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Abstract

In this article, we prove that the Kolmogorov operator associated to the Burgers equation
driven by a space-time white noise is m-dissipative. This implies several properties on the
Kolmogorov equation. This result is obtained thanks to the introduction of a modified Kol-
mogorov operator. New a priori estimates on the solutions of the Burgers equation and on the
invariant measure are obtained. These are crucial in our argument.
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1 Introduction

We are here concerned with the following stochastic Burgers equation in the interval [0, 1] with
Dirichlet boundary conditions,

dX(t,6) = (BX(t,6) + 0.(X?(t,6)))dt +dW(t,€), t >0, £ € (0,1),
X(t0) = X(t1)=0,t>0, (1.1)
X(0,6) = (&), £€(0,1).

The unknown X is a real valued process depending on & € [0, 1] and ¢t > 0 and dW/dt is a space-time
white noise on [0, 1] x [0, 00). This equation has been studied by several authors ( see [2], [4], [§],
[9], [17], [19]) and it is known that there exists a unique solution with paths in C([0,T]; L?(0,1)).
In this article, we want to study (1.1) through the corresponding Kolmogorov equations whose
solution is formally given by the transition semigroup associated to (1.1). Numerous articles are
devoted to this type of problem ([11], [21], [22], [23]). The aim is to have a better understanding of



infinite dimensional Kolmogorov operators. In this way, we hope to be able to prove existence and
uniqueness results for the transition semigroup in cases when we are not able to solve directly the
stochastic equation. In [7] for instance, the existence of a transition semigroup is proved for the
three dimensional Navier-Stokes equations by a direct study of the Kolmogorov equation. Other
examples of the application of this method are for instance the direct construction of the transition
semigroup for the stochastic quantization equations ([18]) or for the porous medium equation ([10]).
Also if the Burgers equation above is perturbed by a term as a nonlinearity of the form f(X(t,¢))
where f is only assumed to be Borelian and bounded, then it is hopeless to solve the equation
pathwise but our results below can be used to prove that there exists a unique solution to the
Kolmogorov equation. Then, a transition semigroup in L?*(H,v) can be constructed. Also, one can
try to solve the stochastic differential equation (1.1) in the sense of the martingale using use the
theory of Dirichlet forms developped in [16], [21] and generalized in [23].

Also, even if we are able to solve directly the stochastic equations, further properties can be
derived from the Kolmogorov operator. This is the case for log-Sobolev inequalities. Up to now,
we are not able to prove a log-Sobolev inequality for the stochastic Burgers equation. However, we
think that the tools developed in this article will be useful for that purpose. Another application is
to solve Hamilton-Jacobi equation associated to control problem for the stochastic Burgers equation
(1.1).

We rewrite (1.1) as an abstract differential equation in the Hilbert space H = L?(0, 1),

{dX = (AX +b(X))dt + dW(2), (1.2)

X(0) = =,
where
e A=0?% D(A)=H?*0,1)nHI0,1),
o b(z) = 0¢(2?), D(b) = Hy(0,1),
e IV is a cylindrical process on H, associated to a stochastic basis (2, F, P, (F;)i>0)-

The unique solution to equation (1.2) is denoted by X (¢, z). The corresponding transition semigroup
P, is then given by,

Pip(x) = Elp(X(t, )], t>0, z€H, ¢ € By(H), (1.3)

where By(H) is the Banach space of all Borel bounded mappings ¢ : H — R endowed with the sup
norm

lollo = sup ()]
zeH

and [E means expectation.
We know that there exists a unique invariant measure v for P;, see [8], [9]. The existence follows
from Krylov-Boboliubov criterium and an a priori estimates on the solutions. The estimates given



in section 2.3 can also be used. The uniqueness follows from the Doob theorem. Strong Feller
property is a consequence of the results of section 3 - see Remark 3.5 below, irreducibility can be
obtained by an approximate controllability argument.

As is well known, P, can be uniquely extended to a contraction Markov semigroup in L*(H,v),
still denoted by P;. We shall denote by N, its infinitesimal generator. The main result of this paper
is that N is the closure in L?(H, v) of the Kolmogorov operator Ny defined by

Nop(z) = % Tr [D2(2)] — (Az + b(z), Do(x)), = € H, ¢ € Ea(H), (1.4)

where £4(H) (the algebra of all exponential functions) is the linear span of all functions (more
precisely the linear span of real and imaginary parts of all functions)

on(z) =™z e H he DA).

In other words we show that NN, is an extension of Ny and that £4(H) is a core for Ny. This can
be expressed by saying that Ny is essentially m—dissipative. This result generalizes a previous one,
see [6], proved for a coloured noise.

