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Abstract

Spline quasi-interpolants with best approximation orders and small norms are useful
in several applications. In this paper, we construct the so-called near-best discrete and
integral quasi-interpolants based on H-splines, i.e., B-splines with regular hexagonal
supports on the uniform three-directional mesh of the plane. These quasi-interpolants
are obtained so as to be exact on some space of polynomials, and minimize an upper
bound of their infinite norms depending on a finite number of free parameters. We show
that this problem has always a solution, but it is not unique in general. Concrete examples
of these types of quasi-interpolants are given in the two last sections.
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1 Introduction

Let 7 be the uniform triangulation of the plane, whose set of vertices in Z?, and whose
edges are parallel to the three directions e; = (1,0), e = (0,1) and e3 = (1,1). Let us
denote IP,, the space of bivariate polynomials of total degree at most n, and IPﬁ(T) the
space of piecewise polynomial functions of degree n and class C* defined on 7. In this
paper, we consider only H-splines, i.e., B-splines with regular hexagonal supports (whose
sides are composed of the same number of edges of 7). The family of H-splines contains
the classical box-splines in IP3}. () for & > 0, together with new families of B-splines
introduced in [8], [11], and [14]

For a given H-spline ¢, S(¢) denote the space of splines 3 c(a)p(. — ), a € Z* and
c(a) € R} generated by the family of translates B(p) = {p(. — a),a € Z?}.
All the families B() that we use are globally linearly independent, i.e., »  c(a)p(.—a) =

acZ?
0 implies c(a) = 0 for all a« € Z*. We denote by IP(p) the space of polynomials of
maximal total degree included in S(¢). We construct new families of discrete or integral
quasi-interpolants from C**1(IR?) into S(p) which are exact on IP(p), and minimize a
simple upper bound of their uniform norm. These quasi-interpolants can be considered as
an extension to the bivariate case of those introduced in [2] and [3]. They have the form
Qf = { D Aalf)e(. — a), where \(f) is a finite combination of values f(3) or mean
ac?

values < f, (. — B) >= [ f(2)p(z — B)dz, where 3 € Z? lies in some hexagon centered
at a € Z*. Such operators have already been considered by many authors ( see [6], [4]),
but the ones presented here seem to be new and interesting.
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The paper is organized as follows. In section 2, we recall some results on H-splines and
hexagonal sequences. Then, in section 3, we introduce discrete and integral quasi-interpolants
(QIs) based on some H-spline ¢ and which are exact on IP(y). Starting from these Qls,
we study in section 4 new families of QIs. They are obtained by solving a minimization
problem that admits always a solution. Finally, in sections 4 and 5, we give two examples
of each type of these operators. In particular, we show that they are not unique in general.

2 H-splines and symmetrical hexagonal sequences

2.1 H-splines

For p > 0, we denote by H,, the hexagon in 7 centered at the origin, with sides of length
p. For p = 0, we define Hy = 0.

Let m,., r > 0, be a H-spline supported on H; of class C" and of minimal degree d(r) for
which B(m,) is a partition of unity. It is proved in [9] that 7, is unique with d(r) = 3r+1
for r even and 3r 4+ 2 for r odd. If we put m = 7y the classical piecewise affine pyramid,
then 78 = 7 - %7 (k times) is the box-spline in IP3}, (7). For k = 0, we define 70 = 7,
and for k > 1, 7% = 7, * 7%~1. Note that the power is the convolution power.

Using classical results on the convolution product of piecewise polynomial functions and
the Srang-Fix theory ( see [15]), the following result have been established in [14]( see
also [13]).

Theorem 2.1 (i) The support of © is the hevagon Hy, .
(ii) 7* is a positive B-spline of class C™2* of degree 3(r + k) +1 for r even and of degree
3(r+k)+2 forr odd.
(i1i) For k > 1 we have
P when r =0
k\ __ 2k+1 ’
P(mr) = { Py, whenr > 1.

(iv) The family B(rwk) is globally linearly independent.

