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Abstract

We establish upper bounds on the rate of decay of correlations of tower sys-
tems with summable variation of the Jacobian and integrable return time.
That is, we consider situations in which the Jacobian is not Holder and the
return time is only subexponentially decaying. We obtain a subexponential
bound on the correlations, which is essentially the slowest of the decays of
the variation of the Jacobian and of the return time.

Introduction

In this paper we study the speed of mixing, more precisely the rate of decay
of correlations, of tower systems, a special class of countable Markov systems
which naturally arise in the study of many dynamical systems by the procedure
of induction — see m] Our goal is to provide a comprehensive statement in
the following sense. There are two sources of loss of exponential speed: large
return times and bad smoothness. By extending cone techniques, we deal simul-
taneously with both difficulties whereas previous works on decay of correlations
[, , E, @] considered only one of these two obstructions. We prove
that, although the analysis becomes more difficult when both obstructions are
present, they nevertheless operate independently: the speed is just the minimum
of the speeds allowed 1) by the defect in smoothness if the statistics of return
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times were exponential; 2) by the statistics of return times if we had Hoélder
smoothness.

Let us state informally a corollary of our result:

THEOREM 0.1 Consider a tower system F with a mizing invariant probability
measure fi. Assume that the oscillation of the Jacobian on n-cylinders is bounded
by n~% and the probability of return time n decays like n=2. Then, for sufficiently
smooth observables, the rate of decay of correlations is:

1
‘/fb-woF"dﬂ/sbdﬂ/wdﬂ‘ <O K@ st

for any € > 0. K(¢) is some finite number depending only on ¢ ; ||¢| r is the
L' norm w.r.t. the reference measure.

Remarks.

1. Our result allows returns which are not onto, which is quite convenient for
applications.

2. The fact that the above bound depends on 1 only through its L'-norm is
important for the study of asymptotic laws of return times [@, , E]

3. The loss of € in the exponent is probably due to our method (in the Holder-
continuous case (o = 0o so to speak), L.-S. Young obtained O(n=P~1)).

An application to non-Hélder maps with an indifferent fized point.
Fix 0 < v < 1/2and a > 1 and consider the interval map f : [0,1] — [0, 1] defined

by f(z) = 2" (z+277) /(27 +1) for z < 1/2 and f(x) = %(m—%)—l—m%gl):

for z > 1/2. Our result implies a rate of correlation in O(n~™in(®1/7=e)+1) for
arbitrarily small € > 0. Our approach is the first to our knowledge to be able
to treat such maps.

Section [[ contains the precise statement of our results. We briefly recall defini-
tions and properties of Birkhoff’s cones and projective metrics (section ) and
the construction of the a.c.i.m., establishing regularity of the invariant density
(section f). We define a sequence of cones C; of “Lipschitz” functions (w.r.t.
to an ad-hoc metric) in section @ and then establish that the transfer operator
iterated some k; times sends one cone into the next by a ~;-contraction in sec-
tion E for some semi-explicit 7; < 1. Finally in section E, we deduce from this
a convergence in the uniform norm at speed H;Zl vYp, with j largest such that
ki + .-+ k; <n, and make this estimate explicit in the exponential, stretched
exponential and polynomial cases.

Indeed, using the notations of Section ﬂ, one considers the tower defined by Ag = [%, 1],
the map fo(z) = fR®)(x) with the return function R(z) = min{n > 1 : f*(z) > % and
#{k<n:fFx)> %} > gon} for some small g > 0. Then one can prove that w, = O(n™%)
and v(An) = O(n~1/7) and apply our main theorem.
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1 Setting, statement of the results

Let us describe our tower model which follows Young’s [@] A tower is defined
by:

e a basis, which is a probability space (Ag, mg) together with a non-singular
self-map fo;

e a partition Ag ;, 7 € N such that fo : Ag; — fo(Ao,;) is one-to-one and
satisfies fo(Ag ;) is a union of some Ag y, for some k’s;

e a return time, i.e., a function R : Ag — N, constant on each Ag ;, j € N.

The tower A is then the disjoint union of the floors Ay, ¢ € N:
Ag={(2,0) | z € Ay, R(z) > (}.

It is endowed with the measure © which is just the restriction of the copy of mg
on each floor. We will denote by Ay ;, £ < R|N the copy of A ; inside Ay:
0

Agyj = {(ZL',K) | S AO,j; R(ZL') > E}
The dynamic on the tower, F' : A — A is defined by

{ Flz,0) = (z,0+1)if Rx)>(+1
= (fo(z),0) otherwise.

