickness
O( ?). Its boundary is split into

0= @uy: \ = jx (1= 2+1;x, O
and
= @y, \ @= ijC]< ;X n=00:

On this domain, we introduce the functional space
n 0
1H01;0;T( Uo; ): uz2 1H1( Uo; ); tu :0; u =0

TD D

The Friedrichs extension associated with the quadratic far :

"Hor( up: )31 71D 2 (1) = kden ! K2+ dy! 7

is denoted by ;"7 . The domainof ;"™ @ is containedin H2( y,; 9

forany 0< °< . Anelement! 2 D( i’ ™) satis es indeed :
8 2 'Hger; h EQDT;(D! joi=Mn! jden i+hd! jdy, 0= D ()

By testing with 2 C} (', ), this gives ¢! 2 1L2( y,: ) and therefore
I admits a second trace on 1p . By testing with any 2 Cg;o;T( Uo. )» W€
get

td.,! =0:

TD

Along +1p, ! solves an elliptic boundary value problem ﬁzl 2 12,

t! =0, td,,! =0, which provides theH 2 regularity outside the edges.
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Remark 4.1. It is actually possible to characterize the domain, for> 0
small enough, by :

D( g @)= u2 "M yi)itu =0;tdpu =0
andu D:O:

For this regularity result it su ces to consider the casef = 0 andh = 1.
The boundary conditions are written foru = u; dx; +  + u, dx, in the form

Ui@Uo;
u, =0; @,un =0;

D TD

while the principal part of ﬁf is a scalar Laplace operator, as can be seen

from the Weitzenbeck formula. Hence componentwise and dtet principal
symbol Igyel, the most di cult case is a Dirichlet-Neumann mblem for the
operator jr‘:l @.g @ according to (3.9) and (3.10). The theory of bound-
ary value problems on domains with conical singularitiespn]) and edges
([Gri], [Da]) provides the H?-regularity when < ., where j, can be
computed explicitly (im = =2 for this mixed Dirichlet-Neumann problem).
Notice that we do not need this result and that thid 2-regularity away from

the edge is su cient for our analysis.
We now prove the
Proposition 4.2.

For > 0 small enough, there exish > 0 and C > 0, such that the self-
D;DT; (1)

adjoint operator ¢y, satis es the following properties :
a) For h2 (0;h ), the spectral projectionls=( oy W) has rank1.
b) Any family of L2-normalized eigenvectorgu")naony of i @ such

that the corresponding eigenvaluk (h) is O(h), satis es

8 %< ; 8 2N% 9N 2 N;9C. o> Osuchthat,8x2 . o;

@u'(x) C,h N exp X

4.9)

c) There exists" > 0 such that the rst eigenvalueE;(h) of " @ sat-

is es
Eih)=e " =h -
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d) If ul denotes the eigenvector of . D PT: W) associated to eigenvalug,(h)

and normalized by the conditiorig, ul(O) i@, UY®(0), then

80<: 8 2NY8N2N: 9Cy.. o> Osuch that,8x 2 . o;
@(u} uf®)(x) Cy; ohNexp X (4.10)

Once this is proved, one easily gets rough exponentially shnapper
bounds for them. rst eigenvalues of fDJ (" 2 f0;1g) on , by con-
structing quasimodes suitably localized near each of theitical pomts
Our nal analysis provides the exact exponential scale witla complete ex-
pansion of the prefactor, and we do not develop this point her

The next subsections are devoted to the proof of Propositio#h.2. We
now introduce some speci ¢ notations and preliminary restd. Again with
the coordinate system X% x,) with x{Up) = 0, x.(Ug) = 0, and the nor-
malization f (0) = 0, the function f is extended toR" according to

Lemma 3.11, so that Assumption 3. 5 is satis ed with only oneangential

critical point at xX°= 0. The corresponding tangential Dirichlet realization

:;(l) on !L?(R") has a 1-dimensional kernel and its second eigenvalue is

larger than C 1h®=,
An ingredient for the proof is a variant of the integration bypart formula of
Lemma 2.2.

Lemma 4.3.
Let > Oand let' be a real-valued Lipschitz function on y,. . The relation

2 . 2
ReD{:y (e 271 )= h? den! et h? d en! e
#HGE P g PR+ Rl Jent jent i
h  Rijlig e

TD

@]; ()d (4.11)

holds for any! 2 Hq1( u, ). Moreover, when! 2 D( EQDT;(I)), the
left-hand side equalsRe he?® ()l jli.

Proof.
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For! 2 Hor( u, ), we havee?r! 2 Hlo ( u, ). We compute

Don (1 €271 )

hdip ! j i (€271 )i + ! j oy (€201)i
= o ! jende (€7 )i+ herden! jd A (en!)i
+hdg, ! jend, (en!)i h endy,! ji, - (er!)i
= o (en! jden(en!)i hd A (en!)jdin (en!)i
+hden (€71 ) jd A (er!)i h d A (er!)jd A (er!)i
+hd, (en! ) jde,(en! )i+ hi,. (en!)jd (en!)i
h dey (€71 ) jir - (€71)i hiy-(eF!)]i, - (ev!)i:
We set!~= er! 2 'Ho1( u,; )- The operatord' » is the adjoint of i -
and the tensor relation
i (d A )=(iced)r d A )=t d A G )
leads to
Do (e271) = DPi(k B) hir ' Pk
hd Akjde b+ hdep =jd A K
+h, kjdg o h ey i M
After taking the real part, we obtain
ReD2, (e 27! )= D2y (k M) hir " j2kjki:

We conclude by applying Lemma 2.2. ]

4.4 Exponential decay of eigenvectors of E;IDT;(”.

The estimate, @u"(x) = O(h N e %) , Which is stated in Proposition 4.2-
b), will be proved in several steps. We will rst consideH -estimates and
deduce afterwards higher order estimates from elliptic ratarity. Even for
H -estimates we need two steps :

1) We prove the exponential decay along the boundarytp by applying
Lemma 4.3 with a function' similar to %f .

2) The exponential decay in the interior of y,. is then obtained with '
similar to once the boundary term is well controlled.
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Proof of a) and b) in Proposition 4.2.

Statement a)

Actually it is a simple comparison with the full half-space poblem via Min-
Max principle as we did for Theorem 3.3. Any 2 *HJ,( y,: ) canindeed
be viewed as an element of 'HJ.; (R") by setting! =0on R" n y,, .
Statement b)

Let u" 2 D( p°T W) satisfy

Quh= E(hu"; E(h)= OChy; u" =1

We will use the notation

The integration by part formula (4.11) will be applied with' = ' " where
with * " similar to 2f or' " similar to . We recall

fOCx) = X0k 2F ) and  (xBx) = Xet of ()

wherex®= 0 is a local minimum forf with f (0) = 0. Moreover we have
rx, rf (x%=0, sothat:

jr 2= Jr xaj®+ %jr fj*:

The proof which follows is somewhat reminiscent of [HelSj%yhich was deal-
ing with Schredinger operators with miniwells. We will rst show the decay
along the boundary before we\propagate" the decay in the noral direction
inside .

Step 1 : Decay along 1p .

We take

0= 50O
with

= O Chlog™02; iff (x9>Ch;
f (x) ChlogC; iff (x9 Ch;

where the constantC > 1 will be xed later. We associate the sets
"= fx=(x%x)2 . ;f (X9 <Chg;
and
N =fx=(x%%) 2 uy i f (X)>Chg:
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The condition E (h) = O(h), formula (4.11), and the equalityjr ' "j = Sir fj
in M imply the existence ofC, > 0 such that :

2
1|_2( h )

C:h o hde" %, ,+ hde %, + hir %" i 1

Z
h TDh:rhjuhi i gn ()0
# RGP0 TR ACI)L (e

with C, determined byf and the upper bound ofE (h).
Forx 2 ", one immediately gets from the de nitions that

" (x) exp%juh(x)j a.e.:

We obtain, for a constantC,(C) which may depend on the choice of

Co(C)h  hdg" ?

h 2
2|_2+ hd o ZO|_2

+ hjr xpj?e"je"i 12 h " jeioor @x% ()d

TD @n
+ zllh(jr 2 dr M2 4cih)l y (x)u" e + Cihhl « (x)e"j e

Forx2 ", we write

Ch
1 h - .
r'hfexY=rf x9 1 oo
and
1. > . iheoy Jrfj2 2Ch C%h? jr f j2
ZUr B P = = . 2 Ch=p—:
Since there existC, > 0, which is determined byf , such that
r f (x9j? 1.
Ca 4f (x9 Ca
we get
h. 1— 2 s ah 02 E .
8x2 I, —(rf (X)j° Ir (x)i9)  Cih C: h:
4 C,
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We obtain for any C max(1; 2C,C,), the existence of (C) > 0 and
C3(C) > 0 such that :

C5(C)h hde” *,,+ hdd" *,,

+142 (C)hhir Xnj2e"j e 12
h TDh:rhjuhi T %} ()d :
with |imcg +1 (C):+ 1.
We now can use (4.11), with =0, f = x,, i =
get, forall 2 *'Hj.r( ;U ),

h

(S » in order to

(1+ h) *khd k22L2+(%+ h) *khd K%,
+@+ h)hjrxaj> j i h  hijioair %‘n ()d h®jj ji2.. ;