From Property (iii), we deduce immediately that the approximation order of a smooth
function in the space S(7¥) is 2k +2 for r = 0 and 2k +1 for r > 1. In the literature, there
exist different methods to construct spline operators giving this order of approximation.
For instance, in [4] and [6] are described quasi-interpolants using Appell sequences,
Neumann series or Fourier transform. In [10] and [12], discrete and integral quasi-interpolants
are defined from the values of an H-spline on a three direction mesh by exploiting the
relation between hexagonal sequences and central difference operators. It seems that
this later method is the the best adapted for the study proposed here. So, we recall in
the following subsections some properties of the hexagonal sequences and the algebra of
difference operators. For more details see e.g. [10].

2.2 Hexagonal sequences

Let H, be the vector space of real sequences {c(a), € Z*} having their support in H,,
i.e., satisfying c(a) = 0 for all a ¢ H} = H, N Z*, which are invariant by the group of
symmetries and rotations of the hexagon H,. It is easy to prove the following result.
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Then, with any sequence ¢ €H,, we associate a list ¢ = {ca,, -+, Ca, }, Where n =
dimH,. The corresponding between the list and the actual sequence is described in
Figure 1 for p =2, son = 4.

Let d; € 'H; and d, € Hs be two hexagonal sequences associated respectively with the
lists d; = [—6, 1] and dy = [—6,0,1,0]. We denote by I € Hy, the sequence associated
with the list reduced to [1]. For p > 0, let T}, be the subset of (m,n) € IN* such that
0 <m+2n < pand B, = {dPd}, (m,n) € IN’}, where the products are convolution
products, i.e., the elements dT", d] and d7"d} of the spaces ‘H,,,, H,, and H,,12, respectively
are given by :

di* = {d"(j) such that di(j) = d1(j) forj € Hj, and dy'(j) = > _di(i)d7" ' (j—i) for j € H},

ieHy
= {d5(j) such that d3(j) = d2(j) for j € H3, and d3(j) = > _da(i)d5*(j—i) for j € H3.},
ieH3

and
d'd} = {d™"(j) such that d™"(j) = > d7(i)d3( —i)}.

ieHz

Then, it is easy to check that dimH, = cardB, and, by induction on p, one can prove
that B, is a basis for the space H,,.

2.3 The algebra of difference operators

To the above hexagonal sequences d; and d, of the spaces H; and H, respectively, we
associate the following difference operators A; and A, defined, for £ =1 or 2, by

(ARf)(x) = f(rtker)+ flotkex)+f(xt+kes)—6f(x)+f(x—key)+ flx—kea)+ f(x—kes),

which stand for the discrete schemes of the Laplacien operator A = % + %.
Then, the relation between hexagonal sequences and these difference operators is given
by the following identity :

(Arf)(@) = (de * F)(a),

where f denotes here the sequence {f(a),a € Z*}.
Moreover, if we denote by L,, p > 0, the space with basis {AT"AL, (m,n) € T,}, then it
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is clear that the two spaces £, and H,, are isomorphic. On the other hand, it is simple to
see that each element D of £,, p > 0, has an hexagonal support. Then, its inverse D!
in the convolution algebra I’ (Z?) has a non bounded support. However, we show in the
following result that D~ is finite when restricted to some spaces of polynomials.

Lemma 2.1 Letk € N* and D= Y a(m,n)ATAL € L,. Then the inverse D~ of
(m,n)eTy,
D restricted to the space Poyyq is an element of Ly, and it is given by

D™'= ) B(r,s)ATA;,

r4+s<k

where B(r,s) are solutions of the following linear system :

|1 for (u,v) = (0,
Z a(m,n)B(r,s) = { 0 for (u,v) # (0

r+m<u, s+n<lv

);
).

Proof. It derives from the fact that AT"AZp = 0 for all p € [Py, such that m+n =r > 1,
and the degree 2r — 1 is maximal.

Y

3 Quasi-interpolants based on H-splines

As indicated in the introduction, our aim is to study new families of discrete and integral
quasi-interpolants based on some H-spline ¢. They are obtained by solving minimization
problems under some linear constraints. In order to give the explicit formulae of these
linear constraints, it is necessary to express all the monomials of IP(¢) as linear combinations
of integer translates of ¢. To do this, we need some results concerning differential
quasi-interpolants (see [5]).

3.1 Differential quasi-interpolants (DQIs)

Let ¢ be a H-spline of support Hyyq, k > 0, ¢ its Fourier transform. As ¢(0) = 1, we
have in some neighborhood of the origin

1
= Z any”.

