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A Pickands type estimator of the extreme value index

Laurent Gardes and Stéphane Girard !

SMS/LMC, Université de Grenoble 1, BP 53, 38 041 Grenoble Cedex 9, France.

Abstract — One of the main goals of extreme value analysis is to estimate the probability of rare
events given a sample from an unknown distribution. The upper tail behavior of this distribution
is described by the extreme value index. We present a new estimator of the extreme value index
adapted to any domain of attraction. Its construction is similar to the one of Pickands’ estimator.
Its weak consistency and its asymptotic distribution are established and a bias reduction method
is proposed. Our estimator is compared with classical extreme value index estimators through a

simulation study.

1 Introduction

Suppose one is given a sequence Xi,..., X, of independent and identically distributed (i.i.d.)
observations from some distribution function F'. Suppose there exist sequences a,, > 0 and b,, and

some ¢ € R such that:

lim P max(Xy,...,Xn) — by <o| = Gel), (1)

n— o0 Ay,

with G¢(x) = exp[f(1+§z);1/§] if £ # 0 and Go(x) = exp[—e~ 7], where y; = max(0,y). Necessary
and suflicient conditions on F' for the convergence (m) to the extreme value distribution G¢ can
be found in [IF]. The aim of this paper is the definition of a new estimator of the extreme value
index £ € R. This parameter drives the decay of the tail distribution: as a power function if £ > 0
(Pareto, Burr, Student’s, Log-gamma distributions, etc ... ), exponentially if £ = 0 (Exponential,
Normal, Log-normal, Gamma distributions, etc ...) and with finite right endpoint if £ < 0
(Uniform, Beta, Reversed Pareto, Reversed Burr distributions, etc ...). The knowledge of ¢ is
for example of high interest for extreme quantile estimation which arises in a lot of applications
[@] such as finance, insurance, hydrology, etc ... There is a substantial number of publications

dedicated to the estimation of this extreme value index, especially on the heavy tailed distribution
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context (£ > 0) (see Beirlant et al. [f], Feueverger and Hall [LJ] and, for a recent overview of
this literature, see Csérgo and Viharos [E]) The most popular estimator in this case is the Hill

estimator [Ld] defined by:

k
. 1
&l = . ;m(xn,m,n) —In(Xp_pp), fork=1,...,n—1,
where X5, <... <X, , correspond to the random variables X7, ..., X, rearranged in ascending

order. The consistency and the asymptotic normality of this estimator are proved for example by
Davis and Resnick [§], Csorgo and Mason [f], etc ...

The general case £ € R has been less extensively studied. Dekkers, Einmahl and de Haan [@]
have adapted the estimator proposed by Hill to this situation. Another estimator was proposed

by Pickands @ :

. 1 X, — Xp—
P n—k+1,n n—2k+1,n
"= In d : ,fork=1,...,|n/4],
&, In(2) (Xn2k+1,n - Xn4k+1,n) A

where |z] denotes the integer part of . Weak and strong consistency as well as asymptotic
normality of «f ,5 », Were established by Dekkers and de Haan [E] Proofs are based on the following

well known result: Let U be the tail quantile function of the distribution function F' defined by

o ()

(the arrow means inverse function) and let
x
or(x) = / u'"ldu, >0, t €R.
1

Relation () holds if and only if (see de Haan [[]), there exist a positive measurable function a

such that uniformly locally on x > 0,

i Ult) —U)

oo a(t) = 905(:0)' (2)

Clearly, relation (H) implies that uniformly locally on z,y > 0, y # 1,

L Uta) U@ )
M T(ly) —U0)  eely) ®)

Thus, by substituting in () U by U, = [1/(1 — F,)]~ (F, denoting the empirical distribution

function), ¢ by n/(2k), z by 1/2 and y by 2, and remarking that U, (n/k) = X,_p41.n, we have

asymptotically

2_5 Xn—k—i—l,n - Xn—2k+1,n -1 (4)
Xn72k+1,n - Xn74k+1,n



Pickands’ estimator é,f , is the solution of the equation (E) One can notice that this estimator

does not take into account of the extreme observations X,,_ji2pn,..., Xnn.

In the next section, we define a new estimator of the extreme value index £ when & € R. This
estimator is similar to the one of Pickands but exploiting the information given by the spacing
between X,,_p4+1,, and X, ,. Weak consistency and asymptotic distribution are established in
section 3 and a bias corrected estimator is introduced. Section 4 is devoted to the proofs of the

main results and a simulation study is presented in section 5.

