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1 Introduction

We consider the differential-difference operators 7,57 = 1,2,---,d, on R? in-
troduced by C.F.Dunkl in [3]. These operators are very important in pure
mathematics and in Physics. They provide a useful tool in the study of special
functions with root systems [4,6, 2]. Moreover the commutative algebra gener-
ated by these operators has been used in the study of certain exactly solvable
models of quantum mechanics, namely the Calogero-Sutherland-Moser models,
which deal with systems of identical particles in a one dimensional space (see
8,11, 12]).

C.F.Dunkl has proved in [5] that there exists a unique isomorphism Vj, from
the space of homogeneous polynomials P, on R of degree n onto itself satisfying
the permutation relations

0
T:Vie=V— j=1,2,---,d 1.1
jVEk kaxjv J 3 4y s Uy ( )



and
V(1) =1. (1.2)

This operator is called Dunkl intertwining operator. It has been extended to an
isomorphism from &(R?) (the space of C*-functions on R¢) onto itself satisfying
the relations (1.1) and (1.2) (see[14]).

The operator Vi possesses the integral representation

VoeR!l W@ = [ b, fee®),  (13)

where ju, is a probability measure on R? with support in the closed ball B(0, ||z|)
of center 0 and radius ||z|| (see [13][14])

We have shown in [14] that for each z € R?, there exists a unique distribution
ne in E'(R?) (the space of distributions on R¢ of compact support) with support
in B(0, ||x||) such that

Vi () (@) = (e, f), f € ER?)

We have studied also in [14] the transposed operator 'V}, of the operator V.
It has the integral representation

VyeR:, Vi(f)y) = Rdf(w)dl/y(x)- (1.4)

where v, is a positive measure on R? with support in the set {z € R?/ |lz| >
llyl|} and f in D(RY) (the space of C*°-functions on R? with compact support).
This operator is called Dual Dunkl intertwining operator.
We have proved in [14] that the operator !V} is an isomorphism from D(R¢)
onto itself, satisfying the transmutation relations

0
J

Using the operator Vj, C.F.Dunkl has defined in [5] the Dunkl kernel K by
VzeRY VzeCl K(x,—iz) = Vi(e H ) (x). (1.6)

Using this kernel C.F.Dunkl has introduced in [5] a Fourier transform Fp called
Dunkl transform.

In this paper we proesent another proofs of the geometric forms of Paley-
Wiener theorems for the transform Fp, given in [15] p. 32-33, and we establish
the following inversion formulas for the operators Vk_1 and th_l :

Ve eR?, Vi (f)@) = "Vi(Q())(@), feDRY, (1.7)

Ve eR:, VIH)(@) = Vi(P(f))(@), feDRY, (1.8)

where P and Q are pseudo-differential operators on R<.
From these relations we deduce the expression of the representing distributions



Ny and Z, of the inverse operators Vk_1 and th_l by using the representing
measures p, and v, of Vi and V. They are given by the following formulas

Ve RY, ne = 'Qvs), (1.9)

Ve eRY,  Z, ="'Pu.), (1.10)

where ' P and 'Q are the transposed of the oprators P and Q.

The contents of the paper are as follow.

In section two we recall some basic facts from Dunkl’s theory, we discribe
Dunkl operators and the Dunkl kernel.

We introduce in the third section the Dunkl intertwining operator Vi and
its dual 'V}, and we present their properties.

We define int the fourth section the Dunkl transform introduced in [5] by
C.F.Dunkl, and we give the main theorems proved for this transform.

In the fifth section we give another proofs of the geometrical forms of Paley-
Wiener theorems for the Dunkl transform. The first proofs of these theorems
have been given in [15] p. 32-33. Next we present some applications of the first
theorem.

The sixth section is devoted to prove inversion formulas for the Dunkl inter-
twining operator V; and for its dual *V4, and we deduce the expression of the
representing distributions of the inverse operators kal and thfl.

2 The eigenfunction of the Dunkl operators

In this section we collect some notations and results on Dunkl operators and
the Dunkl kernel (see [4,5, 7, 9, 10]).

2.1 Reflection Groups, Root Systems and Multiplicity Func-

tions
We consider R? with the euclidean scalar product (.,.) and ||z|| = \/(z,x). On
C,||.|| denotes also the standard Hermitian norm, while (z,w) = Z;l:l ZjW; .