One can think of F' as the unfolding of the underlying induction: in applications,
F will be often conjugate to the original map, which fj is some (variable) power.

oo
We assume that the partition R = {Ay ;} generates in the sense that \/ F7'R

i=0
is the partition into points mod ©. For k € N, the elements of the partition
k—1

R = \/ F~'R are called cylinders or k-cylinders. We denote by Cy(x) the
i=0

element of R which contains z. Let JF be the Jacobian of F with respect to

U (this Jacobian is well defined because of the non singularity of fy). The modu-

lus of continuity of JF will be controlled by the following, dynamics-dependent

sequence:

wy, = sup sup log JE(2)
" CeR™ x,yeC JF(y)
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For z,y € A the separation time s(x,y) is the largest integer n > 0 such that
for all 0 < j < n, FI(z) and F’(y) belong to the same atom of the partition R.

Set
do(z,y) = Z wj.
jzs(zy)+1

Note that the metric dy is designed so that the family of functions:

n—1

log JF™ =log [[ JF o F".

i=0
are uniformly Lipschitz w.r.t. it.
Let us summarize our assumptions on the tower.

(A.I) Summability of upper floors.
Y v({r e | Rx)>1}) =1,

£eN

(A.II) Generating Partition. The partition R generates under F i.e.: the par-
tition \/ZO:0 F~™R is the partition into points. In particular, dy defines a
metric on A.

(A.III) Summable variation. Let JF be the Jacobian of F' with respect to ©.
We assume that JF' satisfies:
Z Wy, < 00.

neN

(A.IV) Large image and Markov properties. Each FRAOJ- is a union of some
Agp, p € N, (Markov property) and (Large image):

= inf D(FE (Ao .
n }EN”( (Ap,j)) >0

Contrarily to [@] we do not assume the Bernoulli property: fo(Ag ;) = Ao, but
only the weaker Markov property above. The collection of sets fo(Ag ;) defines
a partition B which is less refined than {Ag ;}jen, so that it is in particular
countable B = {Bj, Ba,...}. Remark that, by an easy induction, if z,y are
contained in the same element of B, then the pre-images of all orders of z and y
are paired in the following sense.

Given x,y € Ay, say that 2,y € A are paired pre-images if F"z' = z,
Fy' = yand F¥(2') nd F*(y) belong to the same element of R for all 0 < k < n.
Observe that (A.IIT) implies that in this situation we have:

JFn /
‘ﬁl < C-do(z,y), with C:epowj. (1.1)

j>1

JE™(y')

This is “bounded distortion”.
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Remark In @/, we proved that multi-dimensional piecewise expanding maps
in higher dimension are (under quite general hypothesis) conjugate to such a
tower map.

Let L(dp) be the space of bounded functions on A that are locally Lipschitz
with respect to the metric dy, i.e., for some K < oo, for all z, y in the same B; g,

lp(z) — p(y)| < Kdo(,y).

K (p) is the smallest number K such that the above inequality is satisfied. Let
1@llLe) = K(p) + [[#lloc be the norm on L(dp).

To study the ergodic properties of F', we have to decompose it into topologically
mixing components. Observe that R has a natural graph structure: P — @ 1ff
F(P) D Q. Its (restricted) spectral decompositionis P = P, U(J, U’;’;Ol Rgl)
where:

e P, is the set of transient elements of P, i.e., elements P such that there
exists a path from P going to some () € P and there is no path from @
to P (observe that we don’t decompose this part into irreducible subsets).
The elements that are not transient are called recurrent.

e for each 1, U’;’;Ol R;i) is the set of P € R such that there exist paths from
P to @Q and Q to P, for some fixed Q@ = Q(i) (i.e., these unions are the
irreducible components of R from which no arrows leave).

e if there is an arrow from R;i) to Rl(k) then £k =i and [ = 57 + 1 mod p;.

Finally, Agi) is the union of the elements of Ry) Observe that, up to trivialities,

it is enough to study the dynamics of FP: : Aéi) — Aéi) for each i. We call this
the spectral reduction.

Our main result is the following theorem.

THEOREM 1.1 Let (A, F, D) be a tower system satisfying (A.I - IV). First, there
exists an invariant probability measure absolutely continuous with respect to ¥ (a
v-a.c.i.m. for short).

Second, any U-a.c.i.m. i, up to the spectral reduction, is mixing, with the follow-
ing speed estimate: for all p € L(dp) and ¢ € L*(A),

[eorvdi- [edn [vai <€ [vlalelig - w  forallnz0
A A A

for some C' < 00 and a sequence u = (un)22, converging to zero which can be
made explicit:
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o ifwy, =0(p") for some 0 < p <1 and v(A,) =0(a™) for some 0 < a <1
then u, = k™ for some 0 < k < 1,

e ifw, =0(n=%) for some a > 1 and (A,) = O(n=?) for some 3 > 1 then
Up = n~ @81 for gl ¢ > 0.

o if wy, = O(e™™") and P(A,) = 0(67"6) for some 0 < a,8 < 1, then
_pmin(a,8)—¢

Uy =€ for all e > 0.