2 Estimation of the extreme value index

We propose to estimate the extreme value index £ € R by ékm defined as the root of the equation

in 0:

1]{;’ X’n,— ’rl_X’fln
{we(/ )} Bl " 1, for 1< K <k <n. (5)

eo(1/k)
We can show (see Gardes [B], Appendix B) that (E) admits an unique solution. This estimator

ank/Jrl,n - Xn,n

applies to all real £ and, as Pickands’ estimator, remains unaffected when the scale or location of
the data are changed. Furthermore, as we will see on a simulation study, the behavior of ékn is
less influenced by the parameter k£ than Pickands’ estimator. One can justify the definition of ékn

by the two following lemmas:

Lemma 1 Suppose that relation (El) holds. Then, if £ < 0,

Ultz) — U(t) 1

lim W -UW 2
t—>ool,nml—>oo a(t) 5
and if € > 0,
. Ultx) — U(t) .
t—00, T—00 a,(t)

As a consequence of Lemma [, we have:

Lemma 2 Suppose that relation (f]) holds. Then,

(e} vt 00y _,
pe@) [ Uy) —U®

as t — oo, v — 0 with ty — oo and z/y — d > 0.



Lemma [] and Lemma [ can be seen as an extension of respectively (fl) and (B) when x and y are
going to zero or infinity. The proofs of Lemma and Lemma E are postponed to the Appendix. By
substituting in () U by Un, t by n, & by 1/k/(n) = 1/k" and y by 1/k(n) = 1/k with k/k' — ¢ > 1,

k — oo and k/n — 0 as n — oo, we have asymptotically:

{(,05(1/k/) } Xn—k-l-l,n - Xn,n =1
@E(l/k) X’nfk/+l,n - Xn,n ’

which is an intuitive justification for the definition of ékm. The next section is dedicated to the

study of ékn asymptotical properties.

3 Main results

3.1 Asymptotic properties
We first state the weak consistency of ékm under some conditions on k and k’.

Theorem 1 Suppose that relation ([]) holds. If k/k' — ¢ > 1, k — oo and k/n — 0 as n — oo,

then ék,n N £.

Remark 1 Similar conditions on k are used by Dekkers and de Haan [E] to prove that Pickands’

estimator £ is weakly consistent.

To establish the asymptotic distribution of the estimator ékm, additionnary conditions are intro-
duced. The first of them is a cornerstone in all proofs of asymptotic normality for extreme value

estimators.

(H1) — U has a positive derivative and there exist a slowly varying function ¢ such that U'(z) =

5 (x).

We refer to [E] for more details on slow variation theory. The next condition controls the uniform
rate of convergence of £(tx)/¢(z) to 1 as ¢ — oo. Let § = min(—¢&,1/2) and introduce the random
variables Ky, = F(Xn—g+1.0)/F(Xpnn) and N, = 1/F(X,,,) where F is the survival function

(F=1-F).

(H2) —

s (K sup - -1 — 0.
( )te[l,Kk/,n] UNy/Kpn)



Our second main result is the following:

Theorem 2 Let Vi (€) = ¢s(k)[(In(k) — 1)I{€ > 0} 4 1]. Under the conditions of Theorem [I] (with

k =ck') and if (H1) and (H2) are satisfied, we have for all ¢t € R:

exp(—e™?) if 0 <¢,
_ . exp(—e /) if £=0,
lim PVi(€)(n —€) < 1] = e (7
n—oo exp | = [1+thn(e) fpe(1/c)]E] if —1/2<€ <0,
® [—tc1n(c)/(2¢0)] it € < —1/2,
where 0 = ¢ ¢(c — 1)'/? and @ is the cumulative distribution function of the standard normal
distribution.
Remark 2
i) Theorem E states that the asymptotic distribution of ék,n is Gaussian if £ < —1/2 and an

ii)

iii)

extreme value distribution if £ > —1/2. If £ = —1/2, we prove that Vj (5)(&” — &) converges
to a non-degenerate distribution with non explicit cumulative distribution function. In fact,

as it will appear in the next section, the limit distribution of ékm is driven by k'/Kj ,, if

€< —1/2,by Y, if £ > —1/2 with
Yo = Vk/oloe(Kin/ Kin) — pe(1/0)]
and by both of them if £ = —1/2.

(H1) and (H2) are second order conditions on the tail quantile function U. Similar conditions
are used by Dekkers and de Haan [@] to establish the asymptotic distribution of Pickands’

estimator.

Let p(§) =~I{ >0} = [1 —=T(1 = &]pe(1/c)/In(c)I{—1/2 < £ < 0}, where ~y is the Euler
constant and T is the gamma function. Theorem [l entails that V;(€)(£x., — ) converges to a
distribution of mean p(§) if £ # 0 and € # —1/2. This suggests to define the bias corrected
estimator: R
Sk ” M(gk n)
§en = Skn — — 7
' Vi (&kyn)

As we will see on a simulation study (see section , this bias correction improves the

behavior of our estimator in most finite sample situations.



3.2 Examples

Let o, 8> 0, 6 € R\{0} and define Iny(z) = In(In(x)), > 1. The two following models of slowly
varying functions ¢ are considered:
Uz)=a+0x7" +o(x?), (Model A),
1
() = O[n(z)]~? {1 +0 ( f&g) } , (Model B).