@(y) CMG]NQ

Let d be the integer such that Py = IP(p) and T', = {a € IN* such that m, € IP(¢)}.
We denote by ID the following differential operator

Df = > (-i)a.D"f, iZ=-1,

o] <d

and by Sf = > f(i)e(. — ) the classical Schoenberg operator. Then it is well known ,
i€Z?
see e.g. [8] and [12], that S is an automorphism on IP(p) and satisfies

|
Sta = Z%(_iD)B‘ﬁ(O)Dﬁmm and S_lma =g, forall ael

@
ol



where m,,(z) = x* are the monomials of IP(p) and g, is a recursive family of polynomials
defined by

Jo = Mmo
—j)*Fal
A )ﬁ<§¢a(<i - o Y

Moreover, we have the following result.

Lemma 3.1 The operator ID coincides on P(p) with S™'.  Therefore ID is also an
automorphism on IP(p).

Proof. Consider the power series expansion ¢(y Z 0)y”. Hence, pp~t =1
ﬂe]N2
implies that

Ga 8 . 1 wheny=0
2 fDBSD(O) = oy = { 0 when v # 0.

On the other hand, for all & € I'(y) we have

Me = ;(—iD)Vma&W: ;(—iD)VmQBZ %D%(O)
< <« +60=~ _i )
=Y (D), Q?D%(m:Z( > ag(-iD) (D'mg)) A

B,0<a 0<a Bel(yp)
iD iD
— Z]]:)(Dema ( 1 ) ZDema —1 ) 90(0))
0<a 0! <o 0!
= IDSm,.

Then, we deduce that ID = S~! and consequently ID is an automorphism on IP(y).

Now, using the operator ID, we define the following differential quasi-interpolant :
Df =SDf = > (3 (1) aaD*f(i))e(- — ).
JEZ? |o<d

Thus, it is clear that D is exact on IP,.

According to section 2, the space IP; coincides with Pz, when ¢ is a box-spline in
P3y +1(7). In this case, the Fourier transform ¢ is well known and the computation of the
coefficients a, can be done directly. Therefore, as

Dmy = myg, forall a € Py,

we easily deduce the needed expressions of m,,.

For a H-spline ¢ which is not a box-spline, we have not in general the explicit formula of its
Fourier transform. However, as shown in the following result, the associated coefficients
a, are determined only in terms of the values (5),7 € supp(p) N Z?, which can be
computed by standard convolution algorithms (see e.g. [8]).

Lemma 3.2 For any o € I',, we have
g = i'o“ga(()).
Proof. It derives from the fact that g, = S~'m, = IDm,, for all a € Iy

-



3.2 Discrete quasi-interpolants (dQIs)

Let ® = {p(a),a € Hf = H,NZ*} be the hexagonal sequence of H, associated with the
H-spline o, and D € L its corresponding difference operator. As the above Schoenberg
operator S is an automorphism on IP(¢), there exists for each p € IP(¢) a unique ¢ € IP(¢p)
such that p = Sq. Then, according to the definition of .S, we obtain

Sp = Y Sq(i)e(.—i) = > (D qla)pli —a))p(. — 1)

s/~ s/ a€Z2
= Y (Y ela)g(i+a)) = Y Dq(i)p
i€%? a€H} /k

On the other hand, using the fact that

> Aa(i)e(. —i) = > a(i)Arp(. —i),r =1or 2,

ieZ? =/

we deduce that

Sq= > Dq(i)p(.—i) = >_q(i)Dyp(. —i) = DSq = Dp.

e/~ i€Z?

Hence, S coincides with D on IP ().
Now, if we set D~! the inverse of D on IP(p), then the discrete quasi-interpolant defined
by
Qf =SD™f = 3 D) = S F@OD ).~ i) = D'Sf
iex? i€2?

is exact on IP(¢p).
According to Lemma 2.1, the operator D~ is finite on IP(¢), and it can be written in the

form :
D7'f = caf(.+a).

acH;

Therefore, the above expression of () f becomes

Qf Z Z Caf Z—FCJ())QO(. —'i),

ie7? acH}

which is equivalent to

Qf = > f)L(.—1),

i€Z?

where L denotes the fundamental function defined by

L= > cup(.—a).

a€H}

It is simple to verify that
1Qllee < v(c) = >_ leal.

acH]



3.3 Integral quasi-interpolants (iQIs)

It was shown in [8] and [14], that each ¢ of H-splines considered in this paper satisfies
[ ¢(z)de = 1. Then, we can introduce the following integral form of the Schoenberg
operator :

Sf=3 <fl+i),0>p(—1i),

=/k

where < f,p >= [ f(z)p(z)dx.

