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On the rate of convergence in the central
limit theorem for martingale difference
sequences
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ABSTRACT: We established the rate of convergence in the central limit theorem for
stopped sums of a class of martingale difference sequences.

Sur la vitesse de convergence dans le théoréme limite central pour les
différences de martingale

RESUME: On établit la vitesse de convergence dans le théoréme limite central pour les
sommes arrétées issues d'une classe de suites de différences de martingale.
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1 Introduction

Let (X;)ien be a sequence of random variables defined on a probability space (2, F, P).
We shall say that (X)ren is @ martingale difference sequence if, for any k& > 0

2. E{Xy11|Fr} = 0, where Fy is the o-algebra generated by X;,i < k.
For each integer n > 1 and z real number, we denote

- 1 [ t2
So=0, S,= in’ o(r) = — exp(——)dt, o2 | =E{X2|F. 1},
i=1 V27T J oo 2

k “+o00 “+o00
v(n) = inf{k € N*/ Zaiz > n}, Sf(n) = Z SE Lym)=ks ag(n) = Zai L n)=k,
i=0 k=1 k=1
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Fo(x) = P(Sym) < avn),  Simy = Sum) + VY Xy, Ha(x) = P(S)) < 2v/n),

and 7(n) is a random variable such that

v(n)—1
ol +(n)ory =n  ps. (1)
=0

If the random variables X; are independent and identically distributed with EX; = 0 and

EX? = 1, we have by the central limit theorem (CLT)

lim sup |[P(S, < zv/n) — ¢(z)| = 0.
n—+00 yeR

By the theorem of Berry ([, 1941) and Esseen ([J], 1942), if moreover, E|X?| < +oo,

the rate of convergence in the limit is of order na. If (Xi)ien is an ergodic martingale

difference sequence with EX? = 1, by the theorem of Billingsley ([ff], 1968) and Ibragimov

(([8], 1963), see also ([LT], 1980)) we have the CLT. The rate of convergence can, however,

be arbitrarily slow even if X; are bounded and a-mixing (cf []]). There are several results

showing that with certain assumption on the conditional variance E(X?|F; 1), the rate
of convergence becomes polynomial (Kato ([[[3], 1979), Grams ([[J], 1972), Nakata ([[L1],

1976), Bolthausen ([}, 1982), Haeusler ([f], 1988), ... ).

In 1963, Ibragimov [d] has shown that for X; uniformly bounded, if instead of usual

sums Sy, the stopped sums S, ,) or SL(n) are considered, one gets the rate of convergence

of order n*i; the only assumption beside boundednes is that E:fg o? diverge to infinity

a.s.
In the present paper we give a rate of convergence for a larger class of martingale
difference sequences, the Ibragimov’s case will be a particular one.

2 Main result

We consider a sequence (X;);en of square integrable martingale differences.

Theorem 1. If the series Z;Og o? diverges a.s. and if there exists a nondecreasing se-
quence (Y;)ien adapted to the filtration (F;, i € N) such that, for all i € N*

E(Y!) < +o0, 1<Y; and E(|X;]’|Fi_1) <Yii107, as.

then for all n sufficiently large

ap? 3 2 1
sup Fn<x) - (b(l’) S 1 11 + 1 + 1 + 3 | (2)
z€R i 4na 9n2 8na
1
n2 9 2 1
sup Hn<x) - (b(l’) S 1 11 + 1 + 1 + 3 (3)
zeR ™4 4dns  9n2  8ns

where a,, = (EYf(n))%.



If we put Y; = M a.s. where M > 0 is a constant, one obtains the following corollaries:

Corollary 1. If the series Z;;Og o? diverges a.s. and there exists M > 0 such that, for all
i € N*, E(|X; | Fis1) < ME(X?Fi_1) a.s. then there is a constant 0 < cpy < +00

sup Fo(z) — ¢(r)| < 701_1\%4 (4)
sup H,(z) — ¢(x)| < ;—A; (5)

Corollary 2. If there exists 0 < « < M < +oo satisfying o2 1 > a and E(| X;|?|F;_1) < M
a.s. for all i € N*, then there is a constant 0 < ¢(q, )y < 00 such that (f]) and (B) hold.

Moreover, if we suppose that (X;);en is uniformly bounded, we obtain the result of
Ibragimov [f.

Corollary 3. If the series Y., 02 diverges a.s. and |X;| < M < +00 a.s. for alli > 0,
then () and ({) hold.