TD

with = (C)and ® independent ofC .
This leads, by choosingC large enough and therhy > 0 small enough, to
the existence of a constanCs > 0 such that, for allh 2 (0; hg],

1 2
Csh C_5h3 CLE

Since' ™ if + Cgshlogh, we have proved the existence dfl; > 0 such
that :

Lh No -
ez u C-h ; (4.12)
141
wherex®= 0 is a local minimum forf , with f (0) = 0. Note that, since
f o= %f , this implies also, using the trace theorem,
eru” Cgh No: (4.13)

D 1H1=2( Lp)

Step 2 : Normal decay inside .
We follow a similar approach by working with the normal coorthate x, . We
take

0= 2 )+ of 09
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with o

2iXaj ChlogZXd; if 2jx,j > Ch ;

2jxnj  ChlogC; if 2jx,) Ch;
where the constantC 1 will be xed later. We associate the sets

ta(Xn) =

"= fx=(x%%xn) 2 . ; 2Xnj <Chg
and
N =fx=(x%xn) 2 Uo; 5 ZXaj >Chg:

The formula (4.11) is used like in Step 1, withu™ = ewuh and E(h) =
O(h). The di erence comes from the fact that the boundary term isalready
estimated with (4.13).

f

+h
We have indeed, on the boundarx, = 0, the inequality : em en.
From (4.11), (4.12), (4.13), and the inequality

W'x)j e ju(x)j: ae.in ";
we get, for aC-dependent constantC,(C), the estimate

2

=

Co(C)2h Mo Cih & ? + Ch efu

1 2¢ h ,
L5 H=2( 1p; 1T gy )

hde" %, ,+ hde *,,+hr fj2 jr "2 Cih)L , (e jei ;

with C; > 0 independent ofC 1.
Forx 2 " we have

Ch
r'h= 20 x,)1 —);
xa)d )
and
. .2 rh 2 . ) :_L i« h 2 Ch .
jr fj r ir Xnj 7 r'd TN

We can assumgx,j 1lin y,. and we takeC 8C;C;. The conclusion
is simpler than in Step 1. By adding the estimated ternC,hhe"1 + (x) j&"i ,
we get

2 2
Csh Mo hde" %, ,+ hd&" °, ,+ Cih & ,;
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which gives the existence ofs and N; such that :

= h NP
enu Csh ™t 4.14
Mg (#414)
Step 3 : Elliptic regularity.
We now setu? = erul. For © , wetake acut-o 2 C!( y, ) with
compact support in y,. [ tp and such that =1 on a neighborhood of

U,; o. The form v = o satis es the boundary value problem

i v =rh in R" ;
tv" =0and tdv" = r! onfx,=0g;
with  r} 1L2gey = O(h Noy and rf opi2gre 1y = O(h N1y -

This implies the existence ofN; > 0 such that :
V' = O(h M)

We conclude by induction for any nite decreasing sequencey)o k « and
associated cut-o s y, with = 1in a neighborhood of ,. , and supp «

f «1=19. ]

4.5 Small eigenvalues are exponentially small.

We now check that the eigenvalueEs(h) of £i°" @ lying in [0;h32) is

actually of order O(e " =), for some" > 0. We prove this by comparing
with the half-space problem, for which we know that the rst égenvalue is
0. The Min-Max principle or Lemma 2.8 are not su cient here ard we need
the full accuracy of the spectral theorem.

Proof of Proposition 4.2-c).
We assume that > 0 is small enough, so thatf admits an extension

= Xxp+ %f~ (x9 on R", which satis es Assumption 3.8. So the Lapla-
cian ]E;;(l) has a one dimension kernel and its second eigenvalue is large

than Ch®%®. With this function f~, we associate the second solution of the
2 2

~

eikonal equation r = r f~ , which has the expression :
1
TX)= Xp+ é1‘“‘(x°):

52



Let u" be a normalized eigenvector of " associated with the rst

eigenvalueE(h), which belongs to the interval (Qh3?]. Let 2 C! (" y,. )
be a cut-o function with compact support in y,. [ tp and such that

=1 in a neighborhood of 0. The formv" = u " belongs to 'H?(R") and
satis es

(& Ey)yvh= h ;U inR";

tvi'=0 tdﬁhvh: i, uh; on fx, =0g :

The functionsr = h?[ ; JuMandr) =i, u" vanish in a neighborhoodv;
of x = 0. Due to the exponential decay ofu" stated in Proposition 4.2-b),
there exist C and Ng, such that they also satisfy
T

rf(x) Ch Nee "

Due to the trace theorem, it is possible to nd™ 2 H?(R"), such that

tv=0 and td "=eni, u':

with, using the property =~ =f", .

8 Ch MNo:

1H2

Moreover by possibly taking a smaller neighborhoo¥, the forms and ~
can be chosen so that supp\V ; =supp "\V ;= ;.
For any given neighborhood of O, V ; there existc;;c, > 0 such that

8Xx2R"nV, (X ¢)) fX) o

Withacut-o ;12C3(] 1;1)), 1=1inaneighborhood of 0, the 1-form

(x) .
h= e “n " satis es

t"=0; td, "=i u"=r};with " ,,=0( ¥): (415
DT; (1)

- and solves

Hence the formw" = v " belongs to the domain of

(f  Eaxtw'=r3;
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with  w" |, =1+ O(e ®™) and kr?k , , = O(e ®™). The spectral
theorem then implies that there exists an eigenvalue(h) of E}g such that

jEx(h)  (h)j= O(e *™):

The inclusion, ( f(jg) nfog [Ch®®;+1 ) ; with Ei(h) = O(h®?), implies
(h)=0. X

4.6 Accurate comparison with the WKB solution.

We now compare the eigenvector associated with an exponatiy small
eigenvalue with its WKB approximation. We adapt the method pesented
in [He2, HelSj2] by following the same strategy as in Subsent 4.4. The
H*-estimates are done in two steps with " similar to 2f and then with * "
similar to . Finally the elliptic regularity is used for the C! -estimates.

Proof of Proposition 4.2-d).
Let u" 2 D( E,;DT; (l)) be an eigenvector associated with the rst eigenvalue

Ei(h) of 27

T AT

According to Proposition 4.2-c), we know tha€,(h) = O(e "?), with " > 0,

while the second eigenvalue d;,>" W' is larger than h®=2.

By taking > 0 small enough, the WKB approximationu?® presented in
Subsection 4.2 satis es
8 »
2 Wuke=0o(hl)e % in g, ;
tuykb =0;

TD ( x)

>
wkb - 1 .
tdy, up™ = O(h)e v |

and there exists ac > 0, such that for any °> 0, we have

wkb n+ o
4
Ul 1|_2( Uo: 0) Ch .
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The cut-o function 2 C! ( y,. )issupportedin y, =2[ 7p and satis es
=1lon y, o, With0O< %< =2, Later, we will take °> 0 small enough,
so that can be taken in the form

(XO; Xn) = 1(X(§ n(Xn) :
By Lemma 2.8, the real constant factoc(h) in the truncated WKB approx-
imation Vb = ¢(h) u ¥** can be chosen so that

wkb

virkb gl = O(h')

1H1
and, due to the exponential decay ofif and uy*®,

(Ui c(hut®) .= O(h'):

H

We set
wh= (Ul c(hyu*®)

The 1-formw" satises in
(& Etw' = (& Ex(h)(u)  c(h)uye)
SR (e (D) (4.16)
=¢he %+ 10,
whererd and r}} satisfy, according to Proposition 4.2-b),

(x)

k) = O(h'); suppry suppr and r0 = 0O(h No)e 7

The last estimate can be done for ang°-norm, with ko 2 N.
On the boundary@ y,: = 1o [ b, We have similarly

tw"  =0; w'" =0;
TD D

f (x)
and  tdyw" =+{(x)e 4]
with

f (x)

(= 0(ht); suppr! suppr \ 1p and rf=0O(h “o)e

With the di erent of choices for ' " given below, we will use the notation

. h
wh' = enwh:
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The 1-formsw and wbelong to *H?2( ,. ) and their supports do not meet
o. Hence the integration by part formula (2.12) can be use in gition to

(4.11).

