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1 Introduction

We are interested in the exponentially small eigenvalues of the semiclassical
Witten Laplacian on 0-forms

AP) = —12A + |V f(2)] — hAf ().

We shall consider this operator on €2 which is either a connected compact
Riemannian manifold or R™. The function f will be a Morse function and
when 2 is a compact manifold for example it is known (see [Wit], [CFKS]
and [HelSj3]) that there are exactly myg eigenvalues in some interval [0, e=/"]
for A > 0 small enough, where my is the number of local minima. Moreover
the same result holds for Witten Laplacians on p-forms if m, denotes the
number of critical points of index p.

Our purpose is to derive accurate asymptotic formulas for the mg first
eigenvalues of Agg,)l. A similar problem was considered by many authors
via a probabilistic approach in [HolKusStr], [Mi], [Ko], and more recently in
[BEGK] and [BGKI], where A. Bovier, V. Gayrard and M. Klein obtained ac-
curate asymptotic forms of the exponentially small eigenvalues. The Witten
Laplacian being associated to the Dirichlet form

U / \Vu(z)]? e 7@/ dy
0

they considered this problem via a probabilistic approach. They obtained the
following asymptotic behaviour for the first eigenvalues \g(h), k € {1,...,mqo},

of AP
det(Hess f(U"
)\}c(h):ﬁDﬂ(U;(lIz)) ‘ el (0 )))
& ‘det(Hess f(UJ((llz)))‘

xexp— (FU) = FOL)) x (1L+ O [mA)) . (11)

where the U, ,50) denote the local minima of f ordered in some specific way, the
U;(l,z) are “saddle points” attached in a specific way to the U, ,EO) (which appear

to be critical points of index 1) and 5\1(Uj((1,3)) is the negative eigenvalue of
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Hess f(U]((llz)) (for £ = 0 the convention f(U]((ll))
fact A\j(h) = 0).
Beside the fact that one would like to relate this result to the previous semi-
classical analysis by Helffer-Sjostrand of the Witten complex in [HelSj3], our
aim is twofold :

) = 400 corresponds to the

1) Improve the remainder and replace the O(h'/?In h)-term by O(h) with a
possible higher order expansion.

2) Extend the results of Bovier-Gayrard-Klein to the cases when (2 is an
oriented Riemannian manifold or when Q = R™ and e~/®)/" does not
belong to L?, which cannot be handled easily via the probabilistic ap-
proach.

Although the present approach leads to more accurate and general results,
the probabilistic point of view presents other interests :

a) First of all, the probabilistic interpretation and its link with potential the-
ory gave to these authors the right intuition for the geometrical quan-
tities involved in the asymptotic behaviour of the exponentially small
eigenvalues. Indeed the numbering of local minima and the choice of
the critical point of index 1, U;(llz), associated with U ,io), is given by or-
dering the exit times from a valley for the stochastic process associated
with the Dirichlet form. Moreover the quantities involved in can
be expressed in terms of capacities.

b) Their method requires only f € C3(f2), while our analysis, although it
could be carried out with low regularity assumptions, is more efficiently
presented with f € C*(2).

Although it will require some estimates and constructions present in the
WKB analysis of Helffer-Sjostrand in [HelSj3], our approach will follow a
slightly different strategy. We will use more extensively the complex structure
of the Witten Laplacian and the fact that we are looking at ASC(’)})L. We recall
that

Apn = dpndyy +dppdpn

where dy , is the distorted differential e~/(")/" (hd, ) e/*)/* and d3 , its adjoint
for the Riemannian structure. The restriction of dsj to p-forms is denoted

by d;’j ) and we have



In the Witten-complex spirit, we will consider the singular values of the
restricted differential dgf(,)% : FO — F®_ which will be more shortly denoted

by 87,

ﬁ(o) (d f})l)/F(O) ; (1.2)
where F'® is the m,-dimensional spectral subspace of A%, ¢ e {0,1},
FO = Ran 1 o2y (AY)) (1.3)
with the property
Loonsrny (AL = dih L onsrzy (AT)) (1.4)

Because the value of C' > 0 does not play any role (for h small enough), w.
Wlll choose from now on C=1 More generally one could define a complex
ﬂf by restriction of d¥) 7. to the F® but one will mainly concentrate on the
cases { = (0 and ¢ = 1.

Working with singular values of 5;0,1 happens to be more efficient than con-

sidering their squares as the eigenvalues of A;O})L, in order to exploit all the
information which can be extracted from well chosen quasimodes.

Finally we mention that this problem was presented and treated in a
particular case in [HeINi]. Application of quantitative accurate estimates for
the first non zero eigenvalue of the Witten Laplacian in connection with the
return to the equilibrium for the Fokker-Planck equation of kinetic theory
can be found in [HerNi| and [HelNi].

This article (introduction excluded) is now divided in five sections. In
Section [2, we specify our conditions on the function f in order to have self-
adjoint Witten Laplacians with good spectral properties. In Section [3], we
first specify the notion of “(strict) saddle point” in the different cases. Af-
ter this we are in a position to write the main assumption which excludes
degenerate eigenvalues. In Section [4], we mtroduce some s ec1ﬁc cut-off func-
tions and the corresponding quasimodes for AP . and AW .- This is only in
Section [5 I Theorem |5 - that we state accurately our result by making use
of the precise notions introduced before. Section [f] is devoted to the core of
the proof of Theorem [5.1} It involves an induction process which makes an
efficient use of the previous estimates on quasimodes.

Francis : Check the acknowledgements.
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2 Morse functions and Witten Laplacians.

2.1 Witten complexes and associated Laplacians

Let 2 be an n-dimensional connected compact oriented Riemannian manifold
or R™. Depending on the cases Q will be Q or R"LI{co}. The cotangent (resp.
tangent) bundle is denoted T*Q (resp. T€2) and the exterior fiber bundle
AT*Q = ©p_(APT*Q (vesp. ATQ = @,_oAPTQ). The space of C>, Cg°,
L? .. .sections in any of these fiber bundles, F, will be denoted respectively
C®( E), C( E), L3 E).... When no confusion is possible we will
simply use the short notations APC>®, APCS® and APL? for E = AP. The
differential on C§°(2; AT*Q2) will be denoted by d and more precisely

d®) . C(Q; APT*Q) — C° (0 AP T*Q).

Its formal adjoint with respect the L?-scalar product inherited from the rie-
manian structure is denoted by d* with

AP 5o (4 APTIT™Q) — Coo(Q; APTQ).
For a Morse function f € C*(Q2;R) we set
dip = e~ f@)/h (hd) ef@/h and d, = e~ f@)/h (hd) ef@)/h
The Witten Laplacian is defined as
App=dppdn +dppdy,
which means

AP = dBrd?) +dP 0l e (0 APTHQ) — CR(Q; APTHQ).

Note that dydyn = 0 and d} ,d} ), = 0 respectively imply, that for all v in
Cs° (92, APT*Q),

+1
AP AD u = dP) AV (2.1)
and
APl = dl AR, (2:2)

The next assumption leads to a good self-adjoint realization of Ay; with
similar basic properties in all cases.



Assumption 2.1. The function f belongs to C*(2) abd is a Morse function.
Moreover, in the case when = R"™, there is a compact set K C R™ and a
constant C' > 0 such that

—_

Vi e R"\ K, |Vf(a:)|25 (2.3)
Vr € R"\ K, |Hess f(z)] < C|Vf(x)]*. (2.4)

With inequality (2.3), the Morse function f has only a finite number of
critical points in Q. The set of all critical points of index p will be called U®
and we set

m, = #UP) (2.5)
and
U=up_u». (2.6)

The additional inequality (2.4), together with (2.3]), will give a localization
of the essential spectrum in the semi-classical limit.

2.2 Spectral properties of Ay,

We consider the case when 2 is a connected compact oriented Riemannian
manifold or 2 = R". Note that in the first case Cj°(§2; E) = C>®(Q; E).

Proposition 2.2. Under Assumption there exist hg > 0 and cg > 0
such that the following properties are satisfied for any h € (0, hy].

i) The Witten Laplacians Ay, as an unbounded operator on L*($; AT*Q) is
essentially self-adjoint on C3°(€2; AT*Q).