For a € R4\{0}, let 0, be the reflection in the hyperplan H, C R? orthog-

onal to a, i.e.
oa(z) =z — <2|<Z’Hf>) a. (2.1)

A finite set R C R?\{0} is called a root system if RNRa = {#+a} and 6,R = R
for all &« € R. For a give root system R the reflections a,,a € R, generate a
finite group W C O(d), the reflection group associated with R. All reflections
in W correspond to suitable pairs of roots. For a given 8 € R?\ U,ep Hy, we fix
the positive subsystem R, = {a € R;{a, ) > 0}, then for each a € R either
OéGRJrOr*OZERJr.

A function k£ : R — C on a root system R is called a multiplicity function
if it is invariant under the action of the associated reflection group W. If one




regards k as a function on the corresponding reflections, this means that £ is
constant on the conjugacy classes of reflections in W. For abbreviation, we
introduce the index

y=9R)= DY =) k). (2.2)

acRy acRy

Moreover, let wy denotes the weight function

wi(z) = H (o, @) [2E(@), (2.3)

aER

which is W-invariant and homogeneous of degree 2.
For d = 1 and W = Zs, the multiplicity function k is a single parameter
denoted v > 0 and
Vo eR, wp(z)=]|z*. (2.4)

We introduce the Mehta-type constant

= (/R e_””””2wk(ac)dx> - . (2.5)

which is known for all Coxeter groups W (see [3, 6])

2.2 Dunkl Operators and Dunkl kernel

The Dunkl operators T},j = 1,- -, d, on R?, associated with the finite reflection
group W and multiplicity function k, are given for a function f of class C* on

R? by
£(2) ~ f(ou(x))

(o, )

Tif(x) = a%jf(aﬂ) + Z k(o) (2.6)

reR L

In the case k = 0, the 73,5 = 1,2,---,d, reduce to the corresponding partial
derivatives. In this paper, we will assume throughout that £ > 0 and v > 0.

For f of class C' on R? with compact support and ¢ of class C* on R% we
have

/“nﬂmmmw@Mx:—/'ﬂmnmmwumL J=1.2d (27)
R4 Rd
For y € R?, the system

Tju(zay) :yju('rvy)a ]:15277d7
{ u(0,y) =1, (28)

admits a unique analytic solution on R?, denoted by K (z,y) and called Dunkl
kernel.

This kernel has a unique holomorphic extension to C? x C¢.
Example



If d =1 and W = Zs, the Dunkl kernel is given by

K(Z, t) = j'yfl/Q(iZt) + j7+1/2(izt), Z,t S (C, (29)

2t
2v+1

where for o > —1/2, j, is the normalized Bessel function defined by

ja(u):2°‘F(a+1)JZiu):F(a—i—l)z%, weC, (2.10)

n=0

with J,, is the Bessel function of first kind and index « (see [5]).
The Dunkl kernel possesses the following properties.

(i) For z,t € C?, we have K(z,t) = K(t,2),K(2,0) = 1, and K()\z,t) =
K(z,At) for all A € C.

(ii) For all v € Z4, 2 € RY, and z € C? we have

|DVK (z, 2)| < |||/ exp {ma&;(wx,Rez}] : (2.11)
we
In particular
|DLK (2,2)] < || exp[|| || Rez]], (2.12)
|K (2, 2)| < exp||]|[| Rez|] (2.13)

and for all 2,y € R? :
|K (iz,y)| < 1, (2.14)

with

. vl
Dzimand |I/|:I/1+"'+"'+I/d.
(iii) For all #,y € R? and w € W we have

K(—iz,y) = K(iz,y) and K(wz,wy) = K(z,y). (2.15)

(iv) The function K(z,z) admits for all z € R? and z € C? the following
Laplace type integral representation

K(z, 2) = /R ) eV dpg (y), (2.16)

where /1, is a probability measure on R? with support in the closed ball
B(0,||z||) of center 0 and radius ||z||. Moreover we have

Suppps N {y € RY/|lyll = l|lz||} # 0, (2.17)

(see [13]).



Remark 2.1
When d =1 and W = Z, the relation (2.16) is of the form

7M —2v i _oy-1 v yz
K@) = =Pl [l —or el e 219

Then in this case the measure p, is given for all z € R\{0} by du,(y) = s(x,y)dy
with

Pht1/2), ]
k(z,y) = WW (lel =) 2l + 9) L jal, 21 (W), (2.19)
where 1)_ |, |2 is the characteristic function of the interval | — ||, |z|[.

