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A Littlewood-Richardson rule for evaluation

AN

representations of U,(sl,)

Bernard LECLERC

Abstract

We give a combinatorial description of the composition dastof the induction product of
two evaluation modules of the affine Iwahori-Hecke algelfreype GL,,,. Using quantum
affine Schur-Weyl duality, this yields a combinatorial dgston of the composition factors
of the tensor product of two evaluation modules of the quardatfine algebrd/, (sl,, ).

1 Introduction

1.1 Let H,, denote the lwahori-Hecke algebra of tydg, ; overC(¢). This is a semisimple

associative algebra isomorphic to the group algeb{g[S,,,] of the symmetric group. Hence
its simple modulesS(\) are parametrized by the partitionsof m. Consider a decomposition
m = mi + ms, and two partitions\() and \®) of m; andms, respectively. Then we have a
H,,,-moduleS(\(1) and aH,,,,-moduleS(A\(?)), and we can form the induced module

SOW) @ SO) = dfy oy, (SKV) @ SO)).

Here, H,,, ® H,,, is identified to a subalgebra df,, in the standard way. Using again the
isomorphismH,, = C(t)[6,,], we see that the multiplicity of a simpl,,,-module S(x) in
S(AM) ® S(A?)) is equal to the classical Littlewood-Richardson coeffit:ié;qm@) (seee.g.
[Mcd)).

1.2 Let now H,, be the affine lwahori-Hecke algebra ov€(t) (see 2.1 below). For each
invertible z € C(t) we have a surjectivevaluation homomorphism : ﬁm — H,,. Pulling back
the simpleH,,,-moduleS()) via 7. we obtain a simpled,,-moduleS(); z) called anevaluation
module In analogy with 1.1, given two invertible elementsand z; of C(t), we can then form
the inducedH,,,-module

SOAM:21) © S(AP): 29) = Indg:1®ﬁm2 <S()\(1); 21) ® S(AP; z2)) .
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It turns out that if we fix\(1), \(2) and vary the spectral parametes z,, this module is gener-
ically irreducible, that is, it is simple except for a finitember of values of the ratio; /z2. In
[LNT, Theorem 36] a combinatorial description of these specikles was given.

In this note we shall make this result more precise by deisgribll the composition factors
of SIAM; z1) ® S(A?); 2,) at these critical values; /z,. We shall also prove that, in contrast
with the classical Littlewood-Richardson rule, all the qmmition factors appear with multiplicity
one. The composition factors occuring in a product will beatibed using the combinatorics of
Lusztig’s symbols that is, of certain two-row arrays introduced by Lusztig parametrizing the
irreducible complex representations of the classical et groups over finite fieldd [ul, L u2).

1.3 We will derive our combinatorial formula from some explicélculations of canonical bases
in level 2 representations of the quantum algdisés(,, 1) performed in LM]. More precisely,
by dualizing L M, Theorem 3], we get a formula for the expansion of the prodtito quantum
flag minors on the dual canonical basislaf(sl,, 1) (Theorem 4). Using then Ariki's theorem as
in [LNT], we obtain immediately the above-mentioned Littlewoddardson rule for induction
products of two evaluation modules over affine Hecke algefraeorem 2).

Finally, by means of the quantum affine analogue of the Sd¥eyl duality developed by
Cherednik, Chari-Pressley and Ginzburg-Reshetikhirs&fad, we can deduce from this rule a
similar one for the tensor product of two evaluation modwdesr the quantum affine algebra

Uq (;[N)

2 Composition factorsof induced f[m—modules

2.1 Let H,, be the affine Hecke algebra of typeL,, over C(t). It has invertible generators
Ti,....,Tom_1,91,...,ym Subject to the relations

Tl Ty = T34 TiTi 44, (1<i<m—2),
T;T; = T;T;, (Ji =3l >1),
(

(Ti = t)(Ti +1) = 0, 1<i<m—1),
Yilj = YjYi, (1<i,j<m),
yils = Tyyj, (j#i,i4+1),
TiyiTi = tyiya, (1<i<m-1)

The subalgebrdi,,, generated by th&;’s is the Iwahori-Hecke algebra of typg,,_1.
For any invertiblez € C(t) we have a unique algebra homomorphism H,, — H,, such
that
() =T;, 71.(y1) =2, (i=1,....,m—1).

This is called thesvaluation atz.
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We also have an algebra automorphism H,, — H,, such that
UZ(E):E Uz(yz) = ZVY;, (Z: lvam_l)
This is called theshift by z.
2.2 As mentioned in the introduction, given two partitions) and A(?), the structure of the

induced,,,-module
SOAW: 21) © S(A®); 25)

depends essentially on the ratip/z». Indeed, by twisting this module with the shift automor-
phismo, we obtain the induced module

SAW: 221) © S(A?); 22y).

For example, itis known that if; /zo ¢ t% thenS(A(M; 21) © S(A\?); z5) is irreducible. Therefore,
we can assume without loss of generality that

n=1t% a€Z, a;=t\D),  (i=1,2), 1)

where as usual()\) denotes the length of the partition Since S(A(; z;) ® S(A®?); 2,) and
S(A®); 25) ® S(AM: 21) have the same composition factors with the same multijgigitve can
also assume that < as.

2.3 It will be convenient to write partitions in weakipcreasingorder. Given a partition\ and

an integera > ¢(\) we can make\ into a non-decreasing sequercs, ..., \,) of lengtha by
setting\; =0forj =1,...,a — £(\). We can then associate {4, a) the increasing sequence
ﬁ:(ﬂla"'aﬁa)a ﬂ]:j_{_)\] (2)
In this way, given(\() a;) (i = 1,2) as in 2.2, we obtain symbol
2) (2) (2)
5:<ﬁ<1>>:<ﬁh>’m’ C(%)- ()
g B, .., Ba

For example, the symbol attached to the péiis1,2),3) and((2,3),5) is

1 23 6 8
S‘<235 )

Conversely, given a symbdl, i.e. a two-row array as in Eq. (3) with
1<) < <89 (i=12),

there is a unique pai\(?), a;) (i = 1, 2) whose symbol isS.

3



hal-00001014, version 1 - 8 Jan 2004

2.4 The symbolS of Eq. (3) is said to bstandardif ﬂf) < S) fork < aq. In[LM, §2.5] we
have defined thpairs of a standard symbd}, and the se€(.S) of all symbols¥: obtained fromS
by permuting some of its pairs. As shown InNl, Lemma 9], these notions are equivalent to the
notion of admissible involution of Lusztid-ju4].

For the convenience of the reader we shall recall these tiefisi LetS = (°) be a standard
symbol. We define an injectiont : v+ — [ such thaty(j) < jforall j € . Todo so itis
enough to describe the subsets

Y={ievlvy =i-1}, (0<I<n).

We sety? = v N 8 and forl > 1 we put

Y ={ier-0"U U i-leB-yv( U UYTHY

Observe that the standardnessSamplies thaty is well-defined.
1 3 5 8 9
S‘<3 6 7 10 >

VY =3}, 7' =1{6,10}, v’ = =" =0, 1* = {7}.

Example 1 Take

Then

Hence

¥(3) =3, ¥(6) =5, ¥(7) =1, ¥(10) = 9.

The pairs(j, (7)) with ¢(5) # j (thatis,j € N ~) will be called the pairs of. Given
a standard symbad¥ with p pairs, we denote bg(.S) the set of all symbols obtained frof by
permuting some pairs i and reordering the rows. We considgitself as an element af(S),
henceC(S) has cardinality2?.

2.5 Given a partition\ and an integex we call Young diagram of\, a) the Young diagram of
A in which each celli, j) is filled with the integet — j + a. For instance, i\ = (2,3) anda =5
then the Young diagram d@f\, a) is

415
5[6]7]

The rows of the Young diagram ¢A, ) yield amultisegment

m(\a) = Y [kk+ N\ —1].
1<k<a
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This is a formal sum (or multiset) of intervals i, in which we discard the empty intervals
corresponding to th&’s with A\, = 0. Thus, continuing with the same example, we have

m((2,3),5) = [4,5] + [5,7].
Similarly, we attach to a pait\(), a;) (i = 1,2) or to its symbolS the multisegment
m(S) = m()\(l),al) + m()\@),ag).

2.6 To each multisegment

m .= Z[ak,ﬂk]

k

is attached an irreducibld,,,-module L, wherem = > w(Br +1—ay) (seee.qg.[LNT, §2.1]).

2.7 Letus assume that the p&x(®, a;) (i = 1, 2) satisfies the conditions of 2.2. LEtdenote
the symbol attached to this pair. We can now state:

Theorem 2 The composition factors &f(A(D; %) © S(A2);¢%2) are the moduled.,,,(s) where
S runs through the set of standard symbols such fiat C(S). Each of them occurs with
multiplicity one.

Theorem 2 will be deduced from Theorem 4 below.
Example3 Let (A, a1) = ((1,4),2) and(A?) a) = ((1,2,3),4). The corresponding symbol
is
1 3 5 7
5 = (2 ’ )

The standard symbol$ such that: € C(S) are

1 2 5 6 1 2 5 7 1 3 5 6 1 3 5 7

3 7 ’ 3 6 ’ 27 ’ 2 6 '

It follows that the composition factors ¢f((1,4);¢%) ® S((1,2,3);t*) are theL,, wherem is
one the following multisegments:

n = [1,2] +[2,6] +[3,4] + [4,5], mn2=[1,2]+[2,5] + [3,4] + [4,6],

ng = [1,1] +[2,2] + [2,6] + [3,4] + [4,5], ng=[1,1]+[2,2] + [2,5] + [3,4] + [4,6].
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3 Canonical bases

3.1 Fixn > 2and letg = sl,,.1. We consider the quantum enveloping algelizég) overQ(v)
with Chevalley generators;, f;,t; (1 < j < n). The simple roots and the fundamental weights
are denoted by, andAj (1 < k < n) respectively. The irreducible representatiorUpfg) with
highest weight\ is denoted by (A). We denote by, (n) the subalgebra df,(g) generated by
ej (1<j<n).

3.2 LetB (resp.B*) denote the canonical basre$p.the dual canonical basis) 6f, (n) ([Lu3],
[BZ]; see alsolLNT, §3]). The elements aB andB* are naturally labelled by the multisegments
m supported orfl, n|. We shall denote them hy,, andb}, respectively.

The vector9;,, for which m is of the form

m =m(\,a)

for some partitiom\ and some integer are calledquantum flag minorsindeed, by BZ], they can
be expressed as quantum minors of a triangular matrix whutsie® are iterated brackets of the
e;’s (see LNT, §5.2]).

3.3 Let(A\®,q;) (i = 1,2) be as in 2.2. We also assume that the multisegments
m; = m(\?D, q;) (i=1,2)

are supported ofil,n]. Let ¥ be the symbol attached to the p&x(),q;) (i = 1,2). For a
standard symba$ such that: € C(S) we denote by.(S,>) the number of pairs of which are
permuted to geE. Finally, we denote byV;(\, a) the number of cells of the Young diagram of
(A, a) containing the integef.

Theorem 4 We have

b:nl btng = ’UfNal ()\(2)70,2) Z vn(S, X) b;kn(S)
S

where the sum runs through all standard symigksuch that: € C(.S).
Example5 We take(A("),a;) and(A\(?), ay) as in Example 3. Hence
my = [1,1] +[25, mo=[22]+[3,4 +[4,6]
ThenN,, (A®) as) = N»((1,2,3),4) = 1, and we obtain, using the notation of Example 3,

biy, bl = 0 (VP 0], + 0 b, + 0 bk, +b]).

mj; "1ms
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3.4 Proof of Theorem 4.Following [LNT, §7.2], we will replace calculations of products of
elements ofB* by calculations of dual canonical bases of finite-dimeraigepresentations of

Us(9)-

3.4.1 LetU,(n") denote the subalgebra &f,(g) generated by the;'s, and letz — 2* denote
the algebra isomorphism froii,(n) to U, (n~) defined byeg =fi(i=1,...,n). LetAbea
dominant integral weight and lety be a highest weight vector of the irreducible modulg\).
Then the mapry : = — zfu, projects the canonical badBsof U, (n) to the union of the canonical
basisB(A) of V(A) with the set{0}. The dual mapr} gives an embedding of the dual canonical
basisB*(A) of V(A) ~ V(A)* into the dual canonical basB* of U, (n) ~ U, (n)*.

3.4.2 In particular the subset d8* obtained by embedding the bad8$(A,) (1 < a < n) of
the fundamental representations is precisely the subsgiaftum flag minors. It is well known
thatV'(A,) is a minuscule representation whose bd3&g\,) andB(A,) coincide. Moreover the
elements of these bases are naturally labelled by the (Paitg whose Young diagram (as defined
in 2.5) contains only cells numbered by integers betweandn. Denoting them b% a) We
have

foa(b?x,a)) = b:n()\@)
Equivalently, we can also label the element®B3fA,) by one-row symbolsg as in Eq. (2) with

3.4.3 Similarly, the basiB*(A,, ) ® B*(A4,) is naturally labelled by the set of symbdsas in
Eq. (3) withﬁé? < n+1 (i =1,2). Using the theory of crystal basd§ 1, K2] one can see that
the basisB*(A,, + A4,) has a natural labelling by the subset of standard symhhdis, [52.3].
Moreover, denoting byt the element oB*(A,, + A,,) labelled by the standard symb§lwe
have, using also the notation of 2.5,

TRa, +Aay (05) = bin(s)-

344 Leti:V(Ay +Agy) — V(Ag,) ® V(A,,) be theU, (g)-module embedding which maps
U, +Aq, 1O Up, @ up,, , and let” @ V(Aq ) ® V(Ag,) — V(A4 + Agy) be its dual. Let
b; € B*(A,;) (i = 1,2) and denote by}, = w3 (b7) (i = 1,2) the corresponding quantum
flag minors. It is shown inNT, §7.2.7] that the image o} ® b5 under the composition of
m<':1p37r;§al+/\a2 o .* coincides up to a power aof with the producty, by,,. Hence to calculate
the B*-expansion oby, by, itis enough to calculate the matrix of the mapwith respect to the
baseB*(A,,) @ B*(Ay,) andB* (A, + Ag,)-
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3.45 The matrix of. with respect to the bas@(A,, + A,,) andB(A,,) ® B(A,,) was cal-
culated in LM, Theorem 3] in terms of Lusztig’s symbols. Transposing ithérix we obtain the
desired matrix of*. Using 3.4.2 and 3.4.3, we then get the formula of Theorem 4. a

3.5 Proof of Theorem 2By [LNT, §3.7] the multisegmentsa indexing the composition factors
L of S(AW:t91) © S(A2);¢92) are those occuring in the right-hand side of the formula of
Theorem 4. Moreover the composition multiplicities areaitd by specializing to 1 in the
coefficients of this formula. Hence they are all equal .to O

4  Tensor products of Uq(sA[N)-modul%

41 Let Uq(sA[N) be the quantized affine algebra of tyﬁé;al with parameteg; a square root
of t (see for example(P] for the defining relations qu(sf[N)). The quantum affine Schur-Weyl
duality betweenH,,, and U, (sly) [CP, Ch, GRV] gives a functorF,, 5 from the category of
finite-dimensionalH,,,-modules to the category of levélfinite-dimensional representations of
U, (5A[N) If N > m, F, n maps the simple modules d?l’ to simple modules ot/ (;[N)
However, the |mage of a non-zero S|m|cﬂz‘en -module may be the zer@, (5[N) -module. More
precisely, the S|mplé1 -moduleL,, is mapped to a non-zero smpﬂg(s[N) -module if and only
if all the segments occuring im have length< N — 1. In this case the Drinfeld polynomials of
Fm, N (Lm) are easily calculated fromn (see CP]).

The functorF,, n transforms induction product into tensor product, thaiais)/; in C,,, and
My in C,,, one has

fm1+m2,N(Ml @ M2) - fml,N(Ml) ®fm2,N(M2) .

4.2 Theimage undef,, y of an evaluation module foﬁ?m is an evaluation module far, (;[N),
and all evaluation modules &f,(s[y) can be obtained in this way, by varyimg € N*.

4.3 By application of the Schur functaF,, y to Theorem 2 we thus obtain a combinatorial
description of all composition factors of the tensor prddfdwo evaluation modules df, (sl ).

Example6 We continue Example 3 and Example 5. The image of}TzigemoduIeLm1 under
Fs n is the evaluation modul® (m;) of U, (5[N) with Drinfeld polynomials
—2

Py (u) u—q -,
Py(u) = P(u) = 1,
Py(u) = u—q 7,
Pu) = 1, (G<k<N-1).
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This is a non-zero module if and only¥ > 5. Similarly, the image of thé%-moduleLmQ under
Fe,n is the evaluation modul®& (m) of U, (sl ) with Drinfeld polynomials

Pi(u) = u—q*,
Py(u) = u—q ",
Ps(u) = u—q ",
P(u) = 1, A4<k<N-1).

This is a non-zero module if and only N > 4. The images of thé?n—modulesLml,Lmz, Ly,
Ly, underFy; y are the module¥ (n;), V(ng), V(n3), V(n4) with respective Drinfeld polyno-
mials

Pi(u) = 1,

Py(u) = (u—q¢ ) u-q N(u-q7?),
Ps(u) = Py(u) = 1,

Ps(u) = u—q%,

Py(u) = 1, (6<k<N-1);

Pi(u) = 1,

Py(u) = (u—q ) u—q "),
Py(u) = u—q "

Py(u) = u—q 7,

Piw) = 1, (5<k<N—1);

Piu) = (u—qg ) (u—q "),
Py(u) = u—q 7,

Py(u) = u—q "

Py(u) = u—q 7,

Piu) = 1, (5<k<N-1)
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The moduled/ (n;) andV (n3) are non-zero only ifV > 6. HenceV (m;) ® V(my) has only two
composition factord/(ny) andV (ny4) for N = 5, and four composition factorg (n;), V' (n2),
V(ng),V(ny) for N > 6.

4.4 We note that our result implies the following

Theorem 7 All composition factors of the tensor product of two evalraimodules qu(sA[N)
occur with multiplicity one.
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