1) The essential spectrum aeSS(AS{%) is contained in [cy, +00).

1i1) The range of the spectral projection 1[07h3/2)(A§fj,)l) has the dimension m,,
for all h € (0, hy).

iv) For any Borel subset E}, of [0, h*/?)

1
1, (AYYdP 0 = dP) 1, (AY) Yu (2.7)

holds for any u € L?(Q; APT*Q) such that d%u € L*(Q; APTIT*Q).
v) In the case ) = R", we have

(0€ Keralf)) & (/" e L2RY))



vi) In the case 0 = R™, we have

(e e L*R™)) = ( lim f(z) = +oo) :

|z|—o0

Proof.
The statements i), ii) and iii) are known in the case of a compact manifold
(see [CFKS], [HelSj3|). In this case, we have of course no essential spectrum.

Let us check these three properties in the case 2 = R"™.
i) The operator

App=—h*A+9(z) = dyndyy, + dfpdyn

is non-negative on Ci°(R™; AT*R") while the matrix-valued function ¥(z) is
C*. By Simader’s result (see [Sima], [Hel]), Af ), is essentially self-adjoint on
C°(R™; AT*R™).

ii) The localization of the essential spectrum is a consequence of and
(2.4) which imply the existence of C' > 0 and K such that, for all u €
APCE (LK),

1
(u | APj) > Gu | Afj) + 5 lull® ~ Chiul®.

When h < hg, with hy = ﬁ, we get

1 oo
(u| Afyu) > S5l Vu € APC(CEK),

and ii) by using Persson’s Lemma.

iii) The previous inequality combined with a simple partition of unity ar-
gument shows that any eigenvector v, associated with an eigenvalue ), in
[0, h3/%) of A;’f})l has to be localized in a neighborhood of K. Indeed take
X € C§°(Q2) such that y = 1 in a neighborhood of K and write

Mllenl? = Ocon | AY) xn) + (1= x)wn | AY) (1 = x)wn) — b2 [ Vxn]-

This leads, for h small enough, to

(1= x)Un|* < 40N, < 2C h%2.



This localization of the eigenvectors allows to do the same analysis as in
[CEKS] or [HelSj3| and leads to

dim Ran 1[0,h3/2)(A§01?})1) =m, . (2.8)

iv) If ¢, € L*(Q; APT*Q) is an eigenvector of A ph with eigenvalue )\, in
[0, 7%/2), then we have d¥) v, € L*(Q; AP*1T*Q) and dff), V" 4y, € L2(Q; AP~ T*Q).
Moreover according to 1D d;p ,)L 1y, satisfies

Afpi—:—l)dfhlph = )\hdfhl/Jh in D'(Q; APT*Q)).

Since A%}Tl) is essentially self-adjoint on C§°(€2; APTIT*Q)), dfljh?ﬂh belongs to
the domain of AE{) : Y. There are two possibilities : either dﬁf ;)ﬂbh equals 0 or
dgff ;)#ﬁh is an eigenvector of Agf? il Y with eigenvalue \,. In any case we have
AP, = 10,3 (AF)dP) ¢, The same can be done with d, V4.

Let Ej, be a Borel subset of [0,h%?). We set ng) = Ran 1Eh(A§c{’,)l). If v

belongs to F éi ) we write

v = Z aprn, with Aﬁlﬂk,h = Menlhn, Men € By C [0,0%3).

We get
N
0= S oadn <
k=1
Ifve F + and d( )v € L*(Q; APTIT*Q), we have for all § € F, pH)

(0]dfy) = (df)0]v) =0

because d%,);*ﬁ belongs to Fg}

with the same argument. Hence dgfj ,)12) belongs

) The equivalence is a consequence of the essential self-adjointness of A(O)
on C§°(R™) and of the fact that, when ) is connected, the only dlstrlbutlon
solutions of df »u = 0 are the functions cexp —% (c € R).

vi) If e=#/" belongs to L?(R"), the Agmon estimates lead to
@) < Cye-calel/h
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which givedl| the existence of ¢; > 0 such that

1
f(x) > ¢1|x|, for |z| > o (2.9)
1

3 Strict saddle points and main assumption

One part of the analysis relies on a good labelling of local minima. This
follows essentially the approach of Bovier-Gayrard-Klein in [BGKI|, which
is based on the notion of saddle point defined below. The labelling of the
local minima was proposed by these authors and is one of the key points of
their probabilistic approach. Their intuition was based on the notion of exit
times for the stochastic dynamics and their idea was to enumerate the local
minima according to the decreasing order of exit times.

3.1 Strict saddle points.

We consider first the case when €2 is a compact connected oriented manifold
or 2 =R"

When Q = R", Q denotes the one-point-compactification € L {oc}.

For a closed set F' C Q, F will denote its closure in Q. For the sake of coher-
ence, we keep Assumption for the function f although some definitions
could be extended to a more general case.

Definition 3.1.

a) For any E C Q, the set of connected components of E is denoted by
Conn(E). We remind that the connected components are non empty closed
subsets relatively to the induced topology on E and therefore compact if E is
a closed subset of Q.

b) For any A, B C Q, H(A, B) denotes the quantity

H(A,B) =inf {c €] — 00, +00], 3C € Conn (f*l(} — OO,C])> ;

(3.1)
CNA#DandCNB#0D}.

!'Note that we only use the existence, for fixed h > 0, of a gap. This gives actually a
necessary condition for f for having a Poincaré inequality.
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We first start with a simple result about H(A, B).

Proposition 3.2. When A and B are closed nonempty subsets of Q, H(A, B)
1S @ minimum :

3C € Comn (f—l(] - oo,H(A,B)})) L CNA#0 and CN B # 0.

Proof.

It is done in several steps :

a)

For any ¢ € RU{+4o00} the number of connected component of f~1(] — 00, c])
is finite. More precisely it satisfies

#HY] —o0,c]) <1+ H#U, (3.2)

where U is the set of critical points of f. This implies in particular a uniform
bound of this number.

First there is the possible connected component of {oo}. The limiting
case ¢ = +o0 gives f~1(] — 0o, +00]) = Q which is connected.
It suffices to consider the case ¢ < +o0o. Let us consider C' in
Conn (f—l(] — 00, c])> such that co ¢ C. It is a closed subset of Q which

does not contain oo and therefore a compact connected subset of €2. If every
point x € C'is critical, then C' is reduced to a single point which belongs to
U. If there exists zp € C such that V f(xy) # 0, then C' contains a bounded
connected component in  of f~(] — oo, ¢[), denoted by Cp. In this last case

Cy C C is a compact subset of  such that f ‘a = c¢. Then Cy and therefore
Co

C contains a local minimum of f. So we have shown that any connected
component of f~1(] — 0o, ¢|) which does not contain oo contains a critical
point of f.

b)

Forc¢>dcd > H(A, B), for any C" in Conn (f—l(] - oo,c’])) there ezists C

in Conn <f—1(] — oo,c])) such that C' C C.

We first observe that f=1(] — oo, ]) C f~1(] — 00, ¢]) are not empty.
Now take zy € C” and observe that the connected component of f~1(—o0, c])
containing x contains C".

c)

12



For any decreasing sequence (¢p)nen Such that lim, . ¢, = H(A, B), there
exists a decreasing sequence of closed connected subsets K,, D K, 1 in Q) such
that

K, € Conn(f*l(]—oo,cn])>, K,NA#0, K,NB#0.

Since # Conn (f—l(—oo, co])> is finite, there exists Ky € Conn (f—l(—oo, co])>
such that the set

{k €N, 3C € Conn (f*l(] —oo,ck])> L CNA+£D, CNB#0, CC KO}
is infinite.
Assume that K,, € Conn ( fH(—o0, cn])) satisfies the above condition with
Ky replaced by K,,. Theset K,,11 = {C € Conn (f*l(] - oo,an]) , C C Kn}

is finite. For any C' € Conn (f—l(] - oo,ck]>, k >n+1, such that C' C K,

there exists C” € K, 41 such that C' C C’. Hence we can choose K, 11 € K11
such that

{keN,anJrl,HCe Conn <f—1(]—oo,ck]>,
CNA#0D, CNB#0, CC K1}

is infinite with K, ; C K,. It satisfies K,,;1 N A # () and K, 1 N B # (.

d) End of the proof.