Model A has been first introduced by Hall [B] In both models, the parameter 3 tunes the decay

of the slowly varying function ¢. The conditions that should be satisfied by models A and B to
insure convergence (ﬂ) are given in Corollary m In both cases, the best rate of convergence of ékn
is also established. Some examples of distributions satisfying the assumptions of Corollaryﬂl are
presented in Table m In the sequel, the following notation is adopted. Let (u,) and (v,) be two

non negative deterministic sequences. The notation u,, < v, means that

0 < liminf = < limsup — < oo.
Up, Up,

Corollary 1 Suppose that k = ck’, k — oo and that F satisfies assumption (H1) with a slowly

varying function asymptotically monotone.

i) If £ belongs to Model A and if 5(k) (n/k')™” — 0 then convergence (@) holds. In this case,
the best rate of convergence of ékm is given by:
In(n) if 0 <,
Vi(§) < ¢ In*(n) if £ =0,
nd/+0/Bl=e if ¢ <0,

where ¢ €]0,6/(1 + §/8)[ is arbitrarly small.

ii) If £ belongs to Model B and if ¢5(k')In(k’)/In(n) — 0 and ¢s(k’')Ina(n)/In(n) — 0 then,
convergence (E) holds. Furthermore, the best rate of convergence of ékn is given by:
Ina(n) if 0 <,
Vi(€§) < { In3(n) if £=0,
In'"¢(n) if £ <0,
where ¢ €]0,1[ is arbitrarly small.
Remark 3 This corollary points out the fact that the case £ < 0 is more favorable to our estima-

tor, i.e. its convergence is faster than in the case ¢ > 0. This is illustrated by the simulation study

(see section [f).



Distribution Cumulative distribution Model 8 Best rate of
function convergence
Weibully exp[—(1 + &x)~1/¢), A 1 In(n) if 0 < &
(€ €R) for & such that 1+ &z > 0. In?(n) if € =0
nd/(A+8/B) =< if ¢ < 0
Burr 1—[w/(w+ a7, for x > 0, A 1/A In(n)
(&£ >0) with w, A\, 7 >0, £ =1/(\7),
Fréchet exp(—2~1/¢) for > 0, A 1 In(n)
(€>0)
Weibull 1 —exp(—Az7), for 2 > 0, B 1-1/7 In3(n)
(€=0) with A, 7 > 0.
Normal Y 2me=t"/2dt B 1/2 In3(n).
(€=0)
Reversed Burr | 1— [w/(w + (zr — )7 7)], A 1/A
(€<0) for z < xp, with £ = 1/(\1). nd/(1+8/B)=e

w, \, 7 >0, zr € R.

Table 1: Examples of distributions satisfying the assumptions of Corollaryﬂ




4 Proofs of the main results

This section is devoted to the proof of Theoremﬂl and Theorem E Proofs of lemmas are postponed

to the appendix.

4.1 Preliminary results

The following function will play an important role. Let

e (1/E) Xnebrin — X [ 0a(1/E)

with Z,, = (Xn—k-i—l,n - Xn—k’-i—l,n)/(Xn—k’—i-l,n - Xn,n)

Lemma 3 Under the conditions of Theorem [,
. d
1) Zp = [U(Nn/Kin) = UNn /K )| /[U(Nn/ Kk ) = U(Nn)]-

i) Ny =5 400, Kip — 400, Kipn /K n =2 ¢, Kin/No == 0 and Z, = max(0,¢™¢ — 1)

as n — OQ.

iii) &'/ Ky p 4, Exp(1). If moreover k = ck’, then Y, < N(0,1).

4.2 Proof of Theorem

We shall need the following result:

Lemma 4 Suppose that relation ([]) holds. If £ > 0, for all 7, €]0,&[, 72 > 0, there exist to,
B1, B2, b1, B2 > 0 such that, for all ¢ > ¢; and z > 0,

. tx) — Ut .
ﬂlxﬁ—m — 6 < M < 52x£+n2 — fs.
a(t)
If £ =0, for all n > 0, there exist tg, 8 > 0 such that, for all ¢ >ty and = > 0,
Ul(tx) — U(t) < Ba,
a(t)

Proof of Theorem [Il — We have to show that, for all € > 0,
lim Pllé, — ¢l > €] =0. 8)

Remark that if £ # 0, proving () for all € > 0 reduces to demonstrate () for all 0 < ¢ < |¢|. Since

H,, is a non-decreasing function (see [[[4], Appendix B) and since H,,(€.,) = 1, we have:

Plléxn — £ > €] = P[H, (€4 ¢) < 1]+ P[H, (£ —¢) > 1].