As in [6], the main tool for proving this result is a suitable bound for the differential of the
transition semigroup DP;p(x). There, this estimate was a direct consequence of estimates on the
derivative X, (¢, x) of the process X(¢,x) and on exponential moments of X (¢,z). In the case of
a white noise, we were not able to obtain such bounds. For that purpose, we use here a similar
method as in [7] by introducing a Kolmogorov operator with a suitable potential term

No(x) = Nop(x) — Klz|pap(x), =€ H, p € Ea(H), (1.5)

where K is sufficiently large, and the corresponding semigroup S; given by the Feynman-Kac
formula,

Sip(x) =E (e’Kfot‘X(va)\izxds @(X(t,l’))) , @€E€BYH), t>0, z€ H. (1.6)

Thanks to the exponential factor, we are able to find an estimate for |D.S;p(z)| thanks to estimates
on the derivative X, (t,x). Moreover, using a generalization of the Bismut-Elworthy formula (see
(3], [13], [15]), we get smoothing properties for the Feynman-Kac semigroup (S;);>o. Then, using
the identity

t
PtSO = St(,p + K/ St—s (| . |i4PSQ0) dS, (17)
0

we obtain estimates for DP,p(z). In this argument, we face a strong difficulty in the estimation
of the moments of the solutions and of the invariant measure. We introduce a new tool to do
these estimates. We use a modified Ornstein-Uhlenbeck process as in [5], but the parameter is
random here. This is a very powerful tool which, we think, can be used in other situations. It
can also be used, for instance, to estimate the Hausdorff dimension of the random attractor of the



stochastic Burgers equation or of the stochastic Navier-Stokes equations, see Remark 2.4 below.
Note that another proof of the finiteness of moments of the solutions is given in [19], it is based on
the Hopf-Cole transform and is really specific to the Burgers equation.

We end this section by giving some notations which we will use in what follows. We denote by
| - | the norm of L?(0,1). For p > 1, | - |1» is the norm of L?(0,1).

The linear operator A is selfadjoint and it possesses a complete orthonormal system {e;} in H
of eigenfunctions given by

ex() = @ sinké, €€0,1], keN

and

Aej, = —7T2k'26k, k € N.

For any a € R, (—A)* is the power of the operator —A, which can easily be defined through the
eigenbasis above, and |- |, is the norm of D((—A)®/?) which is equivalent to the norm of H*(0,1).
We have |- o= || =" |z

The cylindrical Wiener process W (t), t € R in H can be formally written as

W(t) =Y Bulter, t>0,
h=1

where {3} is a sequence of mutually independent standard Brownian motions in some probability
space (9, F,P).
We shall often use the classical interpolatory estimate,

=B B-a
zlg < |zla™ 277", a<B<y (1.8)
and the Agmon estimate
1 1
2]z < lal lal . (1.9)

Finally, we recall that the semigroup e acts on LP(0, 1) for all p > 1 and that the following estimate
holds (by the Poincaré inequality),

x| < e x|, >0, xe L7 (1.10)

where 5 .
Ay = % ™, pe€(1,00).



2 Estimate of moments of X (¢, )

2.1 Estimate of a modified Ornstein—Uhlenbeck process

Here we introduce a modified Ornstein—Uhlenbeck process replacing A with A — a with o > 0. We
set, for any o > 0,

t
at) = / AT (s), ¢ > 0, (2.1)
0
it is the mild solution of the equation
dzo(t) = (A — @)z, (t)dt + dW (1), z,(0) =0.

This type of modified Ornstein-Uhlenbeck process was introduced in [5] in order to study the
existence of random attractors for the stochastic Navier-Stokes equation. In this present work, we
use it in a different way and need more precise estimates on the dependance of z, with respect to
a. We use the following result.

Proposition 2.1 Let p > 1, € € (0,1/4), 6 € (0,1). Then there exists a random variable K. s,
such that for all « > 0 and t > 0 we have

2a()|r < a3 (1 4+ t9) K. 5,,

and
E (KE;s,) < +oo, forallk>1.

Proof. Using the identity
t
et — 1 a/ e~ =gy,

Za(t) = / =AW (s) —a/ ”/ ~t=nadrd W (s)

= / =AW (s) — /e< m(4- “>/ T=DAQW (s)dr.
0 0 0

We now use the factorization method (see [11], section 5.3) writing for § € (0, 1),

t . t
/ e(t‘S)AdW(s) _ s mp / (t — a)ﬁ_le(t_g)AY(U)day
0 i 0

we can write

where

Y(o) = /Oa(a — 5) el (s).
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It follows that

alt) = sin 3 [/Ot(t—a)ﬁ_le(t_U)AY(a)da

™

t T
o [l [ gy )MT]
0 0

: ' .
_ sin w3 / e(tfa)AY(o) {(t — o) = a/ (r — o)? oot T)d7_:| do-
T 0 .

