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Cascade of phases in turbulent flows

CHRrIsSTOPHE CHEVERRY !

Abstract. This article is devoted to incompressible Euler equations (or to Navier-
Stokes equations in the vanishing viscosity limit). It describes the propagation of
quasi-singularities. The underlying phenomena are consistent with the notion of a

cascade of energy.

Résumé. Cet article étudie les équations d’Euler incompressible (ou de Navier-
Stokes en présence de viscosité évanescente). On y décrit la propagation de quasi-
singularités. Les phénomenes sous-jacents confirment 1’idée selon laquelle il se pro-
duit une cascade d’energie.

1 Introduction.

Consider incompressible fluid equations
) ou+(u-V)u+Vp=0, divu=0, (t,r) € [0,T] x R?,

where u = f(u', - ,u?) is the fluid velocity and p is the pressure. The
structure of weak solutions of (£) in d—space dimensions with d > 2 is a
problem of wide current interest [4]-[23]. The questions are how to describe
the phenomena with adequate models and how to visualize the results in
spite of their complexity. We will achieve a small step in these two directions.

According to the physical intuition, the appearance of singularities is
linked with the increase of the vorticity. Along this line, we have to mark
the contributions [2] and [9]. Interesting objects are solutions which do not
blow up in finite time but whose associated vorticities increase arbitrarily
fast. These are quasi-singularities. Their study is of practical importance.

Typical examples of quasi-singularities are oscillations. This is a well-
known fact going back to [3]-[24]. The works [3] and [24] rely on phenomeno-
logical considerations and engineering experiments. Further developments
are related to homogenization [12]-[13], compensated compactness [11]-[16]
and non linear geometric optics [6]-[7]-[8].
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In [11], DiPerna and Majda show the persistence of oscillations in three
dimensional Euler equations. To this end, they select a parameter ¢ € ]0, 1]
and look at

(1.1) ui(t,z) = t(g(xg,e_l x2),0, h(ml - g(xg,e_l x9) t,z9,e xQ))
where g(z2,6) and h(x1,x2,0) are smooth bounded functions with period 1
in #. They remark that the functions u are exact smooth solutions of (£)
and they let € goes to zero. Yet, this construction is of a very special form.
First, it comes from shear layers (steady 2-D solutions) as

S (t,z) = u5(0,z) = “(g(x2,e7 1 22),0) € R2.

Secondly, it involves a phase ¢o(t,x) = z2 which does not depend on e.
Of course, this is a common fact [10]-[18]-[19]-[26] when dealing with large
amplitude high frequency waves. Nevertheless, this is far from giving a
complete idea of what can happen.

Our aim in this paper is to develop a theory which allows to remove the
two restrictions mentioned above. Fix b = (I, N) € N? where the integers [
and N are such that 0 <! < N. Introduce the geometrical phase

-1 _k
@5 (tx) = wo(t,z) + X pry €t pr(t,x).
In the section 2, we state the Theorem 2.1 which provides with approximate
solutions u; defined on the interval [0, 7] with 7> 0 and having the form

ui(t,z) = Hut, - ul?)(t, @)
= up(t,z) + Z]kV:1 el Uk(t,x,s_l gog(t,x))
where the smooth profiles
Uk(t,z,0) = YUY, -+ U (t,x,0) € RY, 1<k<N,
are periodic functions of § € R/Z. We assume that
3 (t,x,0) € [0,T] x R x T; OpU1(t,,0) # 0.

We say that the family {u}}. is a weak, a strong or a turbulent oscillation
according as we have respectively [ =1, =2or [ > 3.

(1.2)

The order of magnitude of the energy of the oscillations is 1. Com-
pute the vorticities associated with the functions uj. These are the skew-
symmetric matrices €2 = (Qﬁ;hgi,jgd where

Qg;(t,x) = (Oud’ — 8Z~u‘§j)(t,x)

= Zi\;l el (955 OpU} — 9i5, 89Ug)(t,m,5*1 wg(t,m))
(@ — dd)(ta) + TN, <! QUL - a0 (tw e (1, 2)
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The principal term in {2} is of size e11. When ! > 2, no uniform estimates
are available on the family {2 }.c)o1)- In particular, if d = 3, there is no
uniform control on the enstrophy

ST fos it 2))? dtde, Wi(t,x) = (VAW)(ta) = Q(t,).

We see here that strong and turbulent oscillations are examples of quasi-
singularities. Observe that the expansion (1.2) involves a more complicated
structure than in (1.1) though the corresponding regime is less singular.

The BKW analysis reveals that the phase shift ¢; and the terms ¢y
with 2 < k <[ — 1 play different parts. The role of ¢; is partly examined
in the articles [6] and [7] which deal with the case | = 2. When [ > 3, the
phenomenon to emphasize is the creation of the ¢ with 2 < k£ < [ — 1.
Indeed, suppose that

@2(05')5 5@1_1(0,‘)50, l23
Then, generically, we find
HtG]O,T], @2(t7)§é07 Ty @lfl(tf)?—'ﬁo-

Now starting with large amplitude waves (this corresponds to the limit case
[ = +00) that is

UZO(O,CC) = ZZO:O gk Uk(O,CE,ﬁ_l QO(](O,CU)) ) anO ;é 05

the description of uZ_(¢,-) on the interval [0,7] with 7" > 0 needs the intro-
duction of an infinite cascade of phases . The scenario is the following.
Oscillations of the velocity develop spontaneously in all the intermediate fre-
quencies £ and in all the directions Vi (t,x). This expresses turbulent
features in the flow.

The family {uf}.c)o,1) is e—stratified [19] with respect to the phase ¢
with in general ¢y # ¢o. The presence in ¢f of the non trivial functions
o is necessary and sufficient to encompass the geometrical features of the
propagation. It has various consequences which are detailed in the section
3. It brings informations about microstructures, compensated compactness
and non linear geometric optics. It also confirms observations made in the
statistical approach of turbulences [14]-[22].

The chapter 4 is devoted to the demonstration of Theorem 2.1. Because
of closure problems, the use of the geometrical phase 7 does not suffice
to perform the BKW analysis. Among other things, adjusting phases oy
with [ < k < N must be incorporated in order to put the system of formal
equations in a triangular form.



The expressions uf are not exact solutions of Euler equations, yielding
small error terms f; as source terms. The matter is to know if there exists
exact solutions which coincide with u(0,-) at time ¢ = 0, which are defined
on [0, 7] with T" > 0, and which are close to the approximate divergence free
solutions uf. This is a problem of stability.

The construction of exact solutions requires a good understanding of the
different mechanisms of amplifications which occur. In the subsection 5.1,
we make a distinction between obvious and hidden instabilities.

The obvious instabilities can be detected by looking at the BKW analysis
presented before. They imply the non linear instability of Euler equations
(Proposition 5.1). They need to be absorbed a dependent change of variables
which induces a defect of hyperbolicity. The hidden instabilities can be
revealed by soliciting this lack of hyperbolicity. They require to be controled
the addition of dissipation terms.

In the subsection 5.2, we look at incompressible fluids with anisotropic vis-
cosity. This is the framework of [5] though we adopt a different point of
view. We consider strong oscillations. We show (Theorem 5.1) that ezact
solutions corresponding to ufz N) exist on some interval [0,7] with T > 0
independent on € €0, 1].
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2 Euler equations in the variables (¢, z).

The description of incompressible flows in turbulent regime is a delicate
question. No systematic analysis is yet available. However, special appro-
ximate solutions with rapidly varying structure in space and time can be
exhibited. Their construction is summarized in this chapter 2.

2.1 Notations.
e Variables. Let T € R}. The time variable is t € [0,T]. Let d € N\ {0,1}.
The space variables are (z,6) € R? x T where T := R/Z. Mark the ball
B(0,R] := {z € R%; |£C|ZZ:Z?:1£CZ~2§R}, ReRT.
The state variables are the velocity field u = f(u',--- ,u?) € R? and the
pressure p € R. Given (u, ) € (R%)?, define
weii= N0 wat, P i=eew,  w@di= (W i)
The symbol Si is for the set of positive definite quadratic form on R%. An
element q € Si can be represented by some d x d matrix (q:5)1<; j<d-

e Functional spaces. Distinguish the expressions u(¢, x) which do not depend
on the variable 6 from the expressions wu(t,z,6) which depend on 6. The
boldfaced type u is used in the first case whereas the letter u is employed
in the second situation.