To prove Theorem [l it is sufficient to establish that P[H,, (€4¢) > 1] — 1 and P[H,(6—¢) < 1] — 1

as n — 0o0. The two following expansions hold:

1/K 1/K
M:1—|—k—t—kz'_t+o(k_t)ift>0andMﬂctasn—wyoift<0. 9)

pi(1/k) pi(1/k)
The two following cases are considered separately:
If £ >0, (f) and Lemma [ ii) imply that H,({ +¢) = 1 + Z,, + k=) — k/=(EF2) 4 op [k~ (E+9)]

since & + € > 0. Furthermore, from Lemmaﬂ i),

g U(Nn/Kkﬁn) — U(Nn/Kk/ﬁn) % a(Nn/Kklﬁn)

Zn ; 10
(N Kr) U, /Ky ) - UN,) (10
Z1m Z2n
with

Zl,n ﬁ) @f(c_l)a (11)

from (JJ) and Lemma [ i) and

§-m _ 4 _ L §+n2 _ 4
BlKk/,n ﬁl < 7 < B2Kk’,n 62) (12)
2,n

from Lemma | Since, from Lemma [ iii), &’/ Ky ,, converges to a standard exponential distribu-
tion, we deduce from ([[0)-([[3) that &'~(+9)/Z, 2, 0 which entails that H, (E+e)—1 R Z,>0
i.e. that P[H, (¢ +¢) > 1] — 1. Similarly, we prove that P[H,({ —¢) < 1] — 1.

If £ <0, expansions (E) and Lemmaﬂ ii) imply that H, (£ +€) — ¢ > 1 since £ + € > 0. Thus,
P[H,(§ +¢) > 1] — 1. In the same way, we prove that P[H,({ —¢) <1] — 1. [ )

4.3 Proof of Theorem

Let us define the function:
. 14tz if t #0,
vi (z) =
e’ if t=0.
To prove Theorem E, two auxiliary results are necessary. Lemma E is dedicated to the study of the

function ;.

Lemma 5
I) For z € (0,00), @f[ps(x)] = at+ =0},
Let (uy,) and (vy,) be two sequences such that u, ~ v, (i.e. up/v, — 1).

—Q

IT) Let t =0. If u, — 0o and u, — v, — « then ©f(v,) ~ @ (uy)e



IIT) Let ¢t # 0. If u,, — oo then ¢} (vy) ~ ©f (uy).
IV) Let ¢t # 0. If u,, — —1/t with v,, = up, (1 +&,), then:

i) If moreover €, /¢; (uy) ~ oy, where a,, does not converge to oo or to 1, then
@7 (vn) ~ & (un)(1 = an).

ii) If moreover €, /¢ (un) — oo then ¢} (v,) ~ —ep.

The proof of this basic result is not detailed here. Clearly, the distribution of H, () is determined

by Z,. The following lemma provides the asymptotic distribution of Z,.

Lemma 6 Under the conditions of Theorem E,

exp(—t~1/¢) if 0 <&,
exp(—t~1) if £ =0,
lim P {k'é—l{ﬁ‘owg (—%) < t] =< 1 —exp(—t~1/%) if —1/2<¢<0,
' P[T < t\/d] if &€ =—1/2,
P [—tpe(1/c)Ve/o] if £ < —1/2,

where the random variable T is defined as the limit in distribution of

k o
Tn - - + Yn;
\ K we(1/c)

which is non-degenerate from Lemma [ iii).

Proof of Theorem B — Let F,(t) = P[Vi(€)(Exn — €) < t]. We have,

—e—t/vi () (k/c)
P—e—t/vi(e) (k)

>1

)

Folt) =P [fn < €+4/V0(6)] =PI €+ /(€)= 1 =P (14 2,)

since H, is a non-decreasing function and since H, (fkn) = 1. Routine calculations yield:
1
()= P {wg( /) < tn} ,
Zn,
with
P_e—t/vie)(k/c)
Poc—t/vi(e) (k) = pe—tyvio) (k/¢)

Remarking that ¢f is an increasing function for § > 0 and decreasing for £ < 0, we have,

tn = —pe(1/c)

P (k,/)a—l{ﬁzo}(p* _»e(l/c) < (k/)a—l{ﬁzo}(p*(tn) if £>0,
Fat) = { 5 <§1/E> y )5 6 } - (13)
P (k)7 (—2422) > (K)°g(ta)] if € <0,

10



The asymptotic behavior of the left hand side random term

(e (- 200

is given by Lemmal]. Let us now focus on the right hand side deterministic term (k’)S’I{fzo}gog (tn).
Different cases have to be considered:

If £ > 0, the following sequence of asymptotic equivalences holds

aertvie_ Pe/0) v e
b~ KT T e T e/

Since V(&) ~ In(k)/€, we have that k¥/Ve(€) — e'€ as n — oco. Thus, t, ~ (k')¢/e — oo as
n — oo. Lemma ] ITT) implies that PE(tn) ~ 1+ (K)%e ~ (K')%e’. Thus,

lim_ (k') M= pr(t,) = eff. (14)
If £ =0, we have
ot/ 0 (k) _ pt/1n®(k)
t, = In(c

1 — ¢t/ In?(k)

Using the expansions,

2 In(c)
UK _ 4 +O(
¢ 2 (k)

2 1 1 1
) and K/ =1 4+¢ +t2 —|—0( ),

In* (k) In(k) ~ 2In*(k)

tn = In(k) {1 + t/an(]l;)l(c) +o <m§k)>} .

Since t,, — oo and In(k) — t, — —t/2 + In(c) as n — oo, Lemma [ IT) implies that

we find that

e (tn) ~ ¢ (In(k)) explt/2 — In(c)] = k' exp(t/2).