2 Birkhoff’s cones and projective metrics

The main tool for the proof of Theorem E will be the theory of cones and
projective metrics of Garrett Birkhoff [E] P. Ferrero and B. Schmitt [@] applied
it to estimate the correlation decay for random products of matrices. Recently
this strategy has been used by many authors to obtain exponential decay of
correlations (see for example [Lil]). We are closer to [KMY and which
have used these techniques in a different way to obtain sub-exponential decay
of correlations. Let us recall definitions and properties of cones and projective
metrics (see [Lil] for a more complete presentation). Let B be a vector space
and let C C B be a Birkhoff cone, i.e., a cone with the following properties.

e (' is convex,
e CN-C =10},

e if o, is a sequence of real numbers such that a,, — a and x — a,,y € C for
all n, then x — ay € C. This property is called “integral closure”.

Such a cone is endowed with the pseudo-metric d¢ on C' defined in the following
way (it is pseudo because it is not necessarily finite and it does not separate
points). For z,y € C,

p(z,y) = inf{8 > 0 such that Sz —y € C}.

with the convention: u(z,y) = oo if the corresponding set is empty. Let d¢(z,y) =
log p(z, y)u(y, x). We remark that d¢o satisfies the triangle inequality: if Sz —y €
C and By — z € C then 30z — z € C since C is a convex cone, so u(x,z) <
w(x,y) - u(y, z) and the triangle inequality follows. Finally, observe that ¢ is
projective: d(z,y) =0 <= =z and y are colinear.

The usefulness of this projective metric is that it allows a ‘geometric’ proof of
the contraction through the following result.

TuEOREM 2.1 [Bi] Let C and C' be two cones, P a linear operator P : C — C".
Let T' denote the diameter of PC in C':

I'= sup éc/(Pf,Pg) < 0.
f.9eC



Decay of correlations on towers

For any f,g in C, we have:

50/(Pf, Pg) < tanh @ 50(f,9).

This theorem implies that a linear map between cones never increases distances
and is in fact a contraction as soon as I' < co.

The following result allows the translation of contraction w.r.t. cone metric to a
contraction w.r.t. norm. A norm || | on B is adapted to C, if for f and g in
B such that both f + g and f — g belong to C, then |g|| < ||fll. p: C — R4+
is a homogeneous form adapted to C if, i) for any A > 0 ; ii) f € C,

p(Af) = Ap(f) and if f — g € C implies p(g) < p(f).

TureoreM 2.2 [Bi], [Lil]. Let C be a Birkhoff cone, let || | and p be adapted to
C. For any f and g in C such that p(f) = p(g) # 0 we have:

I1F = gll < (Y9 — 1) min(| fI], |g})-

3 Construction of a r-a.c.i.m.

As usual, the transfer operator acting on bounded functions is defined by:

Lof@) = Y S /W)

Fy=x

The measure © is conformal for Ly in the following sense: for any bounded

function f,
/Eofdﬁ:/fdﬁ.

For s € N, the s-cylinders are the non empty sets of the form: ﬂf:_é F~A; with
A; € R. For k € Nand x € A, Ci(x) denotes the k-cylinder which contains z.
The following lemmas are technical tools to study Lg.

LEMMA 3.1 There exists C < oo such that for any £ € N and any x € Ay and
k € N with FFz € Ay,

C10(Cr(a)) < JF%@) < CH(Chla)).

Proof:Let € Ay such that F*(x) € Ag. The Markov property and the large
image property (A.IV) imply that 2(F¥Cy(x)) > n > 0. The bounded distortion
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property ) gives:
_1_(Ck(x)) 1 2(Cr(x))
C @) S TP@ S CRErC)
_17(Cr(2)) 1 7(Cg(z))
¢ 1 ST S ST
The Lemma is proved. u

LEMMA 3.2 There exists K < oo such that:
o forallx € A, allneN, L§l(z) < K.
o for all x,y in a given B;, and alln € N,:

[£61(z) — Lo1(y)| < Kdo(,y). (3.1)

Proof: The upper bound £{1 < K follows from Lemma Ell, by writing:

Lil(z)= Y JFn <c Y v <C (3.2)

/' €EF~"x /' eEF~nx

Let z and y belong to one B;,. Their preimages by F™ are paired, i.e., if
F"z’ = x, there is exactly one y’ € Cp,(2’) such that F™y’ = y. So, using (A.IV),
we get:

1£81(z) — L21(y)| = Z JF™(x Z JF™(y

z'=x

wont (I
Y (m(y,) 1)’
CLy1(x)do(,y)

KCdy(z,y)

(B-1) is proved. [ |

COROLLARY 3.3 F admits a U a.c.i.m.

