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Generalized ¢t quadratic B-splines
generated by Merrien subdivision algorithm
and some applications

Paul Sablonniere

Abstract. A new global basis of B-splines is defined in the space
of generalized quadratic splines (GQS) generated by Merrien subdi-
vision algorithm. Then, refinement equations for these B-splines and
the associated corner-cutting algorithm are given. Afterwards, several
applications are presented. First a global construction of monotonic
and/or convex generalized splines interpolating monotonic and /or con-
vex data. Second, convergence of sequences of control polygons to
the graph of a GQS. Finally, a Lagrange interpolant and a quasi-
interpolant which are exact on the space of affine polynomials and
whose infinite norms are uniformly bounded independently of the par-
tition.
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§1. Introduction and notations

This paper is a continuation of [7] and [10] where a one-parameter family of
C'! Hermite interpolants was defined by the Merrien subdivision algorithm
([6], abbr. MSA). This family provides a general solution to arbitrary
monotone and convex Hermite interpolation problems with data at the
ends of a single interval. Here we extend and complete these results by
considering Hermite interpolation on a partition of a given interval by C*!
functions whose restrictions to subintervals are generated by MSA. Let
X = {a = x9,21,...,2, = b} be such a partition of I = [a,b] with
I =[z;_1,2;] and h; = x; —x;_1 for 1 <i < n. Let 8= (01,...0,) be a
sequence of parameters 3; € [—1,0].

On each subinterval I;, we consider the 4-dimensional space V(;) gener-
ated by Merrien subdivision algorithm and depending on the specific pair
of parameters («a;, 3;), where o; = ﬁ € [—%,O[. In that case, it was
proved that the MSA is C'-convergent. Moreover, for f € V(3;), f’ is
Holder and satisfies the following inequality for some constant C' > 0 and
for v; = —log2(1 + 33;) (see [6], proposition 2):

[f'(x) = f'(y) < Cle =y, (2,y) € Li x L.
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We denote by GS3(I, X, 3) or simply GS2(83) the subspace of all functions
g € C1(I) whose restriction to I; is in V(;) for 1 < i < n. The dimension
of this space is 2n + 2 since ¢ is uniquely determined by Hermite data
y; = g(z;) and p; = ¢'(z;) for 0 < i < n. The elements of GSy(3) are
called generalized quadratic splines (abbr. GQS) because their properties
are similar to those of classical quadratic splines, which correspond to the
choice 6, = —1,1 <17 < n.

Here is an outline of the paper. In section 2, we define a new global basis of
B-splines for the space GS3(3) of GQS. In section 3, we use these B-splines
to express in a new global form the results on monotonicity and convexity
preserving properties of GQS, already given in [7][10] for functions defined
on one subinterval. In section 4, we also give a global version of the
algorithms constructing monotonic or convex interpolants given in the
same papers. When compared to other C! Hermite interpolants of the
literature, the advantage of our method is its simplicity both in the local
construction of the GQS and in the adaptivity of the method to arbitrary
sets of data. For example, in [1][2], the method is adaptive, however it
may need polynomials of arbitrary high degree, which can lead to rather
complicated expansions and calculations.

In section 5, we give the refinement equation for coarse B-splines in terms
of fine B-splines in the space of GQS defined on a refinement of the initial
partition. From this result we deduce a corner-cutting algorithm (see [9]
for definitions and properties) which is the geometric form of the algorithm
expressing the new coefficients of a GQS g in the B-spline basis of the fine
space in terms of its old coefficients in the B-spline basis of the coarse
space. We also prove the convergence to the graph of g of the sequence of
control polygons associated with successive steps of this algorithm.
Finally, in section 6, we study two approximation operators: a Lagrange
interpolant and a quasi-interpolant which are both exact on the space
IP; of affine polynomials and whose uniform norm are uniformly bounded
independently of the given partition on I. This extends a previous result
given for ordinary quadratic splines by Kammerer, Reddien and Varga [4]
and also by Marsden [5]. We postpone numerical applications to a further
paper which should contain variants and refined versions of the general
algorithms presented in Section 4 of the present paper.