The sequence (K, )qen is a decreasing sequence of non empty compact con-
nected subsets of 2. Hence the intersection K = N,ey K, is a non empty
connected subset of 2. Similarly the sequences (K, N A),en and (K, N B),en
are decreasing sequences of non empty compact subsets of Q. Hence K N A
and K N B are not empty. Finally K\ {oo} C f~!(] — 00, ¢,]) for any n € N
and we get

K C f~4(] — o0, H(A, B))).

Definition 3.3. Under assumption[2.1, let A and B be two closed subsels of
Q. We say that Z is a set of strict saddle points for (A, B) if it is not empty

13



and satisfies the following four conditions :

(sspl)  Zc (UY N[ ({H(A B)})) U{oc}

(ssp2) ZNA=0 and ZNB=0,

(ssp3)  {C € Comn (FU =00, HIAB))\ Z), COA#£D.COB 0}
0

The word “strict” refers to the condition (ssp2).

Examples 3.4. Here are simple examples which show why it is convenient
to introduce the point oo.

a) If f is a C* function such that f(—1) <0, f(+1) <0 and f(0) = 0. Only
with this information, one can say that the pair A = {—1}, B = {+1}, admits
a set of saddle points without discussing the behaviour of f at infinity or the
number of critical points. Indeed f admits a mazimum on |—1,1[, f(z¢) >0
and H(A,B) € [max{f(—1), f(+1)}, f(xo)]. We can take Z = {+oo} if
H(A, B) < f(zo) or Z = {xo,+00} if H(A, B) = f(x).

This argument can be extended in arbitrary dimension. By setting M =
max f(A U B) for two compact subsets A, B of Q. If A, B do not intersect
a common connected component of =1 ((—oo, M]), then (A, B) admits a set
of strict saddle points (adapt the proof of Proposition below).

b) Consider a function on f on R which has three local mazima a x = 0, £2,
with f(0) = 3, f(—2) = +1 and f(+2) = +2, two local minima at © = %1,
f(£1) = 0, and equals —x* for |x| > 5. We take first A = {—1} and
B = {+1}. Then we have H(A,B) = +2 and one can take Z(A,B) =
{+2} or Z(A, B) = {+2,+o0}. Indeed in our analysis the interesting saddle
points are at x = +2 and x = —2. The simplest way to introduce these
points without entering into questions about the geometry of f near infinity
which can be complicated in dimension n > 1 is by considering in this case
Z(A,B) = {+2,00} and by working with other pairs of sets Ay = {+1},
By = {+o0} (or By = {—1,400}) for which Z(Ay, By) = {+2} and Ay =
{—1}, By = {+00} (or By = {+1,00}) for which Z(Ay, By) = {—2}. This
situation occurs only in the case Q = R™ with e /" ¢ L?(R").

The previous definition (more precisely (ssp3)) says that, if Z is a set of
strict saddle points for (A, B), then any connected component of the subset
f~Y(] — o0, H(A, B)]) joining A and B meets Z. In particular any continuous
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path 7 from [0, 1] into Q such that f(y(t)) < H(A, B) when 7(t) # oo and
7(0) € A and y(1) € B, meets Z. The proof is by contradiction. Suppose
sup;epo f(V(t)) < H(A,B). Then 7(t) € f~(] —o0,H(A,B)]) \ Z and
the connected component of f~1(] — oo, H(A, B)]) \ Z containing ~ has non
empty intersection with A and B in contradiction with (ssp3). In order to
compare this rather abstract definition with the more usual Morse theory, it
is useful to recall a few remarks coming from the local analysis of a Morse
function.

Local structure of the level sets of a Morse function
First we observe that, near a non critical point xo of f, one can find a ball
B,, around xy and a set of local coordinates such that

AF (o) = {f(x) < f(x0)} N Bry = {y1 <0} N By .

Secondly, if z( is a critical point of index p, then there exists a ball B,,
around xy and a set of local coordinates centered at zy such that

A7 (x0) { Zy@ i yr < O} N By,

{=p+1

and

{f(z) < flxo)} N By,
= {_ =1 Y7 +Z?=p+l yi < 0} N By,

We now observe that

1. When p = 0 (local minimum), A7 (o) is empty and A?(xg) is reduced
to xy.

2. When p =1, A7 () has two connected components and x, belongs to
the closure of each of the two components. This property is crucial in
the discussion of (ssp3).

3. When p > 2, A% (z) is (arcwise) connected.
So we can now prove the
Proposition 3.5. If A and B are disjoint non empty subsets of local minima

of f, then the pair (A, B) admits a set of strict saddle points.
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Proof.
First note that H(A, B) < +o0o. We have to prove that a set C, belonging to

Conn (f*l(] — o0, H(A, B)])) and satisfying C N A # 0, C N B # () and

oo & C, contains a critical point z of index 1 in fV(H (A, B)) (ie. z € UW
and f(z) = H(A, B)). After this, we just take for Z the collection of such
critical points by adding the point oo for possible connected component C'
such that oo € C.

If co € C, then C'is a compact connected component of f~!(] —oo, H(A, B)])
in 2. Since f is a Morse function, there are two possibilities, resulting from
the previous local analysis of f and of the connectedness of C' : Either it is
reduced to one point which is a local minimum of f, or it is the closure of a
finite union of bounded connected components €2; of f~! (] — oo, H(A, B)|).
The first case cannot occur indeed because C N A # () and C'N B # () forbids
C to be reduced to one point. Hence we are reduced to the case

C= Uij\ilﬁia

where 1, ... Qy are bounded connected components of f~!(]—oo, H(A, B)[)
(note that N is smaller than the number of local minima my).

Every x € ANC (resp. x € BN C) belongs to some €2;. The €; are labelled
such that for alli € {1,..., M}, ANQ; # 0 and for all i € {M +1,...,N},
ANQ; = 0. We have

AnCcuMXQ; and BNC CUY

Since C' is connected, we have

cn(Ua)n <jg+1 Qj) £0.

Therefore, there exists ¢ < M and 7 > M + 1 such that C'N QN Q_] + 0.
Assume ¢ € C'NQ; N, and note that i # j implies f(zy) = H(A, B). Then
we observe that, if xy was not a critical point, then the local analysis shows
that €; = €); and ¢ = j, in contradiction with the assumption.

Similarly the analysis of the connectedness of the set A]f (x0) at critical points
excludes all critical points except the case p = 1.

Therefore a point zo € C' N Q; N Q_] with ¢ < M and j > M + 1 is a critical
point of index 1. ]
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On the uniqueness of the set of strict saddle points

It is not possible to give a satisfactory definition of a unique set of strict
saddle points even in the case of Proposition 3.5, When there is a set of
strict saddle points, one can always take the maximal set Z which satisfies
the three conditions of Definition |3.3] But this is not accurate enough for
our purpose and even in the framework of Proposition the minimal sets
of strict saddle points with respect to the inclusion are not unique : Simply
consider the case when a path going from one local minimum z;, A = {1}
to a local minimum x, B = {x2}, 21 # x9, has to meet two distinct critical
points of index 1, y; and yo with f(y1) = f(y2) = H(A, B); then one can
take Z = {y1}; Z = {y2} or Z = {y1, 92} but their intersection is empty.
However it is possible to define the property that the pair (A, B) admits a
unique strict saddle point.

Definition 3.6. Let A, B be closed nonempty disjoint subsets of Q. The

point z € UMD U {o0} is said to be a unique strict saddle point for the pair
(A, B) if

(el ©) NCaANCaB A [(UY N fEV(H(A, B)) U {oc}] = {2}

where C(A, B) denotes the set of closed connected sets C C f~1(] — oo, H(A, B)])
such that C N A # ) and CN B # .

We conclude this paragraph with the following remark :

Remark 3.7. In the case Q@ = R"™, assume A = {xo} and B = {x1,...,xN,0}
where xg,x1 ... xN are local minima of f. We set B' = {xy,...,xn}. There

are two cases.