Thus,
lim_ (k') - HE=0 pr(8,) = e/, (15)
When § < 0, we have:
1 ¢ t-1

t, = V(O[] — (k)T Vield)],

75 C*f — Ct/Vk(f) ¢

Remarking that

t/Vi(E) _ In(c) ( 1 )
¢ v T2 \ne )

and that (k")Y/V¥(€) =14 0o(1) lead to the following expansion:

wo= ) e ()| e o (g ) - @0 wos)
— un(l+en),

11



with u, = —1/&[1 + t1n(c)/ V% (€)] and

=t o5 (k)6 (k) + o).

Two situations have to be considered:

If —1/2 <& <0, it follows that

lim

e pE(u) (o)

En 1 t&In(c) _
~ g [t

and Lemma f] IV) i) implies

wé(tn) ~ ¢ (un) [H : <§ng+cg)]

t&In(c)
and thus
lim_ (k) M= (t,) = 1+ tf_lgl(_c)l. (16)
< -1/2 en/pp(un) — (1 - €)1 as n — oo. Thus, Lemma [ IV) i) yields
i (K) 1002 (1) = — 2 Ino) 15/5 (17)
Collecting ([.J)- (L) with Lemma [ concludes the proof. [

5 Simulation study

In this section, the improvement brought by the bias correction is illustrated through a simulation
study. Next, a comparison with classical extreme value estimators is proposed. For each of the

distributions considered in this section, N = 100 random samples of size n = 500 are generated.

5.1 Bias corrected estimator behavior

We first study the behavior of the bias corrected estimator éz , versus the estimator ékyn. In this

aim, the following distributions are considered: (see Table |l| for their parameterizations)
e Case £ > 0, Fréchet distribution with & = 3.
e Case £ = 0, Weibull distribution with (A, 7) = (1,1/2), (A,7) = (1,1) and (A, 7) = (1, 3/2).

e Case —1/2 < ¢ < 0, Weibully; distribution with & = —1/3.

e Case £ < —1/2, Weibully; with £ = —1.

12



In Figure , the empirical mean over the N samples of é;n and ékn is represented as a function of
the number & of upper order statistics (“Hill plot”). The true value of £ is represented by a straight
line. To compute these estimators, we choose ¢ = k/k’ = 4. If £ > 0 (Fréchet distribution, Fig‘ureﬁl
(a)), the behavior of ékn is improved by the bias correction. If £ = 0 (Weibull distribution), the
estimation is highly influenced by the parameter 7 which controls the rate of convergence of the
slowly varying function £ (see table []). If 7 < 1 (Figure[] (b), (c)), é;n is less biased than &, and
if 7 > 1 (Figure [ (d)), the bias correction does not improve the behavior of & ,,. If —=1/2 < £ <0
(Figure [l| (e)), é;n is slightly more biased than the estimator ék,n- Finally, if £ < —1/2 (Weibully
distribution, Figure [l (f)), there is no correction (&, = ézn) As a conclusion, it seems that the
bias correction improves (or at least does not really degrade) the behavior of our estimator. Thus,

in the sequel, we focus on the behavior of é;n

5.2 Comparison with other estimators

The estimator ézn is now compared with the following well known estimators: Pickands’ esti-
mator é f; > the moment estimator proposed by Dekkers, Einmahl and de Haan [Eﬂ and defined
by:
. -1
NV 1 (&kin)?
M _ ¢H 12 |1 = 2507
gk,n gk,n + 2 [ Sk,n ’
where Sk, = 1/k Zle[ln(Xn_i_‘_Ln) — In(X,_xn)]? and the generalized Zipf estimator [P
defined by:
k . k 1k
Zj:l In[(k+1)/j]InUH;, — % Zj:l In[(k +1)/4] Zj:l InUH;
2
k ) k .
i 2k + 1)/7] - + (o itk + 1)/4))

FZ
gk,n =

)

with ]
1J
UHn - an in - In aniJrl,n —1In an in | -
The following distributions are considered: (see table [l| for their parameterization)
e Case £ > 0, Burr distribution for which £ = 1/(7\) with (8, 7,A) = (1,1,1).

e Case £ = 0, standard normal distribution.

e Case —1/2 < £ < 0, Weibully; distribution with £ = —1/4.

e Case £ < —1/2, Weibully; with £ = —2.

13



In Figures E—H, the empirical mean and the empirical Mean Squared Error (MSE) of each estimator
are represented as functions of k and we also choose ¢ = 4. If £ > 0 (Burr distribution), ézn is
less biased than the other estimators (Figure f] (a)) but it suffers from a high variance (Figure [
(b)). If £ = 0 (Gaussian distribution, Figure ] (c), (d)), all estimates yield very poor results. If
~1/2 < &€ < 0 (Weibully distribution, Figure J (e), (f)), ézn provides the best estimation and if
¢ < —1/2 (Figure E), generalized Zipf estimator and é;n are equivalent from the MSE point of
view.