Step 1 : Comparison along TD-

Like in the proof of Proposition 4.2-b) presented in Subsdon 4.4, we intro-

duce the sets

"= fx=(x%%Xn)2 u, ; f (x<Chg;
and N=fx=(x%x)2 . ; f (xXy>Chg:

Forany N 2 N, we take

N
with 'R (x9=min ' "(x%+ Nhlogh *; (x) ;

= OO Chlog™02; iff (x§>Ch;
f (x% ChlogC; if f x9 Ch;

and  (x)=min ""(y)+@ Mif XY f (¥di; y°2 suppr

We recall that the cut-o  writes (x%x,) = 1(X9 n(X,). The constant
C 1 will be xed at the end like in the proof of Proposition 4.2-). The
constants °2 (0; =2) and" > 0 are chosen so that, foh 2 (0; hy; o),

'R (xY=""(xY+ Nhlogh ' in y, o:
Note the inequalities
"R %f (x)+ Nhlogh * in
"N (X) %f (x)  (x);if x°2suppr 1;
and 'R (x) %f (x)+ Nhlogh *  (x);if x,2supp 2:
In particular, we have forh 2 (0; hy: o)

"NX)  (x); forx 2 suppr ;

which implies

j‘zj
j‘zj

re + enrf = On(h o) :

L2 °L2( 1p)
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We apply the integration by part formula (4.11), where the l&-hand side is
computed with (2.12), and we obtain for the formwt = e wh

lN(X) 'N(x)
)+enor) wh + H+enorh w'o,
12 L2( 7o)
L2 L °L2( 1p)
h 2 h 2
hdw" =, ,+ hdw' ~ ,
Z

Fhir X 2w Wl e h " jwhi o %*n ()d

TD

P2 N P AC)L  Gow' i

where the constantC; > 0 is determined byf and/® = O(h' ) for *=1;2.
h X
" is bounded byC,(C)h N and this provides

w' C(C)h M w" Ca(CiN) ;

l|_2( h)
1 = O(ht).
Hence we can add to both sides of the previous inequality therm C;h - w" 21L2

which is controlled in the left-hand side by aC; N)-dependent constant. We
obtain

In

1|_2( h )
due to w"

(M

Co(C;N)(h Mo wh ,  +1)  haw' °, .+ hdw' * ,
y
+hjr xpjw"jw"i 1.2 h ha jwli ap @x ()d
D @n

+%h(jr fj2gr 'R §% 4Cth)1 » ()w"jw"i + Cihhl n (X)W" j whi :

In ", the point x ful lls almost surely one of the two possibilities :

Either r ' . =r , and we get
noon2
%Uf fPorh ) St 0OF - >0,
where the last lower bound is due to the fact that . (X) = (X)
cannot occur in a neighborhood 0%°= 0 for > 0 small enough and

h2 (0;hy. o );
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orr' *,3,; =rf (1 %), and we get like in the proof of Proposi-
tion 4.2-b)

1. .2 ' h 2 C .

Z(jrf j rs ) C4h'
TakingC  max(1;2C.C4) andh 2 (0; hy: o ], with hy. oo > 0 small enough,
leads to

2

C3(C:N)(h No wh +1) haw %, ,+ hdw" ?, ,

1H1
+hj£xnj2w“jwhi 12
h o ' jwhi o %} ()d

TD

2 (C)h w' %, ,

After treating the right-hand side like in the proof of Propaition 4.2-b)-
Step 1, we obtain, for a possibly largeNo,

h No .
WD iy Cal T

Our choice of ; 9 imply

8X2 uo 'R f(x)+ Nhlogh? Clog%:

We have proved the existence dfl; and §, such that, for any N 2 N and
02 (0; 91, there existshy. o> 0 andCy; o> 0, such that

e (U] o(h)uj) Cy; oh™ ™
1H1( Uo; O)
holds for anyh 2 (0; hy; o). This lastestimateand ~_ =f = of .
imply
er (U c(h)u) = O(h'):
TH=2( g o D)
Step 2 : Comparison in the normal direction.
After replacing °by , Step 1 provides the estimate
er (Ul c(hyu"®) L= o) (4.17)
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We work in y,; with the above estimate and ° 2 (0; =2) will be taken
again small enough.
In order to get the interior estimate with the weight er , we modify the
previous analysis like in the proof of Proposition 4.2-b). fie sets " are
now given by
"= fx=(x%xn) 2 u, ; 2Xnj<Chg;
and = fx=(x%Xn) 2 uy ; 2Xaj >Chg:

The function' [y, N 2 N, is given by
'h(x)=min ' "(x)+ Nhlogh *; (x) ;
. 1 1
with —* "(x) = EI +(Xn) + éf (x9;

2ix,j ChlogZX ; if 2jx,j > Ch;

2jxn]  ChlogC ; if 2jxpj Ch;
and  (x)=min " "(y)+ (1 ")dag(x;y); Yy 2 suppr

ta(Xn) =

We recall that the Agmon distancedag(X;y) is the distance betweerx and
y for the metric jr fj*dx? and ( x) = dag (X; Uo)).
Again, the constant C 1 will be xed in the end like in the proof of
Proposition 4.2-b), while the constants °2 (0; =2) and" > 0 are chosen so
that

'N(x)=""x)+ Nhlogh Yin y, o:

Now we have the inequalities

"NX) (x)+ Nhlogh * in
and 'N(X)  (x) in suppr

Hence the estimate,

3'|Z:-
3'|Z:-

ro + enr] = O(h No);
L2 OL2( 10)

e

is still valid.
The inequality (4.17) implies that the L?-norm of the trace ofw? on 1p is
O(h') and provides

1
wh Cc,(C)h N e §C3(C;N):

l|_2( h) 1|_2( h)
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With these estimates, the integration by part formula (4.1)1 and (2.12) lead
to

h 2 2

Cy(CiN)(h ™ w' ,,+1) hdw" %, .+ hdw ?,,

+hGr £12 jr U RiZ Gl (W jwhi + Cih wh

l|_2( h) :

Finally, for almost all x 2 ,. we have :
either: r'R(x)=r (x)
and
rfP e i=@n i fP - >0;
or:r'h(x)=r"'"Nx)
and we get like in the proof of Proposition 4.2-b)

' h 2 Ch |
+(Xn) 4]an :

1
ir fi2 r'h? 1 =y
rrj 4

By assuming jXx,j 1 and by taking C max(8Cy; 1), we get that,
+h
enw" = O(h Vo), for someNg > 0.
Like in Step 1, this leads to
er (Ul c(h)u ) = O(h');

lH 1( Uo; O)

for °2 (0; =2) small enough.

Step 3.

The estimates in higher order Sobolev spaces is done like imetproof of
Proposition 4.2-b) by a bootstrap argument after writing a loundary value
problem for (uf c(h)u¥®) in R". ]

60



5 Saddle sets and main assumptions

5.1 Preliminaries

Here we adapt to the case with boundary the method of selecgjrihe proper
critical points with index 1 that we used in [HKN]. Some de ntions and
intermediate quantities have to be modied in order to take mto account
the e ect of the boundary. We recall that the intuition for getting the good
labelling of local minima, which is useful even to state pragly the assump-
tions and results, comes from the probabilistic approach. hie local minima
have to be labelled according to the decreasing order of ekiihes. We refer
to [BoGayKI], [BEGK] and [FrWe] for detalils.

The existence of such a labelling is an assumption which isngeically
satis ed. After this, it is possible to construct accuratey quasimodes lead-
ing, with the help of the Witten complex structure, to accurae asymptotic
expansions of the low lying eigenvalues.

5.2 Saddle sets.

We recall that we work here on a compact connected oriented édnannian
manifold = [ @ with boundary and that the function f satises As-
sumption 3.1. According to our preliminary results on the Wien Laplacian

P;J in Theorem 3.3, we introduce the following de nition of genmlized

critical points with index 1.

De nition 5.1.
A point U 2 will be called a generalized critical point of with index 1 if :

eitherU2 andU is a critical point of f with index 1,

orU2 @ and U is a local minimum of f @ such that@f (U) > 0
(n being the outgoing normal vector).

The set of generalized critical points with index 1 is denoteby U® .
Meanwhile U® denotes the set of local minima of . From now we will
use the notation

mp,=# UP: forp=0;1; (5.1)

instead ofm, .
Finally it is convenient to call U the union of all critical points of f andf @
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The saddle set (or set of saddle points) will be de ned in theasne spirit
as in [HKN] and chosen inU®. We need some notations.

De nition 5.2.

a) Forany E  , the set of connected componenritf E is denoted by
Conn(gE) .

b) Forany A;B , H(A;B) denotes the quantity

H(A;B) =inf fc2 (1 ;+1); 9C2 Conn(f *((1 ;d]);
C\A6;andC\ B6 ;g :

This quantity H (A;B) is the least height to be reached to go from to
B. A simple result which was checked in [HKN] in a slightly morgeneral
framework is the

(5.2)

Proposition 5.3. B
When A and B are closed nonempty subsets of, H(A;B) is a minimum :

9C2 Conn f *((1 ;H(A;B)]) ;C\ A6 ;andC\ B6 ;:
We are now able to introduce the right notion of saddle set.

De nition 5.4.

Under Assumption 3.1, letA and B be two closed subsets of We say that
Z  is asaddle setfo(A;B), if it is not empty and satis es the following
conditions :

(spl) Z Uy f YfH(A;B)g) ;
(sp2) fC2 Conn(f (1 ;H(A;B))nZ); C\ A6 ;;C\B6:g=;:

If we compare this de nition to the de nition of \strict" sad dle set in
[HKN], we note that we have dropped the conditions

Z\A=; and Z\ B=;:

We will e ectively use the notion with @ B and so the saddle set can
meetB .

In order to check that this de nition is coherent, it is usefd to recall a few
remarks coming from the local analysis of a Morse function vwdh satis es
Assumption 3.1.