Note C£°([0,7] x RY) the space of functions in [0,7] x R? with bounded
continuous derivatives of any order. Let m € N. The Sobolev space H™ is
the set of functions

u(z,0) = Zkez uy(x) etk?
such that
| m o= D pez (L4 )™ Joa (L+ €)™ [0(8)[* d€ < oo
where
F)(€) = a(€) == 27)° % fpq e *Cu(z) dz, £eRL
With these conventions, the condition u € H™ means simply that
[ [Fm = Jpa (L4 €)™ [a(€)? dE < oo.
Define
HY = {u; olue L2(0,T; H™ ), Vj € {0, ,m}},



W?FL = {u ;U € Cj([O’T]aHm_j), \V/] € {Oa ’m} }a
with the corresponding norms

T .
lu g = 200 Jo N Ofult, ) I dt,
| w g = supgeiory >jeo | Fult,:) [lmm -
Consider also

HY = ﬂTeR+ Hp', Hp = ﬂmeN Hp', HY = ﬂTeR+ Hp,
WE = Nper+ Wi WP = Npen Wi WS = Nper+ Wi

When m = 0, replace HY with L?. Any function u € L? can be decomposed
according to

u(t,x,0) = (u)(t,x) + u*(t,z,0) = u(t,x) + u*(t,z,0)
where
(u)(t,x) = a(t,x) = [3 u(t,z,0) df.
Let I' be the symbol of any of the spaces H™, H}', Wy', --- defined before.
In order to specify the functions with mean value zero, introduce
I'*:={uel;u=0}.
Mark also
supp, u* := closure of { z € R?; || u*(z,") l2m# 0} .

e Differential operators. Note
Oy =0y :=0/0t, Op = 0441 :=0/080,
0;:=0/0x;, jed{l,---.d},
V= (01, ,0q), A::Am+62:612+---+85+892.
Let u € Wg°. Define
w-Voi=u 9+ +u? 9y,
divu := ot + - + 9qu,
div (u® i) == Y0, Y0 at), -+, 0;(u ud)) € RY.
Employ the bracket < -,- >p for the scalar product in the Hilbert space
H. Note L(FE;F) the space of linear continuous applications 7' : E — F

where F and F' are Banach spaces. The symbol L(F) is simply for L(E; E).
Introduce the commutator

[A;B] := AoB—Bo A, (A,B) € L(E)?.



Let r € Z. The operator T is in £" if
HTHL(H;L-H”;H?})< 00, Vm e N.

Let g9 > 0. The family of operators {T¢}. € L(HZ®)I%%0] is in Yg" if
SUPecoz Il T° HL(H’T"“;H;”) < 00, VmeN.

Consider a family {f°}. € (W3)10%0l. We say that {f*}. = O(&") if
SUPccoeo € Il f€ llwp < o0,  VmeN.

Given a family {f*}. € (W)I0=0l we say that {f*}. = O(e") if
SUDcjoz € I wp < oo, VYmeN.

Observe that the two preceding definitions have very different significations
according as we use the letter f or the boldfaced type f. In particular, the
second inequalities correspond to e— stratified estimates. The families { f¢}.
or {f¢}. are O(e™) if they are O(e") for all r € R.

2.2 Divergence free approximate solutions in (¢, ).
e A first result. Select smooth functions
ugy € H>, w00 € CHRY), Vo € Ce°(RY).
Suppose that
de>0; Voo (z)| > 2 ¢, VzeRe.
For T > 0 small enough, the equation (£) associated with
up(0,z) = ugo(x), Vz e RY
has a smooth solution ug(¢,z) € W3°. Solve the eiconal equation
(ei)  Oppo+ (ug-V)pg =0, (t,z) € [0,T] x R?
with the initial data
¢0(0,7) = poo(x),  VxeR”
If necessary, restrict the time 7" in order to have

(2.1) Veo(t,z)| > ¢, Y (t,z) € [0,T] x R%.

Call Iy (t, ) the orthogonal projector from R¢ onto the hyperplane
Veo(t,z)t == {ueR?; u-Ve(t,z) =0} .



Theorem 2.1. Select any b = (I,N) € N? such that 0 < 1(3+ ) < N.
Consider the following initial data

Uo(x,8) =1(0,x) Uy (x,0) € H*, 1<k<N,
Uko(z) € H®, 1<k<N,
oro(z) € H*, 1<k<l-1.
First, there are finite sequences {Uyh<p<n and {Py}1<p<n with
Uk(t,z,0) € W, Py(t,xz,0) e W, 1<k<N,

and a finite sequence {py}1<p<i—1 with

pr(to) eWEF,  1<k<i-1,
which are such that
(0, 2) UE (0, z,8) = TIp(0, ) Uy (x,0), 1<k<N,
Ue(0,2) = Uko(z), 1<k<N,
ep(0,2) = ppo(x), 1<k<Ii-1.

Secondly, there is g9 €10, 1] and correctors

cu;(t,z) € W, cp; (t,z) € Wg°, £ €10,¢0],
which give rise to families satisfying

N N

{ew}e = O™, {epjle = OET).
Then, all these expressions are adjusted so that the functions u and p;
defined according to
wl(t,7) = up(t, ) + SN et Up(t,z, et @5 (1)) + cu (L, z)

) -— oY k=1 k\ls Ly Pgll, p\bs

(2'2) € N k -1 ¢ €
pi(t,x) :==po(t,x) + > p_q €T Pp(t,z,e 1 5(t, x)) + cpi(t,2)

where g (t, ) is the geometrical phase

1— k
(23) @;(f,x) = QDO(ta'I) + Zk:ll el QDk(t,CC)
are approzimate solutions of (€) on the interval [0,T]. More precisely

N _

duf + (W -V)ui + Vps =,  divui =0, ff=0(7 39).

e Some comments.

Remark 2.2.1: In what follows, we suppose that U] is non trivial. In other
words, we start with some initial data satisfying

(24)  3(z,0) eRIXT;  UH0,2,0) = Ufy(z,0) £0. A
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Remark 2.2.2: Fix any [ € N,. The Borel’s summation process allows to
take N = +o0 in the Theorem 2.1. Tt yields BKW solutions (u;, p;) which
solve (£) with infinite accuracy

ona; + (u - V)ug + Vp;, = O(e%), divu; = 0. A
Remark 2.2.3: Suppose that the function ug € WY is a global solution of
Euler equations. Suppose also that the phase ¢y € WS is subjected to (2.1)
on the strip [0, co[xR? and that it is a global solution of the eiconal equation
(ei). Then the Theorem 2.1 can be applied with any T' € R;. It means that

no blow up occurs at the level of the equations yielding the profiles Uy, Py
and the phases ¢g. Yet, non linear effects are present. A

Remark 2.2.4: The characteristic curves of the field 0; +ug -V, are obtained
by solving the differential equation
oI (t,z) = uo(t,T(t2)), ro,z) ==x.

Suppose that the oscillations of the profiles Uy, are concentrated in some
domain D C R%. In other words

supp, Uiy C D, Vke{l,--- ,N}.
The BKW analysis reveals that for all ¢ € [0,T] we have
suppxU,:(t,-)C{F(t,x);xED}, Vke{l,--- ,N}.
The phenomena under study have a finite speed of propagation. A
Remark 2.2.5: The influence of dissipation terms will be taken into account
in the subsection 4.1. The viscosity we will incorporate is anisotropic. It

is small enough in the direction Vg§ in order to be compatible with the
propagation of oscillations. A

2.3 End of the proof of Theorem 2.1.

The Theorem 2.1 is a consequence of the Proposition 4.1 which will be
stated and demonstrated in the subsection 4.2. Below, we just explain how
to deduce the Theorem 2.1 from the Proposition 4.1 applied with v = 0.

e Dictionary between the profiles. Select arbitrary initial data for
(0, 2) U (0,2,0) € H®,  (U3)(0,z) € H®, 1<k<N,
and arbitrary initial data for

or(0,2) € H*, 1<k<Il-—1.



On the contrary, impose
(2.5) vr(0,) =0, Vke{l,--- ,N}.
The Proposition 4.1 provides with finite sequences

{ﬁk}lgkgz\/ s {pk}lgng s {ﬂﬂkhgkgz\/ )
and source terms
fet,,0) e W, GE(tx,0) € W,

such that the associated oscillations

. E =~ B
ug(tax - uO(t?x) + Zg:l gli ~k(t,$,€ 190§(t5 )),
?g(t’x) - pO(th) + Zk:l el Pk(t’x,g_l @E(tax)) s
S(t2) = ! f(ta, e (L),
g(t,z) == g (t,w, e yi(ta)),

are subjected to

DEE+(TEV)EEAVEE =F = O 1Y), divai=g =0 )
The oscillations & and p] involve the complete phase ¢ (t,z) which is the
sum of the geometrical phase (¢, ) plus some adjusting phase € ¢ (t, ).
More precisely

N
@5 (t,2) = @yt x) +e pit,x),  palta) =34 et ! pr(t,x).
The functions 0] and p] can also be written in terms of the phase .

Indeed, there is a unique decomposition
N+1 N+1 )
7

w=u+ru, =u+ O 7 ), pf=p+rp=p;+O(

k
1

involving the representations
(26)  wi(t,z) =uj(t,z, e gt x),  pi(ta) = p(ta,e gyt @)

where the profiles u; (¢, x,0) and p;(t,z,6) have the form

ul(t,2,0) = ug(t,z) + S p et Uy(t,z,0)
k
pi(t,x,0) = po(t,x) + S p_, et Pyt z,0).

The transition from ; to uf is achieved through the phase shift ¢f

s - b
Ur(t,x,e ' ¢f) = Up(t,z,e7t o5 + o + S el o)
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Use the Taylor formula in order to absorb the small term in the right. It
furnishes the following explicit link between the (U, Px) and the (Uy, Py)

Uk(t,x,e— (pl(t,.%')) = Uk(t,m,e) + Qk(f]l, ,ﬁk,l)(t,x,ﬁ),

(2.7) Pk(t,x,ﬁ — Lpl(t,x)) = Pk(t,m,ﬁ) + Qk(lsl,--- ,Pk,l)(t,x,ﬁ).

The application GF can be put in the form
gk(Ula o 7Uk*1) = zl;;i 8gg£(ﬁla o 7(7]67])) ) k S {17 o 7N} .