We are going to estimate the factor inside brackets
t
L:=(t—o) - a/ (1 — o) temt=Tqr,
We have, using the change of variable 7 — o = (t — 0)p,

t
L= a/ ((t — 0)5*1 —(r— O.),Bfl) e~ =" dr 4+ (t — O.),B*lefa(t—g)

1
= ot — 0)5/ (1-— pﬁ—l)e—a(l—ﬁ)(t—a)dp +(t— O.)ﬁ—le—a(t—a).
0
For any s > 0 we can write
s —s 1 — 1 —(1—p)s
Jo (0= pP e =2dp < e/ [2(1— pPVydp + c(B) [5(1 = p)e~1-Pdp

< c(B)s™%
We deduce that the following estimate holds for v € (0, 1)
L] < e(v,8) a7 (t =) 4 (t — o) e,
It follows, by (1.10), that for all p > 1

ENOIZ

< (7. 6) /0 t DAY (a)],, (a7t — o) 4 (t — o)l )Y do

t
(v, B) / e NY (o) | [0 (t — o) 4+ (= 0)P e )] do.
0

6
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Consequently, thanks to the Holder inequality we obtain

2m

a0l < c1.8) ([ eI o)lpan)

—1

t 2mm
X [a‘” (/ e (=9 (f — g)am (ﬂlv)da) 2
0
t 27217,—1
([ oot ¥
0

Note that
t +oo 2m
/ e—Ap(t—a)(t o (T) sam (B— 1—’7)dg < / e~ AUy Tm -1 (6-1=) du < +00,
0 0
2m_ (3 —1—+) > —1, that is
B>+ ! (2.3)
T om '
Moreover
t 2m 2ma oo mo
/ e*)\p(t*U) (t — 0-) Zm—1 (ﬁ_l)e_(t_a) 2m—1 o < / u2m 7 (B- 1) 2m71 du
0 0

2m (,6—1) Foo (6 1) 1-28m
=« 2m—1 u2m 1 e 2m 1du < cazm-T
0

- (8—1) > —1, that is

1

In conclusion, choosing 8 € (1/2m,1), 0 < < 8 — 1/2m, we have proved that

t P
20 () 1r < (7, 5,m) (a-ua—ﬁ%) ( / e‘Ap(t_“)lY(a)ﬁTda) . (2.5)
0

Let us now estimate the moments of Y. We have

0

V(0.0 =Y [ (0 — 9 e 0 ednGs), ok gelo.l
k=1



so that
23 —2m2k2s 2
E ([Y (0,6 Z/ d8<czk24ﬁ

provided 3 < %. By Gaussianity of Y, it follows that

(lY < ¢ (Z/ —272k2s —2ﬁd8> < Cp <Z k—2+45> ’

k=1

[SIiS]

where ¢, is a finite constant
Using once again the fact that Y is Gaussian, yields

E(|Y(0)l}) < clp, k)
for all p, k > 1.
Now, by the Holder inequality it follows that

t
| ez
0
1 1
+o0 2 t 2
<([ Taserwe) ([ e ain)
0 0

c(1+1) (/0+°O(1 + o) 7Y (o) ‘i”,}da)

Finally by (2.5), we obtain

1 1 +oo ﬁ
ealt)ler < ey, B,m) (077 +a7P*3n) (14 1)mm (/ <1+02>-1|Y<a>|iwda) .
0

To prove the result we choose ~, 3, m such that

1 1 1
1 — in{d, £/2 - —¢/2 2 —.
€ (0,1), 2m<mln{,8/ 1 1 ef2<y+e/ <ﬁ<4
Notice that, with this choice, (2.3), (2.4) hold and we have
2o ()] < @7 TH (L + 1) K. 5,
with

+oo ﬁ
K. s, =c(e,0) (/ (1+ 02)_1|Y(0)|‘f§”d0) , t>0.
0

In view of (2.6), we have
E(Kfé p) o0
for all k. The proof is complete. [J

(2.6)



2.2 Estimate of the solution X (¢,x)

Proposition 2.2 For all p,k > 1 there exist c1(p, k), ca(p, k) such that for all x € LP(0,1) and all
T > 0 we have

E | sup ]X(t,x)|lzp < ¢1(p, k)ecQ(p’k)T(l + |x|§p)
te[0,7)

Proof. We set Y (t) = X(t,x) — z4(t), t > 0, so that YV fulfills

d
dt
Multiplying both sides by p|Y (¢)|[P~2Y(t), integrating in [0, 1] and then integrating by parts, yields

Y(t) = AY (t) + b(Y (1) + 24(t)) + aza(t).

SO+ 1) [ VOPlar s

-0/ VPV (09I (1) + 20(6))?)de + o / Y ()l
= b= 1) [ OO (000) +2Y ()zul0) + 2000

o [ VOV 0zt

= - 1) [ OPY 00 0zl

o(p— 1) / Y (8)P20:Y ()22 (1) dE + por / V(02 (1) 2a(1)d

=15+ Iy + I,

since [ [V (£)[PY (£)3eY (t)dE = 0.
Let us estimate ;. By Holder inequality we have

/0 Y (£)[P72Y (1) DY () za(t)dE < ‘yy(t)\%

L verEtex )| |z

We then use Sobolev embedding theorem and the interpolatory inequality (1.8) to obtain

3

DOk Y (1)} Y@ Y@l

<c
L4

Y
HZ

4
L2 H
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Moreover HY(t)]g | 2= |Y(t)]§p and, thanks to Poincaré inequality,

’IY(t)!g el Y (1) Y ()21 0eY (1)

o <c L =c .
It follows .
1l < Y @15 [YOIE 0 0] lzalus
Now, using the estimate
abgga3+gb§, a,b >0, (2.7)
we find that
L] < p(p; 2 ‘\Y(t)|518§Y(t)‘; +clzalis Y ()2, (2.8)

Concerning I, we have, by Holder inequality,
1] < e[V OE0Y (1)] | Jzala 1Y (0)2 1.