We remark that by change of variables, the relation (2.18) takes the following
form

d d _F(’7+1/2) ! etmz _ 42\y—1
Vo eRL Vel Koz =it /_1 (1— ) (1+0)dt, (2.20)

3 The Dunkl intertwining operator and its dual

Notation We denote by

- C(R?) (resp. C.(R%)) the space of continuous functions on R? (resp. with
compact support).

- CP(RY) (resp. CP(R?)) the space of functions of class C? on R? (resp. with
compact support).

- £(R?) the space of C°°-functions on R<.

- D(RY) the space of C*™-functions on R¢ with compact support.

- S(RY) the space of C>®-functions on R? which are rapidly decreasing as
their derivatives.

We provide these spaces with the classical topology. We consider also the
following spaces.

- &'(R?) the space of distributions on R¢ with compact support ; it is the
topological dual of £(R?).

- S’(R?) the space of tempered distributions on R? ; it is the topological
dual of S(R?).

The Dunkl intertwining operator Vj is defined on C(R%) by
Vo eRLVi(N)(@) = | S@)dua(y), (3.1)

where (i, is the measure given by the relation (2.16) (see [14]).
We have

Ve eRY VzeCl K(zz)=Vi(e<¥)(z). (3.2)



The operator ‘V} satisfying for f in C.(R?) and g in C(R?), the relation

| sty = [ V)@ @ o) (33)

R
is given by
Yy eRLVANG) = [ Sy (@) (34)
where v, is a positive measure on R? whose support satisfies
Suppry C {z € RY/|lz|| > ||ly[l} and Suppyy, N {x € R?/|z| = [ly[l} # 0. (3.5)
This operator is called the dual Dunkl intertwining operator (see [14]).

The following theorems give some properties of the operators V; and *V;
(see [14]).



Theorem 3.1

(i) The operator Vj, is a topological isomorphism from £(R%) onto itself sat-
isfying the transmutation relations

VzeRﬂiGwUN@‘@(é}g(@,jL%~u¢ f € ERY).
(3.6)

(ii) For each x € R? there exists a unique distribution 7, in & (R9Y) with
support in the ball B(0, ||z||) such that for all f in £(R?) we have

Vi {(N)(@) = (nas f). (3.7)

Moreover

Suppn. N {y € R/ [yl = [|=[|} # 0. (3.8)
Theorem 3.2

(i) The operator *V}, is a topological isomorphism form D(R?) (resp. S(R%))
onto itself, satisfying the transmutation relations
0
vy eRY V(T f)(y) = 5"

gy VW, §=1.2.-.d.f € DR (39)

ii) For each y € RY, there exists a unique distribution Z, in S'(RY) with
support in the set {z € RY/||z|| > ||y|} such that for all f in D(R?) we

have
Vi () = (Zy. f)- (3.10)
Moreover
SuppZy N {z € R/||z]| = |lyll} # 0. (3.11)
Example 3.1

When d =1 and W = Zs, the Dunkl intertwining operator Vj is defined by
(3.1) with for all z € R\{0}, du,(y) = x(x,y)dy, where k given by the relation
(2.19).

The dual Dunkl intertwining operator *Vj, is defined by (3.4) with di,(z) =
k(z,y)wg (z)dx, where k and wy given respectively by the relations (2.19) and
(2.4).

Example 3.2

The Dunkl intertwining operator V; of index v = Z';:l a;, a; > 0, associated
with the reflection group Zs x Zg X --- X Zg on R%, is given for all f in £(R?)
and for all z € R¢ by

d
1= 1 () [ o

=1
d
) [T =)~ (1 + ti)dty - - dta, (3.12)

i=1

(see [16])



4 Dunkl transform

In this section we define the Dunkl transform and we give the main results
satisfied by this transform (see [5, 9, 10]).
Notation We denote by

- LY (RY),p € [1, +0o0], the space of measurable functions on R? such that

1/p
1llew = (/ If(w)lpwk(x)dx) < to0, if1<p< oo,
]Rd
1o = ess sup|f(z)] < +oo.
reR4

- H(C%) the space of entire functions on C% which are rapidly decreasing
and of exponential type.

The Dunkl transform of a function f in D(R?) is given by
Ve R, Fp(f)y) = [ @K e ~igharla)ds (11)

This transform has the following properties.
i) For f in Li(RY) we have | Fp(f)|lko00 < || fllk.1-

(i) Let f be in D(RY). If f~(2) = f(—x) and f,(x) = f(wzx) for x € RY,
w € W, then for all y € R? we have

Fo(f)y) = Fo(f)(y) and Fp(fu)(y) = Fo(f)(wy).  (4.2)
iii) For all f in S(R?) we have

Fo(f) =Fo'Vi(f), (4.3)

where F is the classical Fourier transform on R¢ given by
Yy eR, F()y) = [ flx)e " “Vdz, feDRY, (4.4)
R4

The following theorems are proved in [9, 10].
Theorem 4.1. The transform Fp is a topological isomorphism

i) from D(R?) onto H(C?),
ii) from S(R?) onto itself.

