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Abstract

This talk surveys the recent development of message pgssisgdures
for solving constraint satisfaction problems. The cavisthod from sta-
tistical physics provides a generalization of the beliefgargation strat-
egy that is able to deal with the clustering of solutions iesthproblems.
It allows to derive analytic results on their phase diagraansl offers a
new algorithmic framework.

1 Message passing

Many NIPS participants can be confronted to the followinggtyf generic problerr[|[1]. A
system involves many 'simple’ discrete variables, and eaciable can take a certain num-
ber of discrete values (which is not too large). These végginteract, and the interactions
can be written in the form of constraints, where each comttira/olves a small fraction of
all the variables. One wants to find the values of the vargableich are compatible with
all constraints (or, when this is impossible, find the valwbgch minimize the number of
violated constraints).

This 'constraint satisfaction problem’ (CSP) is a ubiquaaituation which shows up for
instance in statistical physics, combinatorial optimiat error correcting codes, statisti-
cal inference,... It turns out that, in order to solve CSRes¢ various disciplines have
developed, often independently, some message passingdumas which turn out to be
remarkably powerful. The general strategy involves twomsaeps:

e Organize the constraints and variables in a graph
e Exchange messages, of probabilistic nature, along thengrap

We shall illustrate it here using as an example the famotisfseility’ problem.

2 Satisfiability and complexity theory

The problem of satisfiability involved’ Boolean variables; € {0,1}. There exist thus
2N possible configurations of these variables. The constdake the special form of
‘clauses’, which are logical 'OR’ functions of the variableFor instance the clause Vv



xo7 V T3 is satisfied whenever; = 1 or o7 = 1 or 3 = 0. Therefore, among th&
possible configurations af;, x27, 3, the only one which is forbidden by this clause is
x1 = w97 = 0, x3 = 1. An instance of the satisfiability problem is given by the tiall
the clauses.

Satisfiability is a decision problem. One wants to give ayesinswer to the question: is
there a choice of the Boolean variables (called an 'assigtijreich that all constraints are
satisfied (when there exists such a choice the correspoivtitance is said to be 'SAT’,
otherwise it is 'UNSAT’)?

This problem appears in many fields and its importance is aemurence of its genericity:
an instance of the SAT problem can be seen as a logical forfeuth agx; V 227 V Z3) A
(Z11 V z2) A ...), and it turns out that any formula can be written in this farhthe "and’
function of several clauses, called 'conjunctive normairfo

Satisfiability plays an essential role in the theory of cotagianal complexity,because it
was the first problem which has been shown to be 'NP-completel beautiful theorem
by Cook in 1971|]]2]. The NP problems are those decision probl@here a 'yes’ answer
can be checked in a time which is polynomialih This is a vast class of problems which
contains such difficult problems as the traveling salesitemproblem of finding a Hamil-
tonian path in a graph (a path which goes once through alicesit the protein folding
problem, or the spin glass problem in statistical physidse fact that satisfiability is NP-
complete means that any other NP problem can be mapped séiaazility in polynomial
time. So if we happened to have a polynomial algorithm fois§ability (i.e. an algorithm
that solves the decision problem in a time which grows likewagr of V), all the problems
in NP would also be solved in polynomial time. This is genlgrabnsidered unlikely, but
the corresponding mathematical problem (whether the N§sdtadistinct or not from the
'P’ class of problems which are solvable in polynomial tirreedn important open problem.

The result of Cook is a worst case analysis of the satisfighjifoblem. However it
is known experimentally that many instances of this probsem easy to solve, and re-
searchers have started to study some classes of instanmekeito characterize thgyp-
ical case’complexity of satisfiability problems. A class of instanéga probability mea-
sure on the space of instances. A much studied problem irrérizework is the random
'3-SAT’ problem. Each clause contains exactly three vdesithey are chosen randomly
in {z1, .., zxy } with uniform measure, and each variable is negated randuwiitiyproba-
bility 1/2. This problem is particularly interesting because its dify can be tuned by
varying one single control parameter, the ratic= % of constraints per variable. One
expects intuitively that for smatl most instances are SAT, while for larganost of them
are UNSAT. Numerical experiments have confirmed this séenbut they indicate actu-
ally a more interesting behavior. The probability that astamce is SAT exhibits a sharp
crossover, from a value close tdo a value close to 0, at a threshald which is around
4.3. When the number of variablég increases, the crossover becomes sharper and sharper
[B. [1. 1t has been shown that it becomes a staircase behaargeN [H]: almost all in-
stances are SAT far < «., almost all instances are UNSAT far> «., and some bounds
on the value oty have been deriveﬂ[ﬂ 7]. This threshold behavior is nothimnca phase
transition as one finds in physics, and has been analyzed tisthmethods of statistical
physics [B[B].