As S, the operator S is also an automorphism on IP(¢) and coincides with a difference
operator. Indeed, according to section 3.2, for any p € IP(p) there exists a unique
q € IP(p) such that Sq = p. Then,

Sp=Y" <Sql.+1i),0>0(.—i) =3 (Y vaqla+14))p(. — i),

i€’ i€Z? ack?

where v, = [ ¢(7)p(r — a)dr. It is simple to see that v, = 0 for all a ¢ Hj;. Then, if we

put Dq(z) = Z vaq(x 4+ ), we verify easily that we have
acH]

Sp= > Dq(i)p(. —i) = > q(i)Dyp(. — i) = DSq = Dp.

ieZ? ieZ?

Consequently, S coincides on IP(p) with D, and D! has a finite expression on IP(y).
We now consider the following integral quasi-interpolant based on D! :

Tf=8D7'f = > <D +1i), 0> (. —1i)

i€ Z?

= Z(Zda<f(.+i+oz),g0>)<p(.—i).

ieZ? acH}

We remark that for all p € IP(p), we have Tp = SD~'p = DD 'p = p. Thus, the iQI T
is exact on IP(¢p).
Once again, as we obtained above for the dQI @,

IT)|oo < v(d) = ) |dal.

a€H}

The study of these iQls, illustrated by examples, is given [8], [10] and [14].

Let us denote by Q one of the above dQI @ or iQI T'. It is well known that the infinite
norm of Q appears in the approximation error of f by Qf. More specifically, we have

1 = Qfllee < (1 + [1Qllcc)dist(f, S(¢))-

Then, it is interesting to construct a quasi-interpolant Q with a small norm. In general,

it is difficult to minimize the true norm. To remedy partially this problem, P. Sablonniere

has proposed in [12], a method for solving the problem of discrete quasi-interpolant

with minimal infinite norm. It consisted in trying to construct bases of the algebras of
hexagonal sequences in order to get small norms for the corresponding discrete quasi-interpolants.
In the next section, we present another method which seems more interesting.
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4 Near-best dQIs and iQIs based on H-splines

The proposed method consists to choose a priori a sequence ¢ (resp. d) with a larger
support and afterwards minimize v(c) (resp. v(d)) under the linear constraints consisting
of reproducing all monomials in IP(y). More specifically, for s > k, we construct families
of discrete or integral quasi-interpolants :

Qrrisf = D (D caf(i+a)p(.—1i) (2)

ieZ? acH}

Tiprsf = D( D da < f(+i+a),p>)o( —1i) (3)

icz? acH;

which satisfy the two following properties

i) Qr+1.s and Ty4q s are exact on IP(p).

i1) The coefficients ¢, (resp. d,), o € Hf, are those that minimize the /;-norm v(c) (resp.
v(d) of ¢ (resp. d) under the linear constraints consisting of reproducing all monomials in

IP().

As a sequence ¢ (resp. d) is fully determined by a list ¢ = [ca,, -, Ca,] (vesp. d =
[days -y da,]), it is clear that the exactness of Q415 (resp. Tii1,s) on IP(p) implies that
there exist a p x n matrix A of rang p < n and a vector by (resp. bs) in IR” such that
Aé = by (resp. Ad = by). If weput V; = {& € R" : A% = b;,i = 1,2}, then the
construction of Qy41 s or Tjy1 s is equivalent to solve the following minimization problem

Problem (i) Solve  Min{||z|1, % € V;}.

Definition 4.1 If ¢ (resp. d) is a solution of Problem (1) (resp. Problem (2)), then
the associated dQI (resp. iQI)defined by (2) (resp. (3)) is called a near-best dQI (resp.
near-best iQI).

Proposition 4.1 For i =1 or 2, the minimization Problem (i) has at least one solution.

