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Convergence of values in optimal stopping
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Abstract : Under the hypothesis of convergence in probability of a sequence of cadlag processes
(X™),, to a cadlag process X, we are interested in the convergence of corresponding values in
optimal stopping. We give results under hypothesis of inclusion of filtrations or convergence of
filtrations.
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1 Introduction

Let us consider a cadlag process X. Let us denote by FX its natural filtration and by F the
right-continuous associated filtration (Vt, F; = ft)i) We denote by 77, the set of F stopping
times bounded by L.

Let v : [0,400[xR — R a bounded continuous function. We define the value in optimal
stopping of horizon L of the process X by :

(L) = Sup E[y(r, X,)].

Remark 1 As it is written in Lamberton and Pageq ([199(), the value of T'(L) only depends
on the law of X.

We are interested in the following problem : let us consider a sequence (X™),, of processes
which converges in probability to a limit process X. For all n, we denote by F” the natural
filtration of X™ and by 7;* the set of F™ stopping times bounded by L. Then, we define the
values in optimal stopping I'y,(L) by 'y, (L) = sup E[y(7, X?)]. The main aim of this paper is

TETL"

to give conditions under which (T',,(L)),, converges to I'(L).

In his unpublished manuscript (, ), Aldous proved that if X is quasi-left con-
tinuous and if there is extended convergence (in law) of ((X™, F™)), to (X, F), then (T',,(L))n
converges to I'(L). In their paper (Lamberton and Paged, [199(]), Lamberton and Pages obtained
the same result under the hypothesis of weak extended convergence of ((X™, F™)), to (X, F),
quasi-left continuity of the X™’s and Aldous’ criterion of tightness for (X),.

As a first step, we are going to prove in sectionﬁ that, under very weak hypothesis, holds
the inequality T'(L) < liminf T',,(L).

Then, to prove that (I'y, (L)), converges to I'(L), it remains to show that I'(L) > limsupT',,(L).
This inequality is more difficult and both papers (Aldouy, [981)) and (Lamberton and Paged,
) need weak extended convergence to prove it. Here, we prove that it happens under the
hypothesis of inclusion of filtrations F™ C F or under convergence of filtrations.

The main idea in our proof of the inequality I'(L) > limsup I';, (L) is the following. We build
a sequence (7) of (F™) stopping times bounded by L. Then, we extract a convergent subse-
quence of (™) to a random variable 7 and, at the same time, we wish to compare E[v(7, X;)]
and I'(L). We are going to do that through two methods.
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First, we will enlarge the space of stopping times, by considering the randomized stopping
times and the topology introduced in (Baxter and Chacon, 1977). Baxter and Chacon have
shown that the space of randomized stopping times for a right continuous filtration with the
associated topology is compact. We are going to use this method in section E when we have
the inclusion of the filtrations 7" C F (it means that Vt € [0,T], Fj* C F).

When we do not have the previous inclusion, we enlarge the filtration F associated to the
limiting process X. This method is used, in a slightly different way, in ([Aldoud, [981) and
in (Camberton and Paged, [[99(). In section [f, we enlarge (as little as possible) the limiting
filtration so that the limit 7* of a convergent subsequence of the randomized (F™) stopping
times associated to the (7™),, is a randomized stopping time for this enlarged filtration and we
use convergence of filtrations instead of extended convergence.

For technical reasons, we need Aldous’ criterion of tightness for the sequence (X™),. In

section Q, we are going to show that, if X™ I x , Aldous’ criterion of tightness for (X™),, and
quasi-left continuity of the limiting process X are equivalent.

Finally, in section ﬁ, we give applications of the convergence of values in optimal stopping
to discretizations and also to financial models.

In what follows, we are given a probability space (2,.4,P). We fix a positive real T and
also L between 0 and T. Unless otherwise specified, every o-field is supposed to be included
in A, every process will be indexed by [0,7] and taking values in R and every filtration will
be indexed by [0,7]. D = D([0,T]) denotes the space of cadlag functions from [0,T] to R. We
endow D with the Skorokhod topology.

For technical background about Skorokhod topology, the reader may refer to (Billingsley],
[1999) or (Jacod and Shiryaey], 003).

2 Statement of the result of convergence of the optimal
values

The main purpose of this paper is to prove the following Theorem :

Theorem 2 Let us consider a cadldag continuous in probability process X and a sequence (X™),
of cadlag processes. Let F be the right continuous filtration associated to the natural filtration
of X and (F™), the natural filtrations of the processes (X™),. We assume that X™ 5 X and
that one of the following assertions holds :

- for all n, F™ C F,
-Fr A F
Then, T',,(L) —— T'(L).

n—oo

The notion of convergence of filtrations has been defined in ([Hoovei], [L991)) :

Definition 3 We say that (F™) converges weakly to F if for every A € Fr, (E[1a|F"])n
converges in probability to E[14|F] for Skorokhod topology. We denote F"* <> F.

The proof of Theorem E will be given through two steps :
- Step 1 : we show that I'(L) < liminf I, (L),
- Step 2 : we show that I'(L) > limsup I',,(L).

3 Proof of the inequality I'(L) < liminf ', (L)

Theorem 4 Let us consider a cadlag process X such that P[AX |y, # 0] = 0, its natural filtration
FX, a sequence of cadlag processes (X™),, and their natural filtrations (F™),. We suppose that



X" 5 X, ThenT(L) < liminf T,y (L).

Proor
The proof is broken in several steps.

Lemma 5 Let 7 be a FX stopping time bounded by L taking values in a discrete set {t;}icr
such that P[AX,, # 0] = 0, Vi. For all i, we consider A; = {1 =t;}. We define 7" by :
™ (w) = min{t; 1 i € {j : E[1a,|F]](w) > 1/2}}, Vw. Then, (") is a sequence of (7}') such

that (7™, X™.) LN (1, X;).
Proor

(7™)y, i8, by definition, a sequence of (F™)-stopping times.

Moreover, for all w, 7" (w) < max{t;,7 € I} < L because 7 is bounded by L. So, ("), is a
sequence of (F™) stopping times bounded by L.

Let us show that 7™ LiN T.

To prove that, we are going to use the convergence of o-fields (also defined in (,
1991)) :

Definition 6 We say that (A™), converges to A and denote A™ — A if for every A € A,
E[14]A4"] 5 14.

We have F}! — ]—"ff , Vi according to the following Lemma :

Lemma 7 Let (X™),, be a sequence of ciadlag processes that converges in probability to a cadlag
process X, (F™) the natural filtrations of the X™’s and F~ the natural filtration of X. Then,
for all t, FI* — F7X.