But, by (1.9),

1

V() |iw < YO YO0 < dY ()4 Y020 (1)

2
2

Consequently

3

Bl < Y @i |[YBEY ()] 2a(®lLs

Now, using the estimate

3 1
abgza%jté—lb‘l, a,b>0,
we find that
p(p—1) 2_q 2 8 p
1] < B2 Y @010y ()] |+ elzal®)i [Y (DI (2.9)
Finally, for I3 we have
Il < alY (55" [za(®)ler < Jza®les (Y Ol +ca?). (2.10)

By (2.8), (2.9) and (2.10) it follows that

d 1
GO+ 5001 [ ooy or

(2.11)
< e (Jza®lfa + 2al®)lis + 1zl ) [V (O +ca?|za (@)l

10



We assume from now on for simplicity that p > 4. Then we have

d

o 1Y @I < (lza(®)[7e + DIY ()75 + ca?|za(t)] Lo

Now, in view of Proposition 2.1, we can choose a such that

sup |zq(t)]3, < 1.
t€[0,T

For instance we can take g
o= ((l—l—T)l/QK; ;p> + 1.

8727
Consequently,

d
pr Y ()7, <2Y (1), + ca?

and
YO, < (faf;, +ca?).

Therefore, we have

sup V(1)1 < e (Jalf, + 1+ T)?KY, ).
t€[0,T] §2P

Since

sup |z (t)|rr < a 5 (1+ TK

11
7777p’
te[0,7) 8’2

we have

sup | X (¢, z)[5, < ec(p)T(]a:\Lp + K,)
t€[0,T]

where K, is a random variable having all moment finite. The result follows. [

2.3 Estimate of moments of v

We recall that v represents the invariant measure of X (t, z).

Proposition 2.3 For all p,k > 1 we have

/H 2%, v(dr) < o0, (2.12)

Proof. We first notice that, by the Poincaré inequality, we have

p2/1 - ) /1
S Y|P 0y |"dE =
(5) | lororac= |

11

2dg > |yl

Oelyl?




Consequently by (2.11)

d 2(p — )72 8
YO+ = Y0 < ¢ (2alt) o+ 2al®) 50 + 20 ) 1Y (B + c0?za(D)]r
We assume for simplicity that p > 4 so that
8 -1 7T2
e (Jzlt)lf + 2alOlhs + |20(Dlur) < i)l + 2
We choose .
2pc
= ((p_—m K;J,p) +1,
then for all ¢ € [0, 1]
8 — 1)7?
e (1)l + a0 + zaf0]ar) < LU
Therefore p ( 1)
p—1)m -
dt YO + ———— [Y(O)[}, < ca” = Ki(w),

where K is a random variable having all moments finite. We deduce that

(p—1)x?

YD, <e 7 (Jaff, + Ki(w)) -

We use the following inequality for ¢ > 0, k > 1,
la+b)" < (1+¢e)a" +c(e, k)b*, a,beR. (2.13)
We get

_(p=1)x?
2p

[ X(L ), < e Y (DIzr + c(p)l2a(1)]1e

_(p=1)x?

< e o (foff + Ki(w) +e(p) K1y,
(we have o > 1). Using again (2.13) we find that

(p—1)n?

[X(La)li <e % fally + Ka(w))

where K, is a random variable having all moments finite. Integrating with respect to w, then with
respect to v and using invariance of v yields
1 R

\/I:I |ZE|IZPV(d.T> S W E(KQ)

1—e 4p

12



Remark 2.4 Using the results of [5], it is not difficult to show that the stochastic Burgers equation
considered here posseses a random attractor. The proof is similar to the proof given in this article for
the stochastic Navier-Stokes equations. An unsolved problem is to prove that this random attractor
has finite Hausdorff dimension. In fact using the result of [14] and the techniques used in the proof
of Proposition 2.3, we can apply the result of [14] and prove that the Hausdorff dimension of the
random attractor of the stochastic Burgers equation has finite Hausdorff dimension. Moreover, this
dimension can be majorized in terms of the global Lyapunov exponents. The same argument can be
used for the stochastic Navier-Stokes equations.

3 Estimate of DPp(x)

We shall proceed in three steps to bound DP,p(z). In section 3.1 we estimate n"(, z), the derivative
of X (¢, z) in the direction h € H. In section 3.2, we use this estimate to bound DS;p(z), where the
semigroup S; is defined in (1.6). Finally in section 3.3, we obtain the required estimate for D P;p(z)
using the identity (1.7).

We shall present only formal proofs. They could be justified using a suitable approximation of
the Burgers equation - for instance by Galerkin approximations as was done in [7].