Proof. Since the rang of A is p, the above system Az = b;,7 = 1 or 2, can be solved
and each 7,;,1 < j < n, is an affine function of n — p parameters of z. Moreover, the
sequence z is an element of Hy. On the other hand, by substituting the affine functions
Tq, in the expression of [|z[|;, we obtain a n x (n — p) matrix A and a vector b; such that

|||y = ||bs — AZ||;. Thus, solving Problem (i) is equivalent to determine the best linear
[1-approximation of b using the elements of AZ, and the existence of at least one solution
is guaranteed.

Before giving some examples of these quasi-interpolants, note that the exactness
equations of Ty, on IP(¢) include the moments p,(p) = [ma(2)p(z)dz,a € T, of
@. Tt was shown in [14] that p.(¢) = (1)*D*@(0), |a| = a3 + az. Then, when ¢ is a
box-spline, we know explicitly its Fourier transform ¢ and therefore the computation of
to(p) can be done easily. But, for ¢ which is not a box-spline, we can determine its
corresponding moments by using only the values ¢(j),j € Hy N Z*. Indeed, if we put

Z mea (7 , then we have the following result.
jez?



Lemma 4.1 For any o € I', we have

() = to when |a is odd,
HalP) =01 0 when la| is odd.
Proof. According to the expression (1), we get the following connection between t, and
Ga-
(_1)|a—ﬁ|a!

Joa = Mgy — 7ttx— g (4)
s ()

On the other hand, see e.g. [6], the sequence (ga)qen2 may be written in the form :

go =My

Go =ma— Y Y (D) p(0)g (5)

jezp<aira@ = D)

Hence, by comparing (4) and (5), we obtain
to = (=1D)*773(0) = pa(p)

Using the symmetries of ¢, we easily verify that t, = (—1)lalt,, i.e., t, = 0 for all a such
that |a| is odd. Then, the announced result yields.

5 Examples of near-best dQls

5.1 Near-best dQI based on the quartic box-spline 73
The differential quasi-interpolant based on the C? quartic box-spline 72 (k = 1) is given
by
1
Df = > (f(i) = =(DPVf(i) + DUV f(i) + DO f(i)))mi (. — ).

JEX? 6

As D is exact on P53, we get the following expressions

mop = Y (. —1); mio= Y i1p(. —1);

JEX? . JEX? .
mao = Y (i — 5)90(- —1); mig = Y (iris — 6)@(. —i);
jeu? jenu? . .
mag = Y (if —i1)p(. —i); moq =Y (iTia — =iy — —iz)p(. — i),
i —, 3 3
JEL JEXL

and by symmetry we deduce the expressions of mg 1, mg 2, m1 2 and mg 3.
Now, by using the properties of the hexagonal sequences (¢s)acn:, it is simple to verify
that the quasi-interpolant

Qasf =D (D cafli+a)my(.—i), s=1,

i€Z? acH}
is exact on IP3 if and only if the coefficients ¢, satisfy the following equations
1

Z co =1 and Z ar’e, = —3

acH} acH}



Remark 5.1 For s =1, the dimension of Hi coincides with the number of the exactness
conditions of Q21 on IPs. Therefore, Q21 is unique and it is given by

3
Q21 f = Z J 1122f(z'+el))7r§(. —1).
ZEZQ =1

Thus, in order to have parameters in the minimization problem, it is necessary to take
s> 1.

Proposition 5.1 Let gy = 1+ 55 t)2 and c3; 5 = m Then
(€ 0s0u+,0,C30,0, -+, 0)T € RV
7 N—— 7 N——

t24t—1 t

s a solution of Problem 1 for k=1 and s = 2t,t > 1.

Proof. For k =1 and s = 2¢,¢ > 1, the expression of ||c|; is

t j—1 t j—1
lelly = |coo +62 |C2j.5] + Iej0l) + 12D " |easl +6Z!Czy+1o| +12> > |egj1al,
7j=21=1 Jj=1l=1

and the associated linear constraints in Problem 1 are

t j—1 t j—1
I =cyo+ 6202“ + C0 + 12D eoju + GZC2J+1 0+ 12> eai1y
=2]=1 11=1
t = t J—1 =
=5 = > M) co50 + (2(29)% + 45 coy 5} + DD A{(20)P + 1P+ (25 — 1)*}eayu (6)
=1 j=21=1
J—
+ZZ4{ + P+ ( —1- l) }023 1,0
Jj=2l=1
If we put
HCH1 = W(Co,oa C1,0,C2,0,C3,0,C3,1, " " * 5, C2t—1,0, C2t—1,1, * * *, Cot—1,t—1, C2t,0, C2t,1, * * * 5 C2t t—1, CQt,t)a

then, by using equations (6), we can express coo and ¢y in terms of the other coefficients
of the hexagonal sequence c¢. Therefore, minimizing ||c||; under the linear constraints
given in (6) becomes equivalent to minimize in R*D°-2 the polyhedral convex function
w of the following variables