Example. Let A = (Ay)ren be a sequence of real valued random variables such that
supgen E(A3)Y* = B < 0o and consider an arbitrary sequence of variables ¢ = ((i)ren-
with zero means, unit variances, bounded third moments and which are also independent
of A. We definie X = (Ai_1(k)ren+ and Fj, the o-algebra generated by Ag, Aj, ..., Ag.
Clearly (X, Fg, k € N*) is a martingale difference sequence, and for all k € N*,

E(A; G Fr-1) = Aj_y a.s.,
E(|Ar_1G)* Fr1) < |Ag_1| suNp E(G*) A7, 9
1€N*

If (JAg|)ken is nondecreasing, then using Theorem [I, one obtains

55 Pken E(|Gl*)
ni

Fo(z) —o(z)| < ¢

sup
zeR

where ¢ is a positive constant.

3 Proof of Theorem

According to Esseen’s theorem ( see, e.g., ([H], 1954) p. 210 and ([§], 1955) p. 285), for all

y >0,
1Y itSy(n) .| dt 24
F (z) — < = E _ )= .
sup W(z) — o) < 7T/_y {eXp( NG )} exp( 2) i +w\/ﬁy (6)




Below we shall prove the following inequalities

. v(n)—1
itSymy  t? 2 (|t 2 anlt  ant?t
E — 208 — 1| <ape? [ — + — 7
‘ {eXp(\/ﬁ Ton 2 swelgmtmt gt ) O

. v(n)—1 .

ZtSV(n) 12 9 ZtSV(n) t? ant? 12
E — —E — < — 8
) {exp(i A e (o D < (D) 9

() el % o

where a,, = (EYf(n))%.

3.1 Proof of the Inequality (7)

We have
. v(n)—1
itS, t?
E{exp( v(n) + — ai)} -1
vn 2n
+o0o . k—1
itS,  t? )
=] (e (T + 2 o) 1 e
k=1 p=0
~+o00 . Jj—1 2 2
itS,_,  t? Xy #of )
= E{eXp( J = 0-2) <6 vro—e 2n II/ n)=k
kﬂ; Vi T "

For real x, put

F 2 2
e’ =1+ir+ (Z;) +u(x), e = 1—x+5(~”€)% (%)
It is easily seen that, for all z € R
|£L'|3 1,2
u(e)l < 5 Ju(@)] < S and |B(lel)] < 1

’itSj_l

v

respect to the o-algebra F;_; and using the identities (x), we obtain

. v(n)—1

ZtS,,(n) 12
E — 2 —1
{eXp( i o L%

k . 2 v2 2 2 2 2 4 _4
" itX,; 17X tX. tioi t?o7 | tlot |
P W“E{ \/?Lj — o T TG ) g ) =l T

j—1
Observing that the random variable W, = exp< + % > 012,) is measurable with
p=0

(10)



Since {v(n) = k} is measurable with respect to the o-algebra Fy, for all j > 2, we have

j—1 j—1
D E{X L=l Fima} =D B{X] — 07 ) =i Fjm1} = 0.
k=1 k=1

On the other hand, for all j > 1 we have

+o0 +oo
> B{X L=kl Fima} = > B{XT — 07 ) =i Fj—1} = 0.
k=1 k=1

It follows that, for all j > 1

ZE{XI k| Fjm1} = ZE{ j 2‘—1)Iu(n)=k|'/rj—1}:0'

k>j k>j

So, from ([LJ) we derive
. v(n)—1
ZtSV(n) 2 9
'E{eXp< Jn + o pz% o, -1
foo K 2 2 4 4
tX; teo tho
B ZZE{W?IE{(“W%”B( T 8J21)[”("”“ml}}’

k=1 j=1
oo 1
<+sz:E ex HZ o |E |t||X|3+t4ﬂ41 I |F; (11)
P 6n2 392 v(n)=k|Y j—1 :
k=1 j=1

For any j > 2 and any real function 1 such that E(¢(X})) < oo for any positive k, we

s )
:k { (—2% ) { I }V(n) } (12)



fZE{p(ﬁ—n 5 o3 {605 Lo -sk7

i=1 k>j p=0
+o00 2 Jj—1

:ZZE{GXP(% Jﬁ)E{ (X;)|F;- 1} v(n)=k } (14)
=1 k>j p=0

Applying ([]) and ([4) for ¢ (z) = |z|> we deduce that

v(n)—1
ZtSl,(n t?
B % )
+oo k 9 J—1 3 4 -4
t t°|1X; tho;_
Eefon(EE ) (o o))
k=1 j=1 TLp 677,
+oo k Jj—1 ‘t|3Y 107 t404
1 1
<ZZE{exp< Z f,) (—f vmy=h + g Iy(n)k)} (15)
p=

k=1 j=1 6n?