Finally, let us focus on the influence of the rate of convergence of the slowly varying function on
the estimation of £. In this aim, we consider the reversed Burr distribution for which & = —1/(\7)
(see Table [ for its parameterization). Here, the parameter A\ controls the rate of convergence of
the slowly varying function (see Section ) The larger is A, the slower ¢ converges to a constant.
This is illustrated in Figure H forzp =10, w=1,7=1/AwithA=1, A=2and A =3. In
all cases, é;n performed better than Pickands’ and moment estimators and the best estimation is
provided by the generalized Zipf estimator.

As a conclusion, é};n performes well in the Weibull domain of attraction (§£ < 0) and it is compet-

itive with Pickands’ and moment estimator if £ > 0.

Remark 4 The high volatility of the previous Hill plots points out the importance of the choice
of the number k of upper order statistics. A lot of methods to select this parameter have been
proposed (see Danielsson et al. [[f], Gomes and Oliveira [[L], Guillou and Hall [LF], ...). A part of
our future work will consist in the adaptation of these methods to our estimator. However, note

that in all cases, our estimator is less influenced by this choice than other estimators.

14
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Figure 1: Comparison of the bias corrected estimator é;;n (solid line) and &, (dashed line) for (a)
the Fréchet distribution, (b) the Weibull distribution with (A, 7) = (1,1/2), (c¢) the Weibull dis-
tribution with (A, 7) = (1,1), (d) the Weibull distribution with (A, 7) = (1,3/2), (e) the Weibully
distribution with £ = —1/3 and (f) the Weibully; distribution with £ = —1.
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Figure 2: Comparison of the estimator ézn (solid line), moment estimator (dashed line), Pickands’
estimator (dotted line) and the generalized Zipf estimator (dash-dot line) for (a), (b) the Burr
distribution with (8,7,A) = (1,1,1), (c), (d) the standard normal distribution and (e), (f) the

Weibully distribution with £ = —1/4. 16
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Figure 3: Comparison of the estimator ézn (solid line), moment estimator (dashed line), Pickands’
estimator (dotted line) and the generalized Zipf estimator (dash-dot line) for the Weibully; distri-

bution with £ = —2.
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estimator (dotted line) and the generalized Zipf estimator (dash-dot line) for the reversed Burr

distribution with (a), (b) A =1, (¢), (d) A =2 and (e), (f) A = 3.
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APPENDIX

Proof of Lemma [I] — First, we focus on the case £ < 0. Recall that one can take in relation (ﬂ)

a(t) = E[U(t) — zp] where xp is the right endpoint of the distribution function F. Thus,

Ul(tx) — U(t) 1 zp—U(tx) 1

O GO (18)

since xp > U(t) for all t. Furthermore, since U is a non-decreasing function, we have that for all

A>0and z > A,
Ute) = U() _ UA) —U(t)
a(t) a(t)

Using (f), we have that for all A,e > 0 there exist T such that for all t > T and = > A,

>

Utz) —U(t) 1
BT 2—5(1%)(17145). (19)

Using ) and ), we conclude the proof for £ < 0. Second, suppose that £ = 0 (the proof for
& > 0 is quite similar). Using relation (E) we have that for all A, > 0 there exist T' such that for

allt > T and z > A,
Ul(tx) — U(t)
a(t)

which concludes the proof. '

> (1+4¢)In(A),

Proof of Lemma E — Remark that

Ultz) —U(t)
Tl —U(0) 14+ z(t, z,y),
with
sty = LD UMy Ultye/y) — Ulty) a(ty)
” Ulty) — U(t) a(ty) Uty) = Ulty/y)
z1(t,z,y) z2(t,z,y)

Since y — oo and x/y — d, relation (f]) implies that z; (, z, ) converges to @¢ (d). Since y — oo and
ty — oo, Lemma mimplies that za(t, z,y) converges to min(0,¢). Thus, 1+ z(t,z,y) — 1if £ >0
and 1+ 2(t,z,y) — c* if € < 0. Remarking that ¢¢(y)/pe(z) — 1if € > 0 and pe(y)/pe(x) — =€
if £ < 0 concludes the proof. o

Proof of Lemma E — Let Wh,..., W, be independent standard uniform random variables and

Win <... <W,,, the corresponding order statistics.
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i) Remarking that

[l

(1= K;n/Np)i<i<n = (F(Xn—it1,n))1<i<n = Whit1,n)1<i<n,

it follows that

[l

(U(Nn/Kin)i<i<n = (F7 (1 = Ki,n/Nn))1<i<n (F'™ (Wh—it1,n))1<i<n

[

(Xn—it1,n)1<i<ns
which conclude the demonstration.

ii) We have K, 4 Wion /Wi . Using Rényi representation [E[] p.72, Ki 4 Ty /Ty where Ty,
is the sum of k independent standard exponential random variables. Another use of Rényi
representation leads to Ky, 4 1/W1,k_1. Since Wy k1 2% 0asn — 00, we prove that
Kin 2% 50 as n — o0o. Similarly, N, 2% 00 as n — o00.