3.1 Estimate of 7"(t,z)
Let us first notice that n"(¢,x) fulfills the equation

C 01, a) = An(t) + V(X ()1, ),
(3.1)

where

V(X (t,2)n" (t,x) = 20¢(X (¢, 2)" (¢, ).
Proposition 3.1 For any a € [—1,0] there exists ¢ = c(a) > 0 such that

8
3

8 t
eI XCDNLads iy )2 +/ e e ORI (s, 2) 3 ds < (B, (3.2)
0

forallt>0, x,he H.

Proof. We divide the proof in two parts.

Case 1. a € [—3/4,0].

13



Multiplying both sides of the first identity in (3.1) by (—A)°n"(¢, z), integrating in [0, 1], then
integrating by parts and using the Holder inequality, yields

d 1
W+ = 2 [ OO ) (AT )

_ / X (¢, 2)" (t, 2)06[(— A)*n (t, )] de

< 21X (¢, ) |pa 0"t )| s (0" (E, 2)|142q-

Since H1(0,1) C L*(0,1), we have, using the interpolatory estimate (1.8)

3
it

Y
" (@) s < el (8, 2) |y < el (8 2)d 0" (@)

1
1

and
" (t, @) 1120 < c|n(t,2)| I (t, =) {12,

since « € [—3/4,0]. Therefore, it results

d 3 5
7 (22 + It 2) e < dX(t )| "t o)l In" (¢ 2)liy,

5 s 1y 2 (3.3)
c| Xt 2) 7 In" (¢, 2)la + 50"t 2) [

IN

where we have used (2.6). Therefore, (3.2) follows by integration in time.
Case 2. a € [—1,—1/4].
Using once again the embedding Hi(O, 1) € L*0,1), we have that
Ld, 2 h 2 ' h a, h
3 DRI oR = =2 [ X aodAr ¢ ol
< 21X (¢, 2)|zs (8 )2 [0e(—A) 0" (¢, )| s
< X (@)l In" (@)1 [0e(=A) " (8, @)1
< X (@) " (@) e 0" (t 2) 5 a0
Now the interpolatory estimate (1.8) yields
" (t,2)|ze < [n"(t,2) |5 In" (t, 2) |5,

14



and .
1ta

a1
0" (8, )] 5420 < 0" (t2) o™ 0" (8 2) |1

since a < —1. It follows that, using once again (2.7),
d 3 5
% ‘Uh(t>$)|i + ‘nh(tax)ﬁ—s—a < C’X<t7$)‘L4 ‘nh(tax) a Wh(t> x)’f—i—a
8 1
< C’X<t7 x)‘[s/4 ‘nh(t>$)‘(2)¢ + 5‘77}1(?5735)’%”1

and (3.2) follows. [J

3.2 Estimate of DS;p(x)

We shall use the following notation

lellosas i= sup 2D
xel4 1 + |x|L4

We know from [13] that for any ¢ € C,(H), Sj*¢ is differentiable in any direction h € H and
its derivative DSyp(z) - h is given by

DSip(x) - h

~ | =

E (ero‘ X2 pads (X (¢, 7)) /Ot(nh(s, ), dW(s))> (3.4)

. ¢
~AKE (B ) [ (12 3) (601 )ds ).
0
Lemma 3.2 Assume that ¢ is borelian and ||¢|o 4 < +00. Then we have

|DS;o(z)]s < ce(1 + t_7/8)|(|x|L4 + 1)k||¢||07L47k, re H t>0. (3.5)

3
1

Proof. By approximation, we may assume that ¢ € Cy(H) and use (3.4). Hence, we can write by

15



Holder inequality

1 — t S, S 1/2
DSep(w) - bl <  elo.oe (B (58 XDt (14 X0, 2)50)7) )

A

t 1/2
+4K]|pllo.ap (B (788 XEDat (1 41X (¢, 2)[40)*) )

X (IE (e‘KfJX(s,z)l4L4ds (/Ot(X3(57$),nh(s,x))d3)2>)1/2]

=1+ I

X

Let us estimate I;. Concerning the first factor we have, by Proposition 2.2
B (e RRINEILao (1 X (1, 0)[52)?) < o1+ Jalf)?

Concerning the second factor of I;, we use Itd formula as in the proof of Lemma 4.1 in [7] and get

E (e—Kfé X (s:0)| ! yds ( /Ot (5. 2). dW(S))) 2)

t
<E (/ e—KfOSX(T,:c)|‘z4d’r|nh(87x)|2d8) .

0

16



Then, using (1.8) and Ka®? < Ka* + ¢, we obtain

; ("Kﬁ et ([ o0, dW<s>>)2)

t 8
<k (/ ecstfo |X(T’x)|z4d7—|7]h<8,ZL’)|1_/32/4 |7’/h(8,$) ?;idS)
0
. 1/4
< ce'E (/ es=K Jo X (ma)l; 4dT’77 (s, 35)‘ 3/4d3)
0

t s % 3/4
E (/ e Xl |nh<s,x>|%/4d5>
0

< C@Ctt1/4|h|33/4
by Proposition 3.1. Consequently,
1] < et |lpllog (14 |2[7a)|]-s/a.