1) H({zo}, {o0}) > H({xo}, B') :

Then H(A,B) = H({xo}, B') and the problem is reduced to the analysis of
(A, B"). By Proposition (A, B) admits a set Z of strict saddle points.

Moreover, the connected component of f~1(] — oo, H(A, B)]) \ Z which con-

tains xo is relatively compact in Q (i.e. bounded). This case occurs in par-

ticular when limy| o f(x) = +o0.

2) H({xo},{o0}) < H({zo}, B) -

Then saying that (A, B) admits a set Z of strict saddle points is an assump-

tion on the behaviour of f in a neighborhood of oco. In this case also, the

connected component of f~1(] — oo, H(A, B)|) \ Z which contains xq is rela-

tively compact in Q (i.e. bounded).
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So we have shown that, if it is stated that (A, B) admits a unique strict sad-
dle point z, the connected component of f~1(] — oo, H(A, B)]) \ {2z} which
contains xq is relatively compact in 0 (i.e. bounded) in both cases.

3.2 Main assumption, notations and first consequences.

The next assumption is essentially the one introduced by Bovier-Gayrard-
Klein in [BGKI|. It will imply that each exponentially small eigenvalue of

Agc?,)z is simple, with a different asymptotic behavior. We introduce the set
Cy defined by

a) Co =0 if Q is a compact connected oriented Riemannian manifold.
b) Cy = 0 if @ = R™ with e~/@/" ¢ L2(R").
c) Cy = {oc} if Q =R" and e~ /@/" ¢ L2(R").

Assumption 3.8.
The function [ satisfies Assumption [2.1 Moreover there exists a labelling

of the local minima U = {Ul(ﬂ), e Uf,?g} such that, by setting

C = {U,§0>,...,U1<O>} UG .
we have :
i) Fork > 2, U,EO) s the unique minimizer of

HU.C\{U}) — f(U), U€C\Co.

ii) Foranyk € {1,...mo} (k > 2 in the case Co = 1) the pair ({Uéo)},ck_l)

admits a unique saddle point zj.

By its definition, the point z}, with k¥ > 2 if Co = ) and k > 1 if Cy # 0, has
to be a critical point of index 1.

Definition 3.9. (The map j)
If these critical points of index 1 are numbered U](l), j=1,...,mq, we define
the application k — j(k) on {1,...,mg} if Co # 0 and {2,...,mg} if Co =0
by

Ul = 2. (3.3)
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In the case when Cy = 0, we set j(1) = 0, with the convention that Uél) ZQ
and f(UM) = +o0.

The cases Co = () and Cy # () will be distinguished by j(1) = 0 or j(1) # 0.

Definition 3.10. Under Assumption consider for k € {1,...,my} the
set By defined by:

a) For j(k) #0, Ey is the connected component of U,go) in

FEO( = o0, FUSLMMNATLL Y -

b) E = Q if j(1) = 0.

Proposition 3.11. Under Assumption [3.8 and with Definition the
following properties are satisfied :

a) The sequence (f(Uj((llz)) — f(U,gO))>k€{1 : is strictly decreasing (with
,,,,, mo

the convention f(Uél)) = 400).

b) For j(k) # 0, Ej, is a relatively compact subset of Q and B, = EkU{U;(llz)}.
In any case, Ey is included in f~(] — oo, f(UJ((l,z)])

c) Forany (k,j) € {1,...,mo} x{1,...,my}, the relation UJQ) € E; implies

either (j = j(k') for some k' >k) or j¢&j({1,...,mo}).
d) For any k # k' € {1,...,mg}, the relation Ul e By, implies
(k’ >k and fUD)> f(U,ﬁ‘”))
e) The application 5 : {1,...,mo} — {0,1,...,my} is injective.
Proof.
a) The condition i) of Assumption |3.8| gives

FUi)) = rwy

HUY e\ U} - F(U)

< HUY,c\{UOM - Fo)
< HUL, e\ U2 - FU2)
< FWUS) = U2
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where the last inequality is an equality if j(k — 1) # 0.

b) It is a rewriting of Remark [3.7]

c) Assume Ujy € E.

In the case j(k) = 0, then E, = E, =) and Ujery € € implies k' > 1.
Consider now the case j(k) # 0. Since U Q Ej, one has k # k’. Moreover

the inequality f (U ((1,2,)) < f( j(k)) 1mp11es that the connected component of

Y] —o0 f( j(k/ ))]), which contains U;(llg,) is contained in Ej. Hence Ej
contains Uk and U,S)). Finally Ej is modified into a closed connected set
E}, lying in f~1(] — oo, f(U]((llz))]) \ {Uj((lk } in the following way. Take Morse

coordinates around U (1,3) and consider, for p > 0 small enough, Ej, :=
Ey. 0 {|z| < p} and its radial projection on E% := Ej N {|z| = p}. Then

Ek pi=(Ex\ Ey,p) U Egi‘f is closed and can be con81dered as the image of Fj,
by a continuous application. Hence it is connected. We have found a closed

connected set Fy, lying in B C f~1(] — oo, f(UJ((llz))]), which contains U,EO),
U ,59), k" # k and does not contain U;(llz). Therefore one cannot have k < k'
because this would contradict the assumption that U;(llz) is the unique saddle

point between U 0 and Cr—1 (Assumption |3. ii) and Deﬁnition . Indeed
the existence of another saddle pomt is obtained by using Proposmon 3.5 by
slightly increasing the value of f ( ) Hence, the only possibility is &’ > k.

d) Assume U,g,) € By, with k £ K. By the same argument as for c¢), one then
takes a closed connected set Cyp C Ep C f~1(] — o0, f(U]((lk):))]) such that
U, U € Crp and US) & Cipo. This implies &' > k.

Assume now by contradiction that

{W>k U0 € B and fU) < FU} 0,

and let kg be its smallest element.
We deduce from the existence of Cy i, as a closed connected subset of Ej, C

Y] — oo, f ( J(k )]) containing U}go) and U,gg), the inequality

SR, = HO,Copr) < FUR)).

Since the connected component C' of U((l,C yin f7H(] = oo, f(UJ((llzo))]) contains

U ,52) and a point in Cy,_;, it is contained in Ej and Ej contains a point of
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Cko—1- This point cannot belong to Cy : In the case j(k) =0, Cp = 0 and in
the case j(k) # 0 it is a consequence of b).

Hence there exists k1 < kg such that U ,§?> € C C Ej. Finally, the condition i)
of Assumption [3.8| for ko gives

FULL) = FWUD) = H(U ko ) Cro1) — f(U,ES )
< H(Uj 5 G\ (U') = (U
< [WUjiy) = 10
For the last mequahty We used the ex1stence of a connected set C' contalnmg
U1 andthepoth ECO\{U '} such that f(C) €] — o0 f( ) with

the definition of H(Uk1 Cro \ {U,g?)}).
Hence we obtain

FUD) < FUD) < FO)

with ky < kg and U ,g?) € E, in contradiction with the definition of ky. Hence
we have proved

VE >k, (U9 € By) = (f(U,§9)) > f(U,f”)) .

e) First of all the value 0 is attained at most once, that is for £ = 1 , when

Co = 0. Assume j(k) = j(k') # 0. The point U;(llz) = U, e U is the

(k")
unique strict saddle point for (U ,EO), Ck—1) and for (U,g)), Crr_1).
Then we have

either Ek = Ek/ s
or k<K, U eE, and 3k <k, U € Ey.

According to d), the first case implies
k<K and K <k,
while the second case gives
E<k <k and kK <ky<k.

Hence only the first case is possible with & = k. ]

Remark 3.12. In the case j(1) = 0, since we have by definition Fy = (),
ﬁ

the property d) in Proposition|3.11| says that Ul(o) is a global minimum for f.
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3.3 A generic case.

We check here that Assumption is generically E| verified when Cy = ()
(that is j(1) = 0), that is when €2 is a connected oriented compact Rie-
mannian manifold or when Q = R” and e~/®/" ¢ L2(R"). Remind that
in this last case lim,— f(z) = +00. A Morse function f € C*(), with
limjg| oo f(2) = 400 if @ = R", generically has #U{ distinct singular values.
Moreover one can also assume that generically :

Assumption 3.13. All the quantities f(U;l)) — f(UY, forj e {1,...,my}
and o € {1,...,mg} are distinct.