2We remind that the connected components are non empty closedubsets relatively to
the induced topology onE and therefore, being assumed compact, they are compact if
E is a closed subset of.
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Local structure of the level sets of a Morse function B
In order to analyze the local situation near a poinig of , let us introduce :

AT (Xo) = x2 ; f(X)<f (Xo) \ By,
whereB,, is a ball centered atxo. Similarly, we can introduce
A; (Xo):= x2 5 f(X) f(Xo) \ Byy:

Interior points :
First we observe that, near a non critical pointxo 2 of f, one can nd By,
and a set of local coordinates such that

A (Xo) = fy; < 0g\ By, :

Secondly, ifxq is a critical point of index p, then there exists a ballBy,
around xo and a set of local coordinates centered &t such that

( 0 >0 )
AT (o) = yZ+ y?< 0 \ By, ;
=1 ‘=p+l
and ( o o )
A (Xo) = y2+ y? 0 \ By,:
- —pe1

We now observe that

1. Whenp = 0 (local minimum), Af (Xo) is empty and A; (Xo) is reduced
to fXoQ.

2. Whenp=1, Af (xo) has two connected components anxh belongs to
the closure of each of the two components. This property iswmial in
the discussion of (sp2).

3. Whenp 2, A7 (Xo) is (arcwise) connected.

Points on the boundary :

If Xo belongs to@, Assumption 3.1 leads to two cases :

First case.

If Xo is not a critical point of f @' then the hypersurfacedf = f (xo0)g and
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@ intersect transversally in a neighborhood ofx,. Hence there is a balBy,
around xo and a set of local coordinates such that

Af (xo) = fy1< O;yn  0g\ By, ;

and
A; (Xo) = fyr  O;yn  0g\ By, ;

with  \ By, = fy, < 0g\ By, .
Second case.
If Xo Is a critical point of f @ with index p 1 and with @f (xg) > O,

such that

( X 1 X 1 )
Af (Xo)=  Yn ye+  y?<O0;¥a 0 \ By ;
i=1 i=p
and ( X1 X 1 )
A; (Xo) = Yn yi2 + Yi2 O;¥n 0 \ By, :
i=1 i=p

These local models permit to see that

1. If Xo is a local minimum of f @ such that @f (xg) < 0, then
Af (Xo) = ; and A; (Xo) = fXog.

2. If Xo is a local minimum of f @ such that @f (xo) > 0, then
Af (Xo)\ @= ; andA; (Xo)\ @= fXog.

3. In all other cases,A5 (xo) admits one or two connected components
with a non empty intersection with @ (two components if p=2 and
@f (Xo) < 0 and one in all other cases).

Proposition 5.5.
If A and B; are disjoint non empty subsets of the set of the local minimé o
f in , then the pair(A;B), with B = B, [ @ , admits a saddle set.

Proof.
We have to prove that a setC, belonging to Conn(f *((1 ;H(A;B)]))
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and satisfyingC\ A6 ;,C\ B 6 ; contains an elementz 2 U® such that
f(z)= H(A;B). Thenitsucestotake Z = UM\ f ((1 ;H(A;B))]).
Let C be a compact connected componentof 1((1 ;H(A;B)])in . Since
f is a Morse function, there are two possibilities, resultinffom the previous
local analysis off and of the connectedness & :

Either it is reduced to one point which is a local minimum of in ,

or it is the closure of a nite union of bounded connected congments
ioff 1((1 ;H(A;B))). Note that the ; are open subsets of.

The rst case cannot occur. IndeedC\ A6 ; andC\ B 6 ; would imply
that the point x¢ (such that C = fxcg) is a local minimum (xc 2 A )
and belongsto@( xc 2 BnB; @).

Hence, we are in the second case and we have

C:[iN:]__i;

A\ =;.We have

A\ C

'!‘|—|§

i and B;\ C

§|—|Z

i -
i +1

There are several cases :
If C M Ti,thenC\ By =; and C\ B 6 ; imply that there exist

f (o) = H(A; B) and the local description ofAs (xo) implies xo 2 UM\ @.
fCe6[M i, thenC\[ N, ., 6 ;. SinceC is connected, we have

N

M
C\(iLl )\ j:rLHl i 85

Therefore, there existi M andj M +1suchthatC\ ;|\ |6 ;.
Assumexo 2 C\ {\ ; and note thati & j impliesf (xo) = H(A;B). The
local description ofA; (Xo) says thatx, 2 @is possible only if it is a critical
point of f with index 1. But again this cannot occur because;\ Af (Xo)
would contain a pointx; 2 @ Hence X, 2 . The local description of
A (Xo) shows thatx, has to belong toU® . |
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On the uniqueness of the saddle set

Like in the boundaryless case studied in [HKN], it is not pofide to give a
satisfactory de nition of a unique saddle set and we introdce a new de nition
which explicitly speci es this case.

De nition 5.6.
Let A; B be closed nonempty disjoint subsets of. The pointz 2 U® is said
to be a unique (one point)-saddle sefor the pair (A;B) if

1) 1 . - .
e, )V UL HH(AB)) = fzg

whereC(A; B) denotes the set of closed connected séts f ((1 ;H(A;B)]),
such thatC\ A6 ; andC\ B 6 ;.

5.3 Main assumption, notations and rst consequences.

We now give the main assumption like in [HKN] and inspired byHEGK],

which ensures that each exponentially small eigenvalue of?,f is simple, with
a di erent asymptotic behavior.
We set here

G=@ :

Assumption 5.7.
Under Assymption 3.1, there exists a labelling of the set dietlocal minima

H(U;GnfUg) fU); U2CGnG:

point)-saddle setf z, g.

3or more shortly, a unique saddle point,
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Remark 5.8.

Like in [HKN], it is possible to check that this hypothesis igenerically sat-
is ed. More precisely, it is satis ed if all the critical values off are distinct
and all the quantitiesf (U®) f(U©), with U® 2U®D andU©@ 2 UO are
distinct. We refer the reader to [HKN].

By its de nition, the point z, is a generalized critical point with index 1,
z,2U®,

De nition 5.9. (The mapj)
If the generalized critical points of indexlL are numberedU(l) j=1;00my,
we de ne the applicationk ! j(k) onfl;:::;meg by :

1 _
uQ, = (5.3)

De nition 5.10.
Under Assumption 5.7 and fork 2 f 1;:::; mgg, we denote byEy the con-

nected component oleﬁO)

£ Ui nfulg:

Proposition 5.11.
Under Assumption 5.7, the following properties are satisce:

a) The sequencef (U (k)) f(Ulﬁo)) 2t Limog is strictly decreasing.
,,,,, 0

b) The set Ex is a relatively compact subset of (1 ;f(U a))]) and

Ex = Ex | uf&) while Ex\ @ uf(lﬁ) .

c) Forany (k;j)2f1;:::;meg f 1;:::;m;q, the relation U() 2 Ei implies
either (j = j (k9 for some k°>k) or j 63 (fL:::;meQ):
d) Forany k 6 k°2f 1;:::;meg, the relation U ) 2 E, implies
k°>k and f(UD)>f UD)

e) The applicationj : f1;:::;meg ! f 1;:::;m,qg is injective.
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Proof.
a) The condition i) of Assumption 5.7 gives

f(UGy) TUP) = HUZGnfuPg  (U?)
H (Uéo)l; G nfUéO)lg) f (U|£0)1
HUP; G infu®g) UL,
FUS o) FUID:

N

b) It su ces to consider the local description ofA; (U'y,) and A7 (U{)) in

the two casesUj((llz) 2 and Uj((lli) 2 @. The last statement comes from

G = @ and the assumed uniqueness of a saddle point betweewéo) and
G 1 Co.
C) Assumer((llzo) 2 Ex.

Since U'), 62E, one hask 6 k% Moreover the inequality f (U's)

f (Uj((llz)) implies that the connected component of ((1 ;f (Uj((lllo))]), which

0)

contains U.(l)o) is contained inEy. HenceEy contains U® and UY. Finally

j (k
Ey is modi ed into a closed connected self lying in f (1 ;f(UGR)D N

Uj((lll) in the following way. Take the coordinatesXi;:::;X,) around Uj((llz)

whichPare Morse coordinates in((llz) 2 and such that f (x) f(Uj((lll)) =

Xp + jr‘:llsz, if Uj((lll) 2 @. Consider, for > 0 small enough,E,. :=

Ex \fj Xj g and its radial projection on Eﬁ?d = Ex \fj xj= g. Then

I*E'k; = (ExnEk )| Eﬁ?d is closed and can be considered as the image of
Ex by a continuous application. Hence it is connected. We haveudnd a
closed connected sei?k; 2 lyingin E. f (1 ;f (Uj((lli))]), which
contains U and U9, for k6 k, and does not containU(), . Therefore
one cannot havek  k°, because this would contradict the assumption that
Uj((lll) is the unique saddle point betweerUlﬁo) and G, 1 (Assumption 5.7-ii)
and De nition 5.6). Indeed the existence of another saddlegint is obtained
by using Proposition 5.5 by slightly increasing the value d‘f(Uj((lll)). Hence,
the only possibility is k9> k .

d) Assume Ulﬁg) 2 Ey with k 8 k°. By the same argument as for c), one

then takes a closed connected s Ex f (1 ;f (Uj((lll))]) such
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that UlEO); Ulﬁg) 2 Cyxo and Uj((lll) 62Cy.0. This implies k°>k .
Assume now by contradiction that

0
k°>k U 2Ecandf (UD) fUO) 6 ;;

and let ko be its smallest element.
We deduce from the existence o€y, as a closed connected subset of

Ec f ¥(1 ;f(Ul,)] containing U and U, the inequality

F(UG,) = HUD:G, 1) (Ul

Since the connected componer@ of UJ((lll ) inf (1 ;f ( (k ))]) contains

Ulﬁg) and a point in G, 1, it is contained in Ex and Ey contains a point of
G, 1- As a consequence of b), this point cannot belong .