Proor
Take t € [0,7]. Let us fix t; < ... < t; < t such that for all i, P[AX;, # 0] = 0 and let
f:RF = R be a bounded continuous.

X5 X and foralli = 1,...,k, P|AX,,

#0] =0, so
n n P
(th,...,th> — (th,...,th>.

f is bounded continuous so :

n n Ll
f(th,...,th_).>f(Xt1,...,th). (1)
Take ¢ > 0.

PHE[.]C(Xtu---ath)lf?]_f(XtU"'vth)l 25]
< PIE[f(Xey, .o Xe)IF = E[f(XE - XD)IF] 2 /2]
FPIELA (X, XPNF] = f (X, Xy )| 2 €/2)

4

using Markov’s inequality
—— 0 using (fl).
n—oo
The conclusion comes with the following characterization of the convergence of o-fields, whose
proof use exactly same arguments as in the proof of Lemma 3 in ({Coquet, Mémin and Slominskil
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Lemma 8 Let Y be a cadlag process, A= o({Y;,t > 0}) and (A") a sequence of o-fields. The
following conditions are equivalent :

i) A" — A,

i) E[f(Ye,, ..., Y )|A"] & f(Ya,, ..., Y2,) for every continuous bounded function f : RF — R
and t1,...,t, continuity points of Y.

Lemma E is proved. O

With this Lemma, we can prove the convergence in probability of (7"),, to 7.
Let us consider a subsequence (T‘/’(”))n of (™). For every i, the convergence of the o-fields

(Fi)n to Fif implies E[14,| 7, w(n)] — 14,. By successive extractions for i € [ finite, there exists
1 such that for every i, E| j—"@”‘”/’(")

Then, 7°%(") 22, 7 Tt follows that 77 L 7.

] 225 14,. For n large enough, we have 79°¢(") = 7 g.s.

It remains to show that X7, LN X

X" 5 X sowecan find a sequence (A™),, of random time changes such that sup, |X”n(t) — X3 L)
and sup, |A™(t) — ] 2, 0. Fixe > 0 and > 0. We have :

Pl X7 — X7 | > 1]
< PIXT — Xamy-1emy| = 1/2] + P X (any-1(n) — Xr| = 0/2].

There exists ng such that for every n > no, P[sup, | X}, ;) — X¢| = 1/2] < € by choice of (A™),,.
In particular, for every n > ng,

Pl XTn — X(an)-1(rmy| 2 1/2] < (2)

On the other hand, for every ¢ € I (recall that I is finite), P[AX;, # 0] = 0. Then, there exists
« > 0 such that for every i € I, for every s,

|s —ti] <a=P[|X;, — Xs| =>n/2] < (3)

5 7 and sup, |[A"(t) — t] 5 0, so |7 — (A™)=1(r™)] Lo Then, there exists n; such that for
every n = ni,

Pllr — (A" (") > o] <. (4)
Then, for every n > nq,
Pl X (@am)-1(rmy = X5 = 1/2] (5)
= HX An)=1(rn) — X7—|1‘7-7(An)71(7-n)‘>a = 77/2]
AP X (am)=1(7m) = Xr[Ljr—(am)=1(rm))<a = 1/2]

< P2 Slzp|Xt|1\T—(A")*l(T")\2a > /2] +¢ using ({)
< Pllr—@A")TH" = ol +e
< 2¢ using (fi).

So, using (f) and (f), for every n > max(ng, n1),
P[IXT — X,| > ] < 3.

Finally, (7™, X2, ) (1, X,).
Lemma ff is proved U

With this Lemma, we can prove that Theorem E is true for stopping times that takes a finite
number of values.



Let us consider a subdivision 7 of [0, T'] such that no fixed time of discontinuity of X belongs
to m. We denote by 7/ the set of F stopping times taking values in m and bounded by L. Then,
we define :

I'"(L) = sup E[y(r, X;)].

TETS

Lemma 9 I (L) < liminf T, (L).

Proor
Fix € > 0. There exists a X stopping time 7 bounded by L taking values in 7 such that

Efy(r, X,)] = I™(L) — <.

According to Lemma ﬂ, there exists a sequence (7™),, of F™ stopping times bounded by L such
that .
(Tnv X;l") - (7_7 X‘r)

E[y(r™, X2)] — E[y(r, X;)] because v is bounded continuous. Moreover, by definition, for
every n, E[y(r", X7.)] <T'n(L). 11 follows that

liminf E[y(r", X)] < iminf T, (L).
But, liminf E[y(7™, X2.)] = E[y(r, X;)] > T™(L) — e. So,
(L) — ¢ < liminf T,y (L), Ye > 0.
Then, T™(L) < liminf T, (L). O

It remains to link the values of optimal stopping for stopping times taking values in finite
subdivisions and I'(L).

Lemma 10 Let us consider an increasing sequence (7%)1, of subdivisions without fized times
of continuity of X such that L € 7% for every k (it is possible because P[AXy # 0] = 0) and
[ ——— 0. Then (L) —— I(L).

— 400
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Proor
(F’Tk (L))g is an increasing sequence bounded from above by I'(L). So (F’Tk (L))y converges to a
limit ! with { < T'(L). Let us show that [ = T'(L).
Fix e > 0.
We can find 7 € 77, such that
Ely(r, X7)] > T(L) —e.

We denote 7% = {t},.. .t} }. Then, let us consider

k _ k
T = E ti+11t?<‘r§tf+l‘
i=1

k . . P

For every k, 7% € T because 7 is bounded by L and L € w*. Since |7*| — 0, we have 7% — 7.
. . P . .

Moreover, 7% > 7 and X is right-continuous, so X, » — X,. v is bounded continuous, so

E[7(7k7 Xk )] ;:0—0_) E[7(77 X'r)]

But, for every k, I'™ (L) > E[y(7%, X,«)]. Tt follows that
1> Ely(r, X,)] > T(L) - e.

This is true for every € > 0, so [ > I'(L).

Then, '™ (L) PR I'(L) and Lemma [l si proved. O
At last, Theorem [ follows from Lemmas [f] and [Ld. O



Remark 11 If PJAX}, # 0] > 0, the result may not hold any longer. Let us give an example
when L = 1/2. We consider some processes = and (z") defined on [0, 1] by z; = 1j1/21j(t) and
x} = 1p/241/n,)(t), Vt. Let us consider v : [0, +00[xR — R such that y(t,y) =y A2. vis a
continuous bounded function. We want to compare I'(1/2) and the limit of T',(1/2) when n
goes to +o0.

We have : I'(1/2) = sup E[y(r,z,)] = sup a¢ = 1.