Proposition 3.14. Assumption [3.15 implies Assumption [3.8
Proof

We start with my = #U© unlabelled local minima :

U — {u(o)

[ ]

a€ A}, with #A =my .

For any subset A C A, #A" > 2, and any a € A’, the pair
({UC(VO)},{US,)), o € Ao # a}) admits a set of strict saddle points ac-
cording to Proposition Since the set f~'({H (o, A’ \ {a})}) is bounded
and contains at most one element of U, it has to be a critical point of index
1 and the pair ({U"}, {Uc(y(,)), o € A' o/ # a}) admits a unique strict saddle
point U, (524,.

The labelling of the local minima and the verification of Assumption [3.8| can
now be done by reverse induction from k& = mg to k = 2.

Once UTS?O), cee U,g:)_)l, k > 2, are known, we set

C={UO, ac AI\N{UW,... .00} =Cou \{UY,..., U},

mo
The point U ,io) is then chosen as the point in C;, which minimizes the quantity

FUL) = FUD), aec.

a,Ck «

It is uniquely defined according to Assumption |3.13|

2By assuming that we are considering functions with no critical points outside a given
regular compact domain D of §2, a generic function is a function such that f | p, belongs to
some fixed G5 set of C*°(D).
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4 Cut-off functions and quasimodes.

4.1 Labelling of local minima and cut-off functions.

Let us first recall some notations and definitions. The Riemannian metric is
denoted by dx? and the corresponding geodesic distance between two points
x,y € Q by do(z,y).

The Agmon metric associated with the Witten Laplacian Ay, is the degen-
erate metric |V f (.:1:)|2 dxz? and the corresponding distance between two points
z,y € Q by dag(x,y).

For z € Q and ¢ > 0, B(z,¢) denotes the open ball for the geodesic distance

B(l’,&f) = {y S Q? dQ(y7I> < 6} :
Having in mind the Definition of the set Fj, it is then easy to show

Lemma 4.1. There exists €1 > 0 such that the following properties are ver-

ified :
i) For any critical point U € U, with index p, there exist Morse coordinates
x = (x1,...,2,) such that
Vo € B(U,4e1), f(z)— f(U)=—ai-- —al+a, + -+, .

ii) We have the lower bound : min {do(U,U"), U,U" €U, U #U'} > 10¢;.
iii) For any U €U and any k € {1,...,mo}
(U € Ey,) = (do(U, Ey,) > 10¢,).

If E; denotes the interior of Fjy and OF}, its boundary, the open set ) is
then defined as

Qk:EkU U B(U,3€1) . (41)
UeUndEy, U#UY)

J(k)
Its closure Q equals Q when j(k) = 0 and equals the compact arcwise
connected set
O = B, U{U)} U U B(U,3zy)
UEUNIE, U£U\ ),
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when j(k) # 0.
The cut-off function xx., k € {1,...,mo}, will be supported in a neighbor-
hood of €}, with some specific behaviour near UJ((I,E), when j(k) # 0.
Fore >0and 6 > 0,0 < § < & < &1, we introduce the set (e, d) defined
by

Ou(e,0) = {2 € Q,do (2.9 \ BUY,2)) <8} UBUR =),
Then there exists C' > 0 and ¢; € (0, 4] such that, for any fixed £ € (0, g,

one can associate 6. € (0,¢) and C. > 0 so that the estimates

Vi € (e, 0) \ (e, 6/2), f(U&”>>+i<f<> JWU;) + Ce ., (4.2)

J(k

vz € BU). <), \ f@) - FUS), )‘ <Ce, (4.3)

hold for any ¢ € (0, d.].
The cut-off xj . is now chosen such that

||I
=

Supp Xee C Q(e,0.) and e

Q.02 /2\B(U )y )

In the case j(k) = 0, our definition simply says . = 1 on Q.
Around U;(llz), the cut-oftf function xj. is chose so that U;(llz) & SUPD Xk,
and

vz e BUS),e). (Xk’e(x) £ 0 and f(z) < f(U}(l,i))) = (z € B, C Q).
Before we summarize the properties of the cut-off functions xxc, £ € {1,...,mo},
we invite the reader to look at the three pictures which illustrate the various
possibilities of the local shape of Q (e, §) and of supp Vx - in a neighborhood
of xo € OF. Asymptotically, that is for £; and ¢ going to 0, geodesic balls

are equivalent to ellipsoids in Morse coordinates (We simplified the picture
by drawing circles instead).

3For further calculations, we will be more specific in Subsection about the shape of

this cut-off around U((llz)
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Figure 1: Case xy € 08, Vf(zo) # 0. The support of V. is localized
around the dashed curve.

0Qi(€,5/2) 0Qy

. 9Ex .

0" .‘0

6/ 2 3€ "0 0"

=y

0” "0
0" "0

Q

Figure 2: Case xg = U € 0%, Vf(U) = 0 and U # U;(llz). The support of
V Xk, is localized around the dashed curve.

N

Figure 3: Case zy = UJ&%. The support of V. is localized around the

dashed curve.



Proposition 4.2. By taking 6 = 6. with ¢ € (0,g], 0 < g9 < €1 small
enough, the cut-off functions xre, k € {1,...,mo} satisfy the following prop-
erties :

a) If x belongs to supp xx. and f(z) < f(U]((l,z)), then x € E)’k

b) There exist C' > 0 and for any € € (0,&0] a constant C. > 0 such that for
T € supp Ve -

either  x & B(U\)) ) and f(U\))+Ct < f(x) < f(UY)
or x€ B(U;(lk):),g) and |f(x)— f(Ujl) )| <

c) Forany U € U, U # U;(llz), the distance do(U,supp Vi) is bounded
from below by 3e1 > 0. If further U € supp X, then U € Ej,.

d) If U(P), for some k' € {1,...,my}, belongs to supp i, then k' > k and

FOD) > U, FUL) < fUSyy),  ifk# K.

e) Foranyj€{l,...,my} such that Uj(l) € Supp Xke -

either  j & j({1,...,mo})
or  j=j(K) with k' >k and U € supp xp..

Proof.

a) is an immediate consequence of the local description of Qk(s, d) in a neigh-
borhood of zy € OF.

b) is a consequence of the inequalities and .

In c) the first statement is a consequence of the choice of 1 in Lemma [4.1]
The second statement comes from the local description of Q(e, §) for § > 0
small enough.

d) is a consequence c¢) and Proposition [3.11}d).

e) is a consequence of ¢) and Proposition c). ]
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4.2 Cut-off functions near saddle points.

We specify here the behaviour of the cut-off . in the ball B (Uj%z), e) with
j(k) # 0 and € € (0,0, €0 > 0 small enough. We introduce like in ([HelS;j3]|-
Section 2), the coordinates (y, z) which are adapted to the WKB-analysis of
ASZ? ,)L near a critical point U = U® with index p (Actually we simply need
the case p = 1 here). We associate with this critical point U the stable (or
incoming) manifold V_ and the unstable (or outgoing) manifold V, for Vf,
dim V_ =pand dim V, =n —p. We set

O(z) = dag(x,U)

where dag is the Agmon distance introduced in Subsection .1} In a neigh-
borhood of V of U we have :

[f(z) = fU)| < @(x), Vze, (4.5)

and

(If() = fU)] = B(a)) & (x € V_U VL) . (4.6)
More precisely we have
Vee VNV, &)=+ (f(z) - f(U)) .
We now set for all z € V
gi(2) = @(a) — f(2) + f(U) and g_(z) = D(x) + f(z) — F(U).

The relation (due to the fact that @ is locally a solution of the eikonal equa-
tion) in the neighborhood of U

V() = [V f(a)]” (4.7)

gives

Vng.Vg, =0.