For the sake of clarity, we now recall the basic equations of the MSA giving
the values at the midpoint m = %(a + b) of [a,b] of a function f and its
first derivative f’ from the four values:

{f(a), f'(a); £(b), f'(b)}

at the endpoints of the interval (see [5]). The construction starts with
[a,b] = I; = [x;_1, z;] and gives the values of f and f at the dyadic points
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of I. Let h =b—a and 6; = § 777 = —20, €]0, {], then
flm) = % ((f(a) + £(b)) — O:h(f'(b) — f'(a)))
oy 1 f(b) — f(a) f'(b) + f'(a)
f(m)_1—292-( o2 2 )

In each subinterval I;, let us define the two points
§i =xi —0hi, mi =2 +0ip1hiya,

with {y = z¢ and 7,, = x,,. Then each element g; € V(3;) can be expressed
as
gi = aj—1bg + d;_1b1 + c;b3 + a;by

in the local B-spline basis {bg, b1,b2,bs} of V(3;) defined in [10]. By
definition, the quadruplet [a;—1,d;—1,¢;, a;] is the list of B-coefficients of
g; on the subinterval I;. The local control polygon (abbr. LCP) of g; has
the four following local control vertices

ai—1 = (vi—1,0;-1), di-1=Ni—1,di-1), &= (§,¢i), @i = (vi,a).
The ordinates of these points are the B-coefficients of g; and they can be

expressed in function of the four Hermite data (y;—1,pi—1;¥i, pi) at the
two end-points of I;:

Y = 91(967,) = 97:+1(967;), bi = 9;(951) = 9;+1(9€i)-
They are given, for 0 <7 <n — 1, by
a; =Y, ¢ =a;—0hip;, di=a; +0i1hip1pi, Qi1 = Yitr

(with the convention hg = h,+1 = 0).

Using the MSA and the properties a; = —%91-, B; = 2921_%, 1—06; =
1%%, and & —n;—1 = (1 — 26;)h;, we obtain respectively at the midpoint
my = DL P e
2
1 1
gi(m;) = 2 ((ai—1 +ag) — Oshi(pi — pi—1)) = §(di—1 + ¢i),
1 a; — ;1 Pi—1+ pi ci —di1
"(m;) = vl gttt TRy v
gi(mi) 1 —20; < h; o2 & — i1’

which proves that the tangent to the curve at m; is the segment d;_1¢;.
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§2. Generalized quadratic B-splines

In this section, we define a global B-spline basis of the space GS3(f3) of
generalized quadratic splines.

1Al forl1<i<n-—1.
Oihi + 0it1hita
Definitions
(i) For 1 <1i < n—1, let By; be the function whose support is the segment
[x;_1,m;y1] and whose lists of B-coefficients in the subintervals I; and
1,11 are respectively

Let w; =

[0,0,1,w;], [w:0,0,0].

(ii) Similarly, let Bo;11 be the function whose support is the segment
[m;, x;11], and whose lists of B-coefficients in the subintervals I; and I;;
are respectively

[0,0,0,1 —w;], [1—w;1,0,0].

(iii) Moreover, there are 4 special B-splines {By, By, Bay, Bap+1} at the
end points of I, defined respectively by

supp(Bg)=|[z0, mo], its list of B-coefficients in I; being [1,0, 0, 0].
supp(B1)=|zo, z1], its list of B-coefficients in I; being [0, 1,0, 0].
supp(Ban)=[Tn—1, Tn], its list of B-coefficients in I,, being [0, 0, 1, 0].
supp(Ban+1)=[Mn, T, its list of B-coefficients in I,, being [0, 0,0, 1].

It is easy to verify that

—1 —1

B = = = =
O(mO) o — Xo (91h1 ’ LT — gn enhn

Bi(wo) = =By(x0),  Bhpii(wn) = =By, (2n),

and for 1 <i<n-—-1

_1 w.
B/~ T;) = = — ’ = _B/i xX;).
2i(:) ni — & Oiy1hiv1 2i+1(2:)

Theorem 1. The generalized quadratic B-splines {Bj,0 < k < 2n + 1}
form a basis of the space GS2([3). Moreover, they form a partition of
unity, or a blending system, in this space.

Proof: First, let us prove that the B-splines belong to the space GS2((),
i.e. that they are C' continuous at the points {z1,z2,...,2,_1}. By
construction, they are already C' in each subinterval I;. In addition,
their derivatives satisfy the above relations, so they are continuous at the
interior points of X.
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The B-splines are linearly independent: assume that g = Zif&l v B, = 0.