Proof: By Lemma @, the sequence %Z?:_Ol Li1 is relatively compact for
the topology of uniform convergence on compact subsets (this is Arzela-Ascoli
theorem on separable spaces). Each limit point h of this sequence is a non zero
fixed point for £y (by Lebesgue’s dominated theorem, #(h) = 1), so that i = hi
is a v-a.c.i.m. |
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The system (A, F, 7, R) has a Markov structure in the sense that for each P € R,
F(P) is a union of atom of R. According to [ADU], we will say that F is
aperiodic if:

V P, P € R AN € N such that 2(F™"PNP') >0V n> N. (3.3)

The existence of a P-a.c.im. implies that the recurrent part is non empty (it
contains the support of i). Up to the spectral reduction, we may and shall
assume that F' is aperiodic. We remark that aperiodicity implies that any s-
cylinder has positive P-measure. The following lemma implies that any s-cylinder
also has [i positive measure.

LEMMA 3.4 If F is aperiodic then h(x) > 0 for all x € A. Moreover,
inf 4[F*(Cy(x))] > 0 where the inf is taken on all k € N and x such that F*x €
Ay.

Proof: Theorems 2.5 and 3.2 in [@] imply that if F' is aperiodic then £{1 — h
uniformly on compact sets. Let K be given by Lemma @ We havefor j =1,...,
any ¢,n € N, z,y € By j, their paired preimages will be denoted by z’ and ¢/,

Lol(z) = Z JF"(x Z JF"(y 1;5:5 /;
(Cdo(z,y) +1) > JF™(y)~' < KL1(y) using (C1).(3.4)

Fry/'=y

IN

Taking the limit when n goes to infinity implies: for z,y € By ;,
h(z) < Kh(y). (3.5)

So, for all (j,£), either h = 0 on By or h > 0 on By ;. But h|p,, = 0 implies
that 2(Bj¢) = 0, a contradiction to the aperiodicity. This concludes the proof of
the first part of the lemma.

To prove the second part, let us remark first that 2[F*Cy(z)] > n > 0 for
all k& and z such that F*2 € Ay. Also, the Markov property implies that there
exists finitely many integers iy, ..., 4, such that each F*Cj(z) contains at least
one Agi;, j =1,...,p. This implies the announced result using that ~ > 0. W

Let us note that Lemma @ implies that i(P) > 0 for any cylinder P. The
following lemma is a direct consequence of mixing.

LEMMA 3.5 There exists positive numbers A and B such that for any f, g €
L2(D), with i(f) > 0, fi(g) > 0, there exists ng such that for n > ng,

f(foF™-g)
AT una =P
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We shall now construct a sequence of cones C; and a sequence of integers k;
such that £¥ maps Cj_1 into C; with uniformly bounded diameter, where L is
the normalized transfer operator defined as follows: Lf = 4 Lo(fh). Because of
Lemma, @, L is well defined. Moreover it satisfies: £1 = 1. The Jacobian of F™
with respect to [ is:

JF™ -hoF™
h

Let z and y belong to the same By ;, ' and y' be their paired preimages by F".
Following eqgs. (B4 - B.5), we get, for some €’ > C:

>

(1= Cldo(a,y) < HE < (14 Cldo(a'y)),

(1—C'do(w,y)) < 3ot < (14 C'do(, ).

We deduce that the Jacobian of F™ with respect to [i satisfies a bounded distor-
tion inequality like (1)) with an appropriate constant that we will continue to
denote by C. From now on, we abuse notations and JF will be the Jacobian of
F with respect to the invariant measure fi. We remark that the proof of Lemma
and Lemma B.4 give for some C' > 0:

Ci(Crlw)) < < Cj(Ci(a)). (3.6)

4 The cones

4.1 Auxiliary definitions

In what follows [ is a mixing a.c.i.m. on A.

We need first some auxiliary definitions. We set for convenience D = 5.
Let (vn)nen be such that:

Zvn -0(A,) < 00 and v, — oc.

n>1

We also assume that v,,, and for each k € N, v, /v, 4, are non-decreasing functions
of n. We define /i, := v - i where we have introduced the function v =", ve -
1a,. Let Ro(p) = > ), wk(g). We pick an integer s so large that B

Ro(s) <107°.

Let P = U;Ef, AVERY, U’?Eé Ay ; with the parameter ¢ chosen so large that:

fio(Poo)
n

<1077,

10
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where n = inf; 2(FE(Ao ;) > 0.

Let Q; be the finite collection of s-cylinders covering A\ Po,. Let Q be the finite
partition of A defined as Q1 U {Px}. Let ko be such that for all k& > kg, for all
P,Q e Q:

T_FPNQ) _9
85 APAQ T8
T_w(FPNQ) 9
85 APin(@ 8

Such a kg exists as (F, ) is mixing, Q is finite and the function v is in L(j).