By the Hélder inequality, for all j € N*

2
3

wl»b

= E(X2|F;) SE(XP|1Fm)s <Yi, 00, as.,
whence

<Y?, a.s. (16)

Jl—

From ([3), (Id) and using the fact that Y, > Y;_; > 1 for all j < k, we deduce that

. v(n)—1
itSyn 12
el (e m 2 )

p=0
(s ) 5w >
< E{Y 10 16XP( ) v(n)= }
677,2 8n? = i —
< (‘t|3 +i> fIE{YZXk:UQ» exp< Z ) )= k} (17)
6nz  8n? k=1 ' =1 ! —0

To bound up the terms appearing in ([[7), we will use the following elementary lemma.

Lemma 1. Let k > 1, then on the event {v(n) = k} we have

k 2 i1 2 2 242
t t Yzt
g ex ( g i)ZnU] 1§exp(2)<1+ kn )

Jj=1




Proof of Lemma. On the event {v(n) = k}, we have

t2 t2 k-1 t2
2 2
exp(;) Z eXp<% Jp) — eXp<%UO)

p:
Therefore
:E:exp 5—' Ob 5—03_1
J=1 p=0
k—1 2 J—1 , 2 , 2
< exp(Q— Zap) Loz o) rep(5)
j=1 p=0
k—2 i 7j—1 k—2
= exp ﬁ o> — exp ﬁZch t—02 — —2€Xp ﬁ o2 )o?
=t n e p 2n = p 2n 7 2n n e p |7kl
t2 t2 2
by exp(sod)od + exp()
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We conclude the proof of the lemma by noting that o7_; <V;> and ) o2 <n as.
p=0
Finally, according to Lemma [] and the ([q) we get
1

v(n)—
itSyn t t 2 a,tP  a,tt
‘E{exp( % a)}—1)<anexp( )(%Jr n+ 3‘3| +4n2)’
n2

p=

where a,, = (EYVA‘(H))%.



3.2 Proof of the Inequality (8)
Using () and the inequality |1 — exp(—x)| < x, for all 2 > 0 we see that

sl i & )} {0 5))
el (A 3) (e (gtoei) )

{’1 - exp(——wn)o— )| ben})

<& Lo | en(y)

2 t2
5, =xp(5).

<E

< (EY, (n))

Therefore (8) holds true.
From (7) and (8) we conclude that

Bfen(“24) b - exp(-5)

Using Esseen’s theorem, we derive

. It e 3t? + |t|3 N t
Gp, - 0n
o 3\/_ 2 47’L2

a, (Y[ 1 3|t |t]3 ) 24
sup|F,(x) — o(z)| < — — 4+ — + an + —a dt + —.
:BEIIR3 (@) = () ™ /y(?)\/ﬁ 4n 3ns 4n? ™™ 2Ty
Hence ) 52 9y . o
Qn Y 2y~ Y Y
sup|F,(x) — o(x)]| < — + —a, + ——a, | + i
meg (@) = o) <3f In> 8n? ) ™21y

Choosing y in such a way that y/\/n = 1/(yan) ie. y=(n/a2)1, we infer that

an? 3 2 1
< r(l+—+—F+—7=)
™4 4dns  9n2z  Bns

Fu(x) = ¢()

sup
z€R

The proof of the inequality (2) in theorem is complete.

3.3 Proof of the Inequality (9)

Observing that the random events {y(n) < x} N{r(n) = k} and consequently the random
variables \/7(n)I,n)—) are measurable with respect to Fj,, we find that

() o))
o () ISR P

Vi T




S e(25) ()
S () - s o )
= S [ en (U ) ()2 — AT K)o |
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The proof of the inequality (9) is complete.

3.4 Proof of the inequality (3).

According to Esseen’s theorem where y = (n/a2)1 and the inequality (9), one obtains

L[ Sy ) } t2 | dt 24
sup|H,(x) — ¢(z)| < — E< ex —exp(——)| — +
up ()~ o) < - [ [ {exnl( ) | —esm(- )| G +
1
n? 3 2 1 1 [Y 3t 1
<4 1(11+ -+ — + 3)+—/ JE(Y,j‘(n))ﬁdt
i dnt  9n2  8ni T J_y 2n
<“”é(11+ 2y 1)+ ’
~ nd Ani  9ns  8ni 27\/n
n? 9 2 1
< — (11+ rt—7+ 3)-
m™a dns  9nz2  8ni
The proof of theorem is complete. O

Proofs of corollaries 1, 2 and 3 are easy so, it is left to the reader.
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