€1,0,C2,0,C21,C30,C315---,C2t-1,0,C2t—1,15- - -, Co—1,t—1,C2t15- - -, C2t,t—1, CQt,t)- (7)

Let ¢; ; any variable in (7). Denote by w(c; ;) the restriction of w obtained by replacing its
variables by zero except ¢; ;. We will prove that this univariate function w(c; ;) admits a
minimum at 0 € IR. Indeed, assume for example ¢; ; = ¢1 9. Then, by annulling the other
variables in equations (6), we get the expressions of ¢y and ¢y in terms of ¢; 9. More
precisely, we obtain

Co0 = CS,O — (2(2)2 ((2t)2 — 1)6170

— * _
C2t,0 = Cor0 — (22 €L.0-




Thus, w(c; o) takes the following expression

w(cio) = |eop| + 6[carol + 6lci ol
o — —

Co0 — 21)? —5((2t)> = 1)ero] + 6[cs, 0 — =510 + 6lerol.

1
(2t)?
It is simple to see that for small values of ¢ o, w(c1) becomes

) .6 ) !
w(co) = o~ 753 (21)2 5((2t)% = L)ero — 6(chy — 21)? 5C10) + 6lei o

. 6 6
= (cop —6c5) — (21)2 —=((2t)> = 1)ero — 21)? 5 CLo + 6leiol

. 6
= (2t)2 (2 — (Zt)z)CLO + 6|C1?0|.

Therefore, in both cases ¢19 > 0 and ¢; 9 < 0, we verify easily that
w(crp) > w" = w(0).

A similar technique can be applied for each of the other variables in (7).
Consequently, we conclude that the convex function w without constraints attains its
global minimum at 0 € R¢Y =2 In other words, we have

W' =w(c:0,+++,0,¢50,0,-++,0) = min{]|c|1, ¢ € Vi}.
?,_1/ T
24—

Remark 5.2 A similar result can be obtained when s is odd, i.e., s =2t+1,t>1. In
this case we have

t t j—1 t+1j—1
lellr = leool + 63 (leajg| + leajol) + 12D |l +6Z|Czy+1 ol +12> > |egj1al-
=1 j=2i=1 j=1i=1

. * 1 * _ 1
Moreover, if we put cjo =1+ 55 74y2 and ¢y 10 = oz, then the vector

T12(2t4+1)
& = (08,0707 o ’07C;t+170’ 0,--- ,O)T c RED(E+2)
15 a solution of Problem 1 for k=1 and s =2t+1,t > 1.

According to Proposition 5.1 and Remark 5.2, the near minimally normed dQls
associated with Hg, s > 2, and exact on IP3 are given by

Quut = X (4 )00 = a3 r (Chse) o= 9

i€ Z?

Proposition 5.2 For all s > 2 we have

1
||Q2,s||oo S ]- + ?

Moreover, the sequence (Qa,5)s>2 converges in the infinite norm to the Schoenberg’s operator

S.



Proof. Let f € C(IR?) such that |||/« < 1. Then, from (8) we obtain

@l < X (4 g0+ paXlr sl ol —)

i€Z? =1
< Nl 3 (A4 55 + 1) ol =)
= Wl 2 252’ T 12g2) N
1€
1
< 1+

Hence, [|Q2s]lc0 <1+ .

On the other hand, by using the expression of S given in section 3.1 , we get
1 I P :
Qasf —Sf = BYe) f@) - ng@ + (—)ser) | (. — ).
=1

Therefore

> Qllflle) (- —1)

/%

1
Quf =511 < 55
1
< 2

Then, we conclude that [|Q2s — 5| < S%, i.e., (2,5 converges to S when s — +o0.