4.2 Definition of the distances d;

We set d;(z,y) = R;j(s(z,y)) where the functions R,(-) are defined inductively in
the following way. Recall that Ro(-) and ko have been defined above. Assuming
that R;_1(-) is defined we set:

k;j =min{k > ko : Rj_1(s + k) < D' Ry(s)}

and
R;(p) = D[Ro(p) + Rj—1(p + k;)].
We observe that, Q; being a collection of s-cylinders, its d;-diameter is bounded

by R;(s) = D[Ro(p)+ R;j—1(p+ke)] < (D+1)Ro(s), a number independent of j.
We introduce the auxiliary values ¢(j) = k1 + - -- + k;.

4.3 Definition of the cones

As stated in the introduction, we are going to prove Theorem E by cone tech-
niques. Let us explain a bit how to construct the cones and how sub exponential
decay of correlations may be obtained.

We start by recalling the classical way of using cones (see [FY] and [Lil] for
details). To get exponential decay of correlations, it is sufficient to find a cone
C and an integer k such that £* maps C into itself and the diameter I' of L¥C
into C' is finite. If the fixed point h of £ belongs to C then Theorem @ gives,
for any integer j:

) . r
Sco(LM f, h) < ~77IT where v = tanh 1< 1.
Hence Theorem P.9 gives that for f € C, |£Pf — hm(f)]|| goes to zero exponen-

tially fast for || || an adapted norm, provided f — m(f) is adapted. Then one
has to extend this result from the cone to a Banach space.

11
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The starting point of the construction of cones is usually a Lasota-Yorke in-
equality (it will be done in section @) If the metric dy is not of exponential
type (i.e., do(z,y) < B5®¥) with 0 < B < 1), then we cannot obtain a Lasota-
Yorke inequality. This is why we have to introduce the sequence of metric d;
and a sequence of cones. Roughly speaking, for any integer j, we will consider
a cone C; of functions f that are locally Lipschitz for the metric d; and the
Lipschitz constant of which is controlled (see condition 2. below). Thanks to
the definition of the metric d; and to the Lasota-Yorke inequality, if f belongs
to C; then L% f will be locally Lipschitz with respect to the metric d; 41 and we
will control its Lipschitz constant. This will imply that £% maps C; into Cj11
with finite diameter I'. Then, using Theorems @ and @, we get that for f in
Co, LF1+Fki f goes to m(f)h at rate 47 (with v = 2801 in any adapted norm,
provided that h belongs to all the cones C; and that f +— m(f) is adapted. This
is the philosophy of the construction.

A source of difficulty is the following. To ensure that a cone C satisfies properties
of section E and more specifically the condition C' N —C = {0}, some positivity
for the functions in the cone is needed. On the other hand, if C C {f > 0} =: C
then for any f, g in C, 6c(f,g) > 0c, (f,g) (use Theorem @ with P = Id) and

_supf supg
Oo,(f,9) = inf f infg’

Since the functions of the cones are only locally Lipschitz, we will have a good
control on =& ]]: on each floor Ay but not on the whole space A. Observe that
because of the definition of £, we cannot hope to control globally Lipschitz con-
stant (just try to compute |Lf(x) — Lf(y)| for © € Ag and y € Ay, £ > 0) and we
have to restrict ourselves to locally Lipschitz functions. This problem is solved
by considering the finite partition Q of A which is decomposed into finitely many
s-cylinders (the “compact” part) and the complementary of the union of these
s-cylinders (the “non compact” part). Then we require the positivity of some
kind of conditional expectation of f with respect to this finite partition (see con-
dition 1. below). This together with the control of the local Lipschitz constant
leads to a good control of f on the atoms of the compact part. Then, we requir!
e ! I another kind of control on the non compact part (see conditions 3 and
4 below).

The cone Cj(a, b, ¢) is the set of all real functions f on A satisfying the following
conditions:

Loa-Eu(f) < Ea(f1Q) < 6b- En(f).
2. for all z,y € A with B(z) = B(y),

[f(z) = f(y)] <120 Ep(f) - dj(x,y).

12
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3. for all £ < ¢q(y),
sup |f] <90c-wve - En(f).
PoocNAy
4. for all £ > ¢(5),

sup |f| £ 90c- vy - Ealf).
PooNAy

5 Contraction of the cones

The purpose of this section is to prove the following proposition.
ProrosiTiON 5.1 We have
. 41 1 vg()
Ek]C‘ 0) 13 1)cCj 1 <_a = max <_a L))
O11) € Gy (5 ma (5o
and L% : C;(0,1,1) — Cj11(0,1,1) admits, w.r.t. cone metrics, a contraction

coefficient less than:
L vg(H) )
max | =, —=— | =: ;.
(5 Yq(j+1) ’

Let us prove that if £%C;(0,1,1) C Cj41 (%, 1, max (l M)) then we have

57 vg(j+1)
the announced estimation on the contraction rate.