Hence there existk; < k ¢ such that Ulﬁ? 2 C Ey. Finally, the condition i)
of Assumption 5.7 forkq gives

fUG)) FUD) = HUD:G, 1) FUD)
<H (u(‘;’ ' Geo nfu(?g) f (U
UG, fFUD):
For the last inequality we used the existence of a connecteet< contalnlng
UY and the point Ug) 2 G, nfUY g such thatf (C) 2 (1 ;f (U}))], with

the de nition of H(U(O) Geo nfU(O)g)
Hence we obtain
FUD) <f UD) Uy,

with k; < ko and Ulﬁcl’) 2 Ey in contradiction with the de nition of ky. Hence
we have proved
8k°>k; (UD 2 EW))  F(UD)>f (UD)

e) Assumej (k) = j (k9. The point UJ((llz) = UJ((llzo) 2 U® s the unique saddle
point for (Ulﬁo) : G 1) and for (UkO 0 Go 1)

Then we have

either Ey = Eyo;
or 9k <k®UP2E and 9k, <k; U 2 E:
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According to d), the rst case implies
k k° and k° k;
while the second case gives
k ki<k? and k° k,<k:

Hence only the rst case is possible withk®= k. ]

6 Quasimodes.

a quasimode for L' which is approximately supported inEy , while the

quasimodes for £n'® will be supported in the balls B(U™;2"), j 2

f1,:::;myg. Aball B(U; ), with U 2 and > 0, is a geodesic ball
and the geodesic distance is denoted oy . The parameter”; > 0 is xed
so that :

d (U;Uu% 10"; forU;Uu%2U, U6 U°.

d (UE) 10";:

The construction of the WKB-approximation of Subsection 4 is pos-
sible in the ball B(U";2",). If UY is a boundary point, this means
the introduction of the coordinates &2 x,) and the existence of .

The parameter”; > 0 will be kept xed, while we need another parameter
"2 (0;"0), which has to be modi ed at each step of the nal induction.
According to Proposition 5.11-b), Assumption 5.7 implieshat Ey inter-

sects@ at most at one point :

o n o o]

Ex \ @ Uj (K) .
The construction presented in [HKN] has to be adapted when hintersection
is not empty and we focus on those changes.
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k= Ex| [ B(U;3"1) ;

. (€]
U2U\ @k; U6 Uj(k)

which satis es |
_k: Ek[f Uj((li)g[ [ B(U;?’"l)

. ()
U2U\ @K; U6 UJ. (k)

For " > 0, this set | is modied as

n 0
(" )= x2 3d x «nBUGREM < [ BURM:
with 2 (0;"+), - > 0 small enough.
The cut-o function -~ 2C}(),0 k» 1is chosen so that
supp «+  Sk(" +) and g =1

&)

ek("; " =2)I’IB (Uj((k) ;") -

Around Uj((lll), the cut-o function .- is chosen (more accurately below) so

that UY

) 623Upp K and

8x2B(UL:": k() 80;andf(x) <f (ULL) ) X2Ec )
(6.1)
Like in [HKN] we deduce from Proposition 5.11 the following noperties for
k" -

Proposition 6.1.
By taking = - with" 2 (0;"¢], 0< "o "1 small enough, the cut-o

a) If x belongs tosupp . andf (x) <f (U%

J(k>), thenx 2 Ey.

b) There existC > 0 and, for any" 2 (0;"o], a constantC- > 0, such that,
for x 2 suppr -,

y+C.bofx) fu®

either x6BUY ;") and f(UY i (K)

j(k)? j (k)

or X2 B(Uj((llz);") and f(x) f(Uj((llz)) C":

)+
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c) ForanyU 2 U, U 6 Uj((lll), the distanced (U;suppr ) is bounded
from below by3"; > 0. If in addition U 2 supp .-, thenU 2 Ey.

d) If, for some k®2 f 1;:::; mqg, ufg) belongs tosupp -, thenk® k and

either | 63 (f1;:::;meQ) ;
or j=j(k9; forsome k® kandUY 2 supp - :

The cut-o function .~ is used in the construction of quasi-modes for

EhT;(O) . Like in the boundaryless case, the construction of quasiedes for

?;hT;(l) will rely on the approximation by the Dirichlet problem in small

neighborhood isB(Uj(l);Z"l). For points Uj(l) in the boundary @, this
Dirichlet realizationis 0:°" @ , which was studied in Subsection 4.6 and as-

sociated with the neighb’orhood y®. with > 0 small enough. Once> 0
Y

is xed uniformly for all U™ 2 @, the parameter "1 > 0 is reduced so that
B(Uj(l);Z"l) u,: for all Uj(l) 2@ Forall j2f1;:::;mg, u; denotes a
normalized eigenvector associated with the rst (exponerally small) eigen-
value of this Dirichlet realization. The cut-o function ; 2 Cj (B(Uj(l);Z"l))
is taken such that ; =1 on B(Uj(l);"l .

Note that the function .- depends on" 2 (0;"¢], while ; is kept xed
like "1 > 0.

De nition 6.2.
Forany k 2 f 1;:::; meg, the ("; h)-dependent function lﬂo) is de ned by
1
()= e(x)e (W TUIIT T (e (00 FUT)
Foranyj 2f1;:::;m,g, the h-dependentl-form j(l) is de ned by

Py= kjuk b u(x)
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w0 052
P h) = ik din k
Remark 6.3.
a) For the sake of conciseness, we omit tlfg h)- and h- dependence in the

notations { and .

b) Note that, for boundary pointsUj(l) 2 @, the quasimode j(l) only belongs
to the form domain *Hg,() of ?;hT;(l). This brings no additional di culty

to what was done in [HKN] for the boundaryless case, because preliminary
approximation of the spectral subspace with quasimodesyaquires the Min-

Max principle or Lemma 2.8.

We end this section by reviewing the quasimodal estimates wh are de-
rived from Propositions 5.11 and 6.1 We refer the geader téiKN] for the

details. The asymptotic expansion of J.(?k) ] d§°,3 f(o) has also be done in
[HKN] when u® 2 is an interior point. We wiIIDsimpIy compI%te this

j (k)
analysis by establishing the asymptotic expansion of j(%f() | d]fo,f ﬁo) , when

W
Ut 2 @-

Remind that the parameter”; > 0 is xed, while "g and" 2 (0;"o] will
be adapted in the di erent steps of the proof. We shall denote by a
generic positive constant which is independent of "2 (0; ")

From Proposition 5.11-d) and the good localization of .-, we deduce

the following estimates for .

Proposition 6.4.

.....

almost orthogonal with

h 2 @i =ldcno + O-(e ) ;
k J k k;k92f 1;::mog cro ( )

and there exists > 0 and, for any" 2 (0;"o], C(") and ho(") such that, for
any h 2 (0;ho(")],

2 ® ©y w _
h Eoﬁ |£0)j |(<O)i = dg;og &0) C(")e 2 £(Uf) FUT) " =h.
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Corollary 6.5.
There exists"o > 0and > 0 such that, for any choice of in (0;"¢] and for

allk 2f1;:::;meg, the ("; h)-dependent quasimodesﬁo) satisfy the estimate
h Q@) P ce

The exponential decay of the rst eigenvectow;, associated with an ex-
ponentially small eigenvalue, of the Dirichlet realizatin of ﬁf around Uj(l) :
provides the next estimates for j(l). We refer the reader to [HKN] or [HelSj4]

for Uj(l) 2 and to Subsection 4.6 for Uj(l) 2 @

Proposition 6.6.

The system ofh-dependentl-forms, given in De nition 6.2

o g
j2f 1;:uma1g
is orthonormal and there exists > 0 independent of' such that

Din( ()= 0(e ™);

forall j 2f1;:::;mqQ.

Before we state the next result, let us specify the choice of- in B (Uj((lli); ")

in the case Whent((lll) 2 @ We assume " 2 (0;"p), with 0 <"y < 1—5 We
use again the coordinate systenxf x,,) introduced in Section 3 and Subsec-
tion 4.6 such that :
XO(Uj((l&)) =0 Xn(Uj((l&)) =0; @\ B(Uj((l&);znl) f x, =0g
and

1 . .
f (x%xp) = f(Uj((llz))+ Xn+ 5 x%; X, <O0in \ B(uj((li);z E

The function ( x) which equals the Agmon distancelag (X; Uj%) is given by

( x%xn) = Xn+ %f (x9 :

The construction of the coordinate systemx® x,) which block diagonalizes
the metric everywhere (see (3.26)) permits whenn > 1, to choose the

4The casen = 1 is easier (no Laplace method has to be used) and we refer theeader
to the appendix.
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is the Riemannian volume form inB(Uj((lll); 2"1). This means

2dx, N M dXn 1) = dXn; A%, = ( DM dxg A A dx, 10 (6.2)

The cut-o function . ful lls the following conditions which are illustrated
in Figure 1 :

i) The support of . does not meet@ (already stated).

i) In a neighborhood
n 0

V= x2BUR:": ixi< - (6.3)

of the curve fx°=0;x, < Og, the function . only depends onx, :
ke(X) = ke (Xp), for x 2V.