Let us estimate I;. We write

t 4 ! :

E (e[(fo \X(s,m)\L4ds </ (X3(S7x)’nh(3’m))d8) >
0
/2
oo () (o))
t ) ¢ 1/2
< K (6—Kf0 X (s,2)[4,ds (/ |nh(s,93))|%ds> )
0 1

< C€Ct|h|2_3/47

thanks again to Proposition 3.1.
Finally, we obtain that

IDSpp(x) - h| < ce™(L+t775)|(|z]ra + 1|l ollo,pa s [7]-s/4

and the conclusion follows. [
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Lemma 3.3 Assume that ¢ € C}{(H) and that |Dy(x)|y < ¢, for allx € H. Then
IDSip(x)|1 < e+ ellpllo (Jzlps + 1)7 ™. (3.6)
Proof. We have in fact, by Propositions 2.2 and 3.1, that

DSyp(x) - b =E (e BNt Do (1,2)) (1, ))

t 4 ¢
AKE (e—Kfo et [ (03, 2) s, ) (X, x>)
0

< c,E (e—Kf(f X (s,2)[4 4 ds I (¢, flf)Ll)

t
+c|lp|loE ( sup |X(t,x)|i6/ oK Jo 1X ()l 4dr |77h(37x)|d8>
]

t€[0,T 0

< (cplhl=r +cllpllo (|2]zs + 1) [A]1)e.

3.3 Estimate of DP,p(z)

Lemma 3.4 Assume that ¢ € CH(H) and that |Dp(x)|s < ¢, for all x € H. Then we have

3
1
IDPsp()]s/a < ¢+ cllolloe™ (|J]os +1)" (3.7)

Proof. Let h € H. First, we write that
t
Dﬂﬂ@-h:D&wwyh+/pD&ﬁﬂ¢@&¢xwﬁ.
0

We estimate the first term using Lemma 3.3. Since

|2[74| Pesp ()]

<
1+ |x|%4 = ||90H07

Il 174 Pspllo,ze,4 = sup
reH

we obtain by Lemmas 3.2 that
[DPp(x) - h| < (cp+cllpllo (Jelos + 1) e)|h|

t
+c|¢llo / (1+ (t—5)"75)|(|z|ps + 1)* e9ds |h|—3/4.
0

18



Therefore
IDPo(x) ]34 < ¢y + cllplloe [(|2]zs + 1)° + (|2 ps + 1)*] .

and (3.7) follows. O

Remark 3.5 Using the same argument as above, we easily prove that if ¢ is in By(H) then Py
is in C*(H) fort >0 and |DPup(x)|3/a < cllplloe (Jx]ps +1)* (1 +¢"7/%). This clearly implies the
strong Feller property of P,.

We are now going to improve estimate (3.7).

Proposition 3.6 Assume that ¢ is bounded and |Dyp(z)|; < ¢,. Then we have
IDPip(a)|1 < (e, +cllollo) (s +1)° e, (3.8)

Proof. Since

DSis(|zlrap(x)) - h

— 4E <e—Kfot*S XCNadm (X3t — s5,2), 0" (t — 5,2)) @(X(t - s, x)))

B (oI | X (1 s 2)[1D(X (= 5,2) o't — 5, ) )

t—s

—4KE (erot_S lX(T’x)|i4dT /0' (X3(7_7 I)v 77h<7'7 ,I))dT |X(t -5, I)|i490(X(t -5, l‘))) ’

it follows that

DP,yp(z) - h = DSyp(z) - h

t t—s
—1—4/ E (efoO X (@l padr (X3t —s,2),n"(t — s,2)) Pap(X(t — s, x))) ds
0

t t—s 4
—I—/ E (e_KfO X0 | X (8 — s, 2) 2. DPp(X (t — s,2) - 0" (t — s, a:)) ds
0

t s 4 t—s
—4K/ E (e_Kfo (X (ro)lpadr / (X3(7,2),n"(7,2))d7 | X (t — 8,2)|14 Psp(X (t — s, 93))) ds
0 0

=Ji+ o+ J3+ Jy.

By (3.6) we have
[DSp(a)h < ¢+ cllpllo (Jalzs +1)* €.
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Concerning .J, we have

t t—s
|J2| S 4||(p||0]E (tSBI;} |X(t,l‘)|ie/ e_Kfo | X (1,2) i4d7— |77h(t _ S,$)|d8>
€lo, 0

. N o\ 1/2
S HSOHO (‘I’|L6 + 1)3 (E </ e—KfO | X (r,z) i4d7’ |77h(t . 8,$)|2d5> )
0

< cllello (|2]zs + 1) || e,

by Propositions 2.2 and 3.1 with a = —1.