T€Th )2 t<1/2
On the other hand, for every n, I',,(1/2) = sup z}' = 0.
t<1/2

So liminfT,(1/2) =0 < 1=T(1/2).

Remark 12 The Theorem remains true if we replace FX by the right continuous filtration
associated to F (Vt, F; = F;X) and if we take the I'(L) associated to F.

4 Aldous’ criterion for tightness

In his papers (Aldoud, [[978) and ([Aldoud, [989), Aldous deals with the following criterion for
tightness :

Ve > 0,lim lim sup sup P|Xg — X7 >¢]=0. (6)
00 n—doo S,T€Ty,SKTLS+6

He gives many results which links that criterion and weak convergence of sequences of processes.

In his unpublished manuscript ([Aldoud, [[981]), Aldous shows the following result (Corollary
16.23) which links convergence of stopping times to convergence of processes :

Proposition 13 Let us consider a sequence of cadlag processes (X™),, that converges in law
to a cadlag process X. We denote by F™ the natural filtrations of the processes X™ and by F
the right continuous natural filtration of the process X. Let us consider a sequence (™), of
(F™)-stopping times that converges in law to a random variable V.. We suppose that we have
the join convergence in law of (7", X™))n to (V, X) and that Aldous’ criterion for tightness (4)

is filled. Then (7™, X™) £ (V, Xv).

Proor
We just give the sketch of Aldous’ proof.

If PIJAXy # 0] = 0, using the Skorokhod representation Theorem, we can prove that
(7", X)) 5 (V, Xy).

If PIAXy # 0] # 0, we can find a decreasing sequence (dy)y of reals that converges to 0 and
such that for every k, P[AXy 45, # 0] = 0.
Let us take f : R> — R bounded and continuous.

IE[f (7", X7) = f(V, Xv)]|
< (B[ X)) = f(T7" + O X5,
HEf (7" + 0k, XTugs,) — F(V + 6k, Xvis,)]]
HEf(V + 0k, Xvas,) — fF(V, Xv)]l.

But :

- Vk, limsup,,_, oo E[f (7" + 0k, X[y 5,) — f(V + 0k, Xv45,)] = 0 because PI[AXy 15, # 0] = 0,
- limg oo E[f (V + 0k, Xvis,) — F(V, Xv)] = 0 because X is right-continuous,

- limy— oo limsup,, o E[f (7", X0 n) — f(7°" + 6k, X% n 5, )] = 0 using Aldous’ criterion.
The result follows. O

Remark 14 We will see in Proposition E an analogous result in the case of randomized
stopping times.



The following caracterization of Aldous’ Criterion is probably widely known, however I do
not know of any reference to a proof of it, so I give one of my own here.

Proposition 15 Let us consider a sequence of cadlag processes (X™),, and a cadlag process X

such that X" 5 X. The following conditions are equivalent :
i) X is continuous in probability everywhere, ie for every t P[AX, # 0] =0,
ii) Aldous’ criterion for tightness (Ia) is filled.

Proor
i) = 4i). Let § > 0. Let (T™), and (S,), be two sequences of 7;* such that for every n,
STLT < S"+6. Let e >0 and n > 0.

X" 5 X sowecanfind a sequence of random time changes (A™),, such that sup, |X”n(t) .4 Lo
Then there exists ng such that

Vn = no, Plsup [ X3 ) — Xe| 2 n/3] <e.
t

We have :
P Xgn — X1n| 2 7]
S PlXGn = Xany-1(sm| = /3]
+P[| X (An)-1(57) — X(am)-1(m)| = n/3]

P X (am)-1(1m) = X1 | 2 1/3] (7)
But, for every n > ng,
PXGn = Xam)-1sm| > 1/3] S Plsup | XKy — Xl > 0/3] <&, (8)
and
PIX ey — Xl > 1/3) < Blsup [ Xy — Xl > /3] < = )

It remains to show that :

gfghmiupPHX(A")*l(S") = Xamy-1 (| =2 n/3] = 0.

X is a cadlag process, so there exists 8 > 0 such that
Plw'(X,0) > n/12] <,

where Vo € D,w'(2,6) = infy,yem maxigico w(w, [tio1,ti[), Fs is the set of subdivisions
{ti}1<igo 0f [0, T] such that Vi, t; —t;—1 > 0 and w is the modulus of continuity w(x, [t;i—1,&:]) =
sup{|z¢ — zs|,ti1 < s <t < t;} (see e.g. Billingsley, [1999, Section 12).

By defintion of w’, there exists a subdivision {¢;} such that

Yk, |tk+1 — tg] = 6 and P[mgxw(X, [tr, tet1]) = n/12] < 2e.

On the other hand,

PlI(A")7HT™) = (A")™H(T™ +8)| > 0]
< PA™)THT™) —T™ = 60/3] + P T™ — (T™ +6)| = 0/3]
+PT" 4+ 6 — (A™) 1 (T™ +6)| > 0/3]
< Q]P[Slz.p [((A™)~(t) — t| = 0/3] for every 6 < 0/3.

sup, |[(A™)71(t) —¢| 2,0, so there exists ny such that

Vn = ng, Plsup [(A™)7H(t) —t] > 0/3] < e.
t



Then, for every n > ny, for every § < 6/3,
PlI(A™)™HT™) = (A")7H(S™)| = 6] < 3e. (10)
So, for every n > ny, for every § < 6/3,
P X (Any-1(sm) — X(any-1(7m)| = 1/3]

= PllX@an-1(sm = Xam-ramLjam-a@m)-@am-1smi<o = 1/3]
HPIX amy-1(sm) = Xam)=1(am [Ljam -2 (rm)—@am)-1(sm)z0 2 1/3]-

But,
[ Xam-1(smy = Xeamy-1amlLiam) =1 (rm)—am-1(smi<o = 1/3]
< Pl2maxw(X, [ty thea ) + max [AXe,[) = /3]
< P[m}gxw(X, [thy tht1]) = /12] + ]P’[max |AX:, | = n/6]
< 264 ) PAX,| > n/6]
< 2 belccause X has no fixed time of discontinuity
and

Pl X (amy-1(sm) = Xam-1eem [Ljam -1am)—@am-1smizo = 1/3]
< PRsup | Xe[Ljan) -1 (rm)—am)-1 sz > 11/3]
P[[(A")~H(T™) = (A™)7H(S™)] = 0]
3¢ using ([L0).
So for every n > ny, for every § < 6/3,
Pl X (amy-1(sm) = Xam-ram| 2 /3] < (11)

Finally, using inequalities (E ), E ), (E and . ), for every n > max(ng,n1), for every 6 < /3,

<
<

P X2 — X2 | > 1] < Te.