The terms gj; are given by

gﬁ(ﬁh"' ,Uk—p) = 1% Zaejﬁ Pltl+ar X X Qldlday, UapH,
where the sum is taken over the set
jpk = {a: (01, ap,app1) € Ne+L
0<o; <N-I1-1, Vjie{l,---,p},
1<ap1 <k-p, Oé1+'--+04p+ocp+1:/€—l?}-

The relation (2.7) and the definition of G* imply that
Up(t,x) = (Up)(t,z), VYke{l,---,N}, Vtelo,T].

Therefore, prescribing the initial data for the U, or the (Uk> amounts to the
same thing. The condition (2.5) yields

GE(U, -+ Up—p)(0,2,0) =0,  Vke{l,--- ,N}.
Since ¢;(0,-) = 0, we have
Io(0,2) U (0,2,0) = Io(0,z) Uy (0,2,0),  Vke{l,--- ,N}.
It is clearly equivalent to specify the initial data for the IIg U}, or the Il U, i

e The divergence free relation in the variables (¢,z). Consider the
application

div : H* — Im(div) € {ge H®; g(0)=0}.
We can select some special right inverse.
Lemma 2.1. There is a linear operator ridiv : Im (div) — H® with
(2.8) divoridivg = g, Vg e Im(div).
For all v > 0 and for all m € N, there is a constant C},, > 0 such that

(2.9) | ridiv g ||lgm < Chy | g | Vg e Im (div).

et

11



Proof of the Lemma 2.1. Introduce a cut-off function ¢ € C°°(R?) such that

{&w©#0} cB0,2, {& wE=1} > B(0,1].
For g € Im (div), take the explicit formula

ridiv (g) == 7 (J§ Ve )(re) dr + |72 (1= )(€) (&) x€).
Since g(0) = 0, the relation (2.8) is satisfied. For s > ¢, the injection

92
H*(R%) «— L>®(RY) is continuous. It leads to (2.9). O

e The Leray projector in the variables (¢, z). Note II(£) the orthogonal
projector from R¢ onto the plane

¢ti={ueR; u-£=0}.
Introduce the closed subspace

F:={uel? divu=0} c L?.

Call P the orthogonal projector from L? onto F. It corresponds to the Fourier
multiplier

Pu=T(Dy)u = (27)"2 [p, €™€ TI(€) a() dE .

The application P is the Leray projector onto the space of divergence free
vector fields. It is a self-adjoint operator such that

ker div = Im P, ImV = (ker (div))L = ker P.

Consider the Cauchy problem
ou+Vp=f~, divu=0, u(0,) =h

with data f € L2T and h € L?. It leads to the equivalent conditions
Ou=Pf, u(0,-) = Ph, Vp=(Id-P)f.

Now we come back to the proof of Theorem 2.1. It remains to absorb the
term g € Im (div). To this end, take + = +. Define uf and p; as in (2.2)
with the Uy and Py of (2.7). Introduce

N+1

cuj = ru; —ridivg; = O(s#‘kg), cp; :==rp; =01 ).
After substitution in (£), we lose again a power of . We find
fe = £ — (ridivgl - V) G — (& - V) ridiv g
— Oyridiv g + (ridivgs - V)ridivgs = O(e? 372).

The Theorem 2.1 looks like classical statements in one phase non linear
geometric optics except that the phase ¢y does depend on e. In the next
chapter, we examine the part of the ¢, which make up ¢ and ¢g.
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3 The cascade of phases.

Turbulence and intermittency are topics which represent extremely different
points of view. Two approaches compete:

a) The deterministic approach which study the time evolution of flows arising
in fluid mechanics [1]-[3]-[11]-[12]-[24].

b) The statistical approach in which the velocity of the fluid is a random
variable [14]-[22].

The Theorem 2.1 is mainly connected with a). It brings various informations
related to the propagation of quasi-singularities. These aspects are detailed

at first. Then we briefly explain b) and we draw (in the setting of the
Theorem 2.1) a phenomenological comparison between a) and b).

3.1 Microstructures.

The result 2.1 is concerned with the convection of microstructures. It is
linked with the multiple scale approach of [24] and [3]. In [24] the authors
look for BKW solutions u in the form

us (t,z) = ug(t,x) + U({(t,x,afl t,e~ ! ﬁo(t,m)) + Ole).
In the more recent paper [3], the selected expansion is

W(t, ) = ult,z) + &b Up(t,z,e5 te L Folt,2)) + Oe3).
Both articles [3] and [24] use homogenization techniques. They perform
computations involving expressions as u, or u. Simplifications (supported

by engineering experiments) are made in order to get effective equations for
the evolution of (ug, Uy) or (ug,Uy).

Consider the simple case of one phase expansions (that is when gy = ¢q is
a scalar valued function). Reasons why a complete mathematical analysis
based on uf or uf is not available can be drawn from the Theorem 2.1. For
instance, look at uf. When [ = 3, the oscillation uf, involves the same scales
as uf& N) since

e gt w) = et po(t,x) + 275 pi(tw) +275 palt,x).

Now the analogy stops here since in general ¢1(t,x) # t and @o(t,x) # 0.
These are geometrical obstructions which prevent to describe the propaga-
tion by way of u. The asymptotic expansion u is not suitable.

Analogous arguments concerning u;, will be presented in the paragraph 3.5.
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3.2 The geometrical phase.

Let us examine more carefully how the expression ¢ is built. Because of
the condition (2.1), for £ small enough, it is still not stationary

(3.1) Jep > 0; Vg (t,r) #0, VY (e, t,z) €]0,e0] x [0,T] x RZ.

In fact, the function ¢f comes from the approximate eiconal equation
Aoy + (a5 - Vg = O(e)

which is equivalent to
g +uo Vep + 3070 Up—j - Vioj =0, VYke{l,--- -1}

The family {u (¢, 2)}.cj0,1] has an e— stratified regularity [19] with respect
to the phase ¢f. This is a geometrical information.

3.3 Closure problems.

We have explained why appealing only to ¢g is not sufficient. It turns out
that BKW computations relying only on the geometrical phase ¢y come also
to nothing. This is a subtle aspect when proving the Theorem 2.1. We lay
now stress on it.

For all N € N,, the application G defined below is one to one
G V)Y — (W)Y

U1 Ul

U. Us + GHU

a0 — 2 G (t,2,0 + @u(t, 7).
Un 0N+QN((?1,"' ,f]N—l)

Once the U; or the Uj are known, it is entirely equivalent to use uj or u;.
Before the U; or the Uj have been identified, in particular when performing
the BKW calculus, it is deeply different to employ uj or uj. Indeed, there
is a unique choice of the ¢ with [ < k < N, which imposes a specific
hierarchy between the profiles Uy, which makes possible the triangulation of
the equations obtained by the formal computations.

In the subsection 2.3, we will perform the BKW analysis with the profiles
Uy. It yields a sequence of equations

(3.2) XU, Upy) =0, 1<k<N.
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As usual in non linear geometric optics, this can be rewritten in order to
find a sequence of well-posed equations

(3.3) XKU) = F(UL,+ ,Up1),  1<k<N,

where the Uy, are made of pieces of the Uj. Of course, the equation (3.3) can
be interpreted in terms of the U ;7 and then in terms of the Uj;. In this second
step, it requires to implement the phase shift ¢; and the transformations g,%
with 1 < j <k—1and 1 <p < j. Now, the BKW analysis reveals that
¢y or the various coefficients ¢; which appear in the definition of such G}
do not depend only on (Uy,--- ,U;) but also on some U; with i > k. The
resulting system is therefore underdetermined. Computations involving the
functions U; lead to a sequence of equations which are not closed.

The insertion of the phases ¢ with 1 < k < N is an elegant way to introduce
G. The change of variables G, though it is a function of (Uy,--- ,Uy), is
needed to progress. It allows to get round closure problems.

3.4 Compensated compactness.

Dissipation terms can be incorporated in the discussion. In the variables
(t,z), the addition of some viscosity & is compatible with the propagation of
oscillations if for instance x = v e2. There are approximate solutions (us,p;)
of the Navier-Stokes equations. They satisfy (2.2) and

Oput + (uf - V)ug + Vpf =v e? Ayul + 17, div uj =0,

with f7 = (O(e*°). When v > 0, Leray’s theorem provides with global weak
solutions (u®, p®)(t,z) of the following Cauchy problem

opu® + (ll5 . v)ua +Vp®=v g Agu®, divu® =0,
w(0,7) = us(0, )

Suppose now that ug = 0. Then, we have also the uniform controls

sup { [ e T uf |25 e €]0,1]} < C < 0,

3.4
(3.4) sup {v & fOT I el u®(t,-) ||§11(Rd) dt; e€]0,1]} < C < o0.

Arguments issued from the theory of compensated compactness [16] can be
employed to study the sequence {8_% u®}.. In the spirit of [11] or [12], we
can try to exploit the informations contained in (3.4) and the equation on
u® in order t? describe the asymptotic behaviour when e goes to zero of the
functions €7 u®. However this approach seems to be not applicable here.
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Indeed, obvious instabilities occur. The related mechanisms, which induce
the non linear instability of Euler equations, are detailed in the paragraph
5.1. Below, we just give an intuitive idea of what can happen. Use the
representation uj involving the phase ¢f. The determination of the inter-
mediate term ¢; requires to identify (Ul> and Ul*—l' This is a consequence
of the equations (4.18) and (4.21).