Moreover g, (resp. ¢_) vanishes at order 2 on V, (resp. V_) with a non
degenerate transverse Hessian by taking } small enough. We also have

Vg, =0 and Vg_=2Vf=2Vd onV, ,
Vg.=0 and Vg, =-2Vf=2Vd onV_,

27



and Vg_ (resp. Vg, ) is tangent to V, (resp. V_).
One first determines the coordinates yi, ..., y, on V_ centered at U (y;(U) =
0) such that the 1-forms dy,...dy, define at U an orthonormal system of
eigenvectors of Hess f(U) corresponding to its negative eigenvalues. Since g_
vanishes at order 2 on V_ with nondegenerate transverse Hessian which has
a fixed sign, the coordinates y; can be extended to a neighborhood of V_
as C*-solutions of

Vyy;=0, 1<j<p.

Since Vg_ is tangent to V., we have

Moreover, any C*-function which solves V, u = 0 can be written as a func-
tion of (y1,...,y,). In particular we can write

9+ =9+ W1, -, Yp) -

Similarly the coordinates z,,1, . .., 2, are first defined on V. such that z;(U) =
0 and (dzp11(U),...dz,(U)) is an orthonormal system of eigenvectors of
Hess f(U) corresponding to positive eigenvalues. They are extended as solu-
tions of

Veazi=0, p+1<j<n,

and satisfy : z;| =0, p+1<j<nandg_ =g (2pt1,...,2,). Since gy
V.

vanishes at order 2 and has a non degenerate transverse Hessian on V., the
coordinates (yi,...,¥p) and (zp41, ..., 2,) can be replaced by Morse coordi-
nates. If A (U) < Ao(U) ... < A\y(U) denote the eigenvalues of Hess f(U), we
obtain coordinates (y, z) such that

1
f - f(U) = 5 (_g-i-(yh cee ayp) + g—(zp—i-lv cee 7Zn))
p 3 n 3
A (U) 2 A (U) 2
— 32 Y; + Z JTZ]' ,
J=1 J=p+1
and such that (dy;(U),...,dz,(U)) is an orthonormal system of eigenvectors

for Hess f(U).
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We will use such a set of coordinates in a neighborhood V of U = U;(llz),
j(k) # 0. Note that in thiscase p =1, V. NV ={2n=...=2,=0}NV
and V. NV = {y; = 0} N V. The orientation of the y;-axis V_ is chosen such
that

NV C{y <0}nNV.

The parameter €g > 0 and for ¢ € (0, 0] the cut-off x. are chosen such
that :
i) The ball B(U;(llz), go) is contained in V.

ii) The support xj. does not meet V. :
supp Xk.e N B(Ujwy,€) C {yr <0} N B(U}(l,ﬂ),e)-

iii) In a neighborhood

V. = {x € B(U;(llz),g), max |z;(z)] < 1/5} , v->0, (4.8)

Jj=2,..,n

of V_N B(U]((E,Z)), the function xy . only depends on y; @ Xke = Xk.c(Y1)-

Xke =1

Figure 4: The support of Vy . is localized between the dashed curves which
coincide with y; = Cte near V_.
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4.3 Definition of quasimodes
The cut-off function xj . is used in the construction of quasi-modes for Agc?,)l.
The construction of quasi-modes for A% will rely on the approximation by

the Dirichlet problem in small balls around U;l), je{l,...,m}. Lete; >0
be the positive radius independent of ¢ > 0 chosen in Definition [4.1] For
each j € {1,...my}, we consider a normalized fundamental state u; of the

Witten Laplacian Agcl,)l in B(U }1), 2¢1) with Dirichlet boundary conditions on
all components. The cut-off function §; € CSO(B(U]O),ZQ)) is taken such
that 6; =1 on B(U;l),el).

Note that the function yj. depends on ¢ € (0, ], while 6; is kept fixed
like g1 > 0.

Definition 4.3.
For any k € {1,...,mp}, the (¢, h)-dependent function d},(go) is defined by

900 = oo v

For any j € {1,...,m1}, the h-dependent 1-form 1/}](-1) is defined by

v (@) = (105w017") 0 (@)u; () -
For any k € {1,...,mo} we set
2
AT (e ) = { [(wliy L) ifite) #0,
0 if j(k) =0.

Remark 4.4. For the sake of conciseness, we do not mention the (¢, h)- and
h- dependence in the notations 1/1,(60) and 1p§1).

5 Main result

Theorem 5.1.
Under Assumptions[2.1] and 3.8, there exist £g > 0 and o > 0, such that, for
any € € (07 50];

Ve e {l,....,mo}, Me(h) =\"(e,h) (14 O(e™™)) .
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Moreover, if j(k) # 0, there ezists a sequence (Cgm)men+ independent of
e € (0,e0) such that

‘det(Hess f(U,iO)))‘
‘det(Hess f(U]((llz))))
2
h

FWLR) = FU™)) % a(e,n)

a h
X (,h) = — M (U5R)

X exp —

with .
ak(e, h) ~ 1+ Z Ck7mhm .
k=1

6 Proof of Theorem 5.1

6.1 Quasimodal estimates.

In the next two sections, the parameter €; > 0 is fixed, while €g and € € (0, g¢]
will be adapted in the different steps of the proof. We shall denote by «
a generic positive constant which is independent of ¢ € (0, &].

Proposition 6.1.

The system of (e, h)-dependent functions (@D](CO))ke{l ..... mo} Of Deﬁmtion is
almost orthogonal with

(w10 = Ideno + O.(e™/"),

and there exists a > 0 and, for any e € (0,&¢], C(e) and ho(e) such that, for
any h € (0, ho(e)],

DGO |9 = [d%ei?||” < ofe)e 21w,

Proof.
The almost orthogonality property is a direct consequence of Proposition |4.2
d) while the second estimate is given by

2 __o(f(zx)—f(U®
(AQ GO | )y _ o [V (@) |2 e 2@ WD/ gy
A Joy X () 2 e~ 2@~ DN/ g
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The denominator is seen of order h™? by observing that f (U,EO)) is a non

degenerate global minimum for f lsuprk and using the Laplace integral

method. The numerator is 0 in the case j(k) = 0. In the case j(k) # 0, the

_ W @y
numerator is bounded by C'(g)e Q(f(Uj<k)) UG Cg) /h according to Proposi-

tion [4.2}b). This yields the result by taking o < C/2. ]

Corollary 6.2.
There exists g > 0 and o > 0 such that for any choice of € in (0,g¢] the

(¢, h)-dependent quasimodes wlgo) satisfy the estimate
0) (0 0 Ca
(Afw” | w") < G/t

for all k € {1,...,mg}.
Proposition 6.3.
The system of h-dependent 1-forms, (2/1](1)) { X given in Deﬁm’tion
Je{l,....m1
1s orthonormal and there exists o > 0 independent of € such that
n 1 —a

(A [;") = o)

forall j € {1,...,my}.

Proof.
The orthogonality is obvious with our choice of £; > 0 in Lemma[4.1} The es-
timate is a consequence of Theorem 1.4 and Lemma 1.6 in [HelSj3|] which says

that the first eigenvalue of the Dirichlet Witten Laplacian A;lf)L in B(U ;1), 2¢e1)
is exponentially small and provides the Agmon type estimates for the first
eigenvector

()] = O, (e—dAg@va”)/h) eV >0 (6.1)

Proposition 6.4. There ezist sequences (Crm)men+, for j(k) # 0, such that
the (g, h)-dependent and h-dependent quasimodes @b,io) and @DJ(-I) satisfy the
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identities

WM 1 dOwy =0 if 5 # (k)

1/4
L hl/? 1 det(Hess f(U(O)))
w@) d(o)w(o) ~(—1 U( 1/2 k
Wi [ dpat) ~ (=1 1/2| l )] det(Hessf(Uy((llz)))

xexp— (UL ~ FO))

1+ f: Ck7mhm]
m=1

for any (k,j7) € {1,...,mo} x {1,...,mq} as soon as ¢ € (0, g].

Proof.
The first statement is a consequence our choice of £; > 0 and X} . which gives

according to Proposition c) supp zZJJ(-l) Nsupp Vxi = 0. We conclude with

Afn” = Cop (d0xi) eI
We now need some accurate estimates for 1/’1(;)) and wj(%,)c) when j(k) # 0. Let

us start with w}(ﬁo).
We first need an expansion for the constant factor

2@ -F )
|Xk: R - & dx.