MW x, O

Figure 1: CaseU(), 2 @ . The support ofr . is localized between the
dashed curve. The functiorf is constant along@ .

In Subsection 4.6, we found the WKB approximatioru}*" of an eigenvector
ufl, such that

e P Ukt = 2ah(x) dyn + hb'(x; h) ;
ao(0) = 1 ; b(x;h) “hb(x);
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and
( x)

8x2 B(U();2'); e @ui(x) uf(x)) Cn hV:

j (k)?
The normalized eigenvector that we take here is
(ot
Uj k) = ;
j (k) u 1

Let us rst compute accurately
up = joup +O(ht) = jeu*® +O(h'):
We have, denoting bydx the Riemannian volume measure,

R x
i () ULkP 2 =y j(k)(x)zrdxnjdxniao(x)zg 25 dx 6.4)
Xn fo(x .
=4 j(k)(x)zao(x)zezTe — dx; ™ N dXg
where the integral is overx, < 0. The Laplace method, applied with the
function f =2f 2f (Uj((llz)) : gives

h )%
Jou® *=2h (h) —(1+ O(h))

with 1
@ — det é(@(f )j;kzl;:::;n 1

Note that the Laplace method gives actually a full asymptot expansion.
After the normalization we get, for allx 2 B(Uj((lll)),

& P— fe (Uj((llz)) . (%)
)= 1" 2 (= bok(X) dx, + hbe(x;h) e 7 ;
(6.5)

with by, (0) = 1 and bL(x; h) P 2 hok(x).

For the quasimode ﬁo), a direct Laplace method provides (see [HKN])

)
detHesd (U.™) (w0 (@)
( h )n:4 ak(h) k;" (X)e h ; (66)

P ‘
with a,(h) ', hac andago = 1.

8x2 ; |((O) x) =
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Proposition 6.7.
There exist", and sequence$c.m)m2n , Such that the("; h)-dependent and

and" 2 (0;"]) satisfy :

1=4
. 40) (0): n 1hl:2.b (1) \:1=2 det(Hesd (Uéo)))
Jdip T=0 )" 51U )i

17 det(Hess (UQ)))

@
h j (k)

1
exp = F(UD) FUP)  1+hdh) ;
if j =j(k)andUly 2
and
_ 1=4
P i det(Hessf (U”))
e U
1
ep = F(UY) FUY)  1+hdh) ;
if j =j(k)andU), 2 @ ;

1) - 40 0):
hj((?()Jdg;r? I(<)|:( 1)" !

P
with ci(h) L o Gemh™.

Remark 6.8.

We recall that we were computing above in coordinates suchttthe Rieman-
nian volume form isdx; * ::: M dx, 1A o (Uj((llz)). The prefactor in the last
formula of Proposition 6.7 can be expressed more intrinsida by observing
that :

2
te (UG = 1 fUl) det(Hesst _ (UQ,)

Proof of Proposition 6.7.
The rst statement for j 6 j (k) is a consequence of our choice 6f > 0 and

k. Which gives according to Proposition 6.1-c) suppj(l) \ suppr - = ;.
We conclude withd() & = Cop d©@ 4. e =",
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The second case was completely treated in [HKN] for the bouayless prob-
lem.

The last one,j = j (k) with U((k) 2 @, is adapted from the second one by
using the speci ¢ approximations (6.6) and (6.5). With

f(x) f (x)
d? e e Thd® .

we obtain the existence, for any > 0, of - > 0 such that

1=4
detHess (U?)

n=4

E
1 0 (© n
o1 din = ht Fadh)
z ) ) (tx) 1y
h J(k)jd kel(xX)e 7 n o dx
B (Uf{i ") |

fw%pfw@ﬁ-f

+ O

P .
with a((h) 1+ . hac.
The two additional conditions i) and ii) given above for the ato function

k. permit to reduce the integration domain to the neighborhood/, intro-
duced in (6.3) :

1=4
detHess (U?)

E
Qidy @ =nt am

n=4
z @ ;o _ (0 1@y
h (k)j ke dxpi(x)e T dx
|
@ ©,, .
‘0 (U ) f(U ) .

for some - > 0.
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Finally (6.5) and (6.2) lead to

(1) (0) (O)E
ik din «
p_— : 1=4
., 2 detHesd UM " e (UG
=htz 3 n=2+1=4
z 0
Cortoo 1)
()" e h ko (Xn) + O«(h) dxg ™ dxp ™ oo™ dX,
v

and, with f + = f +f(U{}), to

p__ 1=4 1=4
, 2 detHesd U f@ (Uj(%IZ))

D 40 0O _ RL3=
fto i din =0T =21
f(uj(?k)) f(UIEO)) z
( D'e — & e " (O 0(xn) + O:(N))dxy A dxx ™ 1127 dx,
\%
The Laplace method, applied withf = 2f @ 2f (Uj((lll)), gives
Z n 1
_ h)y=" X .
| e f 0¥gy, A indx, o ( )12 —  dh;
ix f,@ (Uj((ll)) =0
with do = 1.
We conclude for the main term by using
z
o (Xn) dxp = 1:
R
|
Corollary 6.9.

Let f(o) and j(l) denote the("; h)-dependent anch-dependent quasimodes of

1 1 — =hy .
Wj() j() = O(e )
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for some > 0Oindependent of' 2 (0;"o]. Then there exist'§ > Oand °> 0
such that, for all" 2 (0;"9], the estimates

w®d? @i ce (Vi (DO e k) (6.7)
and
hN((k)jd(O) Qi =h ((k)Jd(O) Oi 1+0. ™ ; (6.8)
hold for all (k;j)2f21;:::;meg f 1;:::;myQ.

The proof is a straightforward consequence of Propositiorfts4 and 6.7
which give :

49 © e fGG) TGN @ =,

7 Result and nal proof.

7.1 Main result

Let us rst recall some notations. The local minimaUko) (k2f1;:::;meQ)
are labelled according to Assumption 5.7, the generalizedtcal pomts with
index 1, UJ((k) are those introduced in De nition 5.9 and the quantity (";h)

is associated with the quasimodes”, (. in De nition 6.2 :

D E,
ey = GyidR O
At a generalized critical point U with index 1, the Hessians Heds(U) or
Hesd are computed in normal coordinates for the metrig, while consid-
ering only the tangential coordinatesx®= (x1;:::;X, 1) for the second case.
We refer to Remark 6.8 for the right normalization whenU 2 @ When
uz, b1(U) denotes the negative eigenvalue of Hels@U).

Theorem 7.1.
Under Assumptions 3.1 and 5.7, the rst eigenvalues;(h);:::; n,(h) of
fl?hT © admit the following asymptotic expansion. There exisy > 0 and

> 0, such that, for any" 2 (0;"¢
8k2f1::iimog; k()= §°(h) 1+0.(e ™)
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Moreover there exist sequencés,.m)man Such that, for any” 2 (0;"g],

V

u

U det(Hess (U))
h. . k

1
det(Hessf (U(,))
2 1 0y . @ .
exp FUG) fUP) o ifuly2

and

!
20T f(Uf dettress (UT)
1=2

0('sh) = 1+ hi(h)

@
det(Hesd @ (Uj (k)))

2 .
exp FUQ) U 5 ifull2e ;

P
with cl(h) L o h™Gem .

This theorem implies the theorem announced in the rst seatn. The
core of the proof is essentially the same as in the case withdaoundary
treated in [HKN]. We give it for the sake of completeness. Thmain idea is

that the eigenvalues of E;;(O) o = f(%) f(%) are the singular values of f(?])
The Fan inequality for singular values permits to control tle relative error

for all singular values, when the matrix of f(?]) is expressed in di erent bases.

The proof will be done in two steps.

7.2 Finite dimensional reduction

Theorem 3.3 and the results of Section 5 lead to the

Proposition 7.2.
There exist ; %> 0 such that :

DT;()y _ DT;(C . S~ _N- .
1[0;h3:2)( f,h ( )) - 1[O,e =h )( f,h ( )) ) for - O, 1 .
Moreover if one sets

8i2f1::;mg; V)= 1ioms-2)( EJ;(‘)) O, (7.1)
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where the i(‘) are the (";h)- and h- dependent quasimodes introduced in

De nition 6.2, the system v{) is a basis ofF () such that :

1) 8i2f1::;mg; V) O =0 =N
2) V() = h\/() JVI(O)I - |d cm- + O(e O:h) :

Remark 7.3.
Note that here again we omit thg€"; h)-dependence (resph-dependence) of

the functionsvﬁo) (resp. 1-forms vj(l)) in the notation.