Then, the B-coefficients of the restriction g; = 212;;211_2 vk B of g to I;

are respectively
ai1 =wi1v2i—2 + (1 —wi1)yei-1, dic1 = Y21,

¢ =Y2i, @ = w2 + (1 —wi)y2it1

Therefore, since w;_; and 1 —w; are non zero, we get successively v2;_1 =
v2i = 0, and ~y2; 2 = Y2441 = 0.

The B-splines generate the space GS3(3): it suffices to express the co-
efficients 74 in function of the B-coefficients. The above equations give
immediately

Yoi = Ciy  V2i41 = d;.

Finally, let us prove that Y By = 1: it suffices to prove it on each
subinterval I;. As local B-spline bases are blending systems, one has
to show that the sum of local B-coefficients of global B-splines is equal
to 1. This property is easily deduced from the lists of B-coefficients of
By 5, Bo;_1, Byj, Bo;+1 on the interval I; which are respectively equal to

[wi_l,0,0,0], [1—&)1_1,1,0,0], [0,0,1,(4}7;], [0,0,0,wi]
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§3. Global and local control polygons. Monotonicity and convexity

It has been proved in [6] that the spaces V(3;) contain the space Py
of affine polynomials . As the list of local B-coefficients on I; of the
function ey (z) = x is [zi—1,mi—1, &, ], the results of section 2 show that
the representation of e; in the basis of generalized B-splines is given by

n+1
e1 =Y (&Bai +1iBait1).

1=0

Therefore, we can define the global spline control polygon (abbr. SCP) of
2n+1 . .
g=> 11—y "By with vertices

Yoi = (&is721),  Veit1 = (Mis V2i41)
from which we easily deduce the vertices of the local control polygon (LCP)

Qi1 = Wi—17Y2i— —W;i—1)Y2i—1, Ci—1 = Y2i—2,
Ai—1 = wi—1Y2i—2 + (1 —wi—1)¥2i—1, Ci—1 = F2i—2



di = Y2it1, G = wiY2i + (1 — wi)F2it1-

Theorem 2. A function g € GS3(3) is monotonic (resp. convex) if and
only if its SCP is monotonic (resp. convex), with the same sense of varia-
tion.

Proof: ;From theorem 6 of [10], we know that g is (e.g.) increasing on I;
if and only if its LCP is increasing, i.e. iff

ai—1 < di—1 <¢; < ay.
Since we have

di—1 —a;—1 = wi—1(V2i-1 — Y2i—2), € —di—1 = Y20 — V2i-1,

ai — ¢ = (1 —wi)(y2i41 — 724),

we see that the above inequalities are satisfied iff vo;_1 < v9i-1 < ¥2i-1,
i.e. iff the global SCP is increasing.
Similarly, from theorem 8 of [10], we know that ¢ is convex on I; if and
only if

di—1—a;—1 < ¢; —di—1 < a; — Ci.

Ni—1— Ti—1 ~ & —Mi-1 ~ Ti—&
Using the equalities

y &= mic1 =1 —=20)h;, i —& =

Ni—1 —&i—1 =
Wi—1 1—w;
we obtain successively the following identities

di1 —a;—1 _ wi—1(Y2i-1 — Y2i—-2) _ Y2i-1 — Yoi-2
Mi—1 — Ti—1 Oih; Nie1 — &1

G —di—1 Y2 —Y2i-1 _ Y2i — V2i-1
&i—nmio1 (1—200)hi & —mi1
a; —c¢; (L —wi)(y2ir1 —v2i) Y2041 — Y2
ri—& Oihi =&
which show that the convexity of the global SCP is equivalent to that of
the LCP in each subinterval, i.e. to the convexity of g. O
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§4. Construction of monotone or/and convex interpolants
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Algorithm 1: monotone interpolant

This algorithm describes the construction of an increasing interpolant
g € GS3(I, X, B) to arbitrary increasing Hermite data:

(Yi,pi), 0<i<mn,
assumed to satisfy the properties:

Ay; >0, p; > 0.
(There is a similar algorithm for decreasing data). The main point consists
in choosing the sequence (8 in function of the data. ;From theorem 2, we

know that g = >, v, B} is increasing if and only if the sequence () of
its S-coefficients is increasing. On one hand, we already know that

Yoir1 — Yoi = di — ¢; = (0ix1hiv1 + 0:hi)p; > 0.