The inverse transform is given by

2
Ck

VaeRY Fpl(h)(z) = R /Rd h(y) K (z, iy)wi (y)dy. (4.5)




Remark 4.1

An other proof of Theorem 4.1 is given in [15].
Theorem 4.2. Let f be in L}(R?) such that the function Fp(f) belongs to
Li(RY). Then we have the following intersion formula for the transform Fp, :

F@) = gk / Fo(f)w)K (e igon(y)dy, o (4.6)

Theorem 4.3.
i) Plancherel formula for Fp. For all f in D(R?) we have

[ t@Per@ds = 5 [ Fo(nwPatndy. @)

ii) Plancherel Theorem for Fp. The renormalized Dunkl transform f —
27742 % ¢, Fp(f) can be uniquely extended to an isometric isomorphism
on LZ(RY).

5 Another proofs of the geometrical forms of the
Paley-Wiener theorems for the Dunkl trans-
form

In this section we present another proofs of the geometrical forms of Paley-
Wiener theorems for the transform Fp, given in [15] p. 32-33.

We define the indicator function I of a compact subset E of R? by

Vy € RdaIE(y) = Sup<$ay>7
zel

for example, if F' is the ball with center 0 and radius R, we have
vy e R Ip(y) = Rllyll.

The indicator of E determines, for each hyperplane direction, the smallest
closed half space which contain F. Consequently the Hahn-Banach theorem
shows that I'r determines the convex envelope Fof Eand I =1k

In [15] p. 29 we find other properties of the indicator function Ig.

5.1 The Dunkl transform of functions

Theorem 5.1. Let E be a W-invariant compact convex set of R and f an
entire function on C?. Then f is the Dunkl transform of a function in D(R?)
with support in F, if and only if for all ¢ € N there exists a positive constant
C, such that

Vz e ChIf(2)] < Cg(1+||2])~te=tm?) (5.1)

10



Proof
The necessity condition of the theorem is proved in [9] corollary 4.10, p. 156.
We prove now the sufficiency condition.
The upper bounds (5.1) imply that the function ¢ given by

Vo eRY, () = / F ) K (i, 2)wn () dy, (5.2)
Rd

is a C°°-function on R%,
We consider the function

. wi(y)
Vo eRY é(x) = F)K(iy, ) ——==—dy, 5.3
()= Jou T WG 2V oy (53)
withpeNsuchthatp>7+%+1.
This function is of class C* on R% and we have
VaeRY (I-Ap)Po(x) = p(x), (5.4)

where Ay = Z?:l Tj2 is the Dunkl Laplacian. As E is W-invariant then to show
that Suppy C F, it is sufficient to prove that the support of ¢ is contained in
E. The relation (5.3) can also be written in the form

Ve eRY, d(z) = / F () K (iy, ) M (y)dy. (5.5)
Rd

where My, (y) = %

From (2.3) we have

My (y)dy < +o0. (5.6)
Rd
We put
Mk(yla"'7yd)
mg(2) = me(21, -, 24) = dyi - - - dyaq, 5.7
o) =malen, o, 24) /Ruyl—zl)--«yd—zcz) el B0

and for a; >0,5=1,2,---,d,

Q1.0 “ ad Mk(yla"'ayd)
mt () = d ,d . 5.8
k ( ) /—a1 /—ad (yl - Zl) e (yd - Zd) v v ( )

These functions are respectively holomorphic on C*\R? and (Cd\(]_[‘;:1 [—aj,a,]),

and for all z € C*\R? we have

lim mgt " (2) = my(2). (5.9)

a, - ,a2—+00

aq

Using Riemann sums, the function m;*""“* can also be written in the form

11



2a;
myt " (z) = lim H 2%
N1, ,Ng—+00 o1 nj
d 2a, .
r1=0  rg=0 Hj:l(—%‘ + Tjnij’ - Rj)