Concerning J5 we have, taking into account Lemma 3.4 and that |- |_z < ¢| - o,

3
1

| J]3

¢ —s
<B( [ TN X s )l el (X (= sl + 1)~ )]y ds)
0

t —s
= CE(/ e KBTIXCI X (1~ 5, @)+ il (1X (2= 5,2) o + V)" (¢ = 5,2) oe " ds)
0

< (cp +ellello) (|2lze +1)° || e,

by Proposition 3.1.
The last term is treated as the second and can by majorized by

[Jal < eligllo (2o +1)° ([ s + 1)" [B]-re.

We deduce
|DPyp(x) - b < (e + cllllo) (Jx]zs + 1)° [h]_1e

and the conclusion follows. [

4 Study of the Kolmogorov operator

4.1 Essential m—dissipativity of N,

We prove that the infinitesimal generator N, of the transition semigroup in L?(H, v) is m—dissipative
and is the closure of the differential operator Ny defined by

1
Nog = 5 Tr D*p + (Az +b(z), Dp), ¢ € Ea(H).
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We note that, by using the Ito formula, it is easy to check that N is an extension of Ny. Conse-
quently, Ny is closable and we have only to prove that its closure Ny coincides with No
To this purpose, we shall proceed as in [1], by introducing an approximating operator

1
Nup = 5 Tr D¢+ (Av + bu(z), D), ¢ € Ea(H),

where b, are regular approximations of b. We can use Galerkin approximations for instance. In this
case, b, = P,b(P,-) where P, is the eigenprojector corresponding to the n first eigenvalues of A.
Then we consider the equation

)‘9071 - Nn()@n = f: (41)
where A > 0 and f € £4(H), whose solution is given by

+o0
on(x) = / e MDP!f(x)dt, (4.2)
0
where P is the transition semigroup relative to the approximated problem

{an = (AX, + b, (X,))dt + dW (t),
X,(0) = =

It can be shown that ¢, belongs to the closure Ny of Ny and that

Apn(2) — Nogn(z) = f(z) + (ba(z) — b(x), Dgn(2)). (4.4)
The following result is the key argument to prove the result.

Lemma 4.1 For A\ > ¢ we have for any p > 1

Jin;o(bn(x) —b(z), Dpn(x)) =0 in LP(H,v).
Lemma 4.1 implies that the range of A\ — Ny is dense in LP(H,v) and then the conclusion follows
from the Lumer—Phillips theorem, [20]. In fact, we also obtain that the generator in LP(H,v) is
m~—dissipative for any p > 1.
To prove the Lemma, we note that, since b, is the Galerkin projection of b, we know that
(bp(x) — b(x), Dpy(x)) — 0, v almost surely and |b,(z) — b(x)|—1 < |b(x)|-1. Thus it suffices to
prove an estimate on

/ b(@) | Do) [
H

for any p > 1 independently of n. Then, we conclude thanks uniform integrability.
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Note that all estimates in the previous sections can be proved on the approximated semigroup
P} and with constant independent of n. By (4.2) we have that

Doy (z)-h = / e MDPMf(x) - hdt, x,h€ H.
0

Therefore ~
Don(a)]s < / N DP? ()t
0

Since f € E4(H) we have |Df(z)|; < ¢ and so, by Proposition 3.6 it follows that

Dol < [+ el o)1+ fols)
0

cr+c
= Ao (4 4 ey
Consequently,
cr+c|f
)| 11Dy < elaf2al Dl < SN 10y, gyo o,

and, by Proposition 2.3 with p = 4 and p = 6, we obtain the required estimate. The proof is
complete. []

4.2 The integration by parts formula

Integrating with respect to v the obvious identity
No(9?) = 2¢Nop + |Q'2Do?, ¢ € E(H),
and taking into account that [, No(p?)dv = 0 by the invariance of v, we find that
1 2
Nop pdv = —= | Do|*dv. (4.5)
H 2 Ju

In order to extend (4.5) to all functions of D(Ny), we first define the Sobolev space W12(H, 11). For
this we shall show that the derivative operator

D:E4(H) C L*(H,v) — L*(H,v; H), ¢ — Dy

is closable. We need two lemmas.
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Lemma 4.2 For any ¢ € C}(H) we have that

IDSp(a) < (S + (PP (z) + P(IDeP)()), z€H, t>0 (4.6)
and
/H DS () Prdz) < eftV® + 1) /H (&(x) + | D(a) P))u(dr) t> 0. (4.7)

Proof. Let h € H and ¢ € C}(H), then we have

DSip(x)-h=E (e_KfOt IX(5,2)[ 45 Do(X (t,x) -n"(t, x))

—4KE <6—Kf5 IX(s@)lLads o (X (¢, 2)) /0 t(X?’(s,x),nh(s,x))ds) (4.8)

= ]1 + ]2.