A very interesting observation is that the algorithmic diffty of the problem, measured
by the time taken by the algorithm to answer if a typical instais satisfiable, also depends
strongly ona: the typical problem is easy whenis well below or well abovey., and is
much harder whem is close toa,.. Therefore the region of phase transition is also the
region which is interesting from the computational poinviev.



3 Statistical physics of the random 3-SAT problem

In the last two decades, it has been realized that some cenaeg methods developed
in statistical physics can be useful to study optimizatiosbfems [P]. The interest in this
type of approach has been focusing in recent years on themasdtisfiability problem,
following the works of colleagues like Kirkpatrick, Monassand Zecchinaﬁ&@ll].
This is indeed a choice problem for a multidisciplinary stuldecause the SAT-UNSAT
transition is a phase transition in the usual statisticalspis sense, and the algorithmic
complexity of the problem shows up precisely in the neighbod of this phase transition.
On the analytical side, the first breakthrough used theaapliethod and computed some
approximations of the phase diagram using either a 'reicametric’ approximation,
or some variational approximation to the replica symmetgaking solution. Hereafter
I will mainly review the most recent developments initiaiec{@, 13]. These have pro-
vided some analytical insight into the phase diagram of teblpm, which turns out to be
more complicated than originally thought, as well as a neyoi@hmic strategy based on
message passing for the case of random 3-satisfiability.

The main analytical result on the phase diagram is sumnthinizgig.[}. When one varies
the control parameter (the number of constraints per variable), there actualigtékree
distinct phases, separated by two threshelganda.. The threshold at. = 4.267 is the
satisfiability threshold which separates the SAT phases-ata,. from the UNSAT phase
ata > a.. Butin the SAT region,there actually exist two distinct pega. They differ by
the structure of the space of SAT assignments (the 'SAT Spdear o < oy ~ 3.86, the
set of SAT assignments builds one cluster which is basicailynected[[]1, 14]. Starting
from a generic SAT assignment (which is a point on the unititdeshsional hypercube),
one can step to another one nearby by flipping a finite numbeawdbles. It turns out
that one can get from any generic SAT assignment to any otiettrough a sequence
of such steps, always staying in the SAT space. On the othed,Har o > «g, this
SAT space becomes disconnected: the SAT assignments angegkoto many clusters.
It is impossible to get from one cluster to another one with@ying to flip at some mo-
ment a macroscopic fraction of the variables. Simultankotise space of configurations
develops many 'metastable states’: imagine walking aldmgdonfiguration space (the
N-dimensional hypercube), flipping one variable at a tima, dllowing only the moves
which decrease, or leave constant, the number of violasegsek. Such an algorithm will
get trapped into some 'metastable clusters’, which are ected clusters of assignments,
all violating the same (non-zero) number of clauses. Thiscsire has some direct algo-
rithmic implication: the separation of clusters in the phas> o4 makes it very difficult
for algorithms based on local moves to find a SAT assignmem. phaser < «g is thus
called the 'Easy-SAT’ phase, while the one betwegranda.. is the 'Hard-SAT’ phase.

These results have been obtained using the cavity methoidjin@lty this method was
invented in the study of spin glass theory, in order to sohe $herrington Kirkpatrick
model [1}]. It is only recently that new developments in tiisthod allowed to solve
'finite connectivity’ problems where each variable intésawith a small number of other
variable]. Thanks to these development, it has becarsgifgle to study constraint sat-
isfaction problems. Although the method is not fully rigosp the self-consistency of the
main underlying hypothesis has been checl@ @7 8, 1d|ttmarefore the results con-
cerning the satisfiability threshold, as well as cruciatdieas of the phase diagram like the
existence of the intermediate Hard-SAT phase, are congttio be exact results, not ap-
proximations. Of course, it is very important to developrigus mathematical approaches
in order to confirm or infirm them.

It turns out that the cavity method when applied to one givesiaince of the problem
amounts to a message passing procedure which can also besisedlgorithm. Therefore
one surprising offspring of the theoretical developmenhefcavity method in recent years,
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Figure 1: The phase diagram of the random 3-SAT problem: wiherincreases the ratio
of constraints to variables, one finds successively an B#§yphase, a Hard-SAT phase,
and an UNSAT phase

which aimed at answering very fundamental questions coivegthe phase diagram, has
been the finding of a new class of algorithms, which turn oubegovery efficient in the
Easy-SAT phase.