On the other hand, using the notations:

Ay;_ 1
hzi 17 i = 5(1%’—1 + i),

T; —

we must have
Yoi — V2i—1 = ¢ — di—1 = hi(T;i — 26;p3) > 0,
which implies the following condition on the parameter 6; = % GifBi — 1

17
0<6; <6, ——1.
2 pi

Note that this condition is equivalent to ¢'(m;) > 0.

There appear two cases and we obtain the following

Theorem 3. (i) if pu; < 27;, then we can choose 0; = %: in that case,

the local interpolant in the subinterval I; is an ordinary quadratic spline

(B = —1).

(ii) if p; > 27;, then we have to choose 0; < 0; = 1 st < 1: in that
case, the local interpolant in the subinterval I; is a generahzed quadratm

spline associated with the parameter 3; = _22991.
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Algorithm 2: convex interpolant

This algorithm describes the construction of a convex interpolant
g € GS>(1, X, 3) to arbitrary convex Hermite data:

(yiapi>7 0 S ? S n,

assumed to satisfy the properties

Pi—1 < T <P

on each subinterval I;. (There is a similar algorithm for concave data).
Using the results given in the proof of theorem 2, we get the convexity
conditions on I; for the parameter 0; = % GiB: —1:

T — 20; 1
< — " < P,
bi—1 = (1_291) > Di

which can also be written
(1 —=60:)pi—1 +0ipi <71 <(1—6;)p; +6ipi_s

As for algorithm 1, there appear two cases:
Theorem 4.

(i) if 7; satisfies the two inequalities
i(3pi—1 +pi) <7 < i(pi_1 + 3p;), then we chose 6; = %: in that
case, the local interpolant is an ordinary quadratic spline.

(ii) else the local interpolant is a generalized quadratic spline (6; < 1).

a) either p,_1 < 7; < i(Bpi_l +p;): then we have to choose 0; < 0; =
Ti—Pi—1
Pi—Pi—1"

b) or i(pi_1 + 3p;) < 7; < p;: then we have to choose 0; < 0, =
Pi—Ti
Di—Pi—1"

In both cases, the GQS belongs to V(83;), with 3; = 1__2295'1_.

Algorithm 3: monotone and convex interpolant
For sake of simplicity, we assume that the data are increasing and convex
0<pi1 <7 <pi

on each subinterval I;. (There are similar algorithms for the three other
cases). By putting together conditions of theorems 3 and 4, we get the
same algorithm as in the preceding case.
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Theorem 5. (i) if %(Bpi_l +pi) <7 < %(pi_l + 3p;), then we can
choose 0; = i. The local interpolant is an ordinary quadratic spline.

(ii)  else the local interpolant is a generalized quadratic spline.

a) either T; < i(Bpi_l + p;), then we chose 0; < 0; = ﬁ.

b) or T; > %(pi_1 + 3p;), then we chose 0; < 0; = ﬁ.

In both cases, the GQS belongs to V(5;), with 3; = %2992.
Remark: these are only rough algorithms: in practice, one has to smooth
a little bit the above conditions and also to treat the cases when there
appear equalities in the conditions. This will be done in a further more

complete paper illustrated with numerical examples.
algorithm *#Fkkkskitiois oo ook

§5. Refinement equations and global corner-cutting algorithm

In this section, we consider the subpartition X = X U {m;,1 < i < n}
dividing I into 2n subintervals. The space GS3(I, X, 3) is a subspace of
dimension 2n +2 of the new space G'S3(I, X, 3) of dimension 4n +2. Here
B denotes the sequence of parameters deduced from 3 by taking twice the
same parameter (3;, once for the left subinterval I] = [x;_1,m;] and once
for the right subinterval I/ = [m;, z;] of I;:

B = (B1, 81,52, 82, -, Bns Bn)-

The finer B-splines of GSo(I, X, 3) are denoted
{B;, 0<1<4n+1}.