Proof.

and Proposition 6.6, Ljs-2_5..1 )( ?;J;(\)) i(‘) is estimated from above by
O(e ™M). The second estimate then comes from the almost orthonorina
ity of () . Since we know by Proposition 3.6-iii) thatF () has

.....

DT;( 3 - Y DT;( 5. Y. =h .
hf;h()vi()JVi()lh f;h()i()l i()l e 2™ :

De nition 7.4.

..........

by the Gram-Schmidt orthonormalization procedure

L X o .
ei() = (V( )) 1= iiOVi(o) :
iO
Them; mg matrix M is the matrix of f(?]) in the bases(e(ko))sz 1::mog and

.....

According to (2.21), themg eigenvalues of the restricted Witten Laplacian

?;J;(O) co = f(?]) f(%) are the eigenvalues of the interaction matribM M .

5We recall from (1.9) that ) is de ned from F© into F® by the restriction of d{
to FO .
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Hence it is theoretically possible to determine the low lym eigenvalues of

'@ by analyzing the matrix M . The problem is that the coe cients of
the matrix M are not known at this level accurately enough in order to syli
the di erent exponentially small scales. Like in [HKN], we wl work with
the matrix

= hOj OO : (7.2)

.....

information that we have on the quasimodes ,() The fact that these bases
are not orthonormal does not make any problem if one noticekdt the eigen-
values ofM M are the squares of the singular values of;oh).

7.3 Singular values and induction.

The rst eigenvalues «(h), 1 k mg, of '@ are the squares of the
singular value$ ,+1 k(M) of M . In other words,

h

i
k(h) = mo+l K :

[
(0)
f;h
We will use the simple consequence of the Fan inequalitiese¢s[Sim1],
[GoKT)) :

Proposition 7.5.
For any matrices A and B such that,

max kBk; B ‘1 1+ ;
the singular values oA and AB satisfy

k(A)
1+ )

K(AB) (1+ ) «(A)

and the same holds witiAB replaced byBA.

5The singular values (A) are numbered here as usual in the decreasing order with
1(A) = KkAKk.
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Hence a small change of bases induces a small relative vaoatof the
singular values and it is not necessary to work with orthononal bases in
order to estimate the singular values.

(Y= «M)= (1) 1+0( ™) ;

wherel is the matrix of the map f(?,) introduced in (7.2).

,,,,,,,,,,,,

properties hold for" 2 (0;"o] and some > 0 independent of".
1) The systems (/|(<0|)< Jk<k mo and (vj(%f();K)K« m, are orthonormal.

We then set
0] n o

n
FO =Span v ;K <k mo and F =Span v}, K<k mg

?
2) Forl Kk Kv|£°})< belongs to Féo) and forj 62 f§(k);K <k  mgg,
?
v belongs to F”
3) The estimates,
gi2fL::;mg; vy ) =0.e™);
hold for " = 0; 1.
4) For K <k  mg, the equalities

0),,0 _— (1) DT;(0,,0 _ 2,0
thVikk = KVjgox  and g T Vi = Viek

hold with

1) . 40 0): =
«=h Qidhy Qi 1+0:(e ™)

They imply, observing also that ¢ 6 0,

DT; ’ ). . . .
PARR AR S 210,19 :

5) Forallj 62f(k); K<k mpgandallk2f1;:::;Kg, we have
. (0). (0 : _ A (©) 0): .
Vi § Vil = vl iy 0

84



We recall that the (? and the vi(‘) depend onh 2 (0;he] and ™ 2 (0;"¢],

while > 0 enters in the exponential estimates. The parametefg > 0 and

> 0 belong to intervals which have to be reduced each time thahe refers
to Corollary 6.9. This is done a nite number of times at eachtep of the
induction.

Initialization : the case K = m;.
We take VI(<?r)no = vﬁo) and vﬁ%o = vj(l) according to the de nition of the
previous section. Conditions 1), 2) and 4) are empty. Conddns 2) and 3)

are given in Proposition 7.2. For Condition 5), we write

). 0,0 _ DT; (1 1) . 40 DT; (0 0)
h/j( )] f(;h)vl(()l = Mygpa=2)( ())vj( )| d%rf Lona=2y( 1p ©y O
— DT; (1 1) - 40 0): _ 1) . 40 0): .

= Mg ( 2O jdQ O = h® jdO @i ;

Recursion : from K to K 1
Assume that the result is true forK > 0. Conditions 1) and 4) say that the

quantities j «j, K <k mg are singular values of f(%) ( 2 is an eigenvalue
of '@ _y). Moreover the estimate,
1) - 40O 0) - = .
«=h Qidy Qi 1+0.(e ) ; (7.3)

and Proposition 6.7 imply
i« Chi2e (Uike) UL ce (W) FUI) 2950 (74

with ; independent of* > 0. _
Let us consider the dual basis i) Yin FO, Forj =j(k), K<k mp,

vj(;fg; equalsvﬁg and consequently
©F o - =h
V],K i - O“ e

The matrix of ) : (F)? 1 (FP)? in the bases Y% )1 « « and
(Vj(;:}L(); )j62f (k)K<k mog €CUAlS

D | OV r o
K J f;h kK j 62§ (k);K<k mpg;l k K ( )
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Conditions 3) and 5) and Corollary 6.9 lead to

th g0y = O-(e (FUeo) FUP) =y -
h(EOY?

Hence the quantityj «j, K <k Mg are the rst largest singular values of

i
Bk2fK +1;::1,mog; j kJ = me+r k( f(;%)):pm;
and we have
m: mo+1 K ( (0))_ ]‘(?1) (FOy? ) (7.6)

Let us now consider more carefully f(?f FOy? and its matrix (7.5) in the

bases (/l((o) )1k K ( K )J 62 (k):K<k mog- With the same arguments as above
relying on Corollary 6.9 and Conditions 3) and 5), its coe cents have the

form ®
1
h i(K)

Since the two bases ar®-(e = )-close to orthonormal bases, we obtain

Pdin s ke +Os(e 2 (7.7)

«()y=h{,idy Qi @+ 0(e M):

We set ) O O
h "y ] din I p
K= (SQ © (0)- < () (7.8)
h i (K) jdiy i
We have
0),,0 1 =
vk = Kv(()m +O( ke ) (7.9)
We next de ne the new bases\(., ,) and (V,(i) 1)-

Of course we keem((o& 1= vlﬁo})< and vﬁ)k) K 1= J(?k) « forK<k mg.

We then take

0 DT 0 DT 0 .
VI(<)K 1= Lo q( ¢ ())VK;K 1f I ())VK;K ;
and
@ _ 1 0,0
Vikyk 1= o fh VK 1 -
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Forl k K 1landj62f(k);K 1<k mgg, we take
0 0 0 . .0 0 .
Vik 1 Vik N Vigk JVik diVkk 1
and

(1) (0) (1) (1) 1)
Vik 17 Vik hVik 1Viogx dVimyx 1°

By construction, conditions 1), 2) and 4) are satis ed by thee new bases.
Condition 3) will be satis ed as well if V(O) v,(<°)K ., = O«(e 57" holds.
The identity (7.6) gives

8k2f1l:::;Kg; vﬁo& =1lp (( DT (0))v(0) ; (7.10)

pP— _
8k2f1::;K  1g;8 2fLimg; Wy | foviki = 0. ke °™):
Like in the proof of Proposition 7.2, we obtain for some; > 0
Lo ) n D =1p e = ' ): (7.11)

We now write, by spectral decomposition and using (7.11) and@.10),

2
1 Kg( DT (0))\/(0) +0.( ge 7=h) 1[_ ( DT (0))\/(0)
DT;(0). (0 0) . .
=h o ”v(K’K v i; (7.12)

and observe that by (7.9)

2
DT;(0),,(0 0) 0),,00 = .
h o OV iViek 1= vk = « 1+0:(e *™) @ (7.13)

Hence we obtain

b ol Ok =1+ O:(e *):

We conclude with

DT; (0)

0
Lo, ) ( f:h )V()

2
0) DT 0)y,,00)
Vk:k L gl g VK

O-(e 27" )+ Ou(e28 hy
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We have proved

0 0 _ =hy .
VI(<;)K VI(<;)K 1 - O-(e °7):
This implies
©),,0) ) — 9,,0 0,,0
f:h VKK KVikyk 1 = fhVkk fih VKK 1
_ (0) DT;(0)y(,,0) ©)
= f;?)l[O; 10 en )k ek 1)
=0.( ge s™M);
while we have
9),,0) ; - =hy .
fih VKK KViyk = O-(ke “7):

.....