Now, remark that Kp /K n 4 Wi /Wi n. Rényi representation yields Ky, /Kg/ n 4
T/ T = (k/K)[Tx/k] /[T /K] 22 ¢ as n — oco. The proof of Kj /N, =20 as n — 0o is
similar.

Finally, Lemma E and Lemma E i) ii) imply that:

(14 z,)2elE) ey

pe(1/k)

which concludes the proof using k/k" — c.
iii) Since 1)Ky < Wi g1 =1 — Wi_14-1, and remarking that
d
k(1 — Wy_15-1) — Exp(1),

it follows that k/Kj} , has asymptotically a standard exponential distribution.
Now, let F1,..., E, be independent standard exponential random variables and F ,, < ... <
B, the corresponding order statistics. Dekkers and de Haan ([L{], Lemma 2.1) shows that

k
c—1

(En_k/et1n — Bnkrin —In(e)) 2 N(0,1).

Since Ky, p 4 exp(Enn — En—kt1n) and Ky, 4 exp(Enn — En_kjct1,n), the 6-method
applied to the function ¢¢(e™*) concludes the proof. 'y

Proof of Lemma E — This proof is inspired by the one of @], Lemma 0.13. We only give the

proof for £ > 0 (the case £ = 0 is quite similar). For j € N| let

B; = exp {% In(1 —l—«f)} .
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Using relation (J), we have that for any € €]0,1 — (1 + £)~![ there exist ¢, such that for all £ > ¢,

and for all j € N\{0},
U(tB;) —U(tBi-1)
a(tBj-1)

Furthermore, since a(.) is regularly varying at infinity with index ¢ (see [RI], Proposition 0.8 v)

1—e<

<l+e. (20)

and Proposition 0.12), we have that for any € €]0,1 — (1 + £)~![ there exist ¢y such that for all
t > tp and for all j € N\{0},

Bi1-9) = 1+ -9 < B < 90 +2). (21)
Let N € N. We have:
(tBN o Ut6;) = U(tB;-1) a(tB;—1)
; a@)  al)
Using (0), we find that for ¢ > to:
N N
a(tBj-1) _ U(tBn) — U(t) a(tfBj-1)
=02 =0 == am IR TG 22)
Remarking that _
tﬁj =

tﬁz
-1

(@) and ) imply that there exist 61, ﬁg > (0 such that for ¢t > tg:

AR < 1+ 1+ o) ~ (23)

Let Ny = [§/In(1+¢&)]In(z) (i.e. = exp[N,/&In(1+¢€)]). Remarking that | N, | < N, < |[Ng]+1

AlL+&A—e)V -5 <

implies that 3|, | <2 < B[N, 4+1- Since U is a non-decreasing function, we find that

Uthn)) = UW) _ Ulta) ~U() _ UltBln0) = U )
a(t) - a(t) - a(t) ’

and, using (3),
A+ )N -6 < D < Bl + 9 + )Nl - Gy,
Thus, there exist 3; and B, such that:
Bil(1+ 61 =)™ = p < < Bl + 61 + )™ — Ba. (24)
Remarking that

(1 4+ — )Y =atm,
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with 71 = —&In(1 —¢)/In(1 + &) €]0,¢[ and
[(1+& + )]V = attm,

with 72 = £In(1 4+ ¢€)/In(1 + &) > 0 concludes the proof. o

Proof of Lemma E — The first step of the proof consists in establishing the following expansion:

o ()] (25)

da V'[In(Ny /Ky 7)) % U(Np/Kin) —U(Np/Kp )
~ U(Nn/Ky ) — U(N,) V'IIn(Np/ Ky )] '

Z1,n Zan

_well/9) e | -
eel ) | L e e TR

Yo
Zn

Let V(t) = U(e!). From Lemma f] i), we have:

Zn

Clearly,

1 /ln(Kk’,n) V’[ln(Nn/Kk/,n) + S] d
J— = S’
AR 0 V/[ln(Nn/Kk’vn)]

and conditions (H1) and (H2) imply that uniformly on [0, In(Ky ,)],

Ve [ (Gm)]

Thus,

e G [ sl ()] oo

The proof of

1
Zan = e(Kyr n/ Ki,n) {1 o ( )] ’ 0
follows the same lines. Collecting (R6) and (R7) yields

—% = #e(Hin) [1 e (wtmﬂ ’

which proves (25) by remarking that

pe(lfe) o
e (Kpr n/ Ki,n) Vkpe(Kiy n/Kin)

Now, remark that (R5) can be rewritten v, = un (1 + £,) With u, = @e(Kpr n), vn = —pe(1/¢)/Zn

n-

and

- \/Esos(K_z:n/Kk,n)Yn v (@%(’f)) =or (k_l/Q) or (9061(’6)) =0,

from Lemma [ iii). The second step of the proof is dedicated to the study of 0% (—pe(1/c)/Zn).