Thanks to the local corner-cutting algorithm (abbr. CCA, see [8], section
), one can compute the local B-coefficients in the subintervals I] and I/
of the coarser B-splines {By,0 < k < n + 1} in function of their previous
B-coefficients in I;, and we get the following refinement equations.
Oit1hita
Oihi + 0iy1hig1

Let us recall that w; = yfor1<i<n—-1,wg=1-w, = 1.
Theorem 6. (i) For alll <1i < n—1, one has the two following refinement
equations:

1 1 _ 1 1 _ 1 _ 1 -
By = (5 + Zﬁi)BM—Q + (5 - Zﬁi)lei—l + 5(1 + wi)Bai + §wiB4i+1,

1 _ 1 _ 1 1 _ 1 1 _
Biy1 = 5(1 —w;)Bai+ 5(2—001)347;4—1 +(§ — Zﬁi>B4i+2+(§ + Zﬂz’)BM—FS-
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(ii) For the B—splines at the endpoints, one has respectively:

_ 1- 1 - 1 1 _ 1 1 _
By=B -By, Bij=-B - — — B -+ - B
0 ot 5B, Bi=3 1+(2 451) 2+(2+4ﬁl) 3,
1 - 1 1 _ 1 1 _ 1- _
Bon = - Bant+(5—=0n)Ban— __an—aBn = - Bin+Biny1.
2 5 B4 +(2 45) 4 1+(2+4ﬁ) dn—2 2nt1 = 5B +Bant1

Proof: We only give the proof for Bsy;, the others being similar. Let
Boi = pai—2Bai—o + prai—1Bai—1 + p14iBai + praiv1Baiva.

By application of the CCA, starting from the B-coefficients [0, 0, 1, w;] of
Bs; on the interval I;, we deduce the B-coefficients of Bs;, respectively on
the subintervals I/ and I/

1 1 1 11
[0,0, 5 + Zﬁz, 5] and [5, 5 —
Similarly, from the B-coefficients [w;, 0,0, 0] of By; on I;;1, we deduce the
B-coeflicients of By; on the subintervals I], ; and I}’ ;:

1 1 1

1
[wi,iwi,0,0] and [0,0,0,0]

On the other hand, the B-coefficients of the finer B-splines are respectively
1) on the subintervals I} and I/

_ 1 1
fOT B4i—2: [0,0,1,5], [5,0,0,0]

_ 1 1
fO’I“ B4i_1§ [0,0,0,5], [5,1,0,0]

2) on the subintervals I;" and I7 ;:
for By : [0,0,1,w;], [ws,0,0,0]
for Byiy1: [0,0,0,1—w;], [1—w;,1,0,0]
Therefore, the B-coefficients of By; as linear combination of the four finer
B-splines on the three subintervals I, I} and I;_ , are respectively equal
to

1 1
y Uy ai—2, S (Ha5—2THai—1)], |5\ Mai—2TH45—1), Hai—1, U4, Wilbag —Wi )4i+1
0,0, prai2, 5 (pai—otpaimn)ly [ (Haimatpaain) +(L-wi) g

[wiptai + (1 — wi) i1, pait1,0,0].
By identifying these B-coefficients with those of Bs;, one obtains:
1 1 1 1

1 1
pai-2 =5+ Zﬂi, pai-1 =5 — Zﬁia pai = 5(1 +wi), fait1 = QWi

O

An immediate consequence of the previous theorem is the following global
corner-cutting algorithm:
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Theorem 7. Given the two expansions of S € GSy(I, X, 3) with respect
to the coarse and fine B-splines bases:

2n-+1 4n+1

S=> wB.=) &B,
k=0 =0

then, the new B-coefficients have the following expressions in terms of the
former B-coefficients:

1 1

1 1

Osi—o = (2 45 )Y2i—1 + (2 452)7227
1 1 1 1

Ogi—1 = (2 4@)’727, 1+ (2 45 i) V2is

1 1
04; = 5(1 + wi)yai + 5(1 — Wi)Y2i+1,

Ogit1 = %%‘721' + %(
Proof: The proof simply consists in comparing the coefficients in the two
expressions after substituting in the first expression the coarser B-splines
By, by their expansions as linear combinations of the finer B-splines B,

given in theorem 3. O

2 — Wi)Y2i41-

Theorem 8. The sequence of SCPs associated with a given GQS, ob-
tained by successive applications of the global CCA, converges uniformly

to the GQS.

Proof: Let S(z) = Ein—gl v Br be the equation of a GQS and let Py =
Zif&l YxPr be the equation of its initial SCP. We denote by ¢2; the hat
function with support [n;_1, ;] satisfying ¢2;(§;) = 1, and by ¢9;4+1 the
hat function with support [&;, &;11] satisfying ¢o;(n;) = 1.