Remark 5.3 Using the Bernstein-Bézier form of w2, we can easily compute the infinite
norm of Qa5 for the first values of s. For instance, if s =1,2,3, we get

193
o = —— ~1.3402
|Q21 | 11 34028
59
o = — ~1.2291
Q22| 18 917
119
e = 2 ~1.101
|Q2,13]] 108 0185

On the other hand, it is simple to check that ||Q21|c < 2, and from Proposition 5.2, we
have
) 10
|Q2pll0e < 7 =1.25 and Qa5 < - ~ 11111,

Therefore, the bounds of ||Q2s||, s = 2,3, are small in comparison with that of ||Q2,1||cc-
Moreover, these bounds are close to the exact values of the infinite norm of these new

dQIs.

5.2 Near-best dQI based on the box-spline 73

The interest in the study of this example is to show that Problem (1) can be have an
infinite set of solutions. Indeed, according to section 2, the box-spline 7§ is of class C*
, degree 7 and support Hz. The differential quasi-interpolant based on 7§ and which is
exact on IP5 is defined by

Df= > [f(i) — 3(DEOf(i)+ DUV f()+ DO f(i))

- + (DU f(i) +2DGV f(i) + 3DED f (i) + 2D f (i) + DOD f(i))]mi(. — 4).

P



Then, with the help of D we easily get the expressions of the monomials m,, |a| < 4, as
linear combinations of the integer translates of 7§ ( see e.g. [7] for more details).
Now, let us consider the dQI

Qssf = D (D caf(i+a))my(.—1).

ieZ? acH}
Using the properties of (¢4 )acn:, we verify that Qs is exact on IP5 if and only if
9 1 4 4
Z o =1, Z ajcq = —= and Z aCq = —.
a€H} acH; 2 weH? )

In particular, for s = 2, a sequence ¢ € Hy can be determined only in terms of ¢ o, ¢1 0, c2,0,
and cy ;. Hence, the above equations of exactness become

Co,0 + 601,0 + 60270 —+ 60271 =1
1
c10t4c0+ 3021 = 3 (9)
1
C1,0 + 160270 + 962,1 = 5

Therefore, if we put o1 = 7,7 € IR, then the other three coefficients in (9) can be
computed in terms of 7. Moreover, we have the following result.

Proposition 5.3 For each vy € [—45,0],
179 7 13 1 &,
Qs2f = Z{ 7+3’y f@) + 3O+’y Zf ite)+ (480 gy)Zf(zj:Zel)
iez? i=1

+ (f(Eer +e3)) + f(E(e2 +e3)) + f(E(—er + e2)))}mo (. — 1)
is a near minimally normed dQI associated to 7.

Proof. The solution of system (9) is given by

179 43
oo = —
0,0 so 7
Ty
clo = —
1,0 30 Y
NI
C20 = 480 27
C1 = 7.
Then,
lelly = |Coo|+6\010\+61020’+6|021|
79
= = 4 3]+ 6] 6l — =] + 6
IS0 T V] + | +7I+ |480 7|+ ]
It is simple to check that
19 7
Eyrélﬂl%ﬂcﬂl =+ for all ~ € [—%,0].

Consequently, for each v € [— 30, 0], we obtain a near-best dQI based on the box-spline

3
7TO.



6 Examples of near-best iQIs

6.1 Near-best iQI based on the H-spline 7

According to section 2, the H-spline w} is supported on Hy, and it is of class C® and

degree 8. Moreover, the space S(7{) contains IPy. It was shown in [14] that the associated
differential quasi-interpolant is defined by

Df = 3 () = 1(DP010) + DUV + DO (i)l — i),

and it is exact on IP,. Then we deduce the following formulae
Mmoo = Zﬂ(.—i); myo = Ziﬁr%(.—i);
e 25 ad 25
mao = Y (i1 — 2 )m(- =) mi =Y (inde — ——)m (. =),

—, 84 —, 168

JEZL JEXL
and by symmetry we get the expressions of mg; and mg .
The near-best iQI based on 7 is given by

Toof =Y (D da < fl.+i+a),m >)m(. —i).
ieZ? a€H}

From Lemma 4.1 we deduce the moments ji,(7]) = [ mq(x)7i(z)dz, |a] < 2, of w}. Their

values are as follows

25
0,00 = I; H(1,0) = H(1,0) = 0; H(2,0) = H(0,2) = 2,u(1,1) = Q

Then, we easily verify that 75, is exact on IP; if and only if the coefficient d,, satisty
25

Z do=1 and Z a’d, = I

acH} acH}

In particular, for s = 1, these coefficients are unique and the corresponding iQI is given
by

TQlf Z 7<f >—re8z<f :]:61) 7T1 ]7’(’%(—1)
ZEZQ

Now, assume that s > 1, then by using a similar technique as in Proposition 5.1, one can
show the following result.