In view of the formula (2.7), when ¢; is modified by an amount of d¢p;, the
quantity Uy (¢, x,0) undergoes a perturbation of the same order dy;. When
dealing with quasi-singularities, some quantities with ¢ in factor (like (U;))
or with ¢!~ 1 in factor (like U, 1) can control informations of size e7. This
fact is expressed by the following rules of transformation

() / (Ur) + 8(Uh) = w /w40
Uty /UL + 00, = u /ui+ 0O

) 8(Uh)
) 6U; .

~

(3.5)

Now reverse the plreceding reasoning. To describe features in the principal
oscillating term et Uy (t,x,s_l @Z(t,x)), we must identify ¢; which means
to obtain (U;) and Ul*—r In other words, we need to know quantities which

have respectively ¢ and =7 in factor. When I > 2 such informations are
clearly not reachable by rough controls as (3.4).

This discussion indicates that the study of turbulent regimes requires to
combine at least geometrical aspects, multiphase analysis and high order
expansions. The tools of non linear geometric optics seem to be appropriate.
Some attempts in this direction have already been made.

3.5 Non linear geometric optics.

We make in this paragraph 3.5 several comments about non linear geometric
optics. They concern both old [18]-[19]-[26] and recent [6]-[7]-[8] results
which all are devoted to one phase expansions of the type

(36)  w(t.x) == uolt,x) + Y50, et Uk(tia,e golt,a)) -

When [ = 1, one is faced with weakly non linear geometric optics. The
asymptotic behavior and the stability of uﬁ are well understood. In fact a
complete theory has been achieved in the general framework of multidimen-
sional systems of conservation laws (see [18]-[19] and the related references).
Because of the formation of shocks, the life span of exact solutions close to
uﬁ does not go beyond T ~ 1.
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When [ = 2, expressions as ug are called strong oscillations. The construc-
tion of such BKW solutions can be undertaken only if the system of conser-
vation laws has a special structure. Transparency conditions are needed to
progress. They can be deduced from the presence of a linearly degenerate
field [7]. In the hyperbolic situation the family {uf}.c1o,1) is unstable [7] on
the interval [0,7]. It becomes stable on condition that a small viscosity is
incorporated [6]. Applications can be given to describe large-scale motions
in the atmosphere [6].

Compressible Euler equations are the prototype of a non linear hyperbolic
system having a linearly degenerate field. After a finite time, singularities
appear. These correspond to the generation of shocks by compression [27].
The situation is different in the incompressible setting. There is no genuine
shock and the production of singularities poses a much more subtle problem
[2]-[9] which up to now remains basically open.

Incompressible fluid equations lie at an extreme end in the sense that they
are the most degenerate (or the most linear) equations which have just been
mentioned. Following the approach of [20] related to transparency, repeating
the reasoning which goes from [18]-[19] to [6]-[7], one expects to go further
than [ = 2 when dealing with (£). Now, this is precisely what says the
Theorem 2.1 since it allows to reach any [ € N, !

To tackle the limit case [ = 0o, one is tempted to look at asymptotic expan-
sions of the form

(3.7) ui(t,2) = 302 e" Up(t,z, et po(t, ), OpU; £ 0.

The oscillations contained in u_ have a large amplitude. Modulation equa-
tions for Uy are proposed in [26]. However these transport equations are
not hyperbolic so that they are ill posed (in the sense of Hadamard) with
respect to the initial value problem. It confirms that a BKW construction
based on (3.7) is not relevant?.

The contribution [26] does not explain why the expansion (3.7) is not the
good one. We come back below to this point. At first sight thle Theorem
2.1 does not include large amplitude waves since u; —ug = QO(e7) < O(1).
A change of variables leads to recant this impression. Suppose that ug = 0

and OgU; # 0. Then define

1 2
1 ]

pi(e it z).

2The singularities are carried here by the velocity field. The discussion is very different
when the oscillations are polarized on the entropy [8].

W(t,z) = e T uS(e Ttx), pi(tw) =

17



Observe that the structure of uf and pf is very different from the one in
(3.7) since we have

cu; (67%
cp; (e T

t,CC),

t,x)

u(t,x) =Y 00 16 e Uk (e~ lt,x,s_lgoZ(e’%t,x))%—s’%
pi(t, @) =Y 00, et Pyt t,x,5*1@§(6*% t,x)) Lt
The functions 0 and pj satisfy
O+ (0 - V)aE+VPE = £,  divag =0, ff(t,z) =e 1 £5(e T t,a).
The functions uj are oscillations of the order 1. They are approximate
solutions of (£) on the small interval [O,e% T]. Indeed, for all m € N, the
family {f;}. is subjected to the uniform majoration

€—¥+%+3+m ” fe

SUPee10,e0) b HWE%/L)T < 0.

If moreover N = 400 and

(3.8) ¢1(0, = ¢-1(0,-)

)= =0,
Uk+1(0)5 ,  VYEeN\(

N),
the trace @} (0, -) has the form
w(0,z) = Y02, gk UlHk(O,x,a*l cpo(O,x)) , U # 0.

At the time ¢t = 0, we recover (3.7). Now the construction underlying the
Theorem 2.1 reveals that in general

(3.9) or(t,) 20,  Vte€lo,T], Vke{2,---,1—1}.

The functions ¢; with j € {2,---,1 — 1} are not present when ¢ = 0. But
the description of 1} (¢,-) on the interval [0,617% T| with k€ {2,--- ,1 -1}
requires the introduction of the phase shifts ¢; for j € {2,---  k}. More
generally, the description of 1 (¢,-) on the whole interval [0,7] needs the
introduction of an infinite cascade of phases {¢;}jen, -

Such a phenomenon does not occur when constructing large amplitude oscil-
lations for systems of conservation laws in one space dimension [10]-[13]. It
is specific to the multidimensional framework. It explains why the classical
approach of [26] fails.

It seems that the creation of the ¢; is due to mechanisms which have not
already been studied. It is not linked with resonances. It is related neither
to dispersive nor to diffractive effects.
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Remark 3.5.1 (about v1): The term ¢ does not appear if ¢1(0,-) = 0 and
U1(0,-) = 0. When these two conditions are not verified, the phase shift ¢,
can be absorbed by the technical trick exposed in [7]. Just replace ug(0,-)
by ug(0,-) + 6 U1(0,-). Perform the BKW calculus with a fixed 6 > 0. Then
choose § = ¢. A

Remark 3.5.2 (about ps): In general, we have ¢y # 0 even if
801(07 ) E()OQ(Oa ) EO7 (71(07 ) EUQ(Oa ) =0.

Indeed the time evolution of Us is governed by (4.22). It involves the source
term div (U; ® U;) which is able to awake Us. This influence can then be
transmitted to @9 through the transport equation

(3.10) Orpa + (110 . V)QDQ + (Ul . V)ng + (UQ . V)gpo =0.

Likewise, the other terms 3, - -+, ¢;_1 are in general non trivial even if
Qpl(oa ) == Qpl—l(oa ) = 0, Ul(oa ) == Ul—l(oa ) =0.
There is no more trick which allows to get rid of o, - -+, ;_1. VAN

Remark 8.5.3 (why turbulent flows ?): The introduction of the phase shifts
o with 2 < k <1 —1 cannot be avoided. Therefore the difficulties that we
deal with appear from | = 3. When [ > 3, the characteristic rate e of eddy
dissipation is bigger than one [3]. This is the reason why such situations are
refered to turbulent regimes. VAN

Remark 3.5.4 (about shear layers): We have said in the introduction that
the expression uj given by formula (1.1) is of a very special form. Let us
explain why. Change the variable ¢ into eTt and ué into uf := et u:. The
main phase ¢o(t, x) = z2 remains the same. Now we are faced with

ui(t,x) = t(e% g(xg, et $2),0,6% h(:nl—e% g(xo,e o) t, w9, ! :cg)) .
It is still a solution of Euler equations. NQW it falls in the framework of the
Theorem 2.1. The constraints on Us = (U, U2, U3) reduce to

Ul =02 =0, oU3 + (gd1h) = 0.

The contribution Us is non trivial but it is polarized so that Us - Vo = 0.
Therefore it does not produce the phase shift ¢s. The same phenomenon
occurs concerning s, ---, ¢;_1. These terms are not present. It turns out
that the expansion u$ involves only the phase ¢g(t, ) = xo. AN
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The choice for the amplitude of the oscillations is very important. It is
strongly related to the scale of time 7" under consideration. The idea is to
increase the time of propagation T’ to reach the regime where non linear
effects appear. Starting with some large amplitude high frequency waves

us (0,z) = Up(0,2,e L 90(0,2)) + O(e), U (0,-) £0,

the preceding discussion can be summarized by the following diagram:

T~1
infinite cascade ’ ‘
of phases | turbulent | incompressible
wo— (p1)— -+ ’ flows ‘ fluid equations
To~es
’ turbulent ‘ incompressible
w0 = (1) = 2 | flows | fluid equations
T~ es
| strong | systems of conservation
wo — (1) | oscillations | laws with a linearly
| [6] — [7] | degenerate field
T~c¢ _
weakly
i non linear l Sys(t)(;ms
o i ge;)lr)r;ie(‘jusnc l conservation
|ons-no) | e
T=0
phases ] regimes | equations

This picture allows to understand the position of the actual paper in com-
parison with previous results.