[
ng, n1 and 6 do not depend on (T},),, and (Sy,),. Then, for every n > max(ng,n1), for every
§ < 6/3,

sup P[|Xg — X7| > n] < Te.
S, TeTP S<KTLS+5

Aldous’ criterion follows.

i1) = 1). We suppose that there exists ¢y such that P[AXy, # 0] > 0
Let € > 0 and n > 0 be such that P[|AX, | > 2¢] > 2n.

X" 5 X so we can find a random sequence (t"),, such that ¢™ LN to and AX] L, AXy,. There
exists ng such that for every n > ng,

P[|t" —to| 2 6/2] < n/2 and P[AX] — AXy | > ¢] < n/2. (12)
We are going to show that for every n > ng, for é large enough,

PlIX{16/2 — Xio—s/2l 2 /3] = /2.
Then, for every n > ny,
PIAXE|> <]
= PlAXG Lt —to)25/2 = €] + PIAXE[Ljnty)<o/2 2 €] (13)
< th —tol = 6/2] + P Xin — Xy 4 5/0|L1en—to)<6/2 = €/3]
+PI XY 150 — Xig_sy2l = /3] + PIIX{ _5/0 — Xin_[Lppn—tg)<s/2 = €/3]



(X™),, is tight. So, we can find dp > 0 and ny € N such that for every § < d, for every n > nq,
Plw'(X™,8) > /6] < n/6.
Then, we can find a finite subdivision {¢x} such that

Yk, tge1 —t = 0 and P[m}iixw(X", [trytrt1]) = €/3] < n/4.

We know that for every n > max(ng, n1),

< PllAX | = 2¢]

< PIAXE — AX,| > £] + PAXE] > <]
< w2+ PIAXE] > €]

2n

In particular, for every n > max(ng,n1),
BAXE| > <] > 30/2 (14)

So, for every n > max(ng,n1), t" € {tx}.
Then, for every ¢ < o, for every n > max(ng, n1),

PIXE = Xiovs/2lLiin—tol<s/2 2 €/3] < Plmaxw(X™, [ty thsa[) > €/3] <n/d. - (15)
On the same way,
PUXE _s/2 — Xt [Lon_eo<ssa > /3] < /4. (16)
Finally, using () and inequalities (@)7 (114), (E) and ), for every § < dg, for every n >
max(ng, n1),
3n/2 < PIAXG| = el <n/2+n/4+ P Xy 50 — X{_5/2 2 €/3] +n/4.

So, for every ¢ < do, for every n > max(ng,n1),

n/2 Pl X4 1672 — Xio—5/2] = €/3]

sup P| X T 5 — Xpn| = €/3].
S, T€T} S<T<S+5

NN

Taking the lim sup when n tends to infinity and the limit when ¢ decreases to 0, we have :

7/2 < lim lim sup sup P| X7 5 — Xpn| = €/3],
010 n—dtoo §,T€TP,SKTLS+6

which is in contradiction with Aldous’ criterion. The result follows. O

5 Proof of the inequality I'(L) > limsup[',(L) when for ev-
ery n, F" C F

5.1 Randomized stopping times

The notion of randomized stopping times has been introduced in (Baxter and Chacon|, [L977)
and this notion has been used in (Meyet], [978) under the french name ”temps d’arrét flous”.

We are given a filtration F. Let us denote by B the Borel o-field on [0, 1]. Then, we define
the filtration G on Q x [0, 1] such that V¢, G: = Fi x B. Amap 7: Q x [0,1] — [0, +00] is called a
randomized F stopping time if 7 is a G stopping time. We denote by 7* the set of randomized
stopping times and by 7/ the set of randomized stopping times bounded by L. 7 is included
in 7* and the application 7 +— 7*, where 7*(w, t) = 7(w) for every w and every ¢, maps 7 into



T*. In the same way, 77, is included in 7;*.

On the space 2 x [0, 1], we put the probability measure P® p where p is Lebesgue’s measure
on [0, 1]. In their paper (Baxter and Chacorl, [1977), Baxter and Chacon define the convergence
of randomized stopping times by the following :

ron BY o i Vf € Cy([0,00]), VY € LY(Q, F,P),E[Y f(5™)] — E[Y f(77)],

where Cp([0, 00]) is the set of bounded continuous functions on [0, oo].

Taking Y = 1, we note that this convergence implies the "usual” convergence in law.

This notion is a particular case of ”stable convergence” introduced in (, ) and
studied in (Jacod and Mémin|, |198]l). This is the link between convergence in probability and
stable convergence that we are going to use :

Lemma 16 Let us consider a sequence (7™),, of F stopping times that converges in probability
to 7. Then the sequence (™), where 7™ (w,t) = 7" (w) Yw, Vt, converges in Baxter and
Chacon’s way to T where 7 (w,t) = 7(w), Yw, Vt.

One of the main interests of this notion is, as it is shown in (Baxter and Chacon|, [1977,
Theorem 1.5), that the set of randomized stopping times for a right continuous filtration is
compact for Baxter and Chacon’s topology.

The following Proposition is the main argument in the proof of Theorem 22| below.

Proposition 17 Let us consider a sequence of filtrations (F™) and a right continuous filtration
F such that ¥, F™ C F. Let (™), be a sequence of (T"),. Then, there exists a randomized

F stopping time T and a subsequence (T‘P(”))n such that 7% B 1 where for every n,
T (w, t) = 7"(w) Yw, V.

Proor

For every n, F™ C F, (™), is a sequence of F stopping times so, by definition, (7%"), is a
sequence of randomized F stopping times. According to (Baxter and Chacon, [1977, Theorem
1.5), we can find a randomized F stopping time 7* and a subsequence (7%(")), such that

o) BO s O

Now, we define X+ by X+ (w,v) = X7« ) (w), for every (w,v) € @ x [0,1]. Then, we can
prove the following Lemma :

Lemma 18 Let us consider I'*(L) = sup E[y(7*, X;+)]. Then T*(L) =T(L).
TrETH

PRrooF
- 71, is included 7;*. Then I'(L) < T*(L).

- Let 7* € T;*. We counsider, for every v, 7,(w) = 7*(w, v), Yw.
For every v € [0, 1], for every t € [0,T],

{w:ty(w) <t} x {v} ={(w,z) : 7% (w,z) <t} N(Q x {v}).

But, {(w, ) : 7*(w,z) < t} € F; x B because 7* is a randomized F stopping time and Q x {v} €
Fi X B. So, {w: 1p(w) <t} x {v} € F; x B. Consequently,

{w:m(w) <t} e F.