Taking into account Proposition 3.1, we get

] < [E(De(X(ta)P)]"” [E (e BN (e, 2)P)|

1/2

< [B(Dy?)(x)]"? |n]

and, by the Sobolev embedding H'/4(0,1) C L*(0,1) and (1.8),

4
L] < 4KE (e—ngX(s,%ds o(X (1, 2) \(/ X (s, ) L4ds) (/ (s, 2) Lm) )

< c[E (le(X(t2)%)]" [E (QKH e /Ot (s, 2))|}4ds )] :

< PR (%) (2)lh|

and (4.6) follows. Then (4.7) follows integrating with respect to v and taking into account the
invariance of v. [J

The proof of the second lemma is analogous, using formula (3.4) instead of (4.8). So, we shall
omit it.

Lemma 4.3 For any ¢ € Cy(H) we have
|DSyp(x)]? < c(t™V2+ 8 L 1)P(p*)(v) x € H, t>0 (4.9)
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and

/ |DSyo(x)Pv(de) < (™2 +11/5 4 1)/ ©*(z)v(dr), t>0. (4.10)

We can now prove the result
Proposition 4.4 D is closable.
Proof. Let {¢,} C Ea(H) such that
oo — 0 in L*(H,v), Dy, — F in L*(H,v; H), (4.11)

as n — oo, where F' € L*(H,v; H). We have to show that F' = 0.
Let t > 0. Then by (4.10) it follows that

DSyp, — 0 in L*(H,v; H), asn — oo. (4.12)
On the other hand by (4.8) it follows that for any h € H,

Sy B (75 BIXCDEts P (1, 2)) (1) ) [Pl
< JuIE (efog Xt (F(X (¢, 2)) — Dpa(X (¢, 2)) nh(tﬁv)) [dv
+c [ [DSyon(x) - h*dv

e fiy B (e MBIt o (X (1, 2)) fy (X (5, 2), 0" (5, 2))ds) P

Using Proposition 3.1, (4.11), (4.12) and the invariance of v, we easily prove that each term on the
right hand side converges to zero. Thus, we deduce

/ B (e BINCDt P(X(t2)) ' (t,2) ) [Py = 0
H
for t > 0. Then, we write
— ¢ s,z)|[%,ds_h
Sy EFOX () B v < [y [ (PO ) - (7K BNEDaoyiy oy — ) ) o

< (fH E(|F(X(t, x))|2)dy) 1/2 <fH E(|€_ng 1 X (s,2) i“dsnh(t, ) — h|2)du> 1/2

It follows from the dominated convergence theorem that the right hand side converges to zero as
t — 0. Moreover

/H]E(F(X(t,x))-h)|dz/—>/H|F(a;)-h\dy
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so that we obtain
/ |F(z) - h|dv = 0.
H

Therefore, for each h € H, F(x).h = 0, v almost surely. Since H is countable, it follows that
F(z) =0, v almost surely. [

We can now define the space W'?(H,v) as the domain of the closure of D and extend the
validity of (4.5).

Proposition 4.5 The following inclusion holds,
D(Ny) € WY(H, v). (4.13)
Moreover,

1
/ Noy pdv = ) / |D2dv, for all ¢ € D(Ny). (4.14)
H H

Proof. Let ¢ € D(N,). Since E4(H) is a core for Ny, there exists a sequence {p,} C E4(H) such
that
¢n — 0, Nopn — Nop in L*(H,v).

Now, for any m,n € N we find from (4.5),

/H | D(pm — @n)|?dv = =2 /H No(@m — ) (Pm — @n)dv.

Consequently, the sequence {(p,} is Cauchy in W1?(H,v) and the conclusion follows. O]
Let us now show another useful identity.

Proposition 4.6 Let T > 0 and u(t) = P,p. Then u € L*(0,T; W' (H,v)) and the following

identity holds.
¢
/ lu(t)]? dy+/ ds/ | Du(s)|? duz/ lo]? dv. (4.15)
H 0 H H

Proof. Let first o € D(N;) and set u(t) = P;p. Then, multiplying the identity

d

pr u(t) = Nau(t), t>0

by u(t) and integrating in H with respect to v and taking into account (4.14) yields

33 [ JuOPdy = [ Nauteyuy == [ 1Dutv i

So, identity (4.15) holds for all ¢ € D(Ns).
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Let now ¢ € L*(H,v). Since Ny is dense in L?(H,v) there exists a sequence {®,} C D(N,)
such that
On — @, Now, — Nop in L*(H,v).

Set u,(t) = Pip,. Then by (4.14) it follows that

T
/ ds/ | D(u, — um)|2d1/ < / lon — gpm|2 dv,
0 H H

so that the sequence {u,} is Cauchy in L?(0,T; W"?(H,v)) and the conclusion follows. [J

The following result is useful to study Poincaré inequality and spectral gap.

Corollary 4.7 Let p € L?*(H,v). Then the following identity holds

—+o00
LQw—m%v:A | D P |2aggg,ds. (4.16)

where @ = [, edv.

Proof. Let ¢ € L*(H,v) and set u(t) = Pyp. Letting ¢ — +oo in (4.15) and taking into account
that by the Doob theorem
1tlim Py =9 inL*(H,v),

we see that .
@2+ [ IDPelRads = P (4.7
0

that is equivalent to (4.16). OJ
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