For x € [n;—1,&], (resp. = € [&,n:]), we have
|S(z) — Po()| < max{[S(z) — yai—1],[S(x) — vail}
(resp.[S(z) — Pofa)] < max(1S(@) — 10 1S(z) ~ o1}
Moreover, for = € [n;_1,&;], we have

2141
[S(@) =72l < Y I — 2l Bi(w) < max{|yp— 72|, 20—2 < k < 2i+1}
k=2i—2

As we observe that

vk — 72i| < 2max{|ver1 — k|, 20 —2 < k < 2i 41},
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we are led to define
Ao = mar{|yer1 — |, 0 < k < 2nf,

and we finally obtain
IS — Polloo < 2A.
Now, we do the same for the next SCP P; deduced from P, by one appli-
cation of the global CCA. Here, we define
Ay = max{|0j41 — 0,0 <1 < 4dn +1}.

We have successively the following majorations

1 1
\542'—1 - 541‘—2\ = \5@ (722' - '72i—1)| < §|”72i - ’721'—1\

1
104141 — dui| = 5"722’4—1 — Y2

1

1 1
|04; — dgi1| = |§(1 — w;)(Y2i+1 — Y2:i) + (5 + Zﬁi)(m — Y2i-1))|

1
< B max{|y2i+1 — Y2il, [v2i — V2i-1}

Therefore we obtain )
A < QAO'

Denoting by A,, the maximum distance between two consecutive vertices
of the SCP P, obtained after m applications of the global CCA, we get

which proves the uniform convergence to the GQS g of the sequence (FP,)
of its SCPs. O
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§6. Quasi-interpolant and Lagrange interpolant

In this section, we define two kinds of approximation operators: the first is
a quasi-interpolant with good shape-preserving properties while the second
is a Lagrange interpolant which is uniformly bounded independently of the
partition. Let us begin with the quasi-interpolant () defined by

n+1

Qf =D _1f(&) B + f(1:) Baiti]

1=0
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Theorem 9. @ is exact on Py, ||Q|c = 1, and Q preserves the mono-
tonicity and the convexity of f.

Proof: Since €y — Z?jol [Bgz + BQH_l] and [ Z?jol [51322 -+ 772'322'4_1],
we obtain immediately the property that @ is exact on IP;. Moreover,

QGO = €0 and |Qf|oo < |f|oo lmply ||Q||oo = 1.

If f is increasing (resp. convex), the global B-polygon of Qf is also in-
creasing (resp. convex), and the result follows by a direct application of
theorem 2. O

Now, let us study a Lagrange interpolation operator L in the space G\S2(/3).
Let m} (resp. m) be the midpoint of I] = [z;_1,m;] (resp. of I/ =
[m;, x;]. The following theorem is an extension to GQS of a result pre-
viously given by Kammerer et al. [4] and by Marsden [5] for ordinary
quadratic splines.

Theorem 10. (i) Given a function f defined on I = [a,b], there exists
a unique generalized quadratic spline Lf € GSy(I, X, 3) satisfying the
following interpolation properties:

Lf(a) = f(a), Lf(b)= f(b) and for 1<i<n,

Lf(m;) = f(m;) and Lf(mi) = f(mi).
(ii) The B-coefficients of L f = Eil—gl vi By, are solutions of the tridiagonal
system of 2n linear equations (1 <i < n):

1 1
Wi—1Y2i—2 + (3 —wi—1 — 551')722'—1 +(1+ 552')722' =4f(m;)

1 1
(1+ 5@')721'—1 + (24 w; — 552')722' + (1 —wi)y2ip1 = 4f(m;;’)

with Yo = f(a)7 Von+1 = f(b)

Proof: On the interval I;, we are able to compute the values of Lf =
Zigli_Q vk By, at the points m/ and m! by applying the CCA to B-splines.
Without going into details, it is straightforward to obtain the coefficients
of the two equations given in the theorem. The tridiagonal matrix of the
linear system is strictly diagonally dominant since the two corresponding
inequalities

1 1 1 1
3—wi_1—§ﬁi>wi_1+1+§ﬁi and 2—|—w1—§ﬁz>1+§ﬁz—|—1—wz

are respectively equivalent to the following

2(1 —w;) — B >0 and 2w; — B; >0
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which are obviously satisfied since §; <0 and 0 < w; < 1. O