10



Then, for every v, 7, is a F stopping time bounded by L. We have :
1
BO X = [ [ 000, X @) P
0

/o1 (/Q 7(T*(“’“)’Xm(w)(w))le’(w)) dv
= /O1 E[y(7v, Xr,)]dv

< T(L) because, for every v, 7, € 7.

Taking the sup for 7* in 7%, we get I'*(L) < T'(L).
Lemma @ is proved. O

We have an analogous of Proposition E in the setting of randomized stopping times.

Proposition 19 Let us consider a sequence (X™),, of cadlag processes that converges in law to
a cadlag process X, F™ the natural filtrations of the X™’s and F the right continuous natural
filtration of the process X. Let (™), be a sequence of (F™) stopping times such that the asso-
ciated sequence (7*™),, of randomized stopping times (7" (w,t) = 7" (w) Yw, Vt) converges in
law to a random variable V. We suppose that (7™, X™) £ (V, X) and that Aldous’ criterion
[ is filled. Then (77, X7...) 55 (V, Xy).

Proor
The proof of Proposition I follows the lines of the proof of (Aldoud, 981, Corollary 16.23)
(Proposition [LJ in this paper). O

Remark 20 We point out that, in this Proposition, Aldous’ Criterion is filled by the original
-not randomized- stopping times.

When X" = X and when (™), is a sequence of randomized stopping times converging in

the sense of Baxter and Chacon to a random variable 7%, we have the join convergence in law
of ((X™,75™)), to (X, 7*) :

Proposition 21 Let us consider a sequence (X™),, of cadlag processes converging in probabil-
ity to a cadlag process X, F™ the natural filtrations of the X™’s and F the right continuous
natural filtration of the process X. Let (7%™),, be a sequence of randomized (F™) stopping times
converging to the randomized stopping time T under Baxter and Chacon’s topology.

Then (X™,75™7) £ (X, 7).

Proor
- As (X™),, and (7™),, are tight, ((X™,7"™)), is tight.
- We are now going to identify the limit thanks to the finite-dimensional convergence.

Let £ € N and t; < ... < t such that for every 4, P[AX;, # 0] = 0. Let us show that
«n) £ *

(Xg,...,XZZ,T S (X, Xey, 7).

In a first time, let us consider f : R* — R and g : R — R bounded continuous.

Bl (X X )g(T)] = BIf (X, - X )g(77)]]
< E[(FXE,-0 XE) = f( Xy X ))g ()]
HES (X X )g ()] = E[f (X5, X )g(77)]]
< gllocBlf (X0 X)) = F( Xy, Xa )]
HEf (Xeys s X )g(rm")] = B (X5 Xa )g (7]

11



But, X" E, X and for every i, P[AX;, # 0] = 0so (X{,..., X[") B, (Xty, .-, Xt ). Moreover,
f is bounded continuous, so

Ellf(X{,.... X0) = f(Xey, .., Xe)|] ——— 0.

n—-+o0o

On the other hand, by definition of Baxter and Chacon’s convergence,

E[f(th, cee 7th )g(T*’n)] - E[f(th, s >th )g(T*)] — 0.

Then,
E[f (X4

t1r0

Xi)g(m )] = Elf (Xe,, ..., Xe)g(77)] ——— 0.

Let us now consider ¢ : R¥*! — R continuous and bounded.
Let us fix € > 0.

(X7, ., X0, 797)), is tight. We can find a compact set K. such that
BI(XE,.. XD ¢ K < e (17)

We write ¢ = ¢lg, + @like.
¢l is a continuous function on the compact set K.. Using Weierstrass’ Theorem, we can find
a polynomial function P such that

loli, — Pli, |l <. (18)

Using the previous result and the linearity of expectation, we have

E[(Ple)(Xga . cha *771)] - E[(Ple)(tha s 7tha7-*)] m 0. (19)
Finally,
|E[p(X{,.. Xt’i, 7] = Elo(Xey s ooy Xey, 79|

- |E[( ( trree ng *n)]7E[50(Xt1ﬂ"-;thvT*))lKg(Xlev" ng *m)”

HE[(e(Xr, - X, 70" = Elo( Xty s oo, Xy, 7)) ke (X, X5, 750

< 2l — Pli. oo
+E[(P1K5)(Xﬁa-- X0, = E[(Plg ) (Xey, - Xoy, 7))
FllollooPI(XE - X, 777) & Ke]
< E[(PLg (XS XZL, 7)) = E[(P1g ) (X5 o5 Xy, 7))

+(2 + [l¢llc)e using (1) and (3.

Taking the limit for n, using ([Id), we obtain :

limsup [E[p(X7], ..., Xi, 77")] = Elp(Xey s X, 7)) < (2 + [l o e

This is true for every € > 0, so we have

Elp(X(,..., X]

tk7

)] —— Elp(Xiy, -y Xoy, 7))

n—-+4oo

e L *
Then ( X, .. Xg;, )H(thv"'vthﬂT )

t19
The tlghtness of the sequence ((X™,7%™)), and the finite-dimensional convergence on a
dense set to (X, 7*) implies (X", 7%") £, (X, 7). -

12



5.2 Application to the proof of the inequality limsup ', (L) < T'(L)

We can now prove a result about the convergence of optimal values.

Theorem 22 Let us consider a cadlag process X continuous in probability, its natural right
continuous filtration F, a sequence (X™),, of cadlag processes and their natural filtrations (F™),.

We suppose that X™ B X and Vn, F* C F.
Then limsup T, (L) < T'(L).

Proor
There exists a subsequence (I'y(,,) (L)), converging to limsup I',(L).

Let us fix £ > 0. We can find a sequence (7¢(™),, of (7;7™),, such that

Vi, B[y (17, X 20N > Ty (L) — €.

Te(n)

We consider the sequence (7%™),, of randomized stopping times associated to (7™),, : for every
n, 7w, t) = 7" (w), Yw, Vt.

F™ C F and (%) is a sequence of (F¥(™), -stopping times bounded by L, so using Proposi-
tion E, there exists a randomized F stopping time 7* and a subsequence (7¥°%(")) such that
rewop(n) BO,

X B X and roeovn) BY, T*, so using Proposition @,

(XPou(n) prpou(n)) £, (X, 7%).
Then, using Proposition E, we have :

(T*,wow(n),Xwow(n) )i (%, X,-).

ot (n) )

Since 7 is continuous and bounded, we have :

Ely(r=#° ™, X270 = E (r, X))

ot (n)

But, E[y(r*#ov™m x €20 31— Bly(reov ™) XM By definition of (7*") and by choice

7*,p0t(n) FPop(n)
of @, E[y(r#°¥(m), X2 > T oy (L) — €. So,

Ely(7*, X7)] = limsup Tyoy(n) (L) — €.
By selection of ¢, limsup I' oy (n) (L) = limsup ', (L). Then,
E[y(7*, X;+)] = limsup ', (L) — €.
This is true for every € > 0, so
E[y(7*, X7+)] = limsup ' (L).