This will follow if we prove that for all f, g € Cj41(4/5,1/5, max(1/5,vq¢;y/Vq(j41)))
with the normalization E;(f) = E;(g) = 1 we have:

Otf —gc Cj+1(0, 1, 1)

for

14+ D71 14y /vgis
o — max ( + — Uq(])/vq(Hl)) _ (5.1)
L= D711 = vg(5) /Vg(i41)

Indeed, in that case, we have that the diameter I'; of £*(;(0,1,1) into
Cj+1(0,1,1) is less than

1+ D71 14 vy05)/0(
2log max ( - 1 * Uq(])/UQ(Hl)) .
L= D71 L = wg(5) [ Vg(g41)

and then

Ly 1 i 1 )
tanh - < max (_, M) — max (_’ Yq(4) ) -
4 D 0q(i+1) 5 Ug(j+1)

The upper bound in the cone condition (1) for af — g is, for all P € Q,

o> 8Bal9) — Ealg|P)
~ 6EL(f) — Eu(fIP)
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The right hand side is bounded by:

6—-0
6 —

<6/4.

SN
| ot

The lower bound in this condition is, for all P € Q,
oo BalelP).
Eu(f1P)
The right hand side is upper bounded by:
6/5-En(g) _ 6

5 Buf) 1
Thus, both bounds in condition (1) are implied by eq. (5.1)).
The cone condition (2) is, for all z,y € A with B(z) = B(y)

Vs 12Ea(9) +19(@) — g(v)|
= 12B.(f) — |f(x) — f(v)]

The right hand side is bounded by:

Thus, condition (2) is implied by eq. (b.1).

The cone condition (3) is implied by eq. (b.]) as can be seen by practically
identical computations.

The cone condition (4) is satisfied iff, for all x € Poo N Ay, £ > q(5 + 1),

90vg(j+1)Epn(g) + |g(z)|
900,11y Ea(f) — | f ()] -

But the right hand side is bounded by:

1+ (vg(5) /Vq(i+1))
1 = (vg(5)/Vg(j+1))

Thus, condition (4) is implied by eq. (.1]) and this concludes the proof that the
claim implies the stated contraction coefficient.

5.1 Contraction of the first condition

f is an arbitrary function in C;(0, 1,1) for the remainder of section .
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Let P € Q. We first prove the lower bound:

(ki :L k; A:L . ki 0
BCSIP) = oy [ € g =y [ A £
1

1
= — 1poF¥i. fdj = —— dfl
ﬂ(P)/A poFR LR = o /kajpf A

1 / 1
>y fdp+ = [ fdi
,Zl ((P) Jp=*i pap: ((P) Jp=*i pap.

PeQ
~ —k; AYY /
> S HEEOPIE) [ g1p) - 120+ DR )
P'eQ
~ —k;
B Z e };(FWPJ)DOO NAg) 90Umin(z.q(i) B (f);
£>0

using diamg, (Q1) < (D + 1)Ro(s), conditions (2)-(4). We continue (obviously:
Ve 2 Umin(4,q(5)) )

. /
Mﬂ(Pl){Eﬂ(,ﬂP/) —12(D + 1)R0(3)Eﬂ(f)}

(ki
EEA) = D )
A _k]
> S TAPYBA(AIP) — 32 L) - 12(D + 1)Ro(s) Ba()
P'€Q; P'eQy

— Sin(Px) - 90E(f)

> B [ ran} 1230+ vro)B)

oo

903 1 (Poe) B3 ().

Observe that:

~ ~ ~ Umin ,q(J
| otai= [ Ldp <3 (P n o) o0t g )

Peo >0 Ve

B 1P) 2 { £ - 90 (34 1) an(P) 128D+ DIa(o) | (1)
g
5
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Similarly, we get the upper bound,

8 8 8
< 6D~ Ep(f).

Ea(C4 f|P) < {9 190 (9 4 Z) oo (Poc) + 12%(1) + 1)30(5)} Ea(f)

5.2 Contraction of the second condition

Let z,y € Ay with B(z) = B(y). First assume that ¢ > k;. Setting
= = (x,0—k;),y” = (y,{ — kj) € A (with a slight abuse of notation), we have

£55 f(a) = L5 f(y)l = [ f(@™) = fly)] < 12d;(a,y7 ) Ea(f)
= 12R;(s(z,y) + k;) < 12D 'd; 11 (2, y).