3.6 The statistical approach.

It deals mainly with quantitative informations obtained at the level of ex-
pressions, say u(z), which in general do not depend on the time ¢. The
introduction of u can be achieved by looking at stationary statistical solu-
tions [14] of the Navier-Stokes equations that is

u(z) = limr oo # fOT u(t,z) dt
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or in conjunction with the ensemble average operator ([22]-V-6) marked by
the brackets < - >. We will follow this second option. The description below
is extracted from the book of M. Lesieur [22] (chapters V and VI). We work
with d = 3. Interesting quantities are the mean kinetic energy

% <u(@)? > ~ [ps [u(z)? dz,

the enstrophy (that is the space integral of the square norm of the vorticity)
3 <w@)? >~ fps lw(@)? do, w(z) :=V Au(x)

and the rate of dissipation e ~ x < w(z)? >. In the setting of isotropic
turbulence, these quantities can be expressed in terms of a scalar function
k +—— E(k). The real number E(k) represents the density of kinetic energy
at wave number k (or the kinetic energy in Fourier space integrated on a
sphere of radius k). The relations are the following

[22]-V-10-4 L o<u(@)?>= [7° B(k) dk.

22]-V-10-15 1 <w(2)?> = [ k% BE(k) dk.

22]-VI-3-15 e =2k [;F° Kk BE(k) dk.

Kolmogorov’s theory assumes that

[22]-VI-4-1 Je>0;  Ek) =ce?P k5B, VEe [k kg
This law is valid up to the frequency kg with

[22]-VI-4-2 kg ~ (e/r>)VE.

The small quantity € := k;l is the Kolmogorov dissipative scale. The rela-
tions [22]-VI-3-15 and [22]-VI-4-2 imply that the rate of injection of kinetic

143

energy e is linked to the number [ according to e ~ ¢ . We recover here

that e ~ 1 when | = 3 (see [3]).

A starting point for the conventional theory of turbulence is the notion that,
on average, kinetic energy is transfered from low wave numbers modes to
high wave numbers modes. A recent paper [14] put forward the following
idea: in the spectral region below that of injection of energy, an inverse
(from high to low modes) transfer of energy takes place. At any rate, it is a
central question to determine how the kinetic energy is distributed.

3.7 Phenomenological comparison.

The statistical approach is concerned with the spectral properties of solu-
tions. Below, we draw a parallel with the propagation of quasi-singularities
as it is described in the Theorem 2.1.
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Let us examine how the square F(uf)(t,£)? of the Fourier transform of
u; (t,x) is distributed. To this end, consider the application

E(t,-) : Rt — I@‘L
ko — E(tak) = f{geRd;\g\:k} |.7-"(u§)(t,§)|2 da(f).

The initial data u§ (0, -) has a spectral gap. In another words, the graph of the
function k —— E(0, k) appears concentrated around the two characteristic
wave numbers k ~ 1 and k ~ ¢! = k4. In view of (3.9), this situation does
not persist. At the time t = e%, the concentration is around [ characteristic
wave numbers which are intermediate between the two preceding ones. This
corresponds to a discrete cascade of energy.

Suppose now (3.8) and consider ;. The life span of u;(t,-) is el T. There
are various manners to get a family {1 (¢, ) }.c}0,1) Which is defined on some

interval [0, T] with T > 0 independent on ¢. In particular, we can

a) Select any T > 0 when T' = +o00. However nothing guarantees that the
functions u} are still approximate solutions on the interval [O,T]. Indeed,
since t is replaced by e~(/) ¢, the size of the error terms flf depends on the
increase of f with respect to ¢. At this level, we are faced with secular
growth problems [21].

b) Use a convergence process® which needs the introduction of an infinite
cascade of phase shifts. The intuition? is that the graph of E becomes
continuous (no more gap). This corresponds to the impression of an infinite
cascade of energy. This remark is consistent with engineering experiments
and the observations reported in the statistical approach.

The turbulent phenomena which we study are very complex in their
realization. When ¢ > 0, the description of 0 (¢,-) involves an infinite set
of phases so that computations and representations are hard to implement.
It gives the impression of a chaos. Nevertheless, our analysis reveals that
these phenomena contain no mystery in their generation. On the contrary
quantitative and qualitative features can be predicted in the framework of
non linear geometric optics.

3When performing the formal analysis, arbitrary values can be given to the parameters
€ €]0,1] and ! € N,. For instance ¢ can be fixed whereas [ goes to co. Orl = —(Ine)/(In 2)
so that eT T = %T>0.

“Even at a formal level, difficulties occur in order to justify the different convergences.
Rigorous results in this direction seem to be a difficult task.
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4 Euler equations in the variables (t,z,0).

As explained in the previous chapter, the demonstration of the Theorem 2.1
is achieved with the representation

(4.1)  wj(t,x) =1u (t,x,gfl apﬁ(t,x)) . Pi(t,z)=p; (t,x,gfl apﬁ(t,x)) i

Recall that the complete phase o (t, ) is

k
(42)  ¢i(t,z) = ¢5(t.a) +e i(ta) = po(t,z) + Sny et wplt,x)

and that the profiles @ (¢, z,6) and 55 (¢, z,6) have the form

(13 BHw0) = uo(tx)+ SN et Uplt,x,0),
. 3 . o
pﬁ(t,x,@) = po(t,z) + Z]kV:1 et Py(t,z,0).

4.1 Preliminaries.

e Anisotropic viscosity. Mark the abbreviated notations
k
X;(t,x) ==V (t,x) = Zgzo et Xp(t,x), Xi(t,z) == Vr(t,x),
Xg,(t o) = | XE(t @)t XE(L, @)
Complete the unit vector X}, (¢, ) into some orthonormal basis of R?
xgl(tax):{ﬁj(t,x):@], V(’L,j) 6{1?"' ad}Qa
so that all the vector fields X}, are smooth functions on [0,T] x R¢. The
corresponding differential operators are denoted
X5, (0) == X5,(t,x) -V, ie{l,---,d}.
Their adjoints are
X5, (0) = X5, (t,x) - V +div (X,)(t, 7) ie{l,---,d}.
Select q € C22([0, T] x R4 S) be such that
Je¢>0; q(t,z) >c,  V(t,x)€0,T] x RI.
Let (m,n) € N2. Consider the elliptic operator EZ™(9) defined according to

EgM0) = (7 25,(0), T X5,(0)7, -+, et X5,(0)")
qu(t.e) diz(tz) - qulte) \ (el X5,(0)
gor(t, ) qoa(t,xz) -+ dqoq(t, ) €1 X5,(0)
qar(t,z) qa2(t,z) -+ qaa(t, ) el X5,(0)
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The introduction of the operator E;(0) in the right of (£) is compatible
with the propagation of oscillations only if m > [ and n > 0. We retain the
limit case [ = m and n = 0. The other situations are easier to deal with, at
least when performing formal computations.

e Interpretation in (¢,z,6). To deal with the variables (¢,x,0), define
0jc ::»58J-+8jgo§><89, jE{O,---,d},
0, = (01,67 Tt 7ad,€) s
grad; = (01, - ,0qc) = e V+XE X,
divy = (grad))* = e div+ X - 0p.
The derivatives I{ET become
e X;,(0:) := ¢ X5,(0) + |X;(t,x)| x O,
€ X5,(0:) =€ X,(9), Vje{2,---,d}.
The action of Elf(l] (0) expressed in the variables (¢, x, 0) gives rise to some neg-
ative differential operator of the order two, noted Elfé (0:). The coefficients of
the derivatives in Eg}(0.) are of size one, except in front of X, (9). To avoid

technicalities and to simplify the notations, we substitute the Laplacian v A
for E%(DE).
When v = 0, we recover Euler equations. When v > 0, the action v A can
be viewed as the ‘trace’ in (¢, z,6) of the anisotropic viscosity Elf(l] (9). Now,
consider the Cauchy problem

00,c Uy + (U - grad;) U + grad; p; )
(4.4) ] ) =veAu + fr, oivy Uy = gy,

UE(Oa ) = hs()7
with given data

feews,  GFewr, hieH™.

Suppose that v = 0 and select some smooth solution (af,p;) of (4.4). The
expressions @y and pj given by the formula (4.1) are subjected to

(4.5) { 05 + (&5 - V)i + VB = £,  dival =g,
UE(O, ) = hﬁ(),

where the functions f'f(t, r), g (t,z) and l~1§ (¢, mN) are obtained by replacing

the variable 6 by ¢ (t, ) in the expressions g1 fo(t,x,0), gt g; (t,z,0) and

Bg(t, z,0). In other words, any solution of (4.4) with v = 0 yields a solution
of (4.5). From now on, we proceed directly with the relaxed system (4.4).
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4.2 The BKW analysis.
Select a smooth solution ug(t,z) € W of
8tllo—|—(1lo-V)1lo+vp0 = v Azug, div ug =0.

Choose a phase ¢q(t, z) € C([0,T] x R?) with Vo(t, x) € C2([0, T] x RY).
Suppose moreover that it satisfies the eiconal equation (ei) and the condition
(2.1). The main step in the construction of approximate solutions is the
following intermediate result.

Proposition 4.1. Select anyb = (I, N) € N? such that 0 < | < N. Consider
the following initial data

Uio(x,0) = Ho(0,2) Uy (2,0) € H®,  1<k<N,

(Uko)(x) € H*>, 1<k<N,

wro(x) € H*®, 1<k<N.
There are finite sequences {ﬁkhgng and {Zsk}lngN with

Ui(t,z,0) € W, Py(t,2,60) € W, 1<k<N,

and a finite sequence {¢pk}1<p<n with

on(t,z) € Wee, 1<k<N,
which are such that
Ty (0, ) U7 (0, 2,0) = Tp(0, 2) Ufy(x,0), 1<k<N,
(U)(0,2) = (Upo)(z), 1<k<N,
¢k (0,2) = pro(z) 1<k<N.