But, by definition, E[y(7*, X;+)] < I'"(L) because 7* is a randomized stopping time. As
I'*(L) = I'(L) by Lemma [L§, we deduce T'(L) > limsup T, (L). O

Remark 23 In the previous Theorem, the most important argument is that we know things
about the nature of the limit of the subsequence of stopping times thanks to Proposition E If
we remove the inclusion of the filtrations 7™ C F, Vn, the limit of the subsequence is no longer
a randomized F stopping time. In this case, we can’t compare E[y(7*, X,+)] and T"*(L).

13



6 Proof of the inequality limsupI',(L) < I'(L) when F" & F

Theorem 24 Let us consider a sequence of cadlag processes (X™),, their natural filtrations
(F™)n, a cadlag process continuous in probability X and its right continuous natural filtration

F. We suppose X" 5 X and F* % F.
Then limsup ', (L) < T'(L).

ProoFr

We argue more or less as Aldous in the second part of the proof of (, , Theorem
17.2).

We can find a subsequence (I'y(n) (L)), converging to limsup I',,(L).

Let us take ¢ > 0. There exists a sequence (79(),, of (7;7"™),, such that

Vi, B[y (17, X 20N = Ty (L) — €.

Te(n)

Let us consider the sequence (7™),, of associated randomized (F™) stopping times like in f.1]
Taking the filtration H = (\/,, F") VF, (™) is a bounded sequence of randomized H stopping
times. Then, using (Baxter and Chaconl, [1977, Theorem 1.5), we can find an increasing map ¢
and a randomized H stopping time 7* (7* is not a priori a randomized F stopping time) such
that

BC
() , T

Using Proposition , we obtain (X ¥, () £, (X,7*). Then, with Proposition @, we
have (r#(, X?M ) £, (7% X,.). So,

re(n)

Ely(r?™, X)) ——— E[y(*, X;-)].

Te(n) n——+00

On the other hand, E[y(r#™, X)) > Ly(n)(L) — €. So, when n tends to infinity, it results :

Te(n)
E[’Y(T*v X'r*)] > limsup Fn(L) —¢&.
This is true for every € > 0, hence we have
E[’Y(T*v X'r*)] = limsup Iy, (L) (20)

It remains to compare E[y(7*, X+)] and T'(L).
Let us consider the smaller right continuous filtration G such that X is G adapted and 7* is a
randomized G stopping time. It is clear that F C G. For every t, we have

Gt x B=Ng>10(Ax[0,1],{7" <u},A € Fs,u<s).

_ We consider the set 71, of randomized G stopping times bounded by L and we define
[(L) = sup E[y(7, X7)].
TeTL

By definition of G, 7* € T, so E[y(7*, X,«)] < T'(L).

We are going to end the proof using the following Lemma, that is an adaptation of (Lam]
[perton and Paged, 1990, Proposition 3.5) to our enlargement of filtration :

Lemma 25 IfG;xB and Fr x B are conditionally independent given F; x B for every t € [0,T],
then I'(L) = T*(L).

Proor

The proof is the same as the proof of (Lamberton and Paged, [1990, Proposition 3.5) with
(F¢ x B)iejo,r) and (G¢ x B)iejo,r) instead of F¥ and F and with the process X* such that for
every w, for every v € [0,1], for every t € [0,T], X} (w,v) = Xi(w) instead of the process Y. O

14



According to (Brémaud and Yo, [978, Theorem 3), the condition of conditional indepen-
dence required in Lemma @ is equivalent to the following assumption :

Vvt € [0,T),VZ € L (Fr x B),E[Z|F, x B] = E[Z|G, x B]. (21)

We will show that the assumptions of Theorem @ imply those of Lemma @, therefore
proving inequality (R1).
Note that in ( g, ) and in (Lamberton and Pageq, [199(), they need extended conver-
gence to prove

Without loss of generality, we suppose from now that 7™ BY, ; instead of 7™ B9,
We also denote by ”continuity points” of a process the points where the process is continuous
in probability, ie ¢ such that P[AX; # 0] = 0.

- As F C g, for every t,VZ € LY(Fr x B), Epgu[Z|F: x B] is G x B-measurable.
- Let us show Vt € [0,T],VZ € L*(Fr x B),YC € G; x B,

Epgu(EpeulZ|F x Bllc] = Epgu[Z1c].

Let us fix t € [0,7] and € > 0.
Let us take Z € L'(Fr x B). By definition of G; x B, it suffices to prove that for every A € F;,
for every s < t and for every B € B,

[ [ 2@t ta@dw)s (22)
Qx[0,1]

// EP®M[Z|}} X B](UJ,’U)lA(w)l{T*(wﬁv)gs}1B(U)d]P)(w)d’U.
Qx[0,1

We first prove that (@) holds for Z = 14,x4,, A1 € Fr, Ay € B.
We can find [ € N, some continuity points of X s; < ... < s; and a continuous bounded function
f such that

IE:IP’“L‘M _f(XSU""XSz)H <e. (23)
Then

//|1A1XA2(w,v)—f(Xsl(w),...,Xsl( )14, (0)|dP(w)dv < e.

Let us fix A € F;. We can find k € N, t; < ... <t <t where t; are continuity points of X
and H : R¥ — R bounded continuous such that

Ep(lla — H(X,,..., X)) <e. (24)

Let u > t be a continuity point of E[f(Xj,,...,Xs,)|F.] and of 7*.
Fix s <t. We can find G bounded continuous such that

EP@M[|1{T*<S} — G(T* /\u)|] <L e. (25)

B € B and the set of continuous functions is dense into L!(u), so there exists g : R — R
bounded continuous such that

/ 15() — g(v)|dv < (26)
We are going to show that
/ / Epsulf (Xers - 2 Xo) LaalFu ® Bl(w, 0) H(X, (@), .., X, (@)
(7 (w,0) Aw)g(v)d(P ® u)(w, )
= [ [ @) X @D 0 H (X @) X )
(7 (w,0) Aw)g(0)d(P @ pr)(w,v).
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x5 x , S; are continuity points of X and f is a bounded continuous function, then

FOXT LX) B f(X LX), (27)

817"

Moreover, F"* < F so using ([Coquet, Mémin and Stomiriski, P00, Remark 2),

Eo[f(X2, ..., X2)F"] 5 Eelf( Xy, ..., Xo) )| F].