For j = 1,2,---,d, let I'; the quasi-rectangular path in C determined by the

pOthS Zj = 7Rj — ibj,Zj = 7Rj —+ i?’]j, Zj = +R] + iT]j,Zj = Rj —+ ibj, Wlth

R; > 0, 0 < b < Z—] ,n; > 0, the half circles C,j,r; = 1,2,---,n;, of center
J

(— a]Jrr] ) and radius -+ and the segments {z; = z;+ib;,z; € [-R;, —a;(1+

nj)+b I} {Z] = Jrzb],z] [a; (1 + nj) bj, R}
From Cauchy theorem we have

Ioy,a / f(2)K(iz,x)mi" " (2)dz = 0. (5.11)
T Ty

On the other hand from (5.8) and (5.10) we have

@ ad 2K (iz,x
I(al'”aad) = / Mk(yla 5y Yd / MdZdylv”'vdyda
—ai —ad Iy L H] 1(yj — zj)
d ni ez
2a; 2a 2a
= , (H—])Z---ZMk(—amLﬁ—l —ad+rd—d)
lim =1 " 20 re=0 m d
nip——+oo J 1 d
ng—-+oo
/ f Zla ) ('LZl, s, 12d, )dzl . 'dZd. (512>
Iy Lq ] 1( aj +T]n—]—z])

We apply residus theorem to the integrals of the second member of this relation.
As from (2.13) and (5.1) the integrals on the segments {z; = —R; + it;,t; €
[bj,m;]} and {z; = R; + it;,t; € [bj,R;]},5 = 1,2,---,d, tend to zero when
Ry,---,Rq — +0o. Then if we make Ry, Rs,---,Rq— +00, we deduce from
(5.11) that

—ai bl 7ad7bd
/ e / fly +ib)K (i(y + ib), z)m*> " (y + ib)dy+

[ / F oy + BV iy + ib), 2yme " (y + i)y +
a1+by aqg+bg

Wk(y)
/ _adf W@, T

Tt [ K ity imdy =0, (513

where b = (blaan e abd) , = (771’772’ T and)and Yy = (ylayQa T ayd)‘ But from
(5.1) (2.13) and (5.6) we deduce that the two first integrals tend to zero when

12



ai, -+ ,aq — +oo. Thus by making aq,--+,aq — 400 in (5.13) we obtain

1

Vo € RL0@) = oo [ f(+ i+ in)o)me -+ i)y

Using (5.1) and (2.13) we deduce that there exists a positive constant M such
that

_ +in)|
Vz e RY, |p(z)] < el=™ <“7>M/ Mdy, 5.14
9()l o (Lt [P (5:14)

If © ¢ E, there exists g such that Ig(no) — (x,n0) < 0. By taking n = sng, with
s> 1, in (5.14), there exists a positive constant My such that

|¢(x)| < MOeS(IE(770)_<m’77°>)es(1E(770)_<I’77°>).

But the second member of this inequality tend to zero when s go to the infinity.
Then the support of ¢ is contained in F.
As the support of ¢ is contained in E, then from Theorem 4.2 we deduce that

Vy eRY fly) = Fple)(y).

Remark 5.1

Theorem 5.1 shows that Theorem 4.1 i) which is Theorem 5.2 i) of [15], can
be proved without using Theorem 4.4 of [10], chap.3 p. 58.
Corollary 5.1. Let E be a W-invariant compact convex set of R, Then for
all fin D(R?) we have

Suppf C E < "Vi(f) C E. (5.15)

Proof
We deduce the result from the relation

Fp(f) =F o'Vi(f), feDRY),

the Paley-Wiener theorem for the classical Fourier transform F (see [1] Theorem
2.6, p. 17) and Theorem 5.1.
Corollary 5.2. Let E be a W-invariant compact convex set of R%. Then for all
x € E, the support of the distribution 7, given by the relation (3.7) is contained
in B.
Proof

From (3.3) for all g in D(R?) with support in the complementary E¢ of E
and f in D(R?) with support in E, we have

/Rd Vi H(9) (@) f (a)da :/ 9@ Vi (F) (y)wr (y)dy. (5.16)

Rd

But from (5.15) we have

Suppf C E = Supp'V,” () C E.

13



Thus
[ Vi@ @)z =0.

This relation implies
VoeE, Vi'(g)(z)=0.

But from (3.7) we have
Vae B Vi (9)(r) = (1, 9).

Thus the support of 7, is contained in F.
Remark 5.2

Corollary 5.2 is Propostiion 6.3 of [15] p. 30. The proof of this Corollary
constitutes another proof of this proposition.

In the following we give an ameliorated version of the proof of Proposition
6.3.