Define o; as in (4.2). All the preceding expressions are adjusted so that the
functions u; and p; associated with the expansions in (4.3) are approximate
solutions on the interval [0,T]. More precisely, they satisfy (4.4) with

(46)  B(x.0) = uo(0,2) + X0y et Urol,0)
and we have
11 +1

(4.7) {FF1=06E"), {F)=06E"1).

e Proof of the Proposition 4.1. For convenience, we will drop in this
paragraph the tilde *~7 on the profiles uy, pf, Uy and Py. This modifica-
tion concerns only this demonstration. We hope that it will not induce
confusions: we still work here with the complete phase ;.
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Because of (3.1) we can define the application IIf (¢, z) which is the orthogo-
nal projector on the hyperplane Vf (t, x)L c R We adopt the convention

TE(a) = Y0 et T(t,x), T e W,  eel0,e].
The access to II; needs only the knowledge of the X; for j < k. Introduce
k _
V= XE o =00t Vi, Vie=Xioug+ Y000 X Uy,
wi = Eu =0 et Wy, Wi=pug+ 3570 I Uy
By construction
uf = of | XET2XE4wi, Up = Vi |Xol™ Xo +Wi+h
where h depends only on the X; for j < k and on the U; for j <k — 1.

The conditions prescribed in the Proposition 4.1 on the initial data U}, allow
to fix the functions Vg (0, ) - U7 (0,z,0) as we want. Since

Vi = Voo Uy + Y521 X5 Up_,

the same is true (by induction) for the components V;*(0,z,6). To begin
with, we impose the polarization conditions

(4.8) Pr=V =0, Vke{l,---,l}
and we adjust a priori the geometrical phase ¢f so that
(4.9) oo+ Vi =0, Vke{l,---,1—1}
which implies that
Ougy + (15 - V)oh = T2, et Vi = Oe).
It amounts to the same thing to look at the equations in (4.4) or at the

following singular system (we drop here the indices ¢ and b at the level of
u, of, wp, g, TI and ¢f)

Opu+ (u-V)u+Vp +e7' (9p +v) Gpu
(4.10) +e 1 op Vo = v Au,
divu+e 1 v =0.

The functions v is subjected to

v+ (u-V)v+ X -Vp+e ! (O +v) Ogv

(4.11) +el gpp || X |2 —(@X—F(U'V)X) u=v X -Au.
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The functions w satisfies

Ow + (u-V)w +IIVp+ et (O +v) Opw

(4.12) — (O + (u- V)T u=v MAu.

Substitute the expressions u; and p; given by (4.3) into (4.10). Then arrange
the terms according to the different powers of ¢ wlglich are in factor. The
contributions coming from the orders €771, ..., 77 and €° are eliminated
through (4.8), (4.9) and the constraints imposed on (ug, po)-

Now, look at the terms in front of e7 with j € N,. It remains

U; + z;;:? Uy - V)Uj_, + VP + 57 _ dPrsr, Vi
(4.13) + zgg;o (8t‘~Pl+k + W+k) 8,9Uj,k =v A Uj s
div Uj + 0pVj = 0.

Proceed in a similar manner with (4.11). Just arrange the terms which come
from X - Awu and which do not involve Uj in a source term H{/

OV + Yho Uk - V) Viok + Y10 (Drprin + Vier) 99V
+ Zi:o chk' VPi_p— > 700Xk -Uj_g
(4.14) - Zi:%) (Zfo (Up—1- V) Xp) - Ujp
+ 20 (O Xi - Xk1) 9Pk + 1 Xol* dpPjy
=V XO ’ AUJ + H{/(t’x,e, UlaXla e ,Uj—l,Xjfl,Xj) .

The same operation with (4.12) yields
OW; + Z{C:o (U - V)W +'Zi;é (Or o1k + Vigr) OgWj_p
+ Zi:o Ly, VPj,k - Zi:o 011y, Ujfk

— Yo (i Ut - V)LL) Uy
= v 1l AU] —|—H{/V(t,1',9,U1,X1,- .. 7Uj—17Xj—1an) .

(4.15)

Then extract the mean value of (4.13)

825(7]‘ + (UQ‘ V) Uj + (U] -V)ug + ij

(4.16) dim AN )
A1 Vg 0Uj—k) = v A, Uj,

Observe also that

(4.17) o= —div,'Ur,  VjieN,.
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Consider the inductive reasoning based on
Hypothesis (H;):
i) The expressions Uy, ---, U; and Py, ---, P; are known.

ii) The phases @1, ---, ¢; are identified. The same is true for the vectors
Xy, .-+, Xj and the projectors 11y, - - -, IL;. Moreover, the following relations
are satisfied

(4.18) Opjik + Vier =0, Vke{l,---,1—1}.

iii) The correctors Vi Vj*+l and Pj‘k+17 e P;_H are identified and

(419) j*+k = —div ag_lU;‘:kah Vke {17 U 7l} .

- Verification of (H;). The mean value U is obtained by solving
8t(71+(u0-V)Ul+(Ul-V)u0+VP1:quf]l, diVUlzo.

Using (4.9), it allows to determine ¢1. Now look at the oscillating part of
(4.15) with the indice j = 1. The constraint on W;* = U writes

Wy + (ug - V) Wi + (D1 + Vi) OgWy = MWy +v Ty AWY
where M is the linear application
MU = (1)U + ((up - V)Ip) U — Iy (U - V)ug .
We impose (4.18) for j = 1. In view of (4.9), it reduces to
o+ V,=0.
The link between W; and Vj is removed. It remains the linear equation
oW+ (ug- V)W) = MWy +v Iy AWY.

When v = 0, the profile W7 is obtained by integrating along the character-
istic curves I'(+, ). This justifies the remark 2.2.4 for k = 1. Observe also
that the polarization condition W = Il W7 is conserved since the equation
given for W} is equivalent to

(4.20) o [0:W7 + (ug - V)W + (W5 - Vug| = v g AW,
' Wi = Tlp Wy .

Introduce the linear form

LU = ‘X0‘72 [(%XQ -U+ ((uO-V)Xo) 'U—XO . ((UV)U())] .
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The constraint V" = 0 is equivalent to

Py = L0 Wi + v [Xo|72 Xo- 0 P AWY,
We have also

Vi, = —div g, Wy

At this stage, we know who is U; = Up + Wi and P; = 0. Moreover, we
have the relations (4.18) and (4.19). Thus, the hypothesis (H;) is verified.

- The induction. Suppose that the conditions given in (H;) are satisfied.
The question is to obtain (H,1). Consider first (4.16) with the indice j+ 1.
The relation (4.19) induces simplifications. It remains

8t(7j+1 + (uo -V) (73‘_1_1 + (Uj+1 : V) ug

(4.21) + 2 het O - V) Uja—g + 2002y div (U @ Usyy )
+VPJ‘+1 = VAxUj+1, div Uj+1:O.

This system gives access to U;;1 and Pjy1. For j =1, it yields

(4 22) 8,5(72 —|—7(u0 . V) UQ + (UQ . V) ug +VP2 B B
' + (U -V)Uy +div (U @Uy) = v AUy, divUy; =0.

Because of (2.4), the source term (Uj ® U7) is sure to be non trivial. We
recover here that in general Us # 0 even if U1(0,-) = U(0,-) = 0. The term
Us excites ¢ through (3.10). Generically, we have o # 0 even if

U1(0,-) = Ux(0,-) = 0, ©1(0,+) = ¢2(0,:) = 0.

Observe however that exceptions can happen (see the remark 3.5.4). The
information (4.18) for k = 1 means that

Opjar + (o - V) @it + Xo - Ujrr + 3201 Xy Uppry = 0.

Deduce ;41 from this equation, and therefore X, 1 and II;;;. Complete
with the triangulation condition

(4.23)  Owpjri+ Vi =0.

Then extract the oscillating part of (4.15) written with j + 1. Use (H;) and
(4.23) in order to simplify the resulting equation. It yields

where [ is known. We get W7, by solving (4.24). Therefore we have U 1

* I —1l77%
and we can deduce V', , = —div 9, U7,;.
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Now look at the constraint (4.14) for the indice j+ 1. Extract the oscillating
part. It allows to recover P} Thus we have (Hj1).

JHA1
Apply the induction up to j = N —[. It yields Uy, ---, Un. Construct
oscillations @ and p; by way of (4.3). It furnishes source terms f; and g;
through (4.4). By construction, we recover (4.7). O

4.3 Divergence free approximate solutions in (¢,x,0).

In this subsection 4.3, we impose on g a constraint which is more restrictive
than (2.1). We suppose that we can find a direction ¢ € R?\ {0} such that

(4.25) 3e>0;  Veolt,z)-¢ > ¢, Y(tz)e[0,T] xR,

Proposition 4.2. The assumptions are as in the Proposition 4.1. The
profiles Uy, Py, and the phases py are defined in the same way. Then, there
are correctors

cui(t,w,0) e W, {eu}. = OET)
such that the functions u; and p; defined according to
G (tx) = ug(t,x) + N | et Ut w,e7 @E(t,2)) + s (t, )
) 0\l ]]i[:lk~k”90g’ p\ls
P (t,x) == polt,z) + > 1y €l Pk(t,x,é:*l Lpg(t,m))
satisfy the Cauchy problem

00,c U + (U - grad]) Uy + grad; p; )
(4.26) =ve Ak&‘lf:i- Iy divy Uy =0
a5 (0,2,0) = wg(0,2) + 4L, e Ugo(w,0)

N+1

and we still have {ff}e = Qe 1).
We need some material before proving the Proposition 4.2.

e The divergence free relation in the variables (¢, z,6). We can select
some special right inverse of the application divf : Hy™ — Hp™".