s19°

Since u is a continuity point of Ep[f(Xs,, ..., Xs,)|F.], we have

Bp(f (X2, ..., X2)FE] S Belf(Xays s X)) Ful-

517

Since f is bounded, convergence is in L' :

Bplf(X2,..., X)FD] 25 Balf (Ko, -, Xo)|Ful- (28)

517

Let us consider the maps H, G and § from R¥++2 to R defined as follows :

If(u’ch~-~,$17y1,-~-7yk,2,v) = H(yla"'vyk)a

G(z1, ..,z Y1, -, Yk, 2,0) = G(2),

g(x1, . 2, Y1, Uk, 2,0) = g(v).
Fix ¢/ > 0.
The set of continuous maps is dense into Ll(IP’(XS1 ,,,,, X)) ® i), hence we can find h : R+ — R
such that

// |h(z1,...,z,v) — flx1,...,2)14, (v)|d(]P’(X51,___7XSZ) ® p)(w,v) < . (29)
x5 x , §; are continuity points of X and h is a bounded continuous function, so

//|h<X;<w>,...,X;3<w>,v>fh<X51<w>,...,Xs,<w>,v>|d<ﬂﬂ>®u><w,v>——%o. (30)

n—-+o0o

Then we consider : B

M1, . @iyt - Yk, 2,0) = h(x, ..., 2, 0).
hH G7 is continuous as product of continuous maps.
Moreover, (X™,7%™) LN (X,7*) and u is a continuity point of 7*, so that (X", 7™ A u) £,
(X, 7" Au).
Let U : 2 x[0,1] — [0, 1] be the random variable such that VYw, Vv, U(w,v) = v. As in the proof
of Proposition @, we have :

(X", 75" A, U) £, (X, 7" Au,U).

As s1,...,8,t1,...,t, are continuity points of X, we have
(X2, X XD X T A U) S (X, Xy Xy, Xoy 75 A, U).
Hence,
Epeu[(RHGG)(XD, ..., X2 X7 X 7" A, U))] (31)
— Erou[(RHGG) (Xsys -y Xy Xiys ooy Xiy, 75 A, U)).

By definition of functions B, H, G and §, we have :
//h(X;l1 (W), ... , X (w),v)H(Xg (w),... Xy (w))
G(T5" (w,v) Au)g(v)d(P @ p)(w, v)

P—— //h(XS1 (W), .o, Xg, (W), 0)H( Xy, (), ..., X, (w))
G(r*(w,v) Au)g(v)d(P ® p)(w,v). (32)
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Then using triangular inequalities and inequations @7), (B0), (BF) and @), we get

hmsup //f Xo(@)la,(v)H (X (W), ..., X} (w))
) Aw)g(v)d(P ® 1)(w, v)
/ / FXar (@) X (@)1, ) H (X, (@), -, Xy ()

G(m"(w,v) Au)g(v)d(P @ p)(w,v)
< 2[HloolIGlloollglloce”

This is true for every & > 0, so :

| [ X2 (@) Lay () H(X @), .., X7 ()
G ) A P © 1)) (33)
e [ [ L@ X @@ @) X ()

(T( v) Au)g(v)d(P @ p)(w,v).

On the other hand, E[f(Xs,, ..., Xs,)1a,|Fu X B] = E[f(Xs,, ..., Xs,)|Fu]la,.
Elf(Xs,,..., X )|Fu] is Fu-measurable.
Let us fix &/ > 0. We can find j e Nand v; < ... < v; < u some continuity points of X and
F : R/ — R bounded continuous such that :

Ep([E[f (Xsy,- - X )| Ful = F(Xuy, ..., Xy))|] <€ (34)
x5 x , F' is bounded continuous and v; are continuity points of X then
Ll

F(XD, .. X)) = F( Xy, ..., X)) (35)

v v

As previously, we have :

[ [P X2 @)L @HOE @) X2 )
G (w,v) Au)g(v)d(P @ p)(w, v)
o [ [P0 @ X @) 0 (X @), X @)
G(m" (w,v) ANu)g(v)d(P @ p)(w,v). (36)
Then using triangular inequalities and inequations (27), £9), B4), (B3) and (Bd), we have :
lim sup,, ‘ JJEf(XE, . X)L 4 |F % Bl(w, 0)H (X[ (w), ..., X[ (w))

G(T™" Au)g(v)d(P & p)(w, )
— [ JE[f(Xays- ooy X)) Lo Fu x Bl(w,0)H(Xy, (), ..., Xe, (w))

G (w:) A g (0)d(P & ) ,0)
< 2| Hl[ool|Glloo |9l 0"
This is true for every ¢ > 0, so :
// P XYL FR % B)(w, 0) H(XP (), . XTI ()
G A wg(0)d(P © 1)(w,v)
o [ B X)L X Bl DH (X (@), X ()
G(m"(w,v) Au)g(v)d(P @ p)(w,v). (37)
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But, H(X[,...,X") is F! x B-measurable and G(7" Au) and g(U) are also F,' x B-
measurable, by continuity of G and g. Then,

EE[f(X$, .., X0)1a, | Fy x BIH(X{, ..., X[ )G(T" Au)g(U)]

S1°?

= E[E[f(XS,. .., X1 HXE, ..., X0)G(" Auw)g(U)|F, x B]]

S17

E[f(X7? ...,X;)lAZH(Xﬁ,...,XgZ)G(T Au)g(U)]

S17

Using unicity of the limit and convergences (BJ) and (B7), we obtain :

// Koy oos X Lag | Fu % Bl(w,0) H(Xe, (), ., X, ()
G(r* (@, ) A w)g(v)d(P © 1) @, v)
[ [ HXa ) X 1 0 H (X ) X (o)
G(r* (@, ) A w)g(0)d(P © )@, v). (38)
Then,
| B (X Xo) Laal P X Bl 0) 1)1 ey 0y 16(0) (P @ ) (), 0)

- f f f(XS1 (w)a s 7st (w))lAz (U)lA(w)l{'r*(w,v)gs}lB(U)d(]P ® M)(w’ /U))
<2 fllos(1+ | Hlloo + [|Glloc)e using ([©4), @), (Bd) and ().

Let u tend to t by upper values. E[f(Xs,, ..., X, )|F ] is a cadlag process, so we have :
‘ f IE[f(Xsu s aXSz)lAz |-7:t X B] (Wa U)lA(w)l{‘r*(w,v)gs}lB(U)d(]P ® M)(wa U)

— [ J (X (@), X ()14, (0)1a(@) L 7 (w,0) <51 LB (0)A(P @ 1) (w, 0)
<2 loo(1 + [ Hllow + |G- (39)
Then,

| [ [ E217 x Bl o))t oy dP 5 ) r0)

// w, )1 a(wW) (e (wv)<s} 1B (V )d(IP@u)(w,v)‘
< 2l fllso(1+ | Hlloo + |Glloc)e + 22 using (Rd) and (BI.