Now assume that ¢ < k;. We have |£% f(x) — £V f(y)| = |L" f(z°) — L" f(y°)]
with r = k; — £ and 2° = (x,0), y° = (y,0) (with the same abuse). Hence it is
enough to bound |L" f(z) — L f(y)| for r < k; and x,y € A with B(x) = B(y).
As B(z) = B(y), the pre-images by F" of x and y can be paired (i.e., to each
pre-image x’ of x corresponds a pre-image 3’ of y defined by the same inverse
branch). Thus,

IL" f(z) — L7 f(y)| <Y wer—rs | 7oty — 7R
< Zz’GF*T:n ﬁ+(z/)|f(x/) - f(y/)| +
+ Lo 0 7y | 7063 — 1
< 12R;(r + s(z,y))Ea(f)

+Cdo(e0) (T rere O+ rene HOK )

2/ €F~ Tz o/ €EF~Tx

recall L1 =1 and C is defined in (A.III). We have

1
Z SZ Z govmin(é,q(j))WEﬂ(f>

z/ € Poo £>0 2’/ €PocNiy
z/eF~Tx z/€EFTx

< 180%%(1)@0)&;(]‘)

where K is given by the bounded distortion and n by the large image property
(we have used that fFTCT(z’)(JFT)_l dip = p(Cy(2") > n/K(JF"(2')~1).
We also have

> <{BUI06) +12m 650

@/ ¢ Poo
2/ €EF~Tx

< (12R;(s) + 1) Eu(f)-
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Hence,
£ f(x) = L% f(y)] < {12R;(k;j — £+ s(2°,4°)) + do(2°,4°) MC(12R; (s)
+1+ 180%%(&0))} Eu(f)
<12 {R](k] + s(x,y)) + Ro(S(:C,y))(MCR](S) + 1/12
+15%M(Poo))} Ea(f)
Now, CR;(s) + 15(K/n)fiy(Pso) < 1/2 so that

|£% f(x) = £% f(y)| < 12D7 Ry (s(2, ) Ep(f) = 12D ;1 (2, y) Ba ().

5.3 Contraction of the third condition

Let + € Ay N Ps. First assume 0 < ¢ < kj;. As for the second condition it is
enough to consider L” f(x) with 0 <r < k; and € Ag. We have

@< Y Tl

/' EF~Tx

< 3 Try U OB + 65
@/ ¢ Poo

1
+> D TE () Vomintai) Ba(f)

>0 a'eF—Tax
2/ EPocNAy

K
n

IN

(2R;(s) + 6)Ea(f) + Y

>0 z'eF—To
2/ €EPocNAy

(Cr(2")) - 90Umin(e,q() B (f)

<(12R(5)+ BN+ S Ea(Cr@)  900minieaiy Ealf)

£>0 a'eF~Ta N
2/ EPocNAy

K
< <(1sz(s> +6) + gogﬂv(Poo)> Eu(f)
< 90D Eu(f)
Now assume k; < £ <¢q(j+1) =q(j) + k; and let z~ = (z,£ — k;). We have:

L8 ()] = |f (@)] < 90ve—i; Ba(f)
Vo—k;
< 90— Es(f)

Uy

< 90—y, 1. ().
Vq(j+1)
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using that £ — vp/ve4 is increasing for any k.ﬂ "
a(Jy

We get the claimed contraction by max(1/5, —22-).

7 Vg(j+1)

5.4 Contraction of the fourth condition

Finally we take & € Py, N Ay with £ > ¢(j +1). We have

L% f(@)| = |f(27)] < 90vy(j) En(f)

o
< 90— v ) ().
Yq(j+1)

and this gives the contraction by vv(q—(i)l)
aly

6 Conclusion

To conclude the proof of Theorem D, we need to derive from the projective
metric bound obtained above, bounds on the correlations. The following lemma
is standard when using Birkhoff’s cones (see [KMY] page 687, [M] Lemmas 3.9-
3.10). Let ||| |||; be the norm on bounded functions defined by:

Iflll;, = max max(90vq(j),12DRo(s)+6) /fd/l,
A

PeQ

sup A(P)-! / Fdil 111l
P

LEMMA 6.1 The norms ||| |||; and the homogeneous form f — [(f) are adapted
to the cones C;(0,1,1)
For any f € L(dy), there exists R(f) > 0 such that f + R(f)1 € Cy(0,1,1) and

R(f) <Ol fllLido)-

Sketch of proof : It is clear that the homogeneous form f — f(f) is adapted.
To prove that ||| |||; is also adapted, let us consider f and g such that f + g and
f—garein C;(0,1,1). The first condition in the definition of the cone gives:

1 1
VPeQ, | dp| < = dp,
© u<P>P/” ey ) T

and

18
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The last three conditions give
lglloe < max[90v,(;y, 12D Ro(s) + 6] / fdi.
A

Hence, we have [{|g]|[; < [/|£]]];-
To prove the second point of the lemma, we may assume that f > 0. To have
that f+ R(f)1 € Cp(0,1,1), it suffices that:

L[\ Pfdj—6 [ fdp
o VP € Q, R(f) > BlatIAi=0)s 140

, so that condition 1. is satisfied,

e R(f) > %, so that condition 2. is satisfied,

e R(f)> 905“%, so that conditions 3 and 4 are satisfied,
q(0)

so we may choose R(f) < const||f||r(dy)- |

Let us conclude the proof of Theorem [L.1.
Let f € Cy(0,1,1), By Proposition .1, for any ¢, £k1++ke f and ghit+keg = 1
belong to C; (we remark that 1 € Cy(0,1,1)). Applying ¢ — 1 times Theorem

, we get:
0 0
dc, (LRtrhef 1)y < Ty - on(c® £.1) < T - 1o,
j=2 Jj=2

where ~; = is given by Proposition f.1. Since the norm ||| |||; is adapted to the
cones C;(0,1,1) and is greater than the uniform norm, Theorem E gives for f
in Cy(a, b, c) with a(f) =1,

4

LRtk f —1)| o < const H%"
j=2

For n € N, let £(n) be defined by:
n==k +--- kg(n) +r with r < kg(n)+1,

we have

£(n)
1L f — Loo < L7 Loo [1€F 5 f — 1|0 < comst | [ 7
j=2

For any function f € L(dp), applying the above inequality to lf(f%%)(lf) gives

£(n)
1" f = i f)lloe < const | [T | 1Fncan-
j=2

19
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The decay of correlations follows: for f € L and g € L*(j1),

A/ go ™ fdii A/ fdp A/ gdp| = A/ glL™ () — )l
()

const - H 87 ”fHL(do)Hng'
Jj=2

IN

L(n
Set HJ(ZQ) Vi = Un.

We now prove that wu, has the announced behavior for exponential, stretched
exponential or polynomial sequences w, and D(A,,).

Estimating u,,

To estimate the rate of mixing u,, we have to analyze the asymptotic behavior
of the sequences k; and ;. Recall that:

Ro(S)
D

koy1 = inf{k: > ko : R[(S + k)< }

and observe that an easy induction gives:

4
Ry(n) = D'Ro(ky + -+ + ke +n) + > D™ ' Ro(kip1 + -+ ke +n).  (6.1)
=1

Recall Ro(m) = > 4o, Wk-

From these remarks we get the following results.

o If there exists 0 < p < 1 such that w, = O(p™) then Ro(n) = O(p™)
and one can take k; = p provided p is such that pP < ﬁ, ie. p>

—log[D(D + 1)]

p

Then one may choose v, = o' " provided 0 < o < o < 1. We have:
v; =max (5,a’") =k <1 and u, = k7.

. Assume also that 7(A,) = O(a™) for some 0 < a < 1.

e If there exists a > 1 such that w, = O(n=®) then Ryo(n) = O(n=**1) and

Ro(s+key1) =0 (Ro(s + kog1) - De) =0 (%) so, if kpyq ~ constD%,
241

it satisfies Ry(s + key1) < m' So 4(n) ~ (a — 1)112517:; + const. Assume

also that 7(A,) = O(n=?) for some 3 > 1. Then one may choose v,, = n”

provided 0 < v < 8 — 1. We have: ; = max (%, *ﬁ).
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If 8 < o then we can choose v < f—1 < a —1 and then v; = D~ and
Up = O(n~7).

If o« < B then we can choose 3 —1 > v > a — 1 and then v; = % and
Up, = O(n=t1).

Finally, we get that u,, = O(n~™®=18=1=¢)) for all ¢ > 0.

If w, = O(e™") and #(A,) = O(e‘”g) for some 0 < o, 8 < 1, set ky :=
(==1. We obtain q(£) = k1 +- -+ k¢ ~ €= so £(n) ~ n®. An easy estimate
gives that Ro(m) < e™™" "~ for ¢ > 0 and all large m. Now, by eq. (b.1)),

(L -1)
— 0 as f{ — oo.

Re(s +kep1) < (€+1)D Ro(keyr) < (L+1)Dle

Hence, Ry(s + ke+1) < Ro(s)/D is satisfied and the choice of k; is correct
for all large ¢. Let us compute:

Yo = max{%,%exp (fé -+ 1)2)}

B 1 NG 5 B1
= maX{D,<1+€) exp(ﬂ .aﬂJr...)}.

If B > «, then the second term of the above maximum goes to zero and
therefore v, = % for large ¢. We compute the contraction coefficient at
time n:

Uy, = D—é(n) — D—Cna‘ — e—C/na‘ < e—n“‘*E
If 8 < «, then the second term of the above maximum goes to one and
therefore sets the value of v, for large ¢. We compute:

£(n)
5 2 5 5.
Up = H eI < et — om0 <o

j=1

If & = 3, then we change, for instance, a to o’ > 3, arbitrarily close, and
apply the previous case.
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