Let z € E and ¢ €]0,1]. We consider the functions f, and f¢ given by

Yy eRY fily) = — (5.17)
RS y Jx\Y) = y .
(L+llylI*)P
and
VyeR’, fi(y) = fo(y)Fp(Ve)(v), (5.18)
with p € N, such that p > v+ % + 1, and V. the function defined by
VzeR: Vo(z) = LD(M) (5.19)
b) € - 62,Y+d E ) M

where V is a radical, positive function in D(R?), with support in the ball of
center 0 and radius 1, satisfying [, V(2)wk(z)dz = 1, and V the function on
[0, +-o0[ given by V() = V(||]).

As the functions f, and f¢ belong to (LN L2)(R?), then from Theorem 4.3 ii),
the functions F, and F; defined by

VteR?Y F.(t) = /Rd fe(OK (iy, x)wr(y)dy, (5.20)

VEERLE) = [ JOK Gy ahalu)dy, 5:21)

are in C(RY) and from the relation (2.14) and the fact that there exists M > 0
such that
Yy eRY |Fp(Ve)(y) — 1] < eM|yll?, (5.22)

we deduce that for all ¢t € R? :

lim FE(t) = Fu(t). (5.23)

e—0

14



The relation (5.21) can also be written in the form
VEeRLFE() = [ e () W) iy OMi(0)dy,
Rd

where My (y) = % Using the method applied in the proof of Theorem
5.1, which is the same method applied also in the proof of Proposition 6.3, we

deduce that

Ve Rd, |FE(t)] < eUB+B. (77)—(75,77»/ Mdu,
re (14 [lul[?)?

where B, is the ball of center 0 and radius €.

As for the proof of Theorem 5.1, we deduce that the support of F; is contained
in £+ B..

From this result and (5.23) we show that

SuppF, C E.

By applying now the remainder of the proof given in [15] p. 32, we deduce that
Suppn, C E.

5.2 The Dunkl transform of distributions

Notation. We denote by H(C?) the space of entire functions on C% which are
slowly increasing and of exponential type.

The Dunkl transform of a disgtribution S in &£'(R?) is defined by
Vy e RY Fp(S)(y) = (Sa, K(—iy, x)). (5.24)

Remark 5.3
When S is given by a function g in D(R?), and denoted by T, the relation
(5.24) coincides with (4.1), because Ty is defined by

T) = [ o)) € SR (5.25)

The following theorem is proved in [15].
Theorem 5.2. The transform Fp is a topological isomorphism from &’ (R9)
onto H(C?).

We give now the geometrical form of the Paley-Wiener theorem for distri-
butions.
Theorem 5.3. Let E be a W-invariant compact convex set of R? and f an
entire function on C%. Then f is the Dunkl transform of a distribution in £’ (R%)
with support in E if and only if there exist a positive constant C and N € N
such that

VzeChlf(z)] <CQA+|z)?)Neletm2), (5.26)
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Proof
- Necessity condition
We consider a distribution S in & (RY) with support in E.
Let X be in D(R?) equal to 1 in a neighbourhood of £, and # in £(R) such

that
1, ift<l,

e(t):{ 0, ift>2

We put n = Imz, z € C%.
We denote by v, the function defined on R? by

e () = x(2) K (=iz, 2)0({x,n) = Is(n)).

This function belongs to D(R?) and it is equal to K (—iz, z) in a neighbourhood
of E. Thus
VzeCl Fp(S)(z) = (S, v.(x)). (5.27)

As S is with compact support, then it is of finite order N. Then there exists a
positive constant Cy such that

V 2z e ChL|Fp(S)(2)] < Co Z sup |DPy,(z)]. (5.28)

d
lp|<N ZER

Using Leibniz rule, we obtain

|
Vo €RUDPY(e) = YD S DI () DK (i 2) D0 ) — T ().
RoRr

(5.29)
We have
Vz e R |DIX(z)| < const. ,

and
VxR |DO((z,n) — In(n))| < const. |n||'*.

On the other hand from (2.11) and the fact that E is W-invariant we have
Ve R |DTK (—ix, z)| < ||z|"ef®m .

Using these inequaties and (5.29) we deduce that there exists a positive constant
(1 such that
Vo eRY |DPyY, (2)] < Co(L+ ||2]2)Nel™m.