Proposition 6.1 Let c5o =1+ 282(5)2 and ¢3, o = mgﬁ' Then
(c50,0,+,0, 50,0, -+, 0)T € REHD?
T N—— T N——
241 t

1s a solution of Problem 2 for k =1 and s > 1.
Hence, The near minimally normed iQI based on 7] and exact on IP; takes the following
form

25 25
2882) < f?ﬂ-% > -

3
— > < f(.E£e),m >]m(.— i)
16852 & o

i€Z?
It is simple to check that ||Th|oe < 14552,
in the infinite norm to the operator S.

and therefore the sequence (75 ¢)s>2 converges
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Figure 2: The values of 73 on Hj

6.2 Near-best iQI based on the H-spline 73

According to section 2, the H-spline 73 is of class C®, degree 11 and support Hz. As
S(7?) contains polynomials of total degree < 4, one can define quasi-interpolants which
are exact on IP;. For instance, by using only the values of 7 on Hj, see Figure 2, we

have got the following expression of its associated differential quasi-interpolant :
13

Df= > [f(i) + %(D@’O’f(i) + DUV (i) + DO f(i))
ey/A
+ 5;752(1)%0) f(@) +2DBY £(i) + 3DEV £(i) + 2DE3 £(3) + DOY (i) w3 (. — ).

Then, the exactness of D on IP, allows us to express easily the monomials m,, || < 4, in
terms of the integer translates of 7. On the other hand, in order to give an explicit formula
of the iQI based on 73, we need to compute the moments i, (73) = [ mg ()73 (x)dz, |a] <
4. Once again, these moments are determined only in terms of the values given in Figure
2. Hence, after computation we get

Ko,0) = L,
Ha,0) = H0,1) = H(1,2) = K(2,1) = K(3,0) = H(0,3) = 0,
13
12,00 = 02 = 2H(1,1) = =g (10)
28
38
K400 = H04) = 2#(2,2) = 2,M(?),l) = 2,u(1,3) = @

We introduce now the following iQI
Tosf =D (Y do < f(.+i+a),m>)m( —i).
i€#? a€H;

Using the values given in (10) and the expressions of the monomials m,, |a| < 4, as linear
combinations of the integer translates of 75 provided by the quasi-interpolant D , we
verify that the iQI T} ; is exact on IP, if and only if

307
anzl, Za%ca:O and Zai‘ca:ﬁ.

acH}¥ acH}¥ acH?
As in section 5.1, when s = 2, a sequence d of Hs is entirely determined by its elements
do,d1,0,d20, and dy ;. In this case, the exactness equations of T3 on IP, are
do,o + Gdl,o + 6d270 + 6d2,1 =1
dl,() + 4d2,0 + 3d2,1 =0 (11)
307

d 16d d = —,
1,0 + 16da + 9ds 4 11112

P



Therefore, if we put dy; = 7,7 € IR, then the other three coefficients in (11) can be
computed in terms of 7. Moreover, we have the following result.

Proposition 6.2 For each vy € [— 3335, 0]

29145 307 > 307 1.3
Tyof = 2220 3y f(i) — (e £ SR £ 2
af = 5 gy 900 ~ (g + A0 + gy — 57 S0+ %)

+ Y(f(Eler +e3)) + f(E(ez +e3)) + f(E(—er + e2))) bmg (. —4)
is a near minimally normed iQI associated to 5.
Proof. The proof is similar to that of Proposition 5.3.

Remark 6.1 According to Proposition 6.2, the near-minimally iQ1 T o is not unique. In
addition, for all v € [—333%,0], we have ||Tso|| < 3552 = 1.087. Then, we remark that
this bound is is close to 1, and therefore this quasi-interpolant seems very interesting.
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