Five cases have to be considered:
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If £ > 0, since u, —— +00 as 1 — 00 (Lemma [j iii)), Lemma [ III) entails that ©F (un) R ©% (Un),

ie.,

Pr <%1n/c)> 9 elpe(Kir )] = (o ) STHE=0T (28)

by Lemma [ ).

If £ = 0, we have u, L, oo asn — oo and Up — Up = UnEp = op[In(K ) In(k)] = op(1). Thus,
Lemma [ IT) implies (9).

If —1/2 < £ <0, we have from Lemma J ii) that u,, L, —1/€ as n — oo. Remarking that

en = op[1/ps(k)] = op (k%) implies

©§ (un)
which entails (R§) by Lemma [ IV) i).
If ¢ = —1/2, we have u, RN —1/¢ as n — oo. Remarking that &, R —0/[Vkpe(1/c)]Y,, yields:

En P oc1/2 Kk’,n
P ~ = Y, ;= On,
Pelun) (1) "V k

where a,, does not converges in probability to oo or 1 as n — oo (see Lemma [ iii)). Thus, from

Lemma [| IV) 1), we have @ (un) ~ @ () (1 — ) e

1/2

SOZ <¢§(1/6)> R (Kk’,n)71/2 <1 + oc Y, Kk’,n) _ k71/2Tn- (29)

Zn, we(1/c) " k'

If £ < —1/2, we have u, N -1/ asn — o0, &, ~ —0/[Vkpe(1/¢)]Yy, and en/ g (un) L o as

n — oo. Thus, Lemma f] IV) ii) implies that @ (vn) Ro—e, e

] @5(1/6)> p okt 30
(250) .
Lemma P iii) and (R§)-(B{) conclude the proof. )

References

[1] B.C. Arnold, N. Balakrishnan, and H.N. Nagaraja. A first course in order statistics. Wiley
and sons, 1992.

[2] J. Beirlant, G. Dierckx, and A. Guillou. Estimation of the extreme value index and regression

on generalized quantile plots. Submitted to Bernoulli, 2003.

[3] J. Beirlant, P. Vynckier, and J.M. Teugels. Excess functions and estimation of the extreme

value index. Bernoulli, 2:293-318, 1996.

23



[4]

[14]

[15]

[16]

N.H. Bingham, C.M. Goldie, and J.L. Teugels. Regular Variation. Cambridge University
Press, 1987.

S. Csorgo and D.M. Mason. Central limit theorems for sums of extreme values. Mathematical

Proceedings of the Cambridge Philosophical Society, 98:547-558, 1985.

S Csorgo and L. Viharos. Estimating the tail index. Asymptotic methods in Probability and
Statistics. B. Szyszkowicz, ed., North-Holland, Amsterdam, 1998. pp. 833-881.

J. Danielsson, L. de Haan, L. Peng, and C.G. de Vries. Using a bootstrap method to choose
the sample fraction in tail index estimation. Technical report, Erasmus University, Rotterdam,

1997.

R. Davis and S.I. Resnick. Tail estimates motivated by extreme value theory. Amnnals of

Statistics, 12(4):1467-1487, 1984.

L. de Haan. Slow variation and characterization of domains of attraction. In J. Tiago
de Oliveira, editor, Statistical Extremes and Applications, pages 31-48. Reidel, Dorchrecht,
1984.

A.L.M. Dekkers and L. de Haan. On the estimation of the extreme value index and large

quantile estimation. Annals of Statistics, 17:1795-1832, 1989.

A.L.M. Dekkers, J.H.J. Einmahl, and L. de Haan. A moment estimator for the index of an

extreme-value distribution. Annals of Statistics, 17:1833-1855, 1989.

P. Embrechts, C. Kliippelberg, and T. Mikosch. Modelling Extremal Events for Insurance and

Finance. Springer-Verlag, 1997.

A. Feueverger and P. Hall. Estimating a tail exponent by modelling departure from a Pareto

distribution. Annals of Statistics, 27:760-781, 1999.

L. Gardes. Estimation d’une fonction quantile extréme. PhD thesis, Université Montpellier 1T,

2003.

B. Gnedenko. Sur la distribution limite du terme maximum d’une série aléatoire. Annals of

Mathematics, 44:423-453, 1943.

M.I. Gomes and O. Oliveira. The bootstrap methodology in statistics of extremes-choice of

the optimal sample fraction. Extremes, 4:4:331-358, 2001.

24



[17] A. Guillou and P. Hall. A diagnostic for selecting the threshold in extreme-value analysis.
Journal of the Royal Statistical Society Series B, 63:293-306, 2001.

[18] P. Hall. On some simple estimates of an exponent of regular variation. Journal of the Royal

Statistical Society Series B, 44:37-42, 1982.

[19] B.M. Hill. A simple general approach to inference about the tail of a distribution. Annals of
Statistics, 3:1163-1174, 1975.

[20] J. Pickands III. Statistical inference using extreme-order statistics. Annals of Statistics,

3:119-131, 1975.

[21] S.I. Resnick. FEztreme Values, regular Variation, and Point Process. Springer-Verlag, New-

York, 1987.

25