The Laplace method gives

Niae” @1/
,E€

—(H@)—F)) /h mh)™/? - .
'Xk’se (r@-rw) | (wh) — 14> g
‘detHessf(Uk ) m=1
and we set
), [V/4
" ‘det Hess f(U, )‘
ak<h) = ‘ Xk,se (f( ) f(Uk )>/h = 7T-n/4 [1 + Os(h)] )

with actually a complete expansion if necessary. Hence, the function w,(go)
and its differential d;% ]io) are equal to

©) . U@
Y () = h™ % ag(h)xre(x)e 7 (6.2)
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and
(F@)—1 Wy

A0 () = B % ap(h) (hdOpe) (@)e 7 (6.3)
n (F@)—1 (W)
d' @Z)(O) = _4akh/ (.1) d(O)XkE r)e” D dx
(i L) = 1) [ (05 140

1 0
_f(U§(,1>> 1)+
+ O, R , o.>0.

The three additional conditions i), ii) and iii) given in Subsection for
the cutoff function xj . combined with permit to reduce the integration
domain to the neighborhood V_, introduced in , of the stable manifold
V_. We obtain

. (f@)— Wy
(uifhy 1 00y = - ag(h) / WS | X ki) (@)e™ 7 da
v

(1) ©
7f(UJ(k)) 1) 4o
+ O, R , 0:.>0.

Theorem 2.5 in [HelSj3] says that in the coordinate system given in Subsec-
tion [4.2] there exists a WKB approximation

n P
w~ h™%exp —7 (Z h™wm)

m=0

of wﬂi) = u; in B(UY ,€) such that

(k)
|€<I>(x /h(u (2)| =
INLE
’det Hess f(Uj(k))’
and  wy=(—1)""" 7 *(dza N...Ndz,) onV_.
7-‘-n
‘detHessf(U( A )‘1/4
By setting b;(h) = (—1)"" —7a W1 we obtain
1 0) /(0
(442 1 4940°)
n _e@@-fw)

=h"2 ak(h)b](h) / (& h (X kg(?ll) + O&‘(h)) dyl/\dZQ/\. . ./\dZn .
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and with ®(z) + f(z) = g_(2) + f (Uﬁ))

rwi s @)
X

(00 100 = W5 ay () (e

{ / e () + O(h))dys Az A .. Adz,

By Stokes formula the problem is reduced to the asymptotics of the integral
/ e 9-Bdzy AL Ndz, on Vi .
|z|<v

The final result

i -rw™)
h

(0l L) = ¥ ag(h)b (e x

n—1

w2

Mo (US)) - AaUL))

(14 O.(h)) .

1/2

is again an application of the Laplace method applied first to the main term
and then to the remainder term. For the asymptotic expansion, one has to
solve recursively the transport equations which determine the w,, and apply
the same trick with each term. ]

Corollary 6.5.
Let wlgo) and wj(»l) denote the (e, h)-dependent and h-dependent quasimodes of

for some o > 0 independent of € € (0,e0]. Then there exist ey, > 0 and o/ > 0
such that, for all € € (0,¢(], the estimates

.....

J

wP — ¢§1)“ = O(e_a/h) ,

(1) (0) ’
i | df )| < Cee TSGRy, (6.4)
and
1 0 0 1 0 0 —a!
gty | dl” = Gy 1 dgl®) (1 OL7™) . (69)

hold for all (k,j) € {1,...,mo} x {1,...,my}.
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It is a straightforward consequence of Propositions [6.1]and [6.4] which give :

0360 < e S-se-sehn

1
6.2 Finite dimensional reduction
Our main tool here is the following consequence of the spectral theorem :
For a non negative operator A and for u € D(A), we have
a
((Au u) < a) = (\\1[b,+w)(,4)u|| < g) (6.6)

for any a,b > 0.
This remark with Proposition 2.2 and the results of the previous Subsection
6.1l lead to the

Proposition 6.6.
There exist a, o > 0 such that

¢ ¢
Lopzy(A)) = Lge-amy(A)))  for £=0,1.
Moreover if one sets

Vie {L...ome}, ol = 1m0 (A0)0Y, (6.7)

i

where the 1/1“) are the (e,h)- and h- dependent quasimodes introduced in

Deﬁmtion the system (vi(g) is a basis of FY) such that

1) ViE{l,...,mg},

U@) _ 1/}2(5)H < e~ /h

(2

2) VO .= (@l@ |U§F>>) =Idem + O(e™/M).

i,i’E{l ..... m[}

Remark 6.7. Note that here again we forget the (e, h)-dependence (resp.

h-dependence) of the functions v,(go) (resp. 1-forms vj(l)) in the notation. de-
pendence
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Proof.

Let ¢ € {0,1} and i € {1,...,my}. According to , Corollary and

Proposition , Hl[h?’/Q/Q*OO)(A%;L)%@H is estimated by e~®/". The sec-

ond estimate then comes from the almost orthonormality of <¢2(4)> { .
ie{l,....my

Since we know by Proposition iii) that /) has dimension my, the system

(U'(g))ie{l,...,mg} is a basis of F¥. We conclude with

7

(A 1o?) < afe? [ ) <em

Definition 6.8. The basis (ege))ie{l,_,’mg} of F® s the orthonormal basis de-
rived from (v@)ie{l,m’mz} by the Gram-Schmidt orthonormalization procedure

el =" [(vO)y 2] o).

,L'/

The my X mqg matriz M is the matriz oﬂ ﬁ](c?})b in the bases (e,(go))kg{l,m,mo} and

(egl))je{l,m,ml}. Its square M*M is called the interaction matriz.

According to (2.7)), the my first eigenvalues of the Witten Laplacian
ASSF)L = dgc?,)l*df,)l are the eigenvalues of the interaction matrix M*M. Hence

it is theoretically possible to determine the low lying eigenvalues of A;OJ)L by
analyzing the matrix M. The problem is that the coefficients of the matrix
M are not known at this level accurately enough in order to split the different
exponentially small scales. One possibility would be to analyze the structure
of resonant and weakly resonant wells in the spirit of [HelSj2]. Some indi-
cations are given in [HeINi]. We will see that here it is more convenient to
work with the matrix

7 (61 950) | s
(i " Brave) (G R)E{Lyorsma } X {1, mo} (6:8)
© (0) ) (1)
of the map f3; ,, written in the bases (V1 Jkef,...mo} in F%) and v; { }
s Je{l,...m1

dual to (U](~1))je{17_._7m1} in £ This permits to use directly all the accurate

4 We recall from ([.2)) that ﬂ](c?})b is defined from F© into F(!) by the restriction of d;?,)l
to F(O),
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information that we have on the quasimodes 1/11@. The fact that these bases
are not orthonormal does not make any problem if one notices that the eigen-
values of M*M are indeed the squares of the singular values of ﬁj(co})L.

6.3 Singular values and induction.

The first eigenvalues Ai(h), 1 < k < myg, of A;?,)l are the squares of the

singular values| i,y +1-1(M) of M. In other words,

Ar(h) = [Mm0+1—k (ﬁ](cof)lﬂ? :

We will use the simple consequence of the Fan inequalities (see [Simli],
|[GoK1]) :

Proposition 6.9. For any matrices A and B such that,
maX{HBH , HB_lH} <1l+p,

the singular values of A and AB satisfy

pr(A)
(1+p)

and the same holds with AB replaced by BA.

< uk(AB) < (14 p)px(A)

Hence a little change of bases, induces a relative little change of the sin-
gular values and it is not necessary to work with orthonormal bases in order
to estimate the singular values.

For example, we have for any k € {1,...,my},
(i) = (M) = () (1+ O(e™)

where 7 is the matrix of the map ﬁj(colz introduced in .