Theorem 11. |L| is uniformly bounded for all partitions of I. More
specifically, setting = max{f;,1 < i < n}, we obtain

435 - 1)

[Llloo € ==

(5—30)
Proof: For this purpose, we start from the expression of L f = Zi:o @i rby
in the local B-spline basis of each subinterval I;. Then, by the CCA, we

compute the values of the b, at the two points m, and m! and we get the
two equations:

4Lf(m;) = a0+ (2 — %ﬁi)ai’l +(1+ %ﬁﬁai’g = 4f(m;)

4Lf(m;') = (1 + %ﬁi)ai,l + (2 — %ﬁi)ai’g -+ ;3 = 4f(m;)

We have to add to these equations the C'! continuity conditions of Lf at
interior points z;, which can be written:

ai—1,3=ai0 and N_1(a;—1,3—ai—1,2) = X(a;1 — aio)

where )\122(’62;1> :& forall 1 <i<n.

From these conditions, we deduce the expressions

Ni—1@i—1,2 + Nz 1
Aic1 + A

Ai—1,3 = Qj,0 =

that we substitute in the two equations above. Taking as unknowns
azi—1 = a;1 and ag; = a;2, we then obtain the following tridiagonal
system of equations

Ai—1 i 1 1 )
T ania + |7 + 2= 58| azi-1 + (14 58,)az; = 4f (m]
Aic1 +>\z’a2 2 {/\7;_1 + A + QQ} azi—1 + (1 + 25 Jaz f(m3)

1 i 1 )‘i—|—1 .
( + 25)6L2 1+ |:>\1+/\Z+1 + 25:| a9; + )\Z +/\i+1a2 +1 f(m )

The tridiagonal matrix is strictly diagonally dominant since the two con-
ditions

i 1 i1 1
—V t2—-06i>——+ +1+ 506,
Aie1+ N * 25 Aic1 + A L 25

)y 1 1 Ait1
— V26 >1+ 0+ +— 7,
Ai + Aig1 * 25 * 25 * Ai + Nig1
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can also be written
—2\; —2)\;
i > ———— and — ;> ————,
—Bi > Aic1 + A b Aiv1 + A
and they are obviously satisfied since 8; < 0 and \; > 0 for all i.
Let |aloo = maz{|ar|,0 < k < 2n + 1}. jFrom the above tridiagonal

system, we deduce respectively the following inequalities

i 1 Ai
S 2 5 el < 4l

TV 1
i—1+)\i 2 +)\ ‘an 2|+( +3 ﬁl)‘a21|

Ai 1 Ait1
—  +t2- il <4 1+ 0i)|azi— i+1s
2 5] loal < AL Al [+ o
and we obtain for all i

2\ 2\

v —Oi| 0| £ 4 so and | +———— — [ |a]ec < 4 oo-
el < 4l and |5 i ol < 414

Defining A = maz{\;,1 < i < n} and 8 = maz{3;,1 < i < n}, then we
have 4 < \; < \ = 2%, hence

2N 5. 8 g 8 5 _ B(B—3P)
VT T v R 0= (36 -1)
Therefore, we finally obtain
435 - 1)
|afoe < 36 )HfHoo

As the graph of Lf lies in the convex hull of its local control polygons, it
is not difficult to see that we have also
4(36-1)
I le < g 1 e
(5-38)

In other words, we obtain the following upper bound which is independent
of the given partition, but only depends on the sequence f3:

Ll < 28821
B 5(5 33)
O
Remarks: 1. In the case of classical quadratic splines, we have 3 = —1,

whence ||L||o < 2, which is the sharp upper bound given in [4] and [5].
This suggests that the upper bound given in theorem 11 may also be sharp.

2. As for error bounds, we know, from a classical result in approximation
theory (see [3], theorem ), that for P = Q or L

1f = Pflloe < (1 +[[Plloc)dos (f, GS2(5))-
For f € C?(I), we already know (see [3]) that do.(f, GS2(83)) = O(h?) ,
with A = max h;. Therefore, we see that both operators have an approxi-

mation order equal to 2.
>koskoskeoskoskoske sk skoske sk skoske sk skoske sk skoske sk skoskeoskoskoskeoskoskoskeoskoskoskeoskoskoskoskoskoskoskoskokok skokoskoksk
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