& ®: - 2hy
Vikox  Vigox = O(e 7T
This vyields
& & _ -y .
Vikok 1 Vigox = O-(e )

Let us verify Condition 5) for the new bases

Fork2f1;:::;K 1g, the construction of the new bases and the induction
gives
) () © ;,,0 iy
Vik 1 = Viek N Ve IV 1V 1
— O )
= VYikmo K K9 mg tk;KOVKO;KO 1
0 0 .
:Vl(<) K KO motkiKOVI(<Z’;K 10
With tia o = Ve o] Vichio qi -
Hence we get, withv” = 1550 ( 1n ) 2,
© ,,0 — © ,,0 X ,,0)
fh Vkk 1 = £h Yk Tk o fh Vkok 1
K K9 mg
— DT;(1)y 4©O) (0) @ .
= 1[o;h3=2)( f:h ) df;h k Lk o KOVikok 1-
K KO mg
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Meanwhile, forj 62 f(k); K 1<k mgg, the vectors vj(j() 1 Were con-
structed such that

5

&) M 2 = ® . M '
Vik 12 (Fe 2" = Spat Vg 107 Vimeyx 19

We obtain, forallk 2f 1;:::;K 1gandallj 62f(k);K 1<k mgg,

1) 0,0 0 _ DT; (1)) D ¢ 40 (0);
ik 1] faViek of = Mpomsz gy Vik 110en
— (1) 40 (O .
= h 10dey 0
Conclusion for K =0 : When K = 0, we obtain an orthonormal basis
(ViDo<k mo Of F$Y = F© and an orthonormal basis Vj(%f())o« mo Of FY
F® such that for 2 (0; o) and > 0 independent of ,

..... . 0),,0 _ 1 .

8k 2f1;::1;mog; OO = Do
L 0)y .
J k] = mo+1 k( f(h)) :

«=h Qidh Qia+oE M);
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A An example in dimension 1

We present more directly the 1-dimensional case. We just lbat the case
of an interval [a;d. We describe techniques which were rst developed for
Neumann in [BoHe], adapting to one dimensional problem thesthniques
developed in [HelSj1]. We just take the simple example of antérval (a; b
with a < 0 < b and the Dirichlet realization of the semi-classical Witten
Laplacian

d2
9 = hzW +f9%)2  hf Rx) ; (A.1)
associated to a functiorf on C! ([a; ) admitting a unique minimum at 0
f(0)=fq0)=0; (A.2)
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and no local maxima :

fqx) 60on[a;gnfOg: (A.3)
In particular we get :
fqa) < 0; fqb > 0: (A.4)
The function (a;b 3 x 7! u, ;= exp @ satis es
0 exp ) (ﬁx) =0; (A.5)

but does not satisfy the Dirichlet condition ata and b. Of course, one can
take a cut-o function  with compact support in (a; b and equal to one on
[a+ ;b ) but consideringu = u , we get

min(f (a); f (D)
h

().
alt

& (un)= O(exp ) exp

with ()! Oas ! 0.
The best which can be obtained with this construction is thedllowing
estimate for the ground state energy :
2min(f (a);f (b))
h

By taking an -dependent cut-o function ( = Chlogh), one can arrive to

2min(f (a);f (b)
h

0 1(h)  C (exp )expﬁ; 8 > 0: (A.6)

1(h) = h NO(exp

) (A.7)

for someN > 0.
This does not give a lower bound. We also observe that this geienode works
also for the Neumann problem.

In order to have a better result, one can simply proceed in thi@llowing
way. Let us assume for simpli cation that

f(a)<f (b): (A.8)

Then the main e ect is in a and we can continue to use a simple cut-o near
b. In order to satisfy the Dirichlet condition at a, we have to add a correction.
For this we need another \formal" solution, which is given bythe
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Lemma A.1l. P _
For any formal series j i, there exists on[a;a+ o) ( o> 0) a formal
WKB solution

u"ke := ¢(x; h) exp ——= (X) (A.9)
in the kernel of Eog , such that
; X |
c(x; h) G (x)h' ; (A.10)
i o
and X _
c(a; h) i (A.11)
j
Proof
We expand the relation :
exp ? © b (c(x;h)exp—— (X) 0; (A.12)
in powers ofh.
This explicitely leads to the following equation :
2 %8+ 2F %+ hc® 0; (A.13)
or
[2cf %+ hd?® O: (A.14)

We rst observe that the coe cient of h® vanishes (this corresponds to the
fact that f is a solution of the eikonal equation). Looking now at the
coe cient of h, we obtain :

2 )(x) 2 X)c(x) =0 ; (@ = o: (A.15)

Observing thatf {x) 6 0 near a, there is no problem for solving the equation,
in the neighborhood ofa, which can be more simply written as

(cof 9°=0; w(@= o: (A.16)
At the step j +1, we will nd:
2 M)Px)  2A%)G () = () Gg@ = ; (A.17)
or
26 0)f )+ ¢ 1(x)=2 ;fYa)+ ¢ 4(a): (A.18)
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The good quasimode
We de ne :

u'® = u,  exp @ﬂ wkb- (A.19)

where
satises =1lon[a;b ) and vanishes neab;
uwkb is associated to o =1, ; =0forj> 0;
~satises ~=1on[a;a+ ;) and vanishes outsided; a+2 o).

Here and g can be chosen arbirarily small (one condition is g < ) but
will be then xed independently of h.

We x some summation (by the Borel procedure) forc(x;h) with the
property that c(a;h) = 1. So the corresponding functionu"<* (we use the
same notation) satis es the Dirichlet condition ata and b. Let us compute :

Eo,f uvke = §°,3 Jun
exp X[ O quwd (A.20)

exp Zf,ga) ~ §°,3 uwkb -

There are three terms in the right hand side that we writer; + r, + r3 and
that we analyze separately.

r, is supported nearb and its size is (with in mind our assumption that
f(a) <f (b) of order O(exp "2)exp-L2. We can choose > 0 such
that :

o f(a
jirdiLz = O(exp %)exp Fl; suppry (b ;b); (A.21)

for some ;> 0.

r, is supported in @+ o; a+2 o) and its size is exp 2 expt &0,
If we observe thatf (a+ o) <f (&), we get
N f(a
iraiL: = O(exp %)exp Fz , supprz (at+ o;a+2o);
(A.22)
for some , > 0.
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r3 is supported in B;a+2 o) and its size isO(h Jexp Z& exp™®,
In particular, we get :
f (a)

jirsiicz = O(h* )exp —oosupprs [aja+20):  (A23)

So this isr; which is the dominant term for the computation of theL? norm
of the error and we have nally obtained

S uve = o(h! Yexp @ ; (A.24)

in L?((a; b), for a suitable choice of and o.
It is easy, to get a lower bound foijju"k?jj assuming for example

£%0)> 0: (A.25)
In this case, we immediately get from this rst computation,that there

is a unique eigenvalue of E;OQ;D" in the interval [0; h2] which is actually

exponentially small and that there exists (h) h i o with o 6 0 such
that the normalized positive eigenvecton;(x; h) satis es :
f
vi(x;h)  (h)u"® = O(h! )exp % ; (A.26)
We note also thath# (h) has a complete expansion in powers bf depending
only on the Taylor expansion off at the origin. We have indeed :

1 .. ..
2 i u"vkej;2 (A.27)

In this situation, elementary Hilbertian computations (se [HelSjl]) give
that :

h (_0) uwkbj UWkbj o (a

= g+ o e 2.
For a more precise estimate of the right hand side, we have saguently
to come back to a more careful estimation of the termly; j u"**i modulo
O(h! )exp @ . Let us determine the signi cant terms.

(A.28)

We can clearly forgetir; j u" i which satis es, for ;> 0,

2f ()

exp—

hryj u™®i = exp Fl : (A.29)
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For r,, we get :

2f (a) 2f (a)

exp— hro j u™Pi = exp » hrojuni + O(ht): (A.30)
For r3, we get :
exp2 rga)”?’ j U = O(ht ) : (A.31)
From this analysis, we get :
1(h) = szujhjljjgi + O(h! )exp Zféa) : (A.32)
with r, de ned after (A.20). So
exp 2f (a) () = 5 ~Jukd j upi o) (A33)

h jiunjj?
The computation is now elementary (and rather standard).

0) . . .
H & ~qus®j upi

h zj(h(ﬁ%(x; h) + 2~%9 + 2~%(x; h)) f {x)dx
b

h  ~92cf %+ cJdx

2hfYa) h2Na):

In the last line, we have used the eikonal equation (moduld(h! )) and an
integration by parts. We are happy to recover as expected thahe result is
independent of the choice of ~with the above properties. We nally get :

2f () (h) = dh) .

ex = —~2 +0(h!); A.34
P— TNE (h™) ( )

with
d(h) = 2hf%a)(1+ O(h)) : (A.35)

So we have proved :

Proposition A.2.
Under assumptions(A.2), (A.3), (A.4), (A.8) and (A.25), the lowest eigen-

value of ,(102 has the following expansion :

2f ()
h

exp (n) = 2() Zhzf Ya)f °%0)z (1 + O(h)) : (A.36)
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Note that there are in principle no problem for computing exficitly a
complete expansion of the right hand side in (A.36). Note aisthat we have
proceeded di erently in the general case but that we of couesrecover (A.36)
as subcase of Theorem 1.1.

Remark A.3.

The treatment in our main text is a little di erent but we recdl that by
applying d;, to the localized quasimode constructed for]f?,f near a or near
b, we get two orthogonal quasimodes showing the existence gfpextral space
of dimension 2 corresponding to exponentially small eigenvalues.
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