Lemma 4.1. There is a linear operator tiviv; : Im (0iv]) — HF™* with
(4.27) div; o tidiv) g = ¢, Vg € Im (div}) .

For all m € N, there is a constant Cy, > 0 such that

(4.28) || vidiv] g || < Cwm | 9 || Vg € Im (oiv}) .

gmti+g o
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Proof of the Lemma 4.1. Let n € N,. Note
ti==jT/n, x;=k/n, 1<j<n-1, keZz.
Consider a related partition of unity
X(ik) € C([0,T] x R, (k) €{1,--- ,n—1} x 2,
ST Shezd Xgw(tr) =1, V(tx) € [0,T] x RY,
{(t2); x(m(t,2) #0} C [t — 2.t + 2] x Bla, 2],
{(t,2); xGw (o) =1} D [ty — 5,5+ 5] x Blaj, 7]
By hypothesis, there is a function v € H** such that g = 9iv] v. Introduce
VGik) = XGk) Y EHFT, gk =005 v -
It suffices to exhibit tidiv] g(; 1) and to show (4.28) with a constant Cy,, which
is uniform in (j,%k). The problem of finding tidiv; 9(j,k) can be reduced to
a model situation. This can be achieved by using a change of variables in

(t,z), based on (4.25). From now on, the time ¢ is viewed as a parameter,
the space variable is = (z1,%) € R x R¥"!, and we work with

g =g =0ivjv= (01 + Op)v1 + Gpvz + -+ + Ogva,

{z; g(z,0) #0} C {z; v(z,0) #0} C B(0,3].
Let 1) € C®°(R4"1;RT) be such that [p, 1 ¢(2) d& =1 and

{&; 9@ #0} € BO,1],  {2;¢@ =1} > B(0,3].
Decompose g according to

g=G-9v+3gv, g(x) = a1 g(x1,2) di = (01 + 9p)1 .
Seek a special solution u having the form

u = tidivi g = “(a, ridiv|(g —g) ¥]), a € HY*

where ’ridiv’ is the operator of Lemma 2.1 applied in the dimension d — 1.
It remains to control the scalar function a which satisfies the constraint

edia+0ga = h = g = (¢ 01+ 0p) (01 7).
Take the explicit solution
a(ry,,0) = ffoo h(zi+¢e(s—0),&,5) ds
=g ! ffoo h(zi+r, 8,0+ 1r) dr.
By construction

a(z,0 +1) =a(z,0), Jp a(z,0) do = 0, V(x,0) e R x T.
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For |z1| + |Z| > 2, we find

a(,0) = [°_ L0 ¢)(z1+e(s—0),2,5)] ds = (1 ¢)(x,0) = 0.
It implies that

{(2,0); a(z,0) #0} c B(0;2].
Note b := aglh € H**. Obviously

10 |z < Co | Al VmeEN,

{(z.0); b(x,0) #0} C B(0;1],
and we have the identity

a(z1,2,0) = (a1, 2,0) — f:ﬂflljll onb(z1+r,2,0+e1r) dr.

The term on the right is supported in B(0,2]. Use Fubini and Cauchy-
Schwarz inequality to control the integration of 01h. It yields (4.28). O

e The Leray projector interpreted in the variables (¢, z,6). Introduce
the closed subspace
F; = {u* e L§; oiviu* =0} C LF.

Note P, the orthogonal projector from L% onto F. This is a self-adjoint
operator such that

ker oiof =ImP;,  Imgradi = (ker div): = ker ¢ .

Expand the function u* € L%* in Fourier series and decompose the action of
‘B; in view of the Fourier modes

ut(t2,0) = Ypez, Wt ) e*7, By ut = Vper, By un(t,x) €0
Simple computations indicate that
Poowe = e FATD,) (1D ).

The following result explains why the projector P is replaced by Ily when
performing the BKW calculus.

Lemma 4.2.
i) The family {P¢}< is in UL". We have [0p; B:] = 0 and

[D],Eamg]zoa vje{ovvd}

i1) The projector 11 (t, ) is an approvimation of B; in the sense that

[P -1} e cues, [P (1d-1E)}, € uel.
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Proof of the Lemma 4.2. Since B¢ is a projector, we are sure that
b

I Bsulls <luls,  V(ew €loe] x 3.
It shows that {9¢}. € UL’ Compute

[0)es Byl u* (t2,0) = Ypez. [€ 0+ k 053 By Jun(t,z) e'*?.
Observe that

(€0 +ik 0jpf) B up = e FATID,) €8 (65790 uy)

= B, (e0;+ik 8j<p§)uk.

All these informations give access to the first assertion i). Now consider ii).

The asymptotic expansion formula for pseudodifferential operators say that
for all uy, in C§°(R%) we have

V(t,xz) € R, 6li_r)nO {(&B‘Ek ug)(t,x) — H(ch‘lf(t,x)) uk(t,x)} =0.
Since I} = II(Vy), it indicates that *B; is close to II}. We have to make
this information more precise. To this end, proceed to the decomposition

u* = v* 4+ ¢ Vp* + gp™ x X7, vt =Py ut.

We seek a solution (v*, p*) of these constraints such that

vt =TEw +ev*,  p* = XF 72 XF-0, u +ep*.
After substitution, we find the relation

— V(|| XE |72 X£ -0, 'u") = 0* + ¢ Vi + 0pp* x XF
which must be completed by the condition

—div (I} u*) = e divo™ + X} - 0.

It follows that

o = =P [V(| X 1172 X7 -0, )] + (B: — 1d) viviv (div (IIF u*)) .
In view of this relation, the point ii) becomes clear. %
Consider the Cauchy problem

docu +e7t gradd p* = f*, div u* =0, u*(0,-) = h*(+)
with data f* € L2 and h* € L?**. Compose on the left with Pr. It yields

do.cut =5 S+ o Brlur . wh(0,) =B A

The Cauchy problem can be solved in two steps. First extract u* from the
above equation. Then recover p* from the remaining relations.
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e Proof of the Proposition 4.2. It remains to absorb the term g;. Use
the decomposition

g =(%)+ 3", (5) € Im (div), ge* € Im (divg) .
It suffices to choose
cu; = —ridiv (g;) — tiviv] g;* = O(eTH) .

5 Stability of strong oscillations

The case of turbulent regimes (I > 3) will not be undertaken here. From
now on, fix { =2 and N > (6 4+ d). Consider the Cauchy problem

(5.1) Ou® + (u® - V)u® + Vp° = v EZ(9) v, divu® =0,
’ u®(0,z) = u;(0,x).

Let T. be the upper bound of the T" > 0 such that (5.1) has a solution
u® € WY. Classical results [4] for fluid equations imply that 7. > 0. Our
aim in this chapter 5 is to investigate the singular limit ‘e goes to zero’. Such
an analysis must at least contain the two following parts.

a) An existence result for a time Ty which is independent on the small
parameter € € |0, gp]. It is required that
inf {T.; £€]0,1]} > Tp > 0.

When v > 0, or when v = 0 and d = 2, we know [4]-[23] that T, = +o0 so
that Ty = +00. When v = 0 and d > 3, nothing guarantees that Ty > 0. To
our knowledge, this is an open question.

b) A convergence result. The exact solution u® is not sure to remain close
on the whole interval [0,Tp] to the approximate solution u; given by the
Theorem 2.1. Proving estimates on u® — uj is a delicate matter.

5.1 Various types of instabilities

e Obvious instabilities. The obvious instabilities are the mechanisms
of amplifications which can be detected by looking directly at the formal
expansions u;. They imply the non linear instability of Euler equations.
Indeed, fix any T > 0, any ug € W3°(R?) which is solution of (£), and any
6 > 0. Work on the balls

Bo(uo; (5] = {11 S L2; ” u() — 110(07 ) HLQ(Rd) < (5} .

Br(ug;d] :== {ue€ Ly || u—uo |l 2o,ryxrey < 0 }-
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Proposition 5.1. For all constant C > 0, there are small data
(h,h) € (Bo(ug; ] N H*)?,  (£,f) € (Br(ug; 6] n W2 )?
so that the Cauchy problems
Ju+ (u-V)u+Vp = f, divu =0, u(0,-) =h(-),
ou+(a-V)u+Vp = f, diva =0, u(0,-) =h(,),

have solutions (u, @) € Br(ug;d]? and there is t €]0,T] such that

2 MO0 s > O (10— b 1

+f§ | (f— f')(s, ) HLQ(Rd) ds).

Inequalities as (5.2) are well-known. In general [7]-[15]-[17], the demonstra-
tion is achieved in two steps. First detect equilibria where instability arises
in the discrete spectrum. Then establish that linearized instability implies
non linear instability. The procedure we adopt below is different. We just
look at approximate solutions like uj. It follows a more simple proof of (5.2).