From this relation and (5.28) we obtain
VzeC |Fp(8)(2)] < Ca(l +||2]*) sup el (5.30)
where C is a positive constant, and the supremum is calculated for

(z,n) < Ip(n)+2.
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But this inequality implies
sup elrm < e2elE(m) (5.31)

From (5.30) and (5.31) we deduce that there exists a positive constant C' such
that
Yz e CL|Fp(S)(2)| < O+ ||2]|2)Nele. (5.32)
- Sufficiency condition
Let f be an entire function on C¢ satisfiying the condition (5.26). We con-
sider the functions g and g.,¢ €]0, 1], given by

fly)

VyERd,g Y)= 77— oo
W)= T

(5.33)

and
Vye€ RQa ga(y) = g(y)]:D(Va)(y)’ (5'34)

with p € N, such that p > v+ % + 1, and V. the function defined by (5.19).
As the functions g and g. belong to (L} N L?)(RY), then from Theorem 4.3 ii)
the functions G and G, defined by

VaeR!,G(x) = /Rd 9(y) K (iy, v)wi (y)dy,

vV z e RY, G:(x) = /]Rd 9:(y) K (iy, v)wi (y)dy,

are in C(R9) and from (2.14) and (5.22), for all x € R%, we obtain

lim G¢(z) = G(x). (5.35)

e—0

By making the same proof as for the Remark 5.1, we deduce that the support of
G, is contained in F + B., where B, is the ball of center 0 and radius €. From
(5.35) we deduce that

Supp G C E.

We put
S = (I - Ap)P™)G.

where Ay is the Dunkl Laplacian.
Then S is a distribution in &'(R?) with support in E. Moreover, we have

Vy e R, Fp(S)(y) = /Rd(l Y)Y G(a) K (—iy, o)wr(2)da.

Using Theorem 4.3 ii) and (5.33) we obtain

VyeRY Fp(S)(y) = f(y).

This completes the proof of the Theorem.
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6 Inversion formulas for the Dunkl intertwining
operator and for its dual

6.1 The pseudo-differential operators P and @)
We consider the pseudo-differential operators P and @ defined on D(R?) by

vz eRY, P(f)(x) = :d—;%}'_l[wk}'(f)](x). (6.1)
Vo e R QU@ = Fo W Folhle) (62)

Proposition 6.1. For all f in D(R?) the function P(f) and Q(f) are of class
C*> on R% and we have

0 0 ,
8_x]P(f)(x) = P(a_gj )(1}),] =1,2,---,d, (63)

Proof
We deduce the results by derivation under the integral sign, by using (2.7),
(2.8) and the relations

Vy € R, iy F(f)(y) = f(a%fxyx (6.5)
Yy eRY iy, Fo(f)(y) = Fo(Tif)(y). (6.6)

Proposition 6.2. Let E be a W-invariant compact convex set of R?. Then for
all f in D(R?) we have

Suppf C E = SuppP(f) C E and SuppQ(f) C E. (6.7)

Proof

We obtain (6.7) by using the Paley-Wiener theorem for the Fourier transform
F (see [1] Theorem 2.6, p. 17), Theorem 5.1, and by applying the methode used
in the proof of Theorem 5.1.
Proposition 6.3. We suppose that k(a) € N for all « € Ry . Then for all f
in D(R?) we have

_ @ (o 0N
P(f) = [Q( D (gt baaggs) L (69
Q(f) = [ IT 0¥ (et +--- + ade>2’“<a>} f. (6.9)
OtER+
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Proof
As k(a) € N for all @ € Ry, then for all f € D(R?), we have

Vy eRLwk)F(Nw) = [T G F(f) ), (6.10)
aERy
and
VyeR: wi)Fo(Ny) = [ (o)™ @ Fo(fy).  (6.11)
acRy
But

Yy R @AW = F =i (e i ) | @) ©612)
and using (2.7), (2.8) we deduce that
Vy e RY (o, ) Fp(f)(y) = Fpl—i(aa Ty + - + aTa) £](y)- (6.13)
From (6.10), (6.11) and (6.12), (6.13) we obtain

TT (~D5 a1+ + au) @ £ | (y),

d _
Vy e RYwe(y)F(f)y) = F A 96, 0&4

and

H (DO (U Ty + - + agTy)** @ £ (y).

aERy

VyeRY wi(y)Fo(f)(y) = Fp

These relations, the inversion formula for the Fourier transform F, and Theorem
4.2 imply (6.8), (6.9).
Theorem 6.1. For all f in D(R?) we have the following transmutation relation

VaeRY, P(Vi(f))(@) = "Vi(Q(f)) (). (6.14)
Proof
From Proposition 6.2 and the relations (6.1), (4.3) we have
221
Vo e RLP(VA(M@) = e F 7 wF o' Vilh)] @),
i}
2
= :dzith{fD[wka(f)]}(x).