This is true for every € > 0, so we have the equality ) :
//E[ZU—} X Bl(w, v)14(W) {7+ (w,0)<s} 1B(0)d(P @ p)(w, v)

//Z(w,U)lA(w)l{T*(w)v)gs}1B(v)d(P®/L)(w,v),

for every t € [0,T], for every Z = 1a,xa,, A1 € Fr, Ay € B, for every A € F, for every s < t,
for every B € B.

If Z =1 with E € Fr x B, () holds using the preceding results and an argument of
monotone class.

Then, if Z is a function of the form 3 a;14, with a; € R and A; € Fr x B, (B9) holds by
linearity.

If Z is Fr x B-measurable, we use density in L' norm of the functions of the form > a;14,
to obtain (RJ).
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Hence, for every t € [0, 71, for every Z € L*(Fr x B), for every C € G; x B (by definition of
gt X B)a
EP@M[EP®M[Z|ft X B]lc] = EP@u[ZlC]-

The assumption of Lemma @ if filled, so
Ely(r, Y;)] < (L) =T*(L).
Using inequality (20]), we finally have
limsup T, (L) < T*(L).

But using Lemma [[§, I'*(L) = I'(L). Theorem P4 is proved. O

To sum up, under the hypothesis of Theorem E, we have proved the inequality T'(L) <
liminf T, (L) in TheoremE and Remark @ Then, we have shown that I'(L) > liminf T, (L)
when we have the inclusion of filtrations F* C F in Theorem @ and when we have the
convergence of filtrations F* <5 F in Theorem @ Finally, Theorem E is proved.

7 Applications

7.1 Application to discretizations

Let us apply what we have proved in the case of discretizations.

Proposition 26 Let us consider a cadlag process X such that P[AX; # 0] =0 for every t.

Let (m™ = {t},.. .t} })n be an increasing sequence of subdivisions of [0,T] with mesh going

to 0 (|7"] P 0). We define the sequence of discretized processes (X™), by Vn, Vt,
n—-—+oo

Xp =2 X lpgeery, -
Then T, (L) T r'(L).

Proor

Let us consider FX the natural filtration for X, F the right continuous associated filtration
and (F™), the natural filtrations for the (X™),.

- X" ——— X a.s. then in probability.

n—-+4+oo
- V¥n, F* ¢ FX C F by definition of X™.
- P[AX}, # 0] = 0 by hypothesis.
- Using Proposition |15, Aldous’ criterion is filled.
Then using Theorem P, Iy, (L) ——— T'(L). O

n—-+o0o

7.2 Application to financial models

We are going to apply the previous results to financial models. For a study about those models,
see for example the book (Lamberton and Lapeyrd, [L997).

We wish to find the price of an American call option at the best time of exercise for the
buyer. We denote by T the maturity date of this call option. The market is composed of an
asset with risk of price S; at time t and an asset without risk of price S? at time t. We assume
that S; follows the stochastic differential equation dS; = Si(udt + odB;) where p and o are
positive reals and (B;) is a standart brownian motion. We also assume that SY is solution of
the ordinary differential equation dSy = rSYdt where r > 0.

_ We define the actualized price of the asset with risk by S, = e "S,. Then, we have
dS; = Si(Adt + odB;) where A = p — r. The solution of this equation is well known :
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S, = goexp(At —d%t/2+ 0By).

The natural filtration for S is the brownian filtration, denoted by F. At the optimal exercice
date, the price of the option is given by the following value in optimal stopping of horizon T’
for S :

5(T) = supE[S;],
TeT

where 7 is the set of F stopping times bounded by T

It is usual to approximate the model of Black and Scholes by a sequence of models of Cox-
Ross-Rubinstein.

On an adapted space, we consider a sequence (X;) of independent Bernoulli variables
such that Vi,P[X; = 1] = P[X; = —1] = 1/2. For every n € N*, we consider Birm =

VT /n Zle X k=0,...,n. We assume that the actualized prices SQT/n of the asset with risk
at time kT'/n are given by the linear equation AS’&H)T/H = S’}:T/n()\nT/n +0nAB )

where AS(”,CH)T/n = B?k—i—l)T/n - B

=3 Sy and ABY,

(k+1)T/n — (k+1)T/n ZT/n

We extend processes B and S™ to [0,T] by the following : B} = Bip ), i ET/n <t <
(k+1)T/n and S = S, if kT/n <t < (k+1)T/n.

The natural filtration for S™ is F” such that FJ* = o(Bjr )y, KT /1 < t), for every t. At the
optimal exercise date, the value of the option is given by the following reduite of horizon T’
associated to S™ :

S"(T) = sup E[S7],
TeTn

where 7" is the set of F™ stopping times bounded by T

We assume that A, —— X and 0, —— 0.
n—-+4+oo n—-+4+oo

Using Donsker’s Theorem, we have :
(B",5") £ (B, 3).

According to the Skorokhod representation Theorem, we can find processes (X,Y) and
((X™,Y™)), such that ¥n, (X*,Y") ~ (B",S8"), (X,Y) ~ (B,S) and (X", V") 25 (X,Y).

But, S™ is a continuous function of B" and (X™Y"™) ~ (B",S") so Y™ is a continuous
function of X™. Hence, Y™ and X™ have the same natural filtration FX" = F¥". Similarly, X
and Y have the same natural filtration X = FY.

Moreover, B is a process with independent increments, so also is X. Then, using (Coquet]

Mémin and Stomiriski, P00, Theorem 2), as X™ 5x , we have the corresponding convergence

of filtrations : FX" = FX. Hence, F¥" = FY.
Y and S have the same law so Y is quasi-left continuous. Y™ LR Y, F¥" L FY and Y is
quasi-left continuous, so using Theorem E, we have
Y (T) —— TY(T)

n—-+o0o

where TV (T) = sup E[Y] with 7Y" the set of F¥" stopping times bounded by T and
TeETY"
I'Y(T) = sup E[Y;] with 7Y the set of F¥ stopping times bounded by 7.
TETY
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But according to Remark ﬂ, the value in optimal stopping only depends on the law of the
process. Here, Y and S have the same law so ' (T)) = I'¥(T) and Y™ and S™ have the same
law so I'Y"(T) = I'S"(T'). Then, the sequence of values in optimal stopping associated to the

models of Cox-Ross-Rubinstein converges to the value in optimal stopping of the model of Black
and Scholes :

5" (T) ——— T5(T).

n—-+4+oo
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