Proof of the Proposition 5.1. Take | = 2 and N > (8 + d). Consider two

deals of initial data

Up(0,2,0),  ¢(0,2), 1<k<N,

U2(0,2,0), ©3(0,2), 1<k<N.
Fix these expressions in the following way

010, = 020,5),  1(0.5) = £3(0,)
It implies that

Uity =03, lt) =@3(L) =0,  Vie[oT].
Adjust U3(0,-) and U3(0,-) so that

B: (ph — ¢3)(0,-) = = Vo - (U3 = U5)(0,-) # 0.

Therefore, we are sure to find some ¢ > 0 such that (3 — ©3)(t,-
follows that

(53  Uiz.0) Zf(t z,0 + oi(t, 7))

;_ 2(t,2,0) = Ul (t, 2,0 + p3(t, 7).

Il
]
S
DN —
—
=
N
Il
S
[\o)\]
—
=
SN—

Note u;‘l and u;‘z the approximate solutions built with the profiles {U,i}k

and {U2};. The associated error terms are £7' and £2.
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Proceed by contradiction. Suppose that the Proposition 5.1 is wrong. Then,
there is C' > 0 and ¢; €]0,¢¢] such that for all € €]0, 1], we have

I (w5t —u5?)(t, ) 2may < C (Il (1:§1 —u:?)(0,-) 22 (e
+ o &= £2)(s,0) 22 (ra ds).

Divide this inequality by /. By construction, we have

_1

e || (us' — us2)(0,) [l 2 ey = OKVE),

e | (B —£2)(s,) 2@y = OWVE),  Vselo].
_1

e2 || (ust = us)(t ) [l ray

= (UL =U)(t, - et 5 (t, ) Nl r2ey + O (VE).
It follows that

. _1
lim e72 || (05" — i) (t ) e ey = Il (UL = UP)(E,) ll2gaxm) = 0

e—0

which is inconsistent with (5.3). O

Remark 5.1.1: In the demonstration presented above, the amplification is
due to o which is the principal term in the adjusting phase. The presence
of w5 becomes efficient in comparison with the other effects when

|(711(t,:6,9+g0%(t,:6)) —Uf(t,x,@—l—gp%(t,x)) | ~ct > /.
This requires to wait a lapse of time bigger than /e. This delay can be
reduced by adapting the above procedure to the cases [ > 2. A

Obvious instabilities have an important consequence. To describe the related
amplifications, it is necessary to introduce new quantities which correspond
to the phase shifts. In other words, the only way to get L? —estimates is to
blow up the state variables. This principle is detailed in [6] in the case of
compressible Euler equations.

e Hidden instabilities. Hidden instabilities are the amplifications which
are not detected by the monophase description of the section 4. On the other
hand, they can be revealed by a multiphase analysis. Introduce a second
phase 1y (t,z) € W2 such that

Obo+ (w0~ V)b =0, Vi AVipg #0
and disturb the Cauchy data of (5.1) according to

u®(0,z) = u;(0,7) + e Uz, e 40(0,2)) , M> N.
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The small oscillations contained in the perturbation of size e are not always
kept under control. They interact with u; and with themselves. They can
be organized in such a way to affect the leading oscillation uf. Concretely
(see [7]), we can adjust U and v so that there is a constant C' > 0 and
times t. €0, 7] going to zero with & such that

| (@ =)t ) poey = C ez, Veelo,e).

The power e at the time ¢t = 0 is turned into €2 at the time t = t-.
Such amplifications occur whatever the selection of [ > 2. They imply
minorations like (5.2). However, the underlying mechanisms are distinct
from the preceding ones. They are implemented by oscillations which are
transversal to ¢y and whose wavelengths are ()(¢). They are cancelled by
the addition of the anisotropic viscosity v Efé

5.2 Exact solutions

e Statement of the result. The first information brought by the BKW
construction is that mean values U and oscillations Uy of the profiles Uy,
do not play the same part. This fact is well illustrated by the rules of
transformation (3.5). It means that we have to distinguish these quantities
if we want to go further in the analysis. This can be done by involving
the variables (¢, z,6) that is by working at the level of (4.26). To deal with
(u®, p®)(t, z,0) instead of (u®, p%)(¢, x) is usual in non linear geometric optics
[25]. It allows to mark the terms apt to induce instabilities.

Select some approximate solution (uf2 N),pr N)) with source term f(s2 N)
given by the Proposition 4.2 and look at

5.4 00,e u® + (UE : gtabﬁ) u® + gtabg P =veAut, Oing ut =0,
(54) us(0,z,0) = ufz,N)(O,l“,e)-

Theorem 5.1. Fiz any integer N > d+ 8. There is ey €]0,1] and vy > 0
such that for all e €]0,en] and for all v > vy the Cauchy problem (5.4) has
a unique solution (uf,p?) defined on the strip [0,T] x R? x T. Moreover

N_4_
{ue _ qu,N)}e — O(gg d 4) )
Proof of the Theorem 5.1. The system (5.4) amounts to the same thing as
Proof y g

ot + (uf - V)u® 4+ div (u®* @ u®*) + Vp* = v Ay a®,
0o cu™ + (u® - grad)) u®* +¢ (u** - V) u®

+ [(uf* - gradd) us*]" + gradf pt = v e Auc*,
div @ = divf u™* = 0.

(5.5)

37



The equation (5.5) is also equivalent to solve the Cauchy problem
P o + P [(uf - V)u®] + P [div (u¥* @ u®)] = v Ay u’,
(5.6) Br o v + By [(ﬁe - grad;) uij] +ePB; [(u™ - V) u]
+ P [(ue* - grad;) ue*] =ve P, Au,
associated with the compatible initial data
ﬂa(oa ) = PZ_LE(O, ) ) ua*(o’ ) = ‘BE UE*(Oa ) .
e Blow up. Introduce the new unknown
dE = t(Ja’da*) — t(PJE’ "BE de*)
(@ — ), (Tt —ug),  b=(2,N).

= g7t (s

This transformation agrees with (3.5). The weight e~ 1 in front of (u® —u)
induces a shift on the indice [. Functions U; and U, =1 play now the same part
related to the amplifications. To write the equation on d° in an abbreviated
form, we need notations. Quasilinear terms

nd = P[(@-V)d],
’iQd* = P[dlv(e 2 ut @dt + d*®e” 2 us*) |,
fd = e [ V)]
= B [0 V)a*] + P [(u - grag) ]
—1-6*1 &BE [ (Bppf +ug - Vit ) Opd* |
Semilinear terms
A d = P[d-V)g],
A5 d = B [(d gtabg)( ) uﬁ*)] .
Aspd* = 5 [(a" - V)@ ] + e h P [(dF - grads) up* ]
Small quadratic terms
Q5 = e2 P[div (d@d)] + e2 P[div (d* ®d*) ],
Qs = % 5 [(d-grad;)d”] + &7 B [(d"- V) d]
+P: [ (d* - grad]) d* |
And error terms
erj = s p flf, ers = e ¢! PUS I
With these conventions, the expression d° is subjected to
POyd® + L5, d° + L5, d* + A5, d°
+emh Qi+ er] = v P Ayd,
PBo Opd™ + L5 d° + L35 d™ + A5 d° + A5y d°*
+etl Qs ters = v B Ad=.

(5.7)
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Energy estimates are obtained at the level of (5.7). Below, we just sketch
the related arguments which are classical.

e [’>— estimates for the linear problem. The linearized equations of
Euler equations along the approximate solution u{ are obtained by removing
Q5 and Q5 from (5.7). It yields a system which, at first sight, involves
coefficients which are singular in €. In fact, this is not the case. Let us
explain why.

This is clear for £5,, £5; and Aj;.
Since u;* = O(e%), this is also true for £f, and Aj5;.
The contributions which in £§, have e~! in factor give no trouble since
N X X 1
Ot + s - Vf =O(ez) = Oe™™), ust - VE = vf* = O(eM1).
Now, look at AS,. Recall that d** = 3, d** which means that
et d - Vi = —divd™.
Therefore
e PBE [(d= - gradd) ug* " = Te(t, 2, V) d*,
where T¢ is some differential operator of order 1 with bounded coefficients.

Observe that these manipulations and the blow up procedure induce a loss
of hyperbolicity. When v = 0, this is the source of hidden instabilities.
When v > vy > 0 with vy large enough, this can be compensated by the
viscosity. This is the key to L?— estimates.

e The non linear problem and higher order estimates. Let o be the
smaller integer such that o > %. If the life span T of the exact solution
uf is finite, we must have

thinTs | u®(t,-) lme = +oo.

Thus, the Theorem 5.1 is a consequence of the following majoration
sup {H us(t,-) [|go; t € [O,min(Ta,T)]} < C < 0.

Consider the set

Ze = {00,57 T, ad,z—:a a@}
Extract the operators
Zf = Z10 -+ 02, Z; € 2., k<o.
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It suffices to show that

max sup { || e ® ZFus(t,) |25 t € [0, min (T..T) } < C < .
0<k<o
Pick some Z¥ with k < 0. Apply Z¥ on the left of (5.7). Use the point i) of
Lemma 4.2 to pass through ;. Then, observe that the commutator of two
vector fields in Z€ is a linear combination of elements of Z¢ with coefficients
in C*°. Thus, we get an equation on Zf de*.

The linear part is managed as in the preceding paragraph. Take ¢ = 1. The
contributions due to Q)7 and )5 are controled by way of the a priori estimate
and the viscosity. The condition on N is to make sure that

N 3

Thereby, the contributions brought by the error terms erf{ and er§ remain
bounded in the procedure.
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