Then (6.2) implies

v e R P(Vi(f))(@) = "V(Q())(@).
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6.2 Inversion formulas for the Dunkl intertwining opera-
tor and for its dual

In this subsection we give inversion formulas for the operators V;, and *V; and
we deduce the expressions of the representing distributions of the operators kal
and 'V, 1.

Theorem 6.2. For all f in D(RY) we have

VaeRY VTH(f)(2) = Vi(P(f) (). (6.15)

Proof
From Theorem 3.2 i), for f in D(R?) the function !V, ! (f) belongs to D(R?).
Then from Theorem 4.2 we have

2
%k

VaeRLWVTH(f)(2) = 92714 /Rd K (iy, 2)Fp("Vi7 ) () ()wr (y)dy.  (6.16)

But from the relations (4.3), (3.1), we have

vy eRY, Fo('Vir(H)) = F(H W),

and
Yy € R, K(iy,z) = F(jis)(y),

where [i, is the probability measure given by

FO)dia(t) = / F(—t)dpa(t), | € CRY.
Rd R4

Thus (6.16) can also be written in the form

Vo eRLVI (D) = g [ FE)@aF(Od.  (67)

But from Propostion 6.2 and (6.1) we have
2
Yy € RY wp(y) F(F)(y) = s F(P(F)) ().

mdes,
Then by using (6.17) and the properties of the Fourier transform F we obtain

Ve e RV N = g [ FEWFPU) )y,

1

= @ Rd]—‘(ﬁm*P(f))(y)dy,

where # is the classical convolution product on R? of a measure and a function.
By using Proposition 6.2, the fact that /i, is a probability measure on R? and
the inversion formula for the Fourier transform F, we deduce that

Va e RV (@) = fie+ P(f)(0).
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But from (3.1) we have

fz ¥ P(£)(0) = | P(f)(=t)dji(t) = Vi(P(f)) ().

Rd
Thus
Ve RLVIN () (@) = Vi(P(f))(2).

Corollary 6.1. For all f in D(R?) we have the following relation
Ve RLVi(PP(f))(x) = QVa(P(f))(x). (6.18)

Proof
We deduce (6.18) from Theorem 6.2, 6.3.
Theorem 6.4. For all f in D(R?) we have

Vo eRY, Vi () (@) = V(@) (). (6.19)

Proof

We obtain the result by using Proposition 6.3 and Theorems 6.1, 6.2.
Notation

We denote by D'(R?) the space of distributions on R?. It is the topological
dual of D(RY).
Definition 6.1. We define the transposed operators ! P and *Q) of the operators
P and Q on D'(R?) by

("P(8), f) = (S, P(f)), f € DR?), (6.20)

('Q(S), f) = (S, Q(f)), f € D(R?). (6.21)

Proposition 6.4. We suppose that k(o) € N for all @« € Ry. Then for all
S € D'(RY) we have

d 9
tP — _ . - 2k(oz) 22
(S) g (aa§1+ +ad8§d) S, (6.22)
achiy
Q) = | I] (@Ty+ -+ + aaT)® | 8, (6.23)
a€ERy

where Tj,j = 1,2,---,d, are the Dunkl operators defined on D’(R?) by
(T;S, f) = =(S,T;f), f € DRY).

Theorem 6.5. The representing distributions 7, and Z, of the inverse of the
Dunkl intertwning operator and of its dual, are given by

VzeRY, n, ='Qva), (6.24)
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and
VzeRY Z, ='P(u,). (6.25)

where p, and v, are the representing measues of the Dunkl intertwining operator
Vi and of its dual 'V},
Proof

- From (3.4), for all f in D(R?) we have

Vo R V(QUN)(@) = (v, Q) = ('Qwa), f)- (6.26)
On the other hand from (3.7) :

VaoeRL V) () = (e, f).

We obtain (6.24) from this relation, (6.26) and (6.19).
- By using (3.1), for all f in D(R?) the relation (6.15) can also be written in
the form

V€ R VIS)(@) = e, PU) = (P(1a), f). (6.27)
But from (3.10) we have

VaeRLWVTH) () = (Za, f).

We deduce (6.25) from this relation and (6.27).
Remark 6.1
When k(a) € N for all « € Ry, we have

VoeR n, = | [ (i +- -+ aala)™ | (va), (6.28)
OtER+
and
VzeR: Z, = H (041i +- 4 adi)%(a) (1) (6.29)
= 061 04
a€ERy
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