We will construct by reverse induction on K, from mg down to K = 2 or
K =1, two bases (v,(f}()ke{l,m,mo} of F© and of FM (U;}I)()je{l,m,ml} so that
the next properties hold for € € (0,¢0] and some o > 0 independent of ¢ :

® The singular values j;(A) are numbered here as usual in the decreasing order with

p(A) = [|A]l.
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1) The systems (U](;g(>K<k§m0 and (v](},)c) ) )K<k<m, are orthonormal.
We then set

F[((O) = Span{v,(c?;(,K <k gmo} and F[(g) :Span{ j((ll)K,K <k <m0} :

L
2) For1 <k <K, v(o) belongs to <FI(<0)> and for j & {j(k), K <k < mqg},
L
vij belongs to (F}(<)) .
3) The estimates
Vie {1,...,m, \

hold for ¢ =0, 1.
4) For K < k < my, the equality

H _ —a/h

0 1 0), (0 0
ﬂf hv( ) Vkvj('(l)c),K and A;%v,(g}( = V,fvli}(

hold with
v = W | d0u®) (1+ 0.(e) .

They imply, observing also that Vg 7& 0,
AONFY cFY, refo1}.

5) For all j € {j(k), K <k <mp}andall k€ {1,..., K}, we have
(it | Bpavicie) = vy | dpe).
Remind that the wy) and the vi(g) depend on h € (0,hg] and & € (0, &)

while @ > 0 enters in the exponential estimates. The parameters g > 0
and a > 0 belong to intervals which have to be reduced each time that one
refers Corollary [6.5] This is done a finite number of times at each step of the
induction.

Initialization: the case K = my.
We take v , = v,(f) and vj(.}gm = vj(-l) according to the definition of the

k,m
previous section. The conditions 1) and 4) are empty. The conditions 2)

and 3) are given in Proposition [6.6] For the condition 5), we write

WM | BO0D) = (10 sy (AT | df 1[0h3/z><A”> )
0 1 0 0
= (L) (ALY | dD) ) = 0V | d0) ).
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The recursion argument.

Assume that the result is true for K > 1 (or K > 2 if j(1) = 0). The
conditions 1) and 4) say that the quantities |vx|, K < k < my are singular
values of ﬁj(c?,)l (v? is an eigenvalue of A;O,)J ) Moreover the estimate

1 0) , (0 —a
v = (W50 | dOe”) (1+ O-(e7/M) (6.9)
and Proposition [6.4] imply
| > M2 U Uiaern)~F UL > O o= WUsa0) =1 U =2a0/h (6 10)
with a; independent of € > 0.

Let us consider the dual basis (vj(ll)f) in FU. For j = j(k), K < k < mq,

vj(ll)(* equals v(ll)( and consequently

j7
e

The matrix of ﬁ}(c?% : (P}@)L — (F[(g))L in the bases (U,ﬂ)lgkg and

1),x
(UJ(',I)< )i ti(k), K <k<mo} €quals

1),% 1
e — it

=0, (e’o‘/h) .

v © ) . (6.11)
J&{i(k),K<k<mo},1<k<K

The conditions 3) and 5) and Corollary [6.5] lead to

= 05(6_(f(Uj<K>)—f(U;(?))—oq)/h)‘

Hﬁf,h‘(};}({o))i
Hence the quantity ||, K < k < mq are the first largest singular values of
(0)
6 Jho
vk e{K+1,....mo}, [vil = fmesi—r(B1h) = VAk(h),

and we have

\% /\K(h) = Mmo-&-l—K(ﬂ](c(,)})L) = HB}?})Z’(FI(?))J‘ (612>

Let us now consider more carefully 5](0?,”( . and its matrix (6.11) in the

F)

bases (v,i?;()lngK, (v](}f)g*)jg{j(k)yK<k§mo}. With the same arguments as above
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relying on Corollary and conditions 3) and 5), its coefficients have the
form

Wity | drn(O8i) (Gj00050k5 + Ocle™ /™). (6.13)

Since the two bases are O.(e~*/")-close to orthonormal bases, we obtain

Ac(B) = [, | d2)| (14 Ouem/m).

We set 1) (0),,(0)
(8 dy Uy’ )
Vi = ( J(g()’ {0;; g) Arc(h) . (6.14)
@itk | 0]
We have
ﬁ](cOZUKK VKU %;;K—i-(? (vige /). (6.15)

We next define the new bases (v,i}( ,) and (v(-’lllfl).

Of course we keep v,(f;( | = v}f}( and v(ll)c) Kol = J(EI)C) i for K <k < my.

We then take

-1
0 0
U%)K = Hl{/\}(}(AE‘J)L)vK7KH 1{AK}(A§,2)UK,K

(1) L 0 <)
and ViK),K-1 = ﬁfh —1-

For1<k<K-—-1landjé¢{jk),K—1<k<mg}, we take

(0) (0) (0)
Ve k-1 = Uk — <UkK | UKK 1>UKK 1
1) (0) (1)
and  vj g g = Vg (v j,K | “j(K),K—1>“j<K>7K—1'

By construction the conditions 1), 2) and 4) are Satisﬁed by these new bases.

The condition 3) will be satisfied as well if H’UKK — UKK lH = O.(e /M)

holds. The identity (6.12) gives
VEe{l,....K}, o%=1prgAP)ulx. (6.16)

Moreover Corollary [6.5] yields

Vke{l,....K -1}, ¥je{l,....mi}, [ ]800 >‘:@€(,/—AK(%M)_
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Like in the proof of Proposition [6.6] we obtain for some a7 > 0

0 0
Lo (APD) = 1o emerny (Af ,1). (6.17)
We now write, by spectral decomposition and using and (| -

2
e L D]+ 0.0 [ AL >v§?)KH
(

= (Afvick | vick) (6.18)
and observe that by (6.15))
<AthKK | ’UKK = Hﬁfh KKH = )\K (1+O ( —a4/2h)) (619)

Hence we obtain

1{>\K}(A§"0 UKKH =1+ O(e7*/M).

We conclude with

0)y,.(0 0
[roa@fnili [ = ]| - el
— Oz—:( 2a/h> + O€<€72a8/h>.
We have proved

|0 = iy || = Outemm)
This implies
0 0 0
Hﬁfvthv)K_yKU](‘(;(),Kle = 55% §<)K 5fh %)K 1

0 0
5} )1[0 /\K](A( ))(U%)K UJ(X,)K—1>

O-(Ae=/")

while we have

HgfthK_yK “%SSKH _ 0 e,

77777

.....

(1) (1) H _ Os(e—a/2h).

Vi), — Vjk),K
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This yields

(Bt O.(eo/")

Vi), k-1~ Uj(K),KH =
Let us verify condition 5) for the new bases.

For k € {1,..., K — 1} the construction of the new bases and the induction
gives

(0) _ (0 (0) (0) (0) _ (0 (0)
Up k-1~ Uk — (UkK | UK,KA)'UK,KA = Vpmo — E bk K Vper kg
K<K'<mg
_ 0 (0)
= U - E bk K Vi k1
K<K'<mg

with tg g 1= (v,iol){, | U&?/),Kuﬁ- Hence we get, with v,io) = 1[0,h3/2)(A§S})L) ,(60),

(0) ,(0) _ p0) (0) (0)
ﬁf,h Up k-1 = 6f,h Vg™ — Z ﬂf hUK/K 1
K<K'<mg
1)y 0) /(0 1
= 1[0,h3/2)(A§f,;)L) d},;)l%i) - Z teK' VK ,U]('(;(/),Kfl‘
K<K'<mg
Meanwhile for j ¢ {j(k), K —1 <k <my}, the vectors UJ(IL | were con-

structed such that

1
1 1 1 1
vj(‘,l)(fl S (F[((zl)L = (Span{vg(‘(;ﬂ,}(—p e 77)]('(7)%),[(—1}) :

We obtain, for all k € {1,..., K —1} and all j € {j(k), K — 1 < k < my},

1 1 0
Wkt | Bk ) = (oo (A;;) ol | du)
1 0
= (e L),
Stopping the induction :

When j(1) # 0, one continues the induction until the bases (v/,(C i) and (vj(ll))
are constructed. When j(1) = 0 ones stops the induction when the basis

(U,EOQ) and (v; 2) ) are constructed. Indeed in this case we have ﬁf hvlo) =0 and
for all K, 2 < K < my, vg(’}( = v%o).
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