The next sections aim at describing the main ideas of théyceéthod, taking the point
of view of the message passing algorithm. It is impossiblexjglain all the details, or to
give the justification, for all these steps. The intereséadler is referred to reﬂlG] for the
basic concepts of the cavity method in finite connectivigodiered systems, and to refs
L3, [13,[2p[ 18] for the solution of the random satisfiabifitpblem.

4 Factor graphs and warning propagation

The first step consists in a graphical representation ofatigfsbility problem. Each clause
is represented by a function node, connected to the variatiables which appear in the
clause, as described in Hig.2.

Factor graphs turn out to be very useful in various contémtduding statistical inference
[R1] and error correcting codes [22]. The general formaisuescribed in[[23].

In a random 3-SAT problem witiV variables and// = aN clauses, in the larg®’ limit,

it is easy to see that the factor graph is a random bipartitplgrwhere the function nodes
have a fixed connectivity equal to 3, and the variable nodes haPoisson distributed
connectivity with a meafa.

The simplest case of message passing is the warning pragagatong all the edges of
the graph, one passes messages. If clauseolves variable, the message,—.; € {0, 1}
sent from clause to variable: is a way for clause: to inform variablei: A warning
uq,—; = 1 means : “According to the messages | have received (fromtther @ariables
which are connected to me), you should take the value whiitfiea me!”. Wheny,,_.; =
0, this means that no warning is passed, which means a messagg:sAccording to the
messages | have received, there is no problem, you can tgkee!”

It can be shown that warning propagation converges and ieesorrect answer in a sat-
isfiability problem described by a tree factor graph (suchr@blem can be nontrivial if



Figure 2: Factor graph representation of satisfiability: akiable is represented by a cir-
cle. A clause is represented by a square, connected witH &dgp. dashed) line to a
variable when this variable appears as such (resp. negatdt clause. Left hand side:
The clauset; Vv z2 V Z3. Right hand side: the factor graph representing the formula
(Z1 VT2 VEON (X1 V T2)A (2 V 24 V 25)A (21 V 22 V T5)A(21 V T3 V 5)

there are, among the clauses, some ’unit clauses’, inlaisingle variable, and forc-
ing this variable): the problem is SAT if and only if, on eadri@ble node, there are no
contradictory messages.

This simple warning propagation corresponds to some limgitiase of the celebrated belief
propagation (“BP”) algorithm. The basic idea of BP is to sttiie probability space of all
SAT assignments with uniform measure. Consider again #ngselin Figﬂ& Imagine one
knows the joint 'cavity’ probabilityP(®) (x5, 3) for the variables:,, 23 when the clause
a is absent. Then one can deduce the following estimate freaoncerning the state af

Py 5171 Z C $17$27$3 )(z25$3>7 (1)

x2,T3

whereC,, is the indicator function of clause, equal to one if and only if the clause is
satisfied. The probability distribution af; in the absence of a clausés given by:

P(b) (x1)=C H P, 1(z1) (2)
aceV(1)\b

whereC'is a normalization constant.

These exact equations are useless as such, but they becomeseéul if one adds the
hypothesis that

P9 (24, 25) ~ P (25) P (23) . ()

Then eqs |]:[|2) close onto a set of self-consistent equaft@mnthe cavity probabilities
P(@)(z). These equations can be interpreted as a message passieglym® which is
the BP algorithm; they also carry the name of Bethe approtimén statistical physics.
The warning propagation equations are some version of BFhinohnone focuses onto the
variables which are forced to take one given value in all tA& 8onfigurations (in the
statistical physics approach they correspond to writirrgBbthe equations directly at zero
temperature). The onset of clustering at this zero temper#tvel signals the existence of
clusters in which a given variable is frozen (it takes the saalue in all configurations of
the cluster): it takes place at a value- 3.91.
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Figure 3: Two examples of warning propagation in a clausén order to determine the
message which it passes to variablelausen considers all the messages received by the
other variables to which it is connected, here the variabl@sd3. On the left hand side,
the messages received Dyell it to take the value:; = 1, which does not satisfy clause
a, and the messages receiveddtell it to take the valuers = 0, which does not satisfy
clausea. Therefore, in order to be satisfied, clausmust rely on variablé. It thus sends

a warningu,—1 = 1. Right hand side: an example where no warning is sent, becaus
variable3 is told by its environment to take the valug = 1, which satisfies clause

The main question is whether the factorization approximra@) is correct. If the factor
graph is a tree, it is obviously correct. In the case of a ram8eSAT, or random K-SAT
problem, one may notice that generically the factor graplodgally tree-like: the loops
appear only at large distances (of orttey N). Therefore, in the absence of clausehe
two variablest,, x3 are far apart. In such a situation one may hope that the faatam
will hold, in the largeN limit. However this is true only in the case where there is@ls
pure state in the system (i.e. a single cluster of solutiolfishere are several pure states,
it is well known in statistical physics that the correlasoof the variables decay at large
distances only when the probability measure is restriciezhe pure state.

5 Proliferation of states: survey propagation

Therefore one can expects the BP, or the warning propagatidre correct in the Easy-
SAT phase. In the Hard-SAT phase where pure states prdbéfaree BP would be correct
if we had a way to restrict the measure to the SAT configuratianone given cluster.
However there is no way to achieve this globally. BP is a locassage passing procedure.
Locally it will tend to find equilibrated configurations cesponding to one cluster, but
there is no way to select the same cluster in distant partsed&ictor graph.

In order to handle such a situation the cavity method intcedugeneralized messages:
Along each edge — i, a message is sent from clauséo variablei;. This message is a
survey of the elementary messages in the various clust&abtonfigurations. Because
warnings are so simple (this is where it is useful to use wairather than standard BP),
the survey is characterized by a single real numjer;, which gives the probability of a
warning being sent from constraiatto variablei, when a cluster is picked up at random
in the set of all clusters of SAT assignments.

The survey propagation (SP) equations are easily writt@oking again at the clause of
FigB, let us denote by the set of function nodes, distinct from connected through
a full line to variablexs, andV the set connected through a dashed line. Introduce the



probabilities that no warnings are sent frémandV, given byn? = [],c, (1 — m—2)
andn? =[], (1—m—2). Similar quantitiesr? are introduced for the variabig. Then
the SP equations read:

2 (1—n3) (1 —72) @)
2 +72 —7mir2 ad 43 —ndnd

Na—1 =

It turns out that the propagation of these surveys along thplgconverges for a generic
problem in the whole Hard-SAT phase.

These SP equations can be used in two ways. When iteratedeogiven sample, they
provide very interesting information concerning each alaleé: From the set of surveys,
one can compute for instance the probability that one vhriEbconstrained t6, when
one chooses a SAT cluster randomly. The survey inspiredragitin algorithm |[1|2|j|3]
uses this information as follows: it identifies the most bévariable (the one which is
polarized to 1, or to 0, with the largest probability), andefixit. Then the problem is
reduced to a new satisfiability problem with one variabls.leé®ne can run again the SP
algorithm on this smaller problem and iterate the procedTinés simple strategy finds SAT
assignment in the regian < 4.252 (quite close to the UNSAT threshold = 4.267), in a
time of orderN log NV which allows to reach large sample sizes of a few millionalales.
Some backtracking in the way one performs the decima@]ﬂms to get closer to the
threshold, but until now it is not known if these survey baakgbrithms will allow to solve
the algorithmic problem in the whole Hard-SAT phase or not.

On the other hand one can also use the SP equations in orded tarfalytical results. The
idea is to perform a statistical analysis of the SP equations introduces the probability
densityP(n), when one picks up an edge-i randomly in a large random 3-SAT problem,
that the survey,,_,; takes a given valu@. The SP equationﬂ(4) allow to write a self-
consistent non-linear integral equation #@¢x). Solving these equations, one can deduce
all the features of the phase diagram of Eig.l. The threshfoland for random K-sat, for
K =3,4,5,6,10, are respectively equal tb267, 9.931, 21.12, 43.37, 708.9 (see ]).

The equations can also be generalized to study the UNSATephaghich one can deter-
mine the minimal number of violated clauses, both analifficand also algorithmically
on one given sample, but this goes beyond the present paper.

This general cavity method strategy can also be used in othvestraint satisfaction prob-
Iems], and has found non-trivial results for instancettos coloring problen@G]. A
particularly interesting case is the XOR-SAT probldﬂ [2¥here the same type of phase
diagram is found, and the cavity method result can be cheekeslis rigorous computa-
tions. It is also worth mentioning that fd{ even, the SAT-UNSAT threshold. found
with the cavity method has been shown to be an upper boune toottiect resul@B]. Our
conjecture is that this bound is actually tight.

To summarize, we have considered sparse network of mansaatiteg elements, with
interactions taking the form of constraints on their refatvalues. In this situation, one
often finds a “Hard-SAT” phase, with an exponential numbewefl separated solution
clusters, together with an exponentially larger numbemuétastable states’. It turns out
that the local exchange of probabilistic messages betweerlements provides a very
detailed statistical information on the various solutio@e can expect that this general
framework will also find